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Abstract: The current LIGO detectors will undergo an upgrade which
is expected to improve their sensitivity and bandwidth significantly. These
advanced gravitational-wave detectors will employ stable recycling cavities
to better confine their spatial eigenmodes instead of the currently installed
marginally stable power recycling cavity. In this letter we describe the
general layout of the recycling cavities and give specific values for a first
possible design. We also address the issue of mode mismatch due to manu-
facturing tolerance of optical elements and present a passive compensation
scheme based upon optimizing the distances between optical elements.
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1. Introduction

The direct observation of Gravitational waves (GW) has been the elusive goal of several am-
bitious projects worldwide. The most sensitive observatories today are the NSF funded Laser
Interferometer Gravitational Wave Observatories (LIGO) in Hanford, WA, and Livingston, LA.
These observatories consist of 4km long highly optimized Michelson interferometer which
reach displacement sensitivities below 10−18m/

√
Hz between 70 and 1000Hz. LIGO just fin-

ished its fifth science run [1] and the LIGO Science Collaboration (LSC) is currently analyzing
the data while the detectors are being upgraded. This upgrade is known as enhanced LIGO. The
main changes are an increase in the laser power, improved input optics components to handle
this laser power, the installation of additional optical baffles to reduce stray light, and the addi-
tion of DC sensing. These changes will improve the sensitivity by an additional factor of two to
three depending on the frequency of interest. It is expected that this upgrade will be completed
in the fall of 2008 and will be followed by a new year-long science run [2].

This is followed by another major upgrade called Advanced LIGO. This upgrade includes
a further increase in the laser power, and major changes in the optical configuration, in the
suspension systems, and in virtually all other relevant subsystems [3, 4]. Advanced LIGO will
open up the sub-50Hz frequency range and will also improve the peak sensitivity above 50Hz
significantly. One change is the addition of signal recycling which allows to tune the frequency
dependent sensitivity curve by changing the length of the signal recycling cavity (SRC).

In this paper we discuss the design constraints, tolerances, and the current design of the
power recycling cavity (PRC) and SRC in Advanced LIGO. Their design will be substantially
different from the design of the PRCs employed in the current LIGO interferometer.

2. LIGO Configuration

Each of the current LIGO interferometer starts with a 10W laser system. The laser beam is then
handed over to the input optics where it’s phase is modulated with 24.5MHz and 33MHz by a
series of electro-optical modulators (EOM). The spatial mode is cleaned with a suspended trian-
gular mode cleaner before it is send through a Faraday isolator and a beam expanding telescope
into the main interferometer. Figure 1 shows the central part of the main LIGO interferometer.
It is a Michelson interferometer with 4km long identical Fabry Perot cavities in each arm. The
cavity input mirrors (ITMs) have a transmission ofTI = 2.7% and a radius of curvature (ROC)
RITM of about 15km and the end mirrors (ETMs) have a transmission of about 5−10ppm and
a ROCRETM of about 7km. Consequently, each arm cavity is highly over-coupled and on res-
onance the reflected field will be dominated by the field leaking out of the cavity. This changes
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the phase of the reflected field by 180◦ compared to the case where the arm cavity would be
non-resonant. Each Fabry Perot cavity resonates on the same fundamental Gaussian mode. This
mode has a beam radius at the ITM of 3.7cm and a Rayleigh range of 4000m inside the arm
cavities and of 3700m inside the short Michelson interferometer. These modes (red) interfere
again at the beamsplitter such that virtually all the light is sent back towards the Faraday rotator.

A small asymmetry in the distances between the beamsplitter and the ITMs allows the
24.5MHz modulation sidebands (blue) to reach the dark port. GW will modulate the length
of each arm cavity and generate sidebands (green) around the carrier which are offset from the
carrier frequency by the GW frequency. Because of the quadrupole nature of the GW, these
signal sidebands will interfere at the beamsplitter in such a way that they are transmitted to the
dark port. There they beat against the 24.5MHz sidebands to generate the main science signal.
The efficiency of the beat signal between the signal sidebands and the RF sidebands depends
on the modal overlap between both fields.

An additional mirror is placed between the beam expanding telescope and the beamsplitter.
This power recycling mirror (PRM) forms the input mirror of the PRC. The ‘end mirror’ of
this cavity is the Michelson interferometer. The PRM has a transmissivity ofTPR = 2.7% and
increases the circulating power by about 50. This transmissivity was chosen based on the ex-
pected losses for the carrier field which resonates in the arm cavities. The goal was to create a
slightly over-coupled PRC for the carrier field.

