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1 Introduction

1.1 Purpose

The purpose of this document is to describe thecefbf radius of curvature (ROC) errors in the
recycling cavities (RCs) in Advanced LIGO. Spedfig, we evaluate the effect of mode matching
losses due to these ROC errors. The errors coesidere are due to fabrication/tolerance of the
optics. Here we assume that the signal loss isvabpnt to the mode mismatch between the arm
and the recycling cavity.

1.2 Scope

For finalizing the COC design, we need to put soetguirements on the flatness (un-flatness) of
the various components in the RC. Here we consipgics from ITM to the beam splitter. The rest
of the recycling cavity optical components are imotuded in this analysis as they are included in
the 100 design document. So the scope is limiteletam splitter (BS), compensation plate (CP),
and the test mass (TM) AR side. Note that this dwmt is written with intent to put some realistic
limits on the ROC errors. The exact analysis of lib&ses and their frequency dependence is
outside the scope of this document. An FFT analyssld be carried out in future to better
describe these losses. One more limitation of tfayais is the excluding of diffraction effects in
the recycling cavity.

1.3 Definitions

1.4 Acronyms

BS: Beam Splitter

ROC: Radius of curvature
RC: Recycling Cavity

PRC: Power recycling Cavity
SRC: Signal Recycling Cavity
ITM: Input Test Mass

1.4.1 LIGO Documents

1. Muzammil A. Arain, “Effect of BS wedge on modetohing in Advanced LIGO,” LIGO
technical note, available hattp://www.ligo.caltech.edu/docs/E/E080170-00.pdf

1.4.2 Non-LIGO Documents
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2 General description

Advanced LIGO will have dual recycled configuratiaiith both PRC and SRC. Also, the target
for the PRC round trip loss is 1000 ppm while tfeat SRC is 2000 ppm. This requires that the
mode resonating in PRC and SRC should have a vghydegree of coupling with the arm cavity
modes. Fabrication errors and tolerances can deztba coupling of the RCs to the arm cavities.
We need to calculate the mode-matching losses atigese errors and put some limits on these
errors. Specially important is to analyze the ¢ftddBS un-flatness as it changes the PRC and SRC
differently.

In this document, we will analyze the effect of angnufacturing ROC errors on BS surfaces in
the PRC and the SRC. We will also investigate ffeceof BS wedge angle. Apart from the BS,
errors in the CP flatness, folding mirrors in tbédéd interferometer (H2), and AR side of the ITM
also affects the mode in the RC. But since thedases are close by, therefore, we can treat them
as one combined ROC error. Any deviation due toi¢abon error at the HR side affects both the
AC mode and the RC mode. This is more complex tareebecause of the necessity of considering
two SRC formed by the X and the Y arm.

3 Calculation of RC modes

We are using a simple modal model where the RC nmwdetermined by propagating the beam
coming out from the ITMx to the PRM (or SRM) anchback to ITM. Then using the standard
ABCD matrices and equating the two complex q valuesdetermine the Eigen mode of the
recycling cavity. This method neglects the effec6E8&M detuning. In view of 180 degree round-
trip Gouy phase difference between PRC and SRCBtliseye mode has a relative 360 (or 0)
degree phase shift between PRC and SRC. Theré&fone, ROC error perspective the behavior of
the two recycling cavities is same because thedhupl of Bullseye mode is same in the two
cavities. We would use the following cavity for nedbdg.

SR; — BS — ITMx - BS— SR — SR

Note that this is the configuration where the B8ainess affects the most. Since, we are not using
full IFO configuration, this cavity is representatiof both common mode and differential mode
losses. After caluclating the resonating RC mode,ewaluate the over-lap integral of this mode
with the arm cavity mode. The over-lap integralegithe decrease in the mode matching between
these two modes. We present the power losses.nbael has been tested before with the FFT
model developed by Hiro and the results were irdgagreement.

