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1 INTRODUCTION

In this note, the optical behavior of a multi thin layer coating is studied, and some of its chara
istics are discussed to understand various features analytically. This work was performed in
port of the LIGO core optics requirements definition.

The basic formulation is discussed in §2, and the result is used in §3 to analytically expres
transmittance and the phase shift of the reflected wave when the layer thicknesses are slig
from the design value of the quarter wave length. Three cases are studied for the small devi
of the layer thickness, 1) the uniformaccordion case, in which all layers deviate by the same fr
tional amount from the design thickness, 2) thedualaccordion case, in which those two groups o
layers with high and low refractive index each show accordion structures, but the magnitude
deviations are different, and 3) therandom case, in which all layers have independent random
deviations. §4 is devoted for the discussion about the relation between the reflectance mea
ment and phase shift. The possibility of using a HeNe laser metrology to infer phase uniform
the Ar+ laser wavelength is discussed in §5.

 The main results derived in this note are: (1) the phase shift fluctuation is dominated by th
face profile nonuniformity of the coating surface, (2) the deviation of each layer,∆(nd)/(nd), is
limited by the allowable root mean square (rms) of the surface fluctuation,σcoating, by the rela-
tionship∆(nd)/(nd) < 0.1⋅ σcoating / λ, 3) the phase shift fluctuation, which is mainly determine
by the physical spatial thickness of the coating, may not be predictable by a center wavelen
measurement, which is mainly sensitive to optical thickness, and 4) a HeNe laser will be a 
tool, for either direct or cross-check purposes, for uniformity measurements.Results (1) and (2)
pose very stringent requirement on the core optics coating.

2  BASICS OF THE MULTILAYER HIGH-REFLEC-
TANCE COATING

As is shown in Appendix 1, where the basic formulas for the multi thin layer high-reflectanc
coating are given, the multi layer system is completely described by the characteristics matri
defined by Eq. (A-10). Using this matrix and the refractive index of the substrate ns, the reflec-
tance, transmittance and their phases are given by Eq. (A-12), Eq. (A-13), Eq. (A-14) and E
15). A C program was written to calculate these four quantities and all the numerical results b
are calculated using this program.

The phases defined in Eq. (A-14) and Eq. (A-15) are those for the ratios Er/Ei and Et/Ei, i.e., the
difference between outgoing and incoming fields on the surface of the coating (e.g., point [
[2] in Fig 1.). When studying the phase uniformity, the phase referenced to the same plane
needed (e.g., points [r] and [2] in Fig 1.). The phase shift of the reflected wave (phase differen
[r] and [i] in Fig 1.) is given by

(1)

Φr φr φvac+=

φvac

4π∆z

λ
------------=
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whereφr is given by (A-14), andφvac is the phase shift caused by the extra physical path betwe
the reference place and the coating surface.

From this equation, the difference of phases between two points on the reference plane is g

(2)

The first term comes from the difference of optical paths (schematically shown by dashed cu
Fig 1.) within the coating, and the second term comes from the difference of path lengths in
uum (schematically shown by dotted curve in the same figure). For a typical coating to be use
LIGO, the signs of these two terms are the same.

In the rest of this section, the case is considered in which all but the cap layer have optical 
ness around λ/4, while that of the cap is nearλ/2. p is the number of high and low index layer
pairs (HL), and q, the total number of layers, is 2p+2 (see Fig 2.). For convenience, the cap
is treated as two layers, one with ~λ/4 thickness (c1 in Fig 2.), and the other corresponding to t
remainder (c in Fig 2.). Then the entire coating can be treated as p+1 (HL) pairs each havingλ/4
optical thickness, and a single low index layer on top.

∆Φ12 φr
1 φr

2
–( )

4πn0 z1 surface( ) z2 surface( )–( )
λ

-------------------------------------------------------------------+=

Fig 1. Phase difference of reflected field

n0 = 1
Vacuum

φr
1

n1

n2

φr
2

reference
plane

[i][r]

[1]

[2]

∆z = z(surface)
      - z(reference plane)

z

EM Field 1EM Field 2 EM field 1 goes through the refer-
ence plane at [i], enters the layer at
[1], and the reflected field comes
back with phase differenceφr

1,
and moves backward toward the
reference plane to [r].

