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Abstract

In this paper we describe a stochastic GW search technique in wavelet domain. It uses the
rank and sign correlation tests, which allow calculate a significance of observed correlation
for non-Gaussian data. As a part of optimal search technique we introduce a robust estimator
for a GW detector noise spectral amplitude. It is insensitive to outliers in the data and allows
to apply this search technique to non-stationary data. We also address the problem of
correlated noise using a concept of correlation time scale.

1 Introduction

Recently there is an impressive progress in development of the gravitational wave (GW)
interferometers [1-4]. One interferometer (TAMA, Japan) is collecting data and several more
(LIGO, VIRGO and GEO) are about to start the data taking. In the frame of extensive
scientific program, these interferometers will be used to search for the stochastic
gravitational waves (SGW). The SGW might be produced by processes in the early universe
and by large number of independent and unresolved GW sources [5-7]. It is exceptionally
weak and a single detector cannot distinguish the SGW from an instrumental noise.
However, if the SGW is correlated between several detectors, it can be detected using their
cross-correlation. By integrating the cross-product of the detector output signals over a long
period of time, we expect to enhance the signal to noise ratio (SNR) if the instrumental noise
is not correlated.

This technique for detecting of the SGW using two or more gravitational wave detectors
was described in [8,9]. It uses a linear correlation test [10], which allows estimate the
significance of the observed correlation only if the instrumental noise is stationary and has a
Gaussian distribution. In Section 2, we consider a robust correlation test that is free of these
limitations. In Section 4, we illustrate how it works with two GW detectors.

A correlated instrumental noise arising from the environment could be a serious limitation
for the cross-correlation technique described above. A weak background from seismic
events, power supplies and other environmental sources may result in statistically significant
correlation between the GW detectors, which may be misinterpreted as the SGW or affects
the SGW upper limit. The SGW’s contribution to cross-correlation depends on the relative
orientation of the detectors. As suggested in [11], the contributions of the signal and the
correlated background can be estimated separately by changing the orientation of one of the
detectors, which is, in this case, the resonant bar detector ALLEGRO located in Louisiana
State University (used in pair with the LIGO Livingston interferometer). Unfortunately, this
method is not applicable to the GW interferometers, which are permanently located. In
Section 3, we address the problem of correlated background for the GW interferometers
using a concept of correlation time scale.

2 Robust correlation test

2.1 Statement of the problem

To characterize a correlation between two data sets x; and y; usually the linear correlation
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coefficient is used.
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where x and ;are means of the x and y distributions respectively. When the correlation is

Q2.1

known to be significant, r is one conventional way to summarize its strength. However there
is no universal way to compute r distribution in the case of null hypothesis, which is: x and y
are not correlated. In other words r is a poor statistics to decide whether a correlation is
statistically significant or whether one observed correlation is significantly stronger then
another if the data is not Gaussian.

To solve this problem, often a rank statistic [10] is used (non-parametric Spearman’s test).
It has precisely known probability distribution function, which allows calculate the
significance level of the observed correlation. The rank correlation test (RCT) is almost as
efficient' as the linear correlation test (LCT) and potentially it is a good choice to be used for
the SGW search. However, in this paper we do not discuss the rank correlation in details. The
rank test is based on sorting algorithms, which are quite time consuming for large data sets.
Instead we consider a robust correlation test (sign test), which is much simpler to use and
easier to implement. Both correlation tests, rank and sign, can be used for the SGW search.

2.2 Description of the test

Let assume x to be produced by a random process with zero median. In cases when it’s not
true, a new statistics x — x can be calculated, where X is a median of the x data set. If to
replace the value of each x; with its sign u;, the resulting first order statistics would be drown
from a well known distribution function. It has zero mean and u; take values +1 and —1.
Given a second data set y, we repeat the procedure, replacing each value y; by its sign v;. Now
we can build a statistics s,, which is a product of u, and v,, for detecting a correlation

between two sets. The correlation coefficient is simply a mean of the s, statistics

s =S_i=uivl.. (2.2)