4 Geometry and ABCD Matrix of BS

The geometry of the BS is shown in Fig. 1 as dbsdriby Hiro Yamamoto in his presentation.
Based upon this, we can calculate the ABCD matrme8S when the beam passes through
different directions.
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sin(y4) / sin(y3) =n 2=y3-
sin(yl) /sin(y2) =n v5=v3+ B
sin(y6) / sin(y5) =n

d1 =d0 cos(p) / cos(y2)
d2 = d0 cos(p) / cos(y5)

_______________________________________

rom ITM to SR
Fig. 1: Geometry of the BS wedge angle.

4.1 Wedge Angle Effect in PRC

Evaluation of wedge angle effect alone has beemedaout in Ref. 1. However, Ref. 1 document
was prepared when the wedge angle of the BS wasldyjfee. Here we present the results for
smaller wedge angle in Fig. 2.

900

Mode matching Loss (ppm)

Wedge Angle (Degree)

Fig. 2: Mode matching loss due to BS Wedge angeRKC
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This shows that the mode-matching loss would beratdl20 ppm. However, when we consider
other ROC errors, this becomes a contribution ¢oRBC errors.

4.2 BS Geometry for Differential Errors

The two surfaces of the BS patrticipate differemlyhe differential error if the two surfaces a@ n
flat. In general, the BS could either look like & ¢r could be like (( or )). The () is the worst
configuration because it introduces more lossest fsie consider the effect of these configurations
for the SRC. Fig. 3 shows the effect of a BS camfigjon on PRC and SRC. Fig. 3a and 3b
analyze the situation for the (( case for SRC aR@ PPespectively. A similar analysis is carried out
for the () BS configuration in Fig. 3c and 3d. F&a and 3b show that the relative effect of BS
configuration is same for PRC and SRC when BS iand that this configuration requires a
compensation of 2/R at CPx. A similar comparisofrigt 3c and 3d show that () BS configuration
requires a compensation of 2*n/R at CPx where thasrefractive index of the material. This can
be further generalized by assuming that the two R®tbe two sides of BS have different values.
After some algebra, it can be concluded that a as a differential ROC where the error
contribution due to the two ROCs is:

ITMy From
ITMy
For
compensation, FEMX
CPx should have elative lens b/'w ITMX-PRM and,
+2/R ITMY-PRM=-2/R {
Lens seen by From
ITMX-SRM “(a-1) n-1 ITMx
(=) _2n o1 -2 w7
R R R R
S -
R R _ ) For compensation, CPx should have +2/R
Relative lens b/w ITMX-SRM and
ITMY-SRM=-2/R

Fig. 3a: SRC and BS (( Configuration  Fig. 3b: PRC and BS (( Configuration

«

| R DR= 2L

-(n-1)/R
~] '\ —2*(n—1)/R—2*n/R The relative lens bjw X and ¥ arm is (n-1)/R-2*(h-1)/R =-2*n/R
> | For compersation CPx should have 2R ]
-2%(n-1)/R

| For compensation CPx should have 2*n/R ‘

Fig. 3c: SRC and BS () Configuration Fig. 3d: P& BS () Configuration

Fig. 3: BS ROC error contribution in various coniigtions for PRC and SRC.

1 _(n+1)_(n-1) )
Ry, R R
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whereReq. is the equivalent differential ROC error introddatue to a HR side ROCR; and AR
side ROC =R;. Eq. 1 shows that the worst case ROC (a smallerenical ROC) happens when
R1 and R2 have opposite signs, i.e, () is the tnaase. If the two ROCs are equal in magnitude
but opposite in sign, the worst case value of RORM where as the minimum value of ROC is R
if the two ROC on the HR side and AR side have emagnitude and sign. Note that here a ‘((*
BS configuration is assumed to have a same ROCwigle ‘( )’ BS configuration constitute a
situation where the sign of the ROCs of the twesidre opposite. Thus, effectively we can model
BS ROC error as a differential ROC error in theg@arm

5 Losses due to Differential ROC error in the Michelson Arms

Here we consider errors due to differential RO®@rsrin the Michelson arm. Here specifically, we
consider SRC x-arm only formed by