EM field 2 goes through the reference place at
[2], which, in this example, is the surface of the
layer, and goes into the layer, and comes back
with phase differenceφr

2. ∆z is 0 for this
example case.

substrate

j=1j=2j=pj=p+1

H1L1H2L2HjLjreal cap layer

Fig 2. Numbering convention in Eq. (6)

vacuum c1

c
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The physical thickness corresponding toλ/4 in optical path depends on the reflective index, and
given for each layer by

(3)

whereλ0 is the design wave length on resonance. If the coating were perfect,δj in Eq. (A-10)
would beπ/2 on resonance. To study behavior near resonance,ψj is introduced defined below:

(4)

This can be rewritten using the design parameters (nd)0 andλ0 as

(5)

 When one substitutesδj by π/2+ψj, Eq. (A-10) becomes:

(6)

where [mc] represents the partial cap layer, sk(ck) = sin(cos)ψk, and the product runs over the p+1
(HL) pairs as shown in Fig 2. All optical quantities can be calculated using this matrix.

When you substitute this expression for the matrix in the formula for the transmittance and r
tance (Eq. (A-12) - Eq. (A-15)), the following results can be derived as a consequence of th
structure of Eq. (6) (see Appendix 2):

(7)

where  is the vector of phase deviations, Eq. (5), for the 2p+2 layers, X( ) is an optical q
tity of interest, X0( ) is the leading component of X when goes to zero (see, e.g., Eq. (12)
Eq. (15)), and Feven( ) is a function of which satisfies Feven( ) = Feven(- ). In other words,

njd j( )0

λ0

4
-----=

ψ j δ j
π
2
---–=

ψ j
π
2
---

nd
nd( )0

------------- 
 

j

λ
λ0
-----

--------------------- 1–

 
 
 
 
 

⋅=

M mc mLj mHj
j 1=

p 1+

∏=

ψcsin–
i ψccos

nc
-----------------

inc ψccos ψcsin–

ψLjsin–
i ψLjcos

nLj
-------------------

inLj ψLjcos ψLjsin–

ψHjsin–
i ψHjcos

nHj
--------------------

inHj ψHjcos ψHjsin–

⋅

 
 
 
 
 

j 1=

p 1+

∏=

sc–
icc

nc
------

inccc sc

nHj

nLj
-------- cLjcHj sLjsHj+⋅– i–

1
nHj
--------sLjcHj

1
nLj
-------cLjsHj+ 

 

i– nLjcLjsHj nHjsLjcHj+( )
nLj

nHj
-------- cLjcHj sLjsHj+⋅–j 1=

p 1+

∏=

X ψ( ) X0 ψ( ) 1 Feven ψ( )+( )×=

ψ ψ
ψ ψ

ψ ψ ψ ψ
page 4 of 16



LIGO-T950008-A-

the

e two

 of

nance

will be
the quantity X will either be proportional only to even or odd powers of , but not mixtures of
two.

A few important conclusions follow from this result:

A) Whenλ = λ0 in Eq. (5),ψj in Eq. (7) is (nd/(nd)0-1). The effect due to a small deviation
from the design value of thickness (i.e., nd=λ/4) is of second order in (∆(nd)/nd). From the
discussion in Appendix 3, the correction term is of the order p ⋅ (∆nd/nd)2.

B) When nd = (nd)0 in Eq. (5),ψj in Eq. (7) is λ0(1/λ−1/λ0), and the following result holds:

(8)

In other words, the resonance wavelength may be deduced from measurement of th
wavelengths,λ- < λ0 < λ+, at which Feven has the same magnitude. Eq. (8) is valid if no
optical quantities, such as refractive indices, depend on the wavelength. In the case
LIGO core optics, the high index material, Ta2O5, exhibits a weak dispersion, and theλ
dependence shifts the minimum position of the transmittance from the designed reso
wavelength downward by 1 nm. This will be discussed later.

