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We untilize a more complete mechancial model of the dielectric coating on the
LIGO mirrors to include the effect of the anisotropy in the mechanical impedance
of the coating. This gives a modified form of the coating thermal noise formula
from the familiar Gretarsson/Nakagawa version

Start with a description of an anisotropic multilayer coating from Hoff :

€rr = O [ Y] — 011099/ Y]| — 010 /YL
€00 = —0)|0rr /Y| + 009/ Y —0L0.. /YL (1)
€2z = _ULUTT/YL - ULUOO/YL + Uzz/YJ_'
Here, Y|/ is the Young’s modulus for stresses causing strains entirely within the
plane parallel to the coating layers. Y is the Young’g modulus for stresses causing
strains perpendicular to the coating layers. There are two Poisson’s ratios, o) for
stresses and strains both with the plane parallel to the coating layers, and o, for
when either the stress or the stain is perpendicular to the coating layers.
The matrix in Eq. 1 can be inverted, to read
Oprr = (/\1 + 2”1) €rr + )\1599 + )\2522
099 = M€pp + (/\1 + 2#1) €00 + A€, (2)
02z = A2€rr + A2€gg + (/\2 + 2#2) €2z,

where
M= =Y (01 = o YL) / (o) +1) (201Y] + (1 - 0y) Y1), (3)
=Y/ 21 +ay)), (4)
Az = oL YY1/ (=201Y) + (1—0y) Y1), (5)
po =Y (01Y) = (L—0y) Y1)/ (2 (201 2Y)) = (1 —0y) V1)) (6)

Equation 2 is the anisotropic equivalent of Gretarsson’s equation A2 in ref. 2. Fol-
lowing the same procedure as in that reference, the equivalent of Gretarsson’s equa-
tion A4 is found;

/

err = €rr

€ho = €00

€. =A\=X2)/ A2+ 2u2) (€ + €00) + (A +2p) / (N2 + 2u2) €2

E/rz = €rz (7)

O = (M1 4 2p1) €0 + Ar€gp + A2el,

Tr

Tpg = Me€rr + (A1 + 2012) €00 + A2€l,
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I
Oyry = 02z

/

UTZ

= Opryz.

Here, all the parameters without numerical subscrips refer to values in the substrate.

Following the method of Gretarsson as in 2 with the changes noted above for an
anisotropic modulus, the effective loss angle ¢reaqout for thermal noise calculations
in an interferometer can be found.

Hreadout = Psubstrate + d/ (\/E’LUYJ_)
((Y/(1=0l) =201YY)/ (YL (1= 07) (1= 0y))) b
+YjoL (1-20) /(1 —0y) (1 - 0)) (¢ — o) 8)
Y YL (1+0) (1-20)%/ (Y (1 - aﬁ) (1- a)) ¢||) .

This is to be compared to equation 20 in reference 2.

The limit of Eq. 8 where all the Poisson ratios are small, o) = 0, = 0 = 0,
gives

¢readout = ¢substrate + d/ (ﬁW) (Y/YJ_(bL + YYH/Y¢||) . (9)

The limit when Y| =Y, =Y’ and 0] = 0, = ¢’, ie when the coating is assumed

isotropic except in its loss angles, Eq. 8 reproduces Eq. 21 in reference 2.

The values for Y, ,Y),¢1 and ¢ can be calculated from the values of the
isotropic materials that make up the layers of the coating. For a coating of two
layers,

Yy = (dy+d2) / (di/Y1 +d2/Y2), (10)

Yjj = (Yidi + Yady) / (di + da), (11)

¢1 =Y ($1d1 /Y1 + ¢ad2/Y2) [ (di + da), (12)
¢ = (Y161d1 + Yagoda) / [Y]) (dr + d2)] (13)

where d; and dy are the total thicknesses, Y7 and Y5 are the isotropic Young’s
moduli, and ¢; and ¢- are the isotropic loss angles of the two materials that make
up the coating.
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