SRM-SR3-BS-CPx-ITMx and then back from ITMx-CPx-B®3-SRM

Since we are modeling only one arm, we assumetlieasecond arm is perfectly mode matched
and the mode matching is 1. Also we are assumimg sam cavity mode in the X-arm and the Y-
arm, therefore, the only mode matching decreasehamésm is due to the over-lap integral
decrease between the SRCx cavity mode and the arty enode. Here we introduce a ROC error
in the SRC. Note that we consider ROC errors du@RpITM AR side, BS HR and BS AR sides.
The exact location of the ROC error does not maitere these surfaces are in the far field of the
same mode. So we can think of these ROC errorbeasdmbined ROC tolerance on all these
surfaces. The combined ROC error can be calculate@ddding all the ROC errors inversely
according to the following relationship:

1=1+1+1+1+1+...(2)

Rcorrbi ned RBS HR RBS AR RCP RFM RI ™ AR
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Fig. 4. Mode matching loss due to combined ROCrasodefined in Eq. 2 plotted in blue against
left y-axis. The corresponding sag (for a 5.5 crbevalues are plotted in green on right y-axis.
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Note that the ITM HR side ROC errors have not bamrsidered here as this changes the AC mode
also.

Figure 4 shows the expected losses due to a comhifferential ROC (Rombineg€rror in the SRC.

As mentioned earlier, the PRC is expected to hamgeshehavior. Here the x-axis is ROC values in
km. Plotted in blue on left y-axis are the expeateade matching losses. Note that larger ROC
means lesser error. On the right y-axis is plottedcorresponding sag due to such a ROC error as
plotted on X-axis. Therefore, when we have 0 ROy means that the differential sag error is
infinite. Alternatively, 0 sag error means infinikOC or no ROC error. The sag has been
calculated for 5.5 cm beam size.

Although it looks like the requirements on theseR@rors is pretty stringent. We should keep in
mind that different ROC errors can also have ogposigns thus different errors can add or
subtract. The non-symmetrical behavior with respedhe positive and negative ROC values is
due to the change in Gouy phase of the RC andlisuweerstood. This shows that we would fare
better of the net differential ROC error is conca&aother noticeable feature is that these ROC
errors should have very minimal effect if the vailsidower than 500 km.

6 Differential ROC error compensation using CP

The combined ROC error discussed in the abovessectin be compensated by operating on the
CP. For example, if the differential error is 100 ROC, then we need to apply -100 km ROC at
the CP. Since the CP is in the far filed of the matierefore, any error can be compensated by a
high degree of accuracy. The BS wedge angle canbalsnterperated as a differential error. So a
combined compensation on the respective CP careatoall these errors in the ROC due to
fabrication.
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Fig. 5: Compensation of combined differential RO@ein the Michelson arm by operating on
CP.
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Fig. 5 shows that we can compensate any residtfatehtial ROC errors in the Michelson cavity
by operating on CP. Here on x-axis, we have takgnapplied to the compensation plate via TCS
as a variable. So, for any given ROC error, theraliays a compensation that can be applied at
the CP and the loss can be driven to very smallegl Here in the figure, different curves
correspond to a particular value of ROC error. &@ample, the black curve shows the behavior for
a 10 km ROC error. Since the ROC is positive, welldidhave to apply negative compensation at
the CP. Here in this curve the minima ai around-a. Therefore, if TCS supplies -150 nm sag
change, the loss due to the differential ROC cammibeémized. Fig. 6 shows the same data in
another way. Here instead of ROC values, the X-gxise differential error in terms of sag for 5.5
cm beam size. The left y-axis is the correspondingma obtained by choosing a particular value
of the TCS compensation that drives the mode madcéiror to a minimum. This particular value
of the compensation in terms of sag in plottedregeg on the right y-axis.