A value of' s near zero indicates that the variables u and v are uncorrelated. The significance
of a nonzero value of s, is described by a binomial distribution.
"
P(n’ uv) IL'IZ’ m:g(l_suv)’ kzg(l-'-suv)’ (23)

where n is the number ofs,samples. This equation can be re-written using Sterling’s
approximation for factorials

P(n,s,,) = 2n(1 > )Eﬂ -s,) " (1+s,)" . @4

For large n, the P(n, s, )can be also approximated by Gaussian distribution with variance //n

P(n,s, )= Jiﬁx( “VJ, (2.5)
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and a significance level is given by a complementary error function. Since, typically n is
large, we will use this Gaussian approximation below in the text.

If we could know a priori the medians of x and y distributions, this test would be a non-
parametric test. Since we estimate the medians from data, the test depends on the errors of
xand y, and s, may have a systematic shift from its true mean. It can be shown that this

dependence is very weak and, hence, the test is robust. Indeed, the mean of u (and v)
distribution has a variance I/n. Respectively, the mean of s, distribution experiences

systematic fluctuations with variance 2/n’, which is much less then the intrinsic variance of
s, given by the test (//n). We could say that for large n the sign correlation test (SCT), is

almost non-parametric.

2.3 Comparison of correlation tests

The SCT has been studied using Gaussian signals and noise with various distributions. The
goal of the study was to estimate the SCT efficiency compare to the linear correlation test
(LCT), which is supposed to be one of the most efficient correlation tests. For comparison we
also estimated the efficiency of the rank correlation test (RCT).

For the data sets, first we generated two time series n and n, with uncorrelated white

noise. We tried various noise probability distribution functions: Gaussian, Gaussian with

tails, asymmetric Gaussian and uniform (see Figure 1). Then a Gaussian signal g was added

to both time series, so the data (x and y) is a sum of uncorrelated noise and correlated signal
x=ntg, y=n,+g. (2.6)

entries
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Figure 1. Distribution of noise used to compare different correlation tests: Gaussian (red),
Gaussian with tails (black), asymmetric (blue), uniform (green).

The amplitude of the signal was relatively small (signal to noise ratio (SNR) <0.5), where the
SNR was calculated as a ratio of standard deviations of the signal and noise distributions.

To compare the correlation tests, the correlation coefficients (R) were calculated. Figure 1
shows the correlation coefficients as a function of SNR for Gaussian signals and different
correlation tests (LCT, RCT, SCT).

! See discussion of the correlation test efficiency in section 2.3
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Figure 2. Correlation coefficients as a function of SNR for Gaussian noise: LCT(red),
RCT (black), SCT (blue).

To estimate the SCT efficiency we calculate the ratio R,., /R, for different types of

noise. This ratio (or the sign correlation efficiency) doesn’t depend much on the signal to
noise ratio and for the Gaussian noise it is around 64%. For comparison, similar ratio for the
RCT is 95%. Figure 3 shows the sign correlation efficiency for different types of noise.
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Figure 3. The sign correlation efficiency as a function of SNR: Gaussian (red),
Gaussian with tails (black), asymmetric (blue), uniform (green).

Typically, if applied to the same data, the SCT will detect correlation with less significance
level then the LCT. For Gaussian noise, to achieve the same significance level with the SCT
we need to use about 2.4 times more data (1.1 for the RCT), which means effective loss of
data compare to the LCT. However, for Gaussian noise with tails, which is the most typical
type of noise, the SCT shows better efficiency then the LCT.
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3 Correlated noise

3.1 Statement of the problem

In case of two GW detectors, let say L and H, the output of each detector is a mixture of the
SGW signal (h) and noise (n)

Spu — hL,H tny (3.1)
Assuming no correlation between signal and noise, the cross-correlation of the datas, and

Sy 1s

r=hh, +n,n,. (3.2)
Due to correlated noise, the noise cross-correlation term may not be zero and the correlation
test may find correlation, if even no signal is present in the data. For example, if detector
output is dominated by power supply harmonics, which are very stable in time, the
correlation test will always find a significant correlation between the detectors. Combined
with correlated signal the noise may result in a wrong upper limit on the SGW. The
correlation test may also fail to find a correlation if the noise is anti-correlated.

