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Start with a description of an anisotropic multilayer cogtirom Hoff [1]:

Erp = O-TT/)/VH - UHUBG/)/H - O-J-O-ZZ/YJ‘
€0 = —00p/Y) + 000/ Y] —010:2/Y) @)
€2 = _ULUTT/YL - ULUGQ/YL + UZZ/YJ—'

Here,Y), is the Young’s modulus for stresses causing strains eytivethin the plane parallel to the
coating layers.Y is the Young’g modulus for stresses causing strains perpelad to the coating
layers. There are two Poisson’s ratios,for stresses and strains both with the plane parallel to the
coating layers, and, for when either the stress or the stain is perpendiculard@tiating layers.

The matrix in Eqg. 1 can be inverted, to read

Opr = ()\1 + 2,Ul) €rr + )\1699 + )\2€zz
ogp = M€+ (A1 + 201) €go + A€, (2)
Oue = o€ + Aa€go + (A2 + 202) €22,

where
Moo= =Y (oY +oyYe) / (o +1) (200Y) = (1= o) Y2)) ©)
mo= Y/ (2(1+a))), (4)
Ao = o YYi/ (=201 Y]+ (1—0y) V1), (5)
M2 = YJ_ (O‘J_}/H - (1 - O‘||) YJ_) / (2 (20‘3_2}/“ - (1 - O‘||) YJ_)) . (6)

Equation 2 is the anisotropic equivalent of Gretarssonisaign A2 in ref. [2]. Following the same
procedure as in that reference, the equivalent of Gretarsequation A4 is found;

/

67“7“ = 6

€y = €0

e, = (A=X2)/ Ao+ 2u2) (€rr + €g0) + (N +2p) / (N2 + 2u2) €.,

€. = €, (7)

U;T = ()\1 + 2:“1) Err + )\1699 + )‘26/2'2
aé@ = )\167‘7* + <)\1 + 2,&2) €op + )\QE/ZZ
/

UZZ - UZZ

/
Op, = Ops.

Here, all the parameters without numerical subscrips tefealues in the substrate.

Following the method of Gretarsson as in [2] with the changated above for an anisotropic
modulus, the effective loss angte..q.w: for thermal noise calculations in an interferometer can be
found.

(broadout = ¢substrato + d/ (\/7_TwYJ_)



(77 (1= 02) =223/ (v (1=%) (1= 7)) o
+Yjor (1=20)/ ((1=01) (1 =) (& — 1) ®)
VYL (1+0)(1-20)? /(Y (1-0f) (1—0)) ¢y) .-

This is to be compared to equation 20 in reference [2].
The limit of Eg. 8 where all the Poisson ratios are small= 0, = o = 0, gives

(broadout = (bsubstratc + d/ (\/Ew) (Y/Yl(bl + }/]|/Y¢||) : (9)

The limitwhenY) =Y, = Y'ando| = 0, = ¢, ie when the coating is assumed isotropic except in
its loss angles, Eq. 8 reproduces Eq. 21 in reference [2].

The values folt’, , Y}, ¢, and¢; can be calculated from the values of the isotropic matettelts
make up the layers of the coating. For a coating of two layers,

Vi =(di+do) [/ (d1/Y1+ d2/Y2), (10)
Y= (Yidi + Yad) / (di + da) , (11)

oL =Y, ($1d1 /Y1 + dada/Y2) [ (di + do) (12)
¢ = (Yindy + Yaiody) / [Y]) (c + )], (13)

whered; andd, are the total thicknesseg, andY; are the isotropic Young’s moduli, arg andqg,
are the isotropic loss angles of the two materials that makée coating.

To use the full formula in Eg. 8, values for the Poisson ratics needed. The Poisson ratio
connecting stress in thedirection with strains in the plane of the coatirty;- , o, can be found
from

o) = (O’li/ldl + 0-2)/2d2) / (Yidl + Yédg) . (14)

The equivalent formula fow) is more complicated. The value fof; can be found by numerically
solving

A = (01Y1di/ (14 01) (1 = 201)) + 02Yadz/ ((1 + 02) (1 — 202))) / (di + d2) .~ (19)

For SiGy/Ta,O5 coatings in the appropriate ratios to make an HR coating @82 m light, these
values are

o, = 0.19, (16)
a| = 0.21. (17)
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