006 T T T T T 150
005 SR LA foo SRR R 100
_ | | | | | Q)
S | | | | | S
2004 - S SR b e e 50 S
g i i i i i
@ | | | | | G-)
£003 e e < e SRR R 0o £
o | | | | | 3
(0] | | | | |
= | | | | ‘ (%
© o L LN S ] )
S 0.02F | | | ‘ | SlU
= | | | | | o
| | | | | ia
00L1r - e IR P N T 100
OW | | ; _150
-150 -100 50 0 50 100 150

Differential ROC errorr in terms of Sag (nm)

Fig. 6: Error compensation using CP for combinedCRdifferential errors in Michelson cavity.
The x-axis values are the sag corresponding to & Bi@or value in the cavity with 5.5 cm beam
size. Plotted on left y-axis is the residual modeahing loss if we apply compensation at the CP
according to the green curve plotted against Iygxis.

As mentioned earlier, we can compensate both PRICSRC at the same time if we apply proper
compensation on the CP. Note that the differemtiadrs gives us the flexibility of choosing which
CP we want to operate on. If there is a relative0tkm ROC error between X arm and Y arm, we
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can either apply -100 km compensation on CPx @ @l can apply +100 km compensation on
CPy. This however, may change the common modeeoRi@. But for static error correction, we
can use SRin the SRC and PRn the PRC.

6.1 Using SR, (PR,) for the Common Mode Errors

In the above section we have considered differeR&@C in the region from BS to ITM AR ROC.
However, these errors could also be common modalncase, it is very easy to correct for these
ROC for both PRC and SRC by moving /. Fig. 7 shows that how we can use,$®Rcorrect
common mode errors in SRC. This figure is equiviatdrFig. 6 assuming that the compensation
mechanism is SRnovement instead of CP. Fig. 7 shows that by ngp@R, by less than £10 cm,
we can drive these errors to less than one ppm.
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Fig. 7; Equivalent of Fig. 6 assuming that the esi@re common mode and the compensation
mechanism is motion of SR

7 Differential ROC error in ITM and its Compensation

Another aspect of the ROC errors is the tolerarfcB M ROC. If the two ITMs have different
ROC, the mode in the two arms would be differergar from that, the modes resonating in the
two sections of SRC will also be different. Therefove will see some mode mismatch due to one
of the ITMs being off from their designed value.

However as mentioned earlier, we can compensase ttne operating on the respective CP. Fig. 7
shows how we can operate on one of the CP andlbdaborrect the mode mismatch. Here the x-
axis is the change in ITM ROC from its designedugalvhile the blue curve plotted on the left y-

10
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axis is the corresponding minimum mode mismatch wWewould get after operating on the CP
where the required compensation in terms of sadpised in green on the right y-axis. Comparing
it with Fig. 6 we realize that ITM ROC error canti@ compensated exactly as we can for the case
of ROC errors in BS, CPs, and ITM HR side etc. Tdeson is that when ITM ROC changes, the
mode in the arm changes that changes both the beamand the beam ROC. Using only one knob
can not correct both of them simultaneously. Wek piee value of compensation that gives the
maximum mode matching. However for a £10 m ROCreatahe ITM, the loss is less than 150

ppm.
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Fig. 7: Mode-matching error as a result of ITM R@@or. The green curve plotted on right y-axis
shows the required compensation in terms of séigeaCP while the blue curve shows the residual
mode matching loss after optimal compensation kas lapplied.

8 Summary

As a summary, we can say that:

1. We can compensate differential ROC errors eithex thu ITM ROC errors or due to
BS/DP/FM un-flatness by operating on one CP wlol@gensating both for PRC and SRC.

2. The common mode errors in SRC can be compensat8&RBynovement.
3. The common mode errors in PRC can be compensateRBynovement.

4. The value of losses due to these errors could ba #000s of ppm but they can be driven
to a few ppms by operating via TCS.

11
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5. Another degree of freedom that we have for comgergsdhese errors using CP is the
ability to chose which CP we want to operate omelg either X or Y arm compensation.
So if X arm requires central heating, Y arm wowdduire annulus or vice versa.

6. The required compensation at CPs is well within téwege of TCS for reasonable ROC
errors.
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