C) For the accordion case, i.e., (nd/(nd)0)j is the same for all layers, Eq. (8) is valid with the
scaling

(9)

3 EXPRESSIONS FOR PHASE SHIFT AND TRANS-
MITTANCE

Using these results, the phase shift of the reflected wave and the amplitude transmittance 
discussed when the thickness of layers deviates slightly from the design value (λ/4n), i.e., |ψj| ~
|ψ| << 1.

3.1. Phase shift of reflected wave

In this limit, the phase shift, Eq. (A-14), is expressed as follows:

(10)

ψ

π
2
---

π
2
---

Feven
π
2
---λ

0

1
λ-
----- 1

λ0
-----–

 
 
 

 
 
 

Feven
π
2
---λ

0

1
λ0
----- 1

λ+
------– 

 
 
 =

if
1
λ-
----- 1

λ0
-----– 1

λ0
----- 1

λ+
------–= or

1
λ0
-----

1
2
--- 1

λ-
----- 1

λ+
------+

 
 
 

⋅=

λ0' λ0
nd
nd( )0

-------------⋅→

φrtan
2nLξ2p 2+ α β–( )–

1 β2
nL

2ξ4p 4+
1 α2

+( )–+
--------------------------------------------------------------- 1 O p ψ 2×( )+( )×=
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(11)

By neglectingα compared toβ due to the large value ofξ2p+2, the phase may be approximated a

(12)

Dual accordion case

[tanφr]0 is given by the following form for the dual accordion case (i.e., all layers with the sa
refractive index have the same fractional deviation from the design value, i.e.,ψLj=ψL and
ψHj=ψH, butψH may be different fromψL)

(13)

The reason that the phase change on the surface is of the order |ψ|, independent of the number of
layers, is that only the last few layers (closest to the vacuum) contribute, as can be seen fro
Eq. (11).

As is given in Eq. (2), the net phase shift referred to a common plane also contains anothe
for vacuum propagation, which is proportional to the total algebraic sum of variations of thick
of all layers. If the thickness changes from the design value is of accordion type, i.e., all lay
tend to have the same size (including the sign) of deviation from the design value, (ψi ~|ψ| for all
layers), then the second term is of the order of p x |ψ|, which is larger than the first term (refer to
Eq. (2)). A detailed discussion will be given in the next section.

Accordion case (ψH=ψL)

For the accordion case, the variation ofφr due to either wavelength shift or optical thickness
change may be calculated from Eq. (13) as:

ξ
nH

nL
------= ξ2p 2+

2.4 10
5× for p=16=( )

α ξ 2– p 2– ψc nL

ψLj

nH
--------

ψHj

nL
---------+ 

  ξ1 2 j–

j 1=

p 1+

∑+ O ψ( )∼=

β ξ2p 2+ ψc
1
nL
----- nHψLj nLψHj+( )ξ2 j 1–

j 1=

p 1+

∑+ O ξ2p ψ( )∼=

φrtan φrtan[ ]0 1 O p ψ 2×( )+( )×=

φrtan[ ]0
2β

nLξ2p 2+
--------------------- O ψ( )∼–≡

φrtan[ ]0
2
nL
----- 1

ξ2
1–

-------------- 2ξ2
1–( )ψL ξψH+[ ]–=
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i.e., the dependence on the optical thickness around the design value can be measured fro
wavelength dependence.

3.2. Power transmittance

The transmittance may be expressed as

(15)

Dual accordion case

The higher order term , which corresponds to Fevenin Eq. (7), is given by the following expres-

sion for the dual accordion case:

(16)

The higher order term is again proportional to p, the number of layers.

