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Abstract

We present a description of a system for automatic alignment of optical interfer-
ometers. The technique relies on using differential phase modulation to allow the
detection of the phase difference between two beams at the output of an interferom-
eter. Measurements of the spatially varying phase difference between the two beams
using one or more multi-element photodiodes allows information to be derived about
the mismatch in overlap between the phase fronts at the output of the interferometer,
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1. Introduction

Laser interferometers typically derive their output signal by detecting the change in the
intensity pattern that results when the relative phase of the two interfering beams alters,
Maximum sensitivity in such interferometers is only obtained when the relative alignment
of the interfering beams is optimised. In many interferometers, particularly ones in which
optical components are pot rigidly mounted, some automatic method of acquiring and main-
taining correct alignment is highly desirable. Ideally the signals for any such system should
be derived directly from the interference of the two beams; suitable control signals may

then be applied to move components in the interferometer causing the beams to overlap
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optimally.

Su_ch a system _is particularly attractive in high precision experiments where sensitivity
is of paramount importance. For example, auto-alignment techniques will be of vital impor-
tance for the large scale laser interferometers currently being proposed for the detection of

gravitational radiation 1, 2, 3.

2. Misalignment in two beam interferometers

Consider the simple Michelson interferometer shown in figure 1. If the lengths of the two

arms are equal, then misalignment of mirrors M1, M2 or beamsplitter B1 can result only in

an angular misalignment of the two output beams.

In a more general interferometer, such as a non-equal path length Michelson, a Mach-
Zehnder interferometer or a resonant cavity used in reflection, it is also possible to introduce
purely lateral misalignments between the two interfering beams. This is illustrated in figure 2
for the case of a resonant cavity viewed in reflection. The particular cavity shown consists of
a plane input mirror and a curved mirror of high reflectivity. The two interfering components
can be considered to be the beam which is directly reflected off the front surface of the plane
mirror and the beam which is due to the light which leaks out of the cavity when it is on
resonance. As can be seen from the diagram, misalignment of the curved rear mirror causes
a purely lateral misalignment of the interfering beams.

In general then, the two beams at the output of any interferometer may be both angularly
and laterally misaligned in each of two orthogonal directions. Four independent alignment
signals must therefore be derived in order to control all degrees of freedom.

In addition to the angular and lateral misalignments described above, it is also possible
for there to be mismatches in the radii of curvature and sizes of the two interfering beams.

A further four independent signals must therefore be derived in order fully to determine first

order errors in the overlap of the two beams.
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3. Alignment techniques

A. Review

One standard method of sgnsing mismatches is to modulate the mismatch to be determined
and coherently detect the resulting intensity change in the interference pattern. For lateral
and angular errors, either modulation of the position and angle of the input laser beam with
respect to the interferometer components or modulation of the orientations of a suitable
number of interferometer mirrors may be used.

Both modulation techniques have been demonstrated on interferometers at the Univer-
sity of Glasgow 4. Modulation of the pointing direction of the main laser beam was used
to derive alignment signals for two 10 m cavities formed between mirrors mounted on sus-
pended masses; feedback systems then optimised the alignment of the cavities. In further
experiments, modulation of the orientation of interferometer mirrors has also been used to
align a small benchtop Michelson system. Such systems have more recently been developed
and extensively analysed at the University of Naples s, 6.

While these modulation techniques may be useful in some applications, it is not always
desirable or possible to modulate the alignment of what is, ideally, a mechanically quiet
system. Further, if the modulation is to be achieved by mechanical movement of opti-
cal components, the imposition of the four modulation frequencies required to obtain full
alignment information could severely limit the attainable bandwidth of alignment control.

A quite different method, suitable for aligning resonant optical cavities, has been de-
scribed by Anderson 7 and demonstrated experimentally 8. This technique relies on using
auxiliary phase modulation of the laser light to probe any misalignment-driven susceptibility
of the locked cavity to resonate in higher order spatial modes. Any resulting beat signals
in the intensity transmitted through the cavity are detected by a multi-element photodiode
and coherent demodulation used to derive the required alignment information. Once again

the use of additional modulations may be a disadvantage in some applications.




B. Alignment using differential phase sensing - an outline

An alternative technique was suggested some years ago by R.W.P. Drever at the Californi:
Institute of Technology 9 and preliminary experimental tests of the idea were carried out by
one of us (HW) on the prototype gravitational wave detector there. Drever's proposal was
to extend the use of the one modulation technique - differential phase modulation - that is
normally already employed in applications of high precision interferometry. In such a system
a measure of the phase difference between the two interfering beams is readily obtained from
coherent detection of the resulting modulation of the intensity of the interference pattern.
The demodulated signal may then be used to lock the interferometer to the desired operating
point, frequently a null of intensity at the detected output. The extension to this technique
is to make spatially sensitive measurements of the intensity modulation in the interference
pattern to derive information about all possible mismatches of overlap of _the two interfering
beams. Such a system has recently been implemented on one of the 10m long suspended
optical cavities in the Glasgow prototype gravitational wave detector. The results of this
test are detailed in 10.