The problem with the correlation tests described above is, that applying a test we check if
any correlation is present in the data. However, different correlation processes may be
distinguished by their correlation time scale and the correlation tests can be modified
accordingly. Both, rank and sign correlation tests can be modified to accommodate the
correlated noise. Below we show it on example of the sign correlation test.

3.2 Correlation time scale

In general, there could be a correlation between samples of the sign statistics s, and s, (t) is
a step function of time. It is fully described by its normalized autocorrelation function
a(r)= p, ()= p_(1), where p, (p_) is the probability to find the same (opposite) signs of
s, and s, separated by time T. For a(7) it holds that a(0) =1 and a(7 > 7)) = 02, where T,
is a correlation time scale (CTS). Namely, any samples s, and s, separated by time

T greater then T, are not correlated.

The function a(7) depends on a correlation process between the data sets. The time scale
T, characterizes the function’s width. For example, if the statistics s, is a white noise, then
T =At, where At is the sampling interval. Different correlation processes due to

instrumental noise may have different correlation time scales, which may be greater then Az.
For environmental noise we expect a correlation time scale to be finite, thought the SGW
correlation time scale is assumed to be infinite. In other words, if a data set is long enough,
such a time 7, can be selected, that only a faint SGW signal will contribute to the function

a(t>T,)%
The sign correlation test (as well as the linear and rank tests) tells us if there is a correlation

with any time scale equal or larger then A¢. It does not use any noise model* and the null
hypothesis reads accordingly — data sets are not correlated. So, if a correlated noise is

? We assume no noise process exists with an infinite correlation time scale.
? See Section 5.3 for more detailed discussion of correlated noise.
* So far we didn’t use any signal model as well.
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present in the data, a different null hypothesis should be used:
H, : Data sets are not correlated at time scale greater then some scaleT, and the

observed correlation coefficient is described by noise with the time scale less then T, .

Respectively, a correlation test should be modified to incorporate this new parameter.
To modify the test, lets divide the correlation statistics s, on subsets of m samples long

(time duration 7, = m LA\t ) and calculate the correlation coefficients s,, separately for each

subset. Lets also calculate the product of T, and the variance of the correlation coefficients
AT(T,)=T, 3,(T,)*, (3.3)

which is the effective sampling interval. The meaning of this name is clear from the

following.
If some correlated noise with time scale 7, is present in the data and we increase 7, , the

function AT(T,) will increase first and then saturates Indeed if 7, >T,, samples in the
beginning and the end of a subset are not correlated. Then, in the Gaussian approximation,

s, (T,)? = const @Tﬂ, (3.4)

and the mean of the AT distribution is independent on 7,
E(Tm > TS) =const[Dt. (3.5)

For example, Figure 4 shows AT (Tm) for the simulated white noise and for the cross-
correlation of the LIGO Livingston and Hanford power supply monitors (60Hz). For white
noise it holds that E(tm > At) =/At (At =1/64sec), which can be clearly seen from the
figure. For power monitors the AT (Tm) saturates at 7, > 60sec, which means that at this

time scale the sign correlation statistics is effectively a white noise with a sampling interval
of AT =10sec.
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Figure 4. Effective sampling interval for the LHO/LLO power monitor sign
cross-correlation (black) and simulated white noise (red).

When AT (]1 ) <T, where T is the time duration of the data, the correlation coefficientss,,
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still have a binomial distribution

- 727
P(H,Sw) =

2 m'k' (1 +Suv)’ (36)

2 m :%(1_‘911\/)’ k:

|

where 7 is the effective number of samples
—a B 5
AT(T,)

In the Gaussian approximation, the variance of s,, distribution is 1/7. One can see that

Sl

correlated noise effectively increases variance, resulting in a lower significance level

_ n Ot
SL = e#[EmSW} (38)

It is convenient also to introduce a reduced correlation coefficient s,,, which is distributed

s

with variance 1/n
- JAYS

=S, m . (39)

Usually, we don’t know a time scale of the noise a priori. In principle, we may select any
time scale 7, between Arand T >, Varying , we can calculate the effective sampling

SMV

interval and thus the significance level. If starting with some 7, the significance level (3.9)

is greater then, let say, 5%, we choose the hypothesis H |, otherwise we choose the alternative
hypothesis:
H, : Data sets are correlated at time scale greater then scaleT, .