PRM
ITM y

ETM
y

ITM x ETMx

BS

From 
laser

To the 
detector

Fig. 1. The current LIGO configuration uses two 4km long arm cavities formed between the
ITMs and ETMs in each arm of a Michelson interferometer. The PRM and the Michelson
interferometer form the PRC. The carrier (red) resonates inside the arm cavities and the
PRC, the RF-sdiebands (blue) resonate inside the PRC, and the signal sidebands (green)
resonate inside the arm cavities and propagate to the detector in the dark port. The differ-
ent ’beam sizes’ symbolize the different spatial modes of the various fields in the various
cavities.

The 24.5MHz sidebands are only resonating between the PRM and the short Michelson in-
terferometer before they reach the dark port. This PRC has a length of about 9.2m. This is
much shorter than the Rayleigh range of the Gaussian eigenmode which is expected to prop-
agate in this cavity. Furthermore, the entire cavity is located in the far field of the eigenmode.
Therefore the transversal mode spacing of the PRC is only about 11kHz which is well below
the 350 KHz linewidth of the recycling cavity. Such a cavity is only marginally stable and any
small distortion will lead to resonantly enhanced scatter between the spatial modes and can
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push the cavity easily into a region where it is unstable. However, as the fundamental mode of
the carrier field inside the recycling cavity experiences a 180◦ phase shift at the arm cavities
all higher order modes of the carrier are virtually anti-resonant inside the PRC. This leads to a
very stable spatial eigenmode for the carrier field inside the otherwise only marginally stable
PRC. The RF sidebands never reach the inside of the arm cavities and their spatial mode is not
filtered by them. Many higher order modes of the RF sidebands are resonant and build up as
soon as they are excited by mode mismatch, angular motions of the mirrors, or simply scatter
between the modes [5]. This leads to substantial spatial mode mismatches between the carrier,
the RF-sidebands, and the signal sidebands. Only the installation of a sophisticated thermal
compensation system allowed to reach the current sensitivity of LIGO[6].

3. Advanced LIGO

Several differences between LIGO and Advanced LIGO will aggravate the problem of unstable
recycling cavities. First, the beam sizes on the test masses increase to reduce thermo-elastic
noise caused by the Brownian motion of the atoms on the surfaces of the mirrors. The current
design carries radii of curvatures for the ITMs of 1971m and for the ETMs of 2191m. This
leads to beamsizes ofwITM = 5.55cm (1/e2 intensity beam radius) on the ITMs and ofwETM =
6.2cm on the ETMs [7, 8]. Note that this has changed from the original symmetric design of
RITM = RETM = 2076m and beamsizes of 6cm to reduce diffraction losses inside the recycling
cavities and to take into account the scaling of the thermo-elastic noise with the number of
coating layers [9, 10].

In addition to power recycling, Advanced LIGO will also employ signal recycling. The signal
sidebands will be sent back into the interferometer where they can be coherently enhanced or
used to coherently extract more sideband amplitude from the arm cavities. In the later case, the
SRM is placed at a position where the carrier is resonant in the SRC which increases the effec-
tive transmissivity of the ITMs. The subsequent reduction in the finesse increases the bandwidth
of the entire detector. This is called resonant sideband extraction [11]. Changing the position
of the SRM will increase the peak displacement sensitivity in a position dependent specific fre-
quency range but will also reduce the bandwidth of the detector. This is commonly known as
detuned signal recycling or detuned resonant sideband extraction.

In the original baseline design of Advanced LIGO the SRC was also a marginally stable
cavity designed very much like the PRC [12]. The PRC in combination with the arm cavities
is resonant for the carrier. In contrast the SRC in combination with the arm cavities is anti-
resonant. This would make the higher order spatial modes of the signal sidebands to be resonant
or near resonant in the SRC unless these sidebands gain a significant Gouy phase. Similar to
the RF sidebands in the current PRC, any ROC mismatches or angular motions of the mirrors
would have led to resonantly enhanced mode scatter and reduced gravitational wave signals
[13]. Although a thermal compensation system will also be employed in Advanced LIGO to
correct ROC mismatches, the requirements on this system would have increased significantly
due to the increased laser power and subsequent thermal lensing, the increased beam diameters
on the ITMs which would have driven these marginally stable recycling cavities even closer
to the unstable region, and the improved sensitivity which puts stringent requirements on the
technical noise in the thermal compensation system. This was realized already a few years ago
and a new design for the recycling cavities was discussed and finally adopted for Advanced
LIGO in the beginning of this year [14-16].