If the reflective index does not have any wavelength dependence, the transmittance has a 

mum atλ0(1+(εL
nd+εH

nd)/2). However, in our case, Ta2O5 is dispersive and, because of the larg
number of layers, [T]0 has a significant wavelength dependence. The wavelength dependen
nH is

(17)

From Eq. (15), (16) and (17), the wavelength which gives the minimum of the transmittance

φr∂
λ0

λ
----- 

 ∂
--------------

φr∂
nd( )
nd( )0

------------- 
 ∂

---------------------- Cφ= π
2nH nL–

nL nH nL–( )
-----------------------------–≡ 527°–= =

T T[ ]0 1 T̃2+( )=

T[ ]0
4
nL
-----=

nL

nH
------ 

  2p 2+
1.157 10

5–×= λ λ0=( )

T̃2

T̃2 p 1+( )
ξ2

1+( ) ψL
2 ψH

2
+( ) 4ξψLψH+

ξ2
1–

--------------------------------------------------------------------------=

τ
λ0

λ
----- 1–

εnd
L εnd

H
+

2
---------------------+

 
 
 

2

=

τ 2 p 1+( )ξ 1+
ξ 1–
------------ π

2
--- 

  2
= εnd

L H, nd
nd( )0

------------- 
  L H,

1–=

nH nH
0

1 n′ λ λ0–( )+( )=

nH
0

2.101 n′, 1.0
4–×10–= =
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The correction due to the dispersion is 0.2% or 1nm forλ = 514.5 nm.

4 RELATIONSHIP BETWEEN PHASE SHIFT, TRANS-
MITTANCE AND COATING THICKNESS ERRORS

Accordion and dual accordion cases

If the variation of the thickness of layers is of the dual accordion type, the reflectance meas
ment and phase shift are related as follows. The two components of the phase shift may be w
as:

(19)

and the total phase shift becomes by substituting numerical values:

(20)

where units are in degree and the last expression is for the accordion case. In order to hav
formity of λ/400 (the core optics specification calls out for this quality of optical surface), the
fractional change of the optical thicknessεnd must be in the order of 2⋅10-4.

As has been discussed in the last section, Eq. (8) and Eq. (9), one can calculate the center
length by measuring spectral reflectance by using the following equation

(21)

λmin λ0 1
p 1+( )n′λ0

τ
-----------------------------

εnd
L εnd

H
+

2
---------------------+ +

 
 
 

=

λ0 1
n′λ0

2
----------

nH
0

nL–

nH
0

nL+
------------------ 2

π
--- 

  2 εnd
L εnd

H
+

2
---------------------+ +

 
 
 

=

φr Cφ
Lεnd

L
Cφ

Hεnd
H

+=

Cφ
L π

nL
-----2ξ2

1–

ξ2
1–

-----------------–= Cφ
H π

nL
----- ξ

ξ2
1–

--------------–=

φvac
4πΣ

λ
----------–= Σ λ

4
--- p 2+( )

εnd
L

nL
------- p 1+( )

εnd
H

nH
-------+

 
 
 

=

Φ φr φd+=

362εnd
L

– 166εnd
H

–( ) 2220εnd
L

– 1460εnd
H

–( )+=

2580εnd
L

– 1630εnd
H

–=

4210εnd;–= εnd
L εnd

H
=

1
λc
-----

1
2
--- 1
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λ+
------+

 
 
 

=
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whereλ- andλ+ are the wavelengths with the same value of reflectance (the exact value is u
portant). This has been confirmed by explicit numerical calculations using the half height o
maximum of the reflectance and also using twice the value of minimum of transmittance. T
wavelength at the real minimum of the transmittance is slightly away from the design value
was shown in Eq. (18), but the shift is independent ofεnd and may be neglected when considerin
the variation of the position of extrema. As has been mentioned before, the variation ofεnd must
be limited to the order of 10-4. To infer such an accuracy from the transmittance measurement,
center wavelength must be measured to better accuracy (i.e., better than 0.1 nm).

Accordion type errors are worst case, because all the variations contribute coherently, as c
seen from Eq. (11). For example, the dependence on deviation for dual accordion type erro

(22)

For the accordion case, i.e.,εnd
L = εnd

H, there is a linear relationship between phase shift and c
ter wavelength. For the dual accordion case, whenεnd

L ≠ εnd
H, the ratios of their coefficients are

different and measurement of the variation of the center wavelength does not permit anythi
be inferred about phase shift variation.