In this case, we can calculate a false alarm rate (/ is true, but we choose H, ), but we are

not able to calculate a false dismissal rate (/, is true, but we choose /{, ), because so far a
model for signal was not specified.

4 Correlation in wavelet domain

4.1 Wavelet transforms
The term wavelet is usually associated with a function ¢ 1L, (R) % such that the translation
and dyadic dilation of ¢/ UL, (R) constitute an orthonormal basis of L,(R) [12,13]. For
discrete wavelet transform the basis is
W, 0=2""g" t-m), nmOz, (4.1)
where ¢ satisfies

j Ytdt=0. (42)
The important property of wavelets is a time-frequency localization of their basis. It allows

the time-frequency representation of data in wavelet domain, similar to windowed Fourier
transform. The result of a wavelet transform of data x is an array of wavelet coefficients p,,, ,

> Actually, we have to limit the time scale 7, between Afand T, ,where T, <<T .

% Space of all square-integrable functions.
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where m is a time index and 7 is a scale (or layer) index. Applied to wavelet data, the
correlation can be estimated as a function of the layer index, which represents different
frequency bands of the data x. Each layer can be considered as a time series with the
sampling interval Az, =2"Ar.

The same as for the original data x, we don’t know the exact probability distribution
function for coefficients p as well. However, if consider the detail wavelet coefficients,
usually their distribution is “more Gaussian” (see, for example, Figure 5).

10
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Figure 5. Distribution of white noise with tails in time (black) and wavelet (DAUB4)
domains (red). Blue curve is a Gaussian fit of data in wavelet domain.

Due to condition (Eq.4.2) the distribution of wavelet data usually has zero mean and it is also
symmetric, which makes convenient to perform the sign transform in wavelet domain.

To apply the wavelet method to the SGW search, we modify the linear correlation test
described in [14]. First (Section 4.2), we calculate the linear cross-correlation in wavelet
domain and then (Sections 4.3, 4.4) we consider the sign cross-correlation.

4.2 Cross-correlation in wavelet domain
The cross-correlation between two detectors is

S= [dt [dt's,(t)s, (OO ~1,9,,Q,), (43)

-T/2 -T/2

where T is the integration time and 2y (£2;) is the orientation of H (L) interferometer. The
integration kernel Q is selected to maximize the correlation due to the stochastic GW signal.
Decomposing s, and s,, in wavelet domain with a discrete wavelet transform

s, (D= (), (=D g, W, (@) (44

where ¢, is the orthonormal basis of wavelet functions, we can rewrite 4.3

S= Z zpkzqmn]kl,mn ) (4.5)

nm k.,
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T/2 T/2

Ly, = [dt [dtw,@w,,00(-1.Q,.Q,). 46

-T/2 -T/2

We can also write double integral /i;,,, in Fourier domain. Using the time localization of
wavelet functions it follows that

Ly = [0 (N, (NOf,9Q,,Q,) (47

where (J(f) and Q(f,QL , QH) are the Fourier transforms of ¢/(¢) and Q(t, Q,.Q, ) Note,
if O(t—1t")=0(t—1"), due to the orthogonality of wavelet basis, it holds that 7, ,, =9,,0

In>

where J,, (9,,) is Kronecker delta. It is not true for an arbitrary kernel, but because of good
localization of wavelet functions in time and frequency the most of the /,,,, terms are equal

zero. Because of the frequency localization, we may neglect terms with / # n and rewrite the
eq. as follows

S = ZSn ’ Sn :Zpknqmnlkn,mn (48)
n k,m

where S is a cross-correlation for the n” layer. Since wavelet functions for each layer are
produced by translation in time of the same mother function ¢, , the Fourier integral for