It should be noted that signal recycling has been tested at the GEO detector [17]; GEO does
not use arm cavities, various table top experiments [18] with and without arm cavities, and is
currently being tested again at the 40m prototype at the California Institute of Technology with
arm cavities. All these test interferometers employed or employ stable recycling cavities while
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LIGO, VIRGO, and TAMA are using marginally stable power recycling cavities [19, 20] and
no signal recycling.

The new recycling cavity design uses three mirrors instead of one for each recycling cavity
(see Figure 2); a two mirror design which is also possible but has severe practical problems
will be discussed in the Appendix. The distances between the three mirrors are restricted by
the locations of the horizontal access modules (HAM) which are essentially suspended optical
tables inside the LIGO vacuum system. The mirrors have to be suspended and have to share the
HAM tables with other optical components such as the suspended mirrors of the input mode
cleaner (MC), the in-vacuum Faraday isolator, and multiple steering mirrors. Possible distances
are in the order of 15 to 16m to give the reader an idea of the scales involved.

ITM y

ETMy

ITM x

ETMx

BS

To the 
detector

From 
laser

PR3

SR3

SR2

SR1

PR1 PR2

Fig. 2. The Advanced LIGO design uses three mirror recycling cavities. Each recycling
cavity consists of a beam expanding (or reducing) telescope (PR3/PR2 or SR3/SR2, respec-
tively) and an additional end mirrorPR1 or SR1. The position of the end mirror with respect
to the waist of the mode going toPR2 or coming fromSR2 determines the final Gouy phase
inside each recycling cavity. The red lines indicate the carrier eigenmode, the blue lines the
eigenmode of the RF sidebands, and the green line of the signal sidebands. After optimiz-
ing the beam expanding and reducing telescopes all spatial modes will be well matched to
each other.

Before presenting the current set of specific values for ROCs and mirror locations, we discuss
general aspects of both stable recycling cavities. These general aspects will not change while
the specific values are still being optimized to ensure for example that all optical components
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fit inside the vacuum envelope without blocking parts of the various laser beams. It should also
be noted that the overall length of each recycling cavity is set by the RF sidebands which have
to resonate in these cavities to generate the necessary length and angular control signals. This
puts additional constrains on the design.

The spatial mode coming from the ITM will be focused by the largeR3 (PR3 or SR3) mirror.
The convergence angle betweenR3 andR2 (PR2 or SR2) will be in the order of a few mrad (see
also Appendix). This highly converging beam propagates over a distance of about 16m toR2 .
Before this mode reaches its own Rayleigh range,R2 reduces the convergence angle and sends
the light toR1 (PR1 or SR1). As R2 changes the modal parameters before the mode reaches its
own Rayleigh range, the accumulated Gouy phase between the mirrorsR2 andR3 is very small.
The location of the waist of the mode betweenR1 andR2 with respect to the location ofR1 is
responsible for the accumulated Gouy phase and consequently for the transversal mode spacing
and the stability of the recycling cavities. This location depends on the ROC ofR2 . Figure 3
shows the accumulated Gouy phase and the beam size onR1 as a function of the ROC ofR2 for
a typical fixed distance betweenR2 andR1 and a typical ROC ofR3 .

Fig. 3. The accumulated Gouy phase (blue, left axis) and the beam size (green, right axis)
on R1 as a function of the ROC ofR2 . The minimum spot size is 1.6mm at a Gouy phase
of 90◦.

The accumulated Gouy phase will still be small if the Rayleigh range of this mode is smaller
than the distance between the waist location andR1. But by decreasing the (negative) ROC of
R2, the waist location can be pushed closer and closer toR1. Once the distance between the
waist andR1 is smaller than the Rayleigh range, the mode will start to accumulate Gouy phase
inside the SRC and the transversal mode spacing will become larger than the linewidth of the
recycling cavity. Our current design of the SRC is similar to this case and the one-way Gouy
phase in the SRC is currently set toΨSR

G = 0.51rad. For the PRC, we further decrease the ROC
of PR2 and move the waist into the PRC. Once the waist is inside the cavity, the Gouy phase is
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larger thanπ/2. Our current design of the power recycling cavity is similar to this case and the
one-way Gouy phase in the PRC is currently set toΨPR