Random case

If accordion type errors are sufficiently reduced, random variations among layer thickness w
become the dominant contribution. In order to analyze these effects, a Monte Carlo analys
performed. The thickness of each layer was generated following a Gaussian distribution wi
standard deviationσ(nd) for the fractional thickness error. Many sample runs were used to de
mine the variation of the phase shift with wavelength. Fig 3. summarizes these results. Fro
figure, one can see that, to have a uniformity ofλ/400, or 0.9°, σ(nd) must be less than 0.09%, o
the rms of the variation of the center wave length must be less than 0.12 nm. These numbe

Φ 2580εnd
L

– 1630εnd
H

–=

λc λ0 1
εnd

L εnd
H

+

2
---------------------+

 
 
 

=
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less stringent than those for the accordion case, but are still quite tight.

5  VS  CALIBRATION

The possibility of deducing the phase shift at 514.5 nm by using measurements at the HeNe
length of 632.8 nm is studied.

Accordion case

For the accordion case, the phase shifts at the Ar (φAr) and that at the HeNe wavelength (φHeNe)
are related by the following equation, whereδφ is the deviation of the measured phase shift fro
the design value:

(23)

Dual Accordion case

In this case, there is no one-to-one mapping between phase shifts at the two wavelengths,
Eq. (23) is valid only on average. The ambiguity ofφAr for a measuredφHeNedepends strongly on
the nature of the dual accordion structure and size. The following case is studied to understa
magnitude of ambiguity: each type of layer was assigned an error∆(nd)/(nd)L,H, and this error
was chosen uniformly between -ε andε. After generating many samples, it was found thatδφAr

Fig 3. Phase shift and center wavelength

Ar
+

514.5nm( ) HeNe632.8nm( )

δφAr 0.51δφHeNe=
page 10 of 16
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was within± 400⋅ε ° around the average value in Eq. (23). This ambiguity is small enough to
used for the cross calibration forε ≤ 0.2%.

Random case

The layer thicknesses were generated using a Gaussian distribution. Fig 4. shows the rela
between the HeNe phase shift and the corresponding Ar+ phase shift. The solid line is the averag
of Ar phase shift, with slope of 0.51. The various dashed lines are± 2 σ bounds for the cases
where the standard deviation of the thickness fluctuation,∆(nd)/nd, is 0.5%, 0.2%, or 0.1%. As
has been discussed previously, when random fluctuations are dominant contribution to the
shift, the level of the fluctuation must be less than 0.1%, and then metrology with a HeNe las
possible to cross check the uniformity.

Fig 5. Ar vs HeNe phase shift
page 11 of 16
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Appendix 1. Derivation of basic formulas for the multilayer coating
problem

The detailed derivation of the formulas used in this note may be found in “Thin film optical fi
ters” by H. A. Macleod (published by Adam Hilger Ltd), and the notations and conventions of
reference are used in this note. Electromagnetic fields are expressed by complex numbers
convenience of calculation. The real part corresponds to the measurable quantity. In this app
the reflectance and transmittance are derived for a single layer case, and are then general
the multilayer case. Only normal incidence is addressed in this note, and the surface of the
rial is assumed to be flat.

At the boundary of two materials with different refractive indices (Fig A-1.), the transverse c
ponents (perpendicular to the direction of propagation of the wave) satisfy the following con
tion:

(A-1)

where i, r and t represent incoming, reflected and transmitted, respectively. From these equ
the ratios of outgoing waves and incoming wave (Fresnel amplitude reflection and transmis
coefficients) are derived as

(A-2)

The energy flow is calculated as

x

z

reflectedincoming

transmitted

index   n0

index   n1

ErEi

Et

Hi

Ht

Hr

substrate

Fig A-1. Electricmagnetic fields at an interface

Ei Er+ Et=

Hi Hr+ Ht= n0Ei n0Er– n1Et=⇒

ρ
Er

Ei
-----

n0 n1–

n0 n1+
-----------------= =

τ
Et

Ei
-----

2n0

n0 n1+
-----------------= =
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(A-3)

and the reflectance and transmittance (the ratio of energy flows) are expressed as follows:

(A-4)