1 is

kn,mn

Ly =L@ = [, (OPNO(FQ,,Q, )exp(= j274T),  (4.9)

where 7is a time shift between coefficients p and g (7 =A¢,(k —m)). Assuming that the

noise of each detector is much larger in magnitude then the SGW signal, the noise mean
square for the n" layer is

] L e
a-jL :N_zprznn > UfH :N_ZQrZM : (410)

n m=l n m=1
where N, is the number of samples in the layer. Introducing the coefficient of linear

correlation for layer n

1

N,
r=——— At At —T), 4.11
r,(T) No o 2. p,(mbt,)g, (mbt, =) (4.11)

n nH~ nL m=l1

the cross-correlation sum S calculated in wavelet domain is

S = §N,,%%Zln (), ()= Zw (), (). @12

So far the cross-correlation S is equivalent to the result obtained in the Fourier domain [14].
Similarly we can use the optimal kernel to calculate /, () and hence w, (T)

|17 Qe (NHV.Q,.Q,)
,Q,,Q,)= ) 4.13
Q(f ) P, ()P, (f) (13

where Q. ( f )/ f is proportional to the GW differential energy density, Yy is the detector

overlap reduction function [15] and P;, Py are spectral densities of the detector noise. Then
the full expression for the w, () is
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JnL UVIH

w0 =N, [, YU Qo (DS Q1. Q0) e o yexeloj2m). - (14)

The equation shows that the cross-correlation S is a weighted sum of linear correlation
coefficients r (7). For a pair of GW detectors, the optimal weight coefficients can be

calculated for a selected SGW model (Q,, ( f )) and using an appropriate noise spectral

density estimator. However, as we have mentioned above two questions remain:

a) What is the actual distribution of the correlation coefficients 7, (7)?

b) How to calculate an optimal weight coefficients if the detector noise is non-stationary

or correlated?

To solve those problems, we suggest to use a robust correlation test, like RCT or SCT. In the
next section we show how it works for the sign correlation test. The rank correlation test can
be implemented in a similar way. The problem of correlated noise could be partially solved,
by taking in to account the correlation time scale (see Section 4.4).

4.3 Uncorrelated noise
To apply the sign test, we simply replace the coefficients »,(7) in the cross-correlation sum
S (Eq.4.12) with the corresponding sign (or rank) correlation coefficients s, (7). It may

reduce the efficiency of the test, but we gain confidence in calculation of the significance
level. To keep the weight coefficients optimal, the sign correlation efficiency (see Section
3.1) should be taken into account. The sign correlation efficiency (&, ) may be different for

different wavelet layers. Then, the optimal weight coefficients are
MN}n (T) = Wn (T)gn > (4 1 5)
and the sign cross-correlation is

S, =Y w,(r)s, (7). (4.16)

n,T
As it was mentioned in section 2.2, the correlation coefficientss, (7) are normally distributed
with variance //N,. Then, the variance of § is
1 -
var(S,) = ZN—wj (). (4.17)

In many cases we can consider that all efficiencies &, are the same (around 65%) and just

n

reduce the signal to noise ratio
2

S
SNR? =—— . 4.18
vals) Y

However if the noise distribution has tails, the efficiencies & can be very different (see
Figure 2).
We can include the £, in the expression for w, (T) (Eq.4.14) and introduce a robust noise

spectral amplitude

—

P(f)
an,\/g’

Then the optimal weight coefficients w, (T) are

A(f) = I=LH. (4.19)
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2 -3 Qe ,Q,,Q,
Y| Qe DAL0,.0,)

One can see that only the amplitudes 4; and Ay should be estimated from the experimental
data to calculate the optimal weight coefficients.