G = 2.08rad.
These specific Gouy phases were chosen such that the lowest order transversal modes other

than the fundamental mode are at least one full linewidth away from resonance inside any of
the recycling cavities [21]. This includes the transversal modes of the carrier, the signal side-
bands, and the RF sidebands. The above values fullfil this condition for a transmissivity of
the signal recycling mirror ofTSR≈ 7% when the SRC is resonant for the carrier (resonant
sideband extraction). However, it has to be realized that it is impossible to fullfil this condi-
tion for all possible tunings of the signal recycling cavity. Additional optimization will require
identification of a certain (hopefully small) number of potential tunings for the SRC and then
optimization of the Gouy phases for these specific points of operation. Note that the difference
between the Gouy phasesΨPR

G −ΨSR
G = π/2causes degeneracy in the transversal mode spec-

trum which reduces the problem to some degree. This specific difference has another advantage
as long as the SRC is tuned on or near the resonant sideband extraction tuning. The Michel-
son interferometer formed by the two recycling cavities reflects all odd modes and transmits
all even modes generated in one of the arms. Although the visibility is not perfect because the
reflectivities of the two recycling cavity mirrors are not equal, the amplitude of an odd mode
will be much higher in the arm where it is generated compared to the other arm where it is not
generated. The odd modes include the (1,0) and (0,1) Hermite Gauss modes which are gener-
ated by alignment errors of the mirrors. The amplitudes of these modes are measured at various
ports to generate alignment signals for all optical components. With this specific Gouy phase
difference it is possible to differentiate between alignment errors in the X and the Y-arm of the
main interferometer by using spurious reflections in each arm to generate the alignment sensing
signals. The signals in the X-arm are fairly independent from any misalignments in the Y-arm
and vice versa. This choice of Gouy phases also allows to track modes which are generated for
example by parametric instabilities better which could help during commissioning to identify
their source and to suppress them.

The current design parameters as well as the beam sizes and the accumulated one-way Gouy
phases for the stable recycling cavities are shown in Table 1. These design parameters are calcu-
lated using ABCD matrices and Gaussian modes to describe and propagate the laser field inside
the interferometer. Note that the final design parameters are likely to be slightly different from
these parameters as the final layout is currently revisited to include changes in the length and
alignment sensing system and to fit all components into the vacuum system without clipping
the various laser beams. However, the results presented in the remainder of this paper will not
change significantly.

Table 1. The current design parameters for the stable PRC and the stable signal recycling
cavity. Ri are the radii of curvature of the three mirrorsPRi or SRi . Li j are the distances
between mirrorsi j ; Index I stands for the ITM mirror. The one-way Gouy phases in the
recycling cavities are:ΨPR

G = 2.08rad,ΨSR
G = 0.51rad.

PR1 PR2 PR3 SR1 SR2 SR3

Radius [m] 8.220 -2.346 34.750 -15.373 -3.261 34.000
Beamsize [mm] 1.75 3.45 56.52 2.22 5.03 56.50

L12 L23 L3I L12 L23 L3I

Distance [m] 15.760 16.523 25.394 15.421 15.680 24.928
Gouy Phase [rad] 2.054 0.029 0.003 0.488 0.019 0.003
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4. Requirements on Mode matching

LIGO and also Advanced LIGO depend strongly on beat signals between the carrier field, the
RF-sidebands, and the signal sidebands. These beat signals are taken at various locations and are
used to extract the GW information, control all longitudinal and alignment degrees of freedom,
and potentially even measure the mode mismatches between the various fields [22, 23]. The
amplitudes of the beat signals scale with the spatial overlap between the transversal modes of
each of these frequency components. Any mismatch between the spatial modes will reduce
each of these signals. In addition, the higher order modes in each frequency component will
beat against higher order modes in other frequency components and will generate spurious
signals. Therefore it is important to calculate the coupling between the resonating modes of the
various cavities.

In this paper the eigenmode of each cavity is calculated using the complex q-parameters and
the standard matrix formalism. When

M =

(

A B
C D

)

describes a roundtrip in the cavity, the complex q-parameter of the cavity eigenmodes has to be
a solution of the following equation [24]:

q =
Aq+B
Cq+D

In this formalism we do not take into account the coupling between the cavities which changes
the spatial eigenmode in each cavity. This change depends on the type and magnitude of the
mismatch, the coupling coefficients, and also the resonance condition of the coupled cavities.
A quantitative analysis of these effects is beyond the aim of this paper but some quantitative
results for the SRC can be found in [5].

4.1. Signal recycling cavity

Advanced LIGO will employ DC-sensing instead of RF-sensing. In this sensing scheme the
main signal in Advanced LIGO will be the beat signal between the signal sidebands and the
carrier at the dark port. Mode mismatches between the SRC and the arm cavities will reduce
the build-up of the signal sidebands in the SRC and will reduce the modal overlap with the
leakage field of the carrier. Any compensation of this signal loss by increasing the laser power
would automatically increase the carrier build-up inside the arm cavities. The increased radi-
ation pressure noise would deteriorate the low frequency sensitivity. Consequently, a perfor-
mance independent compensation of these losses is impossible.