The characteristics of a single layer coating is calculated as follows (see Fig A-2.). There ar
components of the fields, one propagating toward the positive (E+, H+) and one toward the nega-
tive z direction (E-, H-) with phase factors shown in Fig. A-2. The fields on the two boundaries
and b) in a film with refractive index n1 are expressed as follows using these two components

(A-5)

The fields on surfaces a and b are related by the following equations due to the change in 
with spatial separation d:

(A-6)

δ is the phase difference between the two surfaces, i.e.,

(A-7)

From these equations, the fields on these two surfaces are related by the following equatio

I
1
2
--- Re EH∗( )⋅ 1

2
--- Re n∗EE∗( )⋅= =

R ρρ∗ n0 n1–

n0 n1+
-----------------

2
= =

T Re
n1

n0
-----ττ∗ 

  4n0Re n1( )

n0 n1+
2

--------------------------= =

n0

n1

n2

boundary a

boundary b

E1b
+ E1b

-

z

E1a
+

E1a
-

component propagating
toward +z with phase

exp{ i(ωt - 2πnz/λ) }

component propagating
toward -z with phase

exp{ i(ωt + 2πnz/λ) }

Physical
Thickness
of film

d

substrate

ErEi

Et

Fig A-2. Electric field on a thin film

Ej E1 j
+

E1 j
-

+=

H j H1 j
+

H1 j
-

n=+ 1E1 j
+

n1E1 j
-

–=

j a b,=( )

E1a
+

E1b
+
e

iδ
=

E1a
-

E1b
-
e
-iδ

=

δ
2πn1d

λ
----------------=
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This result for a single layer can be easily generalized for a multilayer case (see Fig A-3.), an
field at boundary a is related to that at boundary b as follows:

(A-9)

where

(A-10)

For convenience, B, C and Y are defined as follows (note that Ht=nsEt),

Ea

Ha

δcos
i δsin

n1
------------

in1 δsin δcos

Eb

Hb

⋅=

boundary a

boundary b

nL

nH

n1

nj

n2

1

2

q

q-1

dj

= 1.460

= 2.214 x (1-10-4λ(nm))

SiO2

Ta2O5

Ei Er

Et
substrate  ns

vacuum  n0 = 1

Fig A-3. Multi thin layer coating

Ei E+ r

Hi H+ r

M11 iM 12

iM 21 M22

Et

Ht

=

M11 iM 12

iM 21 M22

mq
= mq 1– … m2 m1

mj

δ jcos
i δ jsin

nj
--------------

in j δ jsin δ jcos

= δ j

2πnjd j

λ
-----------------=
page 14 of 16



LIGO-T950008-A-

ance

d are

12) -
nce
(A-11)

By applying the same conditions as Eq. (A-1) on boundary a, the reflectance and transmitt
are given by the following equations using the optical admittance Y defined above:

(A-12)

(A-13)

The phase difference of the reflected and transmitted field with respect to the incoming fiel
also derived as:

(A-14)

(A-15)

Appendix 2. Proof of Eq. (7)

When the multiplication of the p+1 matrices is performed, Eq. (6) has the following form:

(A-16)

where Fo(e)(same for ) are odd (even) real functions of , i.e.,

(A-17)

By substituting this into Eq. (A-11), one can see that transmittance and reflectance, Eq. (A-
Eq. (A-15), are even or odd functions of . For example, the transmittance and the reflecta
phase are expressed as follows.

B

C

M11 iM 12

iM 21 M22

1

ns

≡ Y
Hi Hr+

Ei Er+
-------------------≡ C
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phase

one

s as
(A-18)

(A-19)

As is clear from these expressions, transmittance is a even function of and the reflectance

is a odd function of .

Appendix 3. Dependence on the number of coating layers

When one expands in Eq. (A-16) keeping up to second order in , all coefficients have
of the following forms:

(A-20)

(A-21)

where the leading behavior is estimated by substitutingψi=ψ. In the second sum, there is no term

proportional to the square of the number of layers. This is because, since nH/nL > 1, (nH/nL)2(i-j)

→ 0 as j-i→ +large. Physically, the interference phenomenon in multi thin layer coating occur
a series of pair-wise layer interactions.
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