The robustness of amplitudes 4; can be shown on example of Gaussian noise with tails. For
simplicity we use a white noise, then P, (/) = const . If, let say, we have a Gaussian noise

exp(- j277T).  (4.20)

7,(0)= N, [ df

with fixed variance Ug and vary contribution from the tails, the value of spectral density P is

proportional to the total noise variance o, and it increases, if we increase the tail contribution
(see Table 1).

g,/0, P A
1.0 0.45 0.0266
1.45 0.94 0.0274
231 2.40 0.0273

Table 1. Dependence of the noise SD and noise RSD on tail contribution

At the same time one can see that the amplitude 4 remains constant. It makes calculation of
the optimal weight coefficients much more robust if the tails are non-stationary.
To find the efficiency &, we use the fact that it is constant as a function of the SNR for all

reasonable distribution functions of the noise (see Figures 2,3). Since we assume the SGW
signal to be Gaussian, we could estimate the efficiencies s, by adding a Gaussian signal g,

to the data p, and ¢, in the wavelet domain. Calculating the LCT and SCT correlation
coefficients, we can find the efficiencies s, for relatively large SNR, when the signal g,
dominates, and then extrapolate it to small SNR, using the assumption £(SNR) = const .

4.4 Correlated noise

Compare to the Section 3.1, now we are dealing with a set of correlation coefficients
s,(T). Each coefficient s,(r) is a mean of the corresponding sign correlation statistics

s;(n,T) . If some correlated noise is present in the data, the different statistics s,(n,7) may

not be statistically independent. Similar to the sign statistics autocorrelation function (see
Section 3.1) we may introduce a cross-correlation function for two statistics s,(n,,7,) and

s;(n,,7,). If samples of s,(n,7) are not correlated at the time scale 7 (n, T), then samples of
any two statisticss,(n,,7,) and s,(n,,7,), separated by time max(Ts (nl, T, ),TS (nz,r2 )) do not

correlate as well. It means, that at this time scale the correlation coefficients are statistically
independent and they have a binomial distribution. In the Gaussian approximation the
optimal cross-correlation sum is

ES=zw,,(r)1/%sn(r)=;w,,(r)s,,(r), (421)

where 5, (7) are the reduced correlation coefficients (see Section 4.1) and AT(n,7) are the

effective sampling intervals. The variance of §S is equal to the variance of S, (see Eq.4.17)
and the SNR is
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SNR? = (Z w (r)s, (r)J Z}éw; (r). .22

One can see that the correlated noise effectively reduces the signal to noise ratio.

This approach for correlated noise works if the noise time scale is much less then the SGW
time scale’ and it fails if the noise time scale is comparable to the SGW time scale. Of
course, the first type of noise does some harm — it reduces the significance of correlation, but
the second type of noise can make the detection of the SGW impossible.

5 Conclusion

The SGW signal should manifest itself in the cross-correlation of several detectors. In this
paper we discussed the problem (i) of estimating the significance of the cross-correlation if
the detector noise is non-Gaussian and the problem (ii) of correlated noise.

Different correlation techniques can be used to calculate the detector cross-correlation. We
discussed the optimal signal processing in wavelet domain using the rank and sign
correlation tests, which allow calculate the significance of the cross-correlation if the detector
noise is non-Gaussian. The rank correlation is a non-parametric test and it is almost as
efficient as the linear correlation test. It is based on sorting algorithms and could be quite
time consuming for large data sets. The sign correlation test is robust and simple to use,
however it is less efficient (65%) compare to the linear and rank correlation tests. Using the
sign correlation test we also introduced a spectral density estimator, which allows a robust
calculation of the noise spectral density if the detector noise distribution has outliers.

We addressed the problem of correlated noise using the concept of correlated time scale.
Namely, different sources of correlated noise can be distinguished by their correlation time
scale. In this paper we developed a method, which allows estimate the significance of the
correlation in the presence of correlated noise. The concept of correlation time scale is not an
ultimate solution of the problem, however it allows a consistent calculation of the cross-
correlation if the correlated noise time scale is much less then the SGW time scale.

This approach fails to work for noise sources with a very long time scale, but most likely
there should be very few sources like that. For example, it could be a noise due to magnetic
field fluctuations [15], the power system synchronization, seismic events coming from
locations equally distant from the detectors, and also the data sampling and data processing
artifacts. In this case we need to study this sources (for example using the environmental data
channels) and build a consistent noise model to estimate correctly the correlated noise
contribution.
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