The GW signal strongly depends upon the mode matching between the carrier signal and the
signal sideband in the SRC. A 0.1% drop in mode matching decreases the GW signal by as
much as 5% [13]. Various effects including imperfactions in TCS, scattering, wedge angle at
BS, and diffraction effects at BS may contrubute to this loss. We can use that loss mechanism
to impose an upper limit of 0.1% allowable mode mismatch between the recycling cavity and
the arm cavity mode.

4.2. Power recycling cavity

As the RF sidebands are not resonant in the arm cavities, their eigenmode is completely deter-
mined by the ROC of the mirrors forming the PRC. In contrast to this, the eigenmode of the
carrier is dominated by the arm cavity eigenmode. Any mismatch between the two eigenmodes
will reduce the build-up of the carrier inside the arm cavities as the carrier has to propagate
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through the PRC and will reduce the spatial overlap between the carrier and the RF sidebands.
The reduction in the carrier build-up can in principle be compensated by increasing the laser
power. This increase is possible until the maximum laser power is reached or until the photo
detector which senses the reflected field saturates. An increase of the laser power will also
increase the amount of scattered light which has become one of the main problems in all in-
terferometric GW detectors. However, the main problem of the modal mismatch between the
PRC and the arm cavities is that it will create a difference between the spatial modes of the RF
sidebands and the spatial mode of the carrier. This mismatch deteriorates all beat signals used
for length and alignment sensing and control.

Although the effect of the modal mismatch in PRC has not been modeled in detail, the re-
quirements are less stringent than the SRC.

4.3. General properties of both designs

As discussed in the last paragraphs, the Gouy phase is mainly a function of the ROC of the
second mirror, i.e,PR2 or SR2 and of the distance between the first and the second mirror. The
mode matching between each recycling cavity and the arm cavities can be changed by changing
the distances between the three mirrors and also the distance to the arm cavity. However, the
change scales in general with the Rayleigh range of the Gaussmode which is received or send
out by the mirror that is repositioned. The Rayleigh range in the part between the ITM andR3

will be around 200m in Advanced LIGO. Any substantial change in mode matching in this part
would require to move the mirrors with respect to each other by several 10m. This is impossible
given the vacuum contraints in LIGO. On the other hand, this also means that even changes in
the distance of up to a few meter will not affect the mode matching. The Rayleigh range in the
part betweenR2 andR1 is on the order of a few meters (≈4.1m in the power recycling cavity
and≈ 7.7m in the signal recycling cavity). Any substantial change in the mode matching in
this part would also require to move the mirrors by at least several 10cm. Although possible,
this would still require major additional changes as the overall length of the recycling cavities
has to be preserved to ensure that the RF-sidebands are resonant in the recycling cavities.

The mode matching is only sensitive to the beam expanding telescopes which are formed
betweenR2 andR3 . The Rayleigh range of the mode propagating between these two mirrors
is only≈ 3.3cm in the PRC and≈ 3.1cm in the SRC. Consequently, any change in the ROCs
or distances on scales of a few cm will change the mode matching significantly. The fact that
the mode matching is rather insensitive to the other distances allows us to optimize the mode
matching without changing the overall lengths of the recycling cavities. Any change in the
distance betweenR2 andR3 will simply be compensated by also changing the distance between
R2 andR1 by twice that much; changing the distance betweenR3 and the ITMs would be even
better from a mode matching point of view butR3 is a much larger mirror and would require
much more available real estate for this move than the smallerR1 mirror.

This strong sensitivity to the distance betweenR2 andR3 can also be understood in terms
of ray optics. The field coming fromR2 appears to orginate from a virtual point source behind
R2. The distance between this virtual source is roughly half of the ROC ofR2 . R3 is then
placed close to half of its ROC away from the virtual focus and creates an image of the focus
several km away. A small change ofδR2 in the ROC ofR2 will change the location of the
virtual point source by aboutδR2/2. A change ofδR3 in the ROC ofR3 will change where
the location of the virtual source should be to focus the beam to the right spot byδR3/2. As
the image of the focus is several km away, a small change in any of the two radii curvatures
in the wrong direction pushes the image even further out leading to an unstable mode inside
the recycling cavities. However, both changes or deviations in the radii of curvatures can be
compensated by changing the distance betweenR2 andR3 by δL23 ≈ δR3/2+δR2/2 creating
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again a very stable recycling cavity. Although this will also affect the beamsizes and reduce
the mode matching again, the change in beamsizes are rather small and, as we will see in the
following chapter, will not reduce the modematching significantly.

5. Tolerances on the radii of curvatures
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Fig. 4. Left graph: The blue line shows the mode matching (in power) between the PRC
and the arm cavity eigenmode as a function of the normalized error inPR3 ROC. The red
line shows the mode matching between the input field coming from the mode cleaner and
the recycling cavity. Right graph: The ROC plotted on left y-axis and beam size plotted on
right y-axis. For two different values ofPR3 ROC, we have the same ROC (and hence a
stable solution) atPR1 with 100% mode matching. The modematching as a function of the
ROC ofPR2 behaves similar in terms of absolute error in ROC. The signal recycling cavity
shows also the same behavior. Here AC: Arm cavity, RC: Recycling cavity, and MC: Mode
cleaner.

Advanced LIGO has to take into account manufacturing tolerances in ROCs of all interfer-
ometer mirrors. The design of the interferometer should either be sufficiently insensitive to
ROC mismatches or be flexible to compensate for them. In initial LIGO, the thermal compen-
sation system attempts to match the marginally stable PRC to the arm cavities while at the same
time maintaining a good visibility of the Michelson interferometer. A similar system will also
be used in Advanced LIGO but its main goal will be to improve the visibility of the Michelson
interferometer by matching the two spatial modes coming from the arms and to compensate for
any thermal lensing that occurs especially in the ITM substrates [25]. Consequently, the require-
ments on the mode matching derived in the last section translates directly into requirements on
ROCs of the various mirrors or on our ability to adjust the mode matching.

5.1. ROC Tolerance of PRC and SRC

The recycling mirrorsPR2 (SR2) andR3 (SR3) form relatively fast telescopes inside the recy-
cling cavities. Consequently, the spatial eigenmode inside the recycling cavities is very sensi-
tive to any ROC error in these mirrors. Comparatively, the remaining mirror, i.e.,PR1 (SR1)
has much relaxed ROC error tolerances. For simplicity, we will discuss PRC in the remainig of
the section as the behavior of SRC is very silimar. The blue curve in the left graph in Figure 4
shows the mode matching between the recycling cavity eigenmode and the arm cavity eigen-
mode as a function of the error inPR3 ROC. It shows two maxima where the modematching is
100%. The reason for the two maxima lies in the dependence of the ROC of a Gaussmode from
the distance to its waist:

R= z+
z2
R

z
.
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This function has a minima atz= zR. A change in the ROC ofPR3 will move the waist further
away fromPR1. During the change the ROC of the mode atPR1 will run through the minima
and increase again. Consequently, it will match twice to the ROC of thePR1 mirror. The first
solution corresponds to the design Gouy phase of 2.08rad while the second solution has a
one-way Gouy phase ofπ-2.08=1.06rad. Although the ROCs match, the beam sizes are quite
different for these two solutions. Therefore, the mode matching from the MC is only good for
first solution. Changes in the ROC ofPR2 shows a similar behavior but as the ROC is smaller
the normalized error tolerance is larger. The SRC shows essentially the same behavior.

An increase of the ROC ofPR3 of only 0.1% destabilizes the spatial eigenmodes of the
recycling cavities. However, adjusting the distance betweenPR2 andPR3 while maintaining
the recycling cavity length by movingPR1 by twice the distance allows to regain the stable
recycling cavity modes and improve the mode matching back to 99.998% for deviations up to
±15cm in the recycling cavity mirrors ROCs. Figure 5 shows the mode matching sensitivity to
the position ofPR2. The blue curve shows the mode matching as a function ofPR2 position from
its nominal position whenPR2 andPR3 are at their nominal ROC values. The curve has two
maximums, i.e, one at the nominal position and the other 40 mm from its nominal position. The
reason for the two maxima is again the hyperbolic behaviour of the ROC of the phasefront as a
function of the distance to the waist. The same behavior can be observed even when the ROCs of
PR2 andPR3 differ from their nominal values as shown by the green curve. The red and golden
curves show the product of mode matching between MC to recycling cvaity and recycling cavity
to arm cavityas a function of the position ofPR2. Again, only one of the maxima in the mode
matching between the recycling cavity and the arm cavity eigenmodes coincides with a good
modematching of the input beam. In any case, as the Fig. 5 suggests the expected polishing
error in ROCs ofPR2 andPR3 can be corrected by appropriately repositioning thePR2 and
PR1 mirror.
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Fig. 5. The mode matching (in power) as a function of displacement ofR2 (it applies to
both PR2 andSR2) from the nominal position. The blue curve shows the mode matching
between the recycling cavity and the arm cavity for nominal ROC values ofPR2 andPR3
while the green curve is for -0.5 percent error in the nominal ROC values ofPR2 andPR3.
The red and the golden curves show the corresponding mode matching product from the
input (or output) mode cleaner mode to the PRC (SRC) mode and then from PRC to the
arm cavity mode for nominal and -0.5 percent error in the ROCs values ofPR2 andPR3.
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The SRC shows a similar behavior, any minor mismatch in the ROCs can be recovered by ad-
justing the telescope inside the SRC. However, these adjustments will change the Gouy phases
inside both recycling cavities by up to 10◦. This range has to be included in any follow-on
analysis to calculate potential resonances of higher order modes inside the recycling cavities.
Based on our results, the tolerances in the manufactured rOCs of these mirrors could be set by
the available space to position the mirrors inside the vacuum chamber (typically on the order of
20cm). This translates into a tolerance of 0.5% in ROC ofPR3 andSR3. Much tighter tolerances
have to be put on our knowledge of the ROCs before the mirrors can be installed or installation
procedures have to be developed which allow to place the mirrors in the appropriate position
for the as-build ROCs.

5.2. Test masses

The expected tolerances in the ROCs for the Advanced LIGO test masses are±10m or about
±0.5% of the∼ 2000m ROCs. These deviations from the nominal ROCs will change the eigen-
mode inside the arm cavities and will reduce the mode matching between the recycling cavities
and the arm cavities. The left graph in Fig. 6 shows the mode matching between the eigenmode
of the PRC and the eigenmode of the arm cavity as a function of the ROCs of the two test
masses assuming that the recycling cavity mirrors are at their nominal position. Note that the
ranges for the ROCs are already a factor of two larger than the above mentioned tolerances.
Even without any corrections in the mode matching telescope, the mode matching will stay
above 99.5%. This figure can also be used to estimate the mode mismatch between the two arm
cavities. In the worst case, the mismatch will be twice what is shown in the graph when one
set of mirrors is off by+10m and the other by−10m, respectively. The SRC shows a similar
behavior.
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Fig. 6. The mode matching (in power) between the power recycling cavity and the (average)
arm cavity as a function of ITM and ETM ROC. The left graph shows the mode matching
w/o length adjustments. The mode matching between recycling cavity and arm cavity after
adjusting the distances inside the beam expanding telescope becomes essentially 100.00%.
The right graph shows the mode matching between the input mode cleaner and the power
recycling cavity/arm cavity after adjusting the distances inside the power recycling cavity.
These adjustments were made without changing the overall length of the recycling cavity
and without changing the mode matching from the input mode. The mode matching be-
tween the output mode cleaner, the signal recycling cavity, and the arm cavities shows a
similar behavior.
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Adjusting the distance betweenPR2 andPR3 makes the mode matching between recycling
cavity and arm cavity to virtually 100%. However, the mode matching from MC to the recycling
cavity remains greater than 99.1% as shown in the right graph of Fig. 6. This assumes that the
input mode is fixed. However, we can adjust the input mode by adjusting the mirrors present
beforePR1 or by increasing the power from the laser. A 1% decrease can easily by adjusted by
increasing the laser power without worrying about any additinal thermal effects. Similarly, for
SRC, the output MC can be adjusted to the new SRC mode.

6. Summary

The PRC in the current LIGO detector consists essentially of flat mirrors and has a transversal
mode spacing well below the linewidth of the cavity. Consequently, the spatial eigenmodes of
the RF sidebands which are used to control all longitudinal and angular degrees of freedom
are not well confined. Only the installation of a thermal correction system allowed LIGO to
reach its current design sensitivity. The next major upgrade of LIGO, Advanced LIGO, will use
power and signal recycling to enhance the carrier and the signal sidebands. In this paper we
describe the new design for both recycling cavities which have well defined spatial eigenmodes
and transversal mode spacings well above the linewidth of the cavities. We also discussed the
allowed mode matching losses between the recycling cavities and the arm cavities. The main
part of the paper shows that this new design is flexible enough and can be adjusted to easily
accommodate ROC mismatches as long as the mismatches stay within some tolerances.

7. Appendix

A different concept for the stable recycling cavities with less optical components is often men-
tioned as an alternative to the three-mirror design presented in section 3. This concept uses only
one focusing element in addition to the nominal recycling mirror. One version of this concept
is shown in Fig. 7. A focusing lens (PR2) which could be polished either into the substrate of
the ITM or in the substrate of a compensation plate which will be located directly in front of
the ITM. This lens would focus the beam over the length of the recycling cavity. The second
elementPR1 would then be placed inside the Rayleigh range near the waist of the mode to
accumulate a reasonable Gouy phase. An alternative design simply replaces the lens with a
curved mirror similar to the curved mirror used in the three-mirror design.

ITMPR2

PR1
laser
the 
from

to the 

ETM

Fig. 7. A two element design for the stable recycling cavities. This design uses a focusing
lens (PR2) and one curved mirror (PR1). The focusing lens could be formed inside the
thermal compensation plate or inside the ITM substrate. Instead of a focusing lens, it is
also possible to use a large curved mirror to focus the beam.

The main disadvantage of this design is that the divergence angle of the Gaussian mode
would have to be:

α =
wITM

L+∆
=

w0

zR
=

λ
πw0

wherewITM ≈ 5.5cm would be the beam size onPR2, L is the distance toPR1, L + ∆ is the
distance to the waist,w0 is the waist of this mode, andzR is the Rayleigh range. A distanceL
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that could fit into the LIGO vacuum envelope without folding the recycling cavity furthermore
(which makes this a 3 mirror design) isL ≈ 25m. The distance betweenPR1 and the waist of
this mode∆ has to be in the order of the Rayleigh range to have any appreciable Gouy phase or
transversal mode spacing inside the recycling cavity:

∆ ≈ zR =
πw2

0

λ
⇒

wITM

L+
πw2

0
λ

=
λ

πw0

Solving this forw0 gives:

w0 =
wITM

2
±

√

w2
ITM

4
−

Lλ
π

Using
Lλ
4

≈ 8.5×10−6m2 ≪ 7.6×10−4m2 ≈
w2

ITM

4
we can expand the square root and use only the minus sign as the only reasonable physical
solution:

w0 =
wITM

2
−

wITM

2

(

1−
λL
π

2

w2
ITM

)

=
λL

πwITM
≈ 154µm

to calculate the waist of this mode. The beamsize onPR1 would then be:

wPR1 =
√

2w0 = 218µm

The Rayleigh range of such a mode is:

zR(∆ = ±zR) = 7cm≪ L

As this is much smaller than the distance betweenPR2 andPR1, the waist of this mode will also
not change when we move it closer toPR1 to change the Gouy phase. In general, any solution
which generates a reasonable transversal mode spacing starting with a 5.5cm and having only
25m to work with will have to have a Rayleigh range of about 7cm and beamsizes onPR1

below 250µm.
Small beamsizes such as this are usually associated with several potential problems. First of

all, the intensity onPR1 inside the power recycling cavity will reach a few MW/cm2. This might
cause life time problems with the coatings. Similar to the three mirror cavity, the short Rayleigh
range makes this design very sensitive to ROC mismatches. This can also be compensated by
changing the distance betweenPR1 andPR2. This length change would have to be compensated
by also changing the distance betweenPR2 and the ITM to maintain the overall length to keep
the RF-sidebands resonant. Such a change is impossible when the focusing lens is polished into
the ITM substrate and virtually impossible when it is polished into the compensation plate (CP)
as the CP is suspended from the same suspension system than the ITM. The second design
which uses the large curved mirror could accomodate this. However, this design requires to
relay the laser beam to the other vacuum chamber and inject the beam from the other side
which does not reduce the number of optical components in the entire setup, it tends to increase
it.

Another problem of the small beamsizes is associated with alignment sensing and control.
An angular motion of a cavity mirror will change the apparent length of the cavity if the beam is
not centered on the rotation axis. This piston effect scales with the offset from the axis and the
angle by which the mirror rotates. This is independent from the beamsize. But interferometric
gravitational wave detectors use wavefront sensing to measure and suppress the angular motion.
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These wavefront sensors measure the amplitude of the generated (1,0) and (0,1) Hermite Gauss
mode. The amplitude scales with the beamsize on the rotated mirror:

a10 =
δα
λ

πw.

Consequently, our sensing signals will be reduced proportional to the beamsize while the piston
effect is independent from the beamsize. Larger beams make it easier to measure and control
the rotation.

None of the above arguments completely rules out the use of a 2-mirror design for the recy-
cling cavities, however, it does not appear to have any advantages over the three mirror design
given the constrains of the current vacuum system and the current general layout.
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