As an illustration consider a simple angular misalignment, a, between two interfering
beams, one of which has been phase modulated. To simplify the picture consider for the
mornenﬁ only what happens at the beam waist (i.e. where the phase fronts of the two beams
are plane). Also, let us assume that the interferometer output is maintained on a null,
possibly by some servo system. If we look at the phase fronts, we therefore see that while
the overall phase difference between the two beams is 7, the misalignment has introduced
a differential phase gradient across the interference pattern. Now consider looking at the
output with a split photodiode. Assuming that equal intensities fall on the two halves of
the photodiode, the phase difference deduced from the signal detected by one half is = + ¢,
whereas the phase difference deduced from the other half of the photodiode is 7 — ¢, where
¢ is proportional to the misalignment a. If these two results are subtracted the resulting

signal is directly proportional to the angular misalignment of the two beams.



One simple method of sensing a translational misalignment between the two beams is
to place a suitable lens before the detecting photodiode. The lens can be chosen so that a
differential phase gradient occurs near its focal plane; this may be sensed as before. (This
topic is more fully discussed in section 5B.)

In an analogous manner, errors in beam curvature and size may in principle be detected
using photodetectors in which separate signals are derived from a central section and from
a surrounding annular region.

This scheme has the considerable advantage that no further modulation need be applied
to the interferometer. Any interferometer which is locked using differential phase sensing

can be aligned using this technique.
Before proceeding to a detailed discussion it is appropriate to introduce the mathematical
framework of a mode description of propagating laser beams. This will be followed by a

discussion of the types of mismatch possible in a two beam interferometer-and of how they

may be sensed.

4. General misalignments
A. Expansion of laser beams in terms of orthogonal modes of propagation

For a full description of first order errors it js convenient to introduce an orthogonal set of
modes of propagation that can be used to expand any given electric field distribution. For
simplicity we will restrict our discussion to cases in which the errors of alignment are confined
to a single transverse direction; extension to the orthogonal dimension is straightforward. .
Following the notation of Kogelnik and Li 11, in a cartesian coordinate system the nth order

mode of a beam propagating in the positive direction along the z-axis may be written as
U(zz)-NH(\/if)ﬂ (hz—g)—2? [ L 4 I (1)
n(\52) =l Ha{ V2= ) —exp | —j (kz — ¢, "\ tar)l

where z is the distance from the z axis, H, is the Hermite polynomial of order n, N, is a

normalising factor, k = 27/}, and the additional term $n that describes the phase difference
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between the Gaussian beam and an ideal plane wave approximaticu is given by

¢, = (n + 1)arctan (_Az_) : (2).

7rw02

The normalising factor is often chosen (see e.g. Boyd and Gordon 12) to be

_ DG+D)

which makes U,,(0,0) = %1 for n even; U,(0,0) = 0 for n odd. The origin, z = 0, is at
the location of the beam waist, at which point the beam half-width is wo. As the beam

propagates the half-width w is given by

2 .
Ldz = (.Uoz [1 + ( /\22) J ’ (4)
TWo

and the beam radius of curvature R is given by

At z = 0, the fundamental and first two higher order modes may thus be written as

Un(z) = exp (~z*/wo?) (6)

Ui(z) = \/é;u-f—o exp (-zz/woz) (7
2

Usz(z) = [i% - l] exp (—z’/woz) . (8)

These results will be used in the following sections, in which, for conciseness, U, (z) will be

written as U,.

B. Mode description of beam mismatches

To keep the following discussion general and applicable to any differentially phase modulated
two-beam interferometer we will choose as our reference frame a coordinate system with its
z-axis co-linear with the beam that has been modulated; this beam will be taken as being

in the fundamental mode. Its electric field at the position of the beam waist (z = 0) may
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therefore be written as £, = A4,L,. The electric field E, of the other interferometer beam
may be expanded as a linear combination of the modes U,, and provided the mismatch
between the two beams is small, only the first two higher order modes need normally be
considered. For convenience we will, in this section, include only the sp.atially dependent

parts in our discussion of the electric fields.

1. Beam tilts

If beam 2, initially of the form E, = Azexp(—z%/wo?) = Al is tilted at a small angle a

with respect to beam 1 in the direction of the z-axis, £ may then be expressed as
E; = Ajexp (—zz/woz) exp (jkaz) , (9)
which for small values of a can be approximated as

ka

E2 >~ A2 [UO +]\/2—WQU1J . . (10)

It can be seen that tilting a beam which is in the fundamental mode causes a coupling into

the first order mode which is 90° out of phase with the fundamental.

2. Beam displacements

If beam 2 is laterally offset in the positive z-direction by a small amount g, then

E; = Ajexp [—(x - a)z/woz] , (11)

- which can be expanded to the form

Ey~ A, [Uo + \/Eiul] . (12)
T Wo

A lateral offset is thus equivalent to the in-phase addition of a first order mode term.




3. Waist position mismatches

An error in beam curvature will arise if the waist position of beam 2 is displaced by a sm-
amount b along the z-axis from the waist position of beam 1 at z = 0. Assuming that the
waist sizes in the z-direction are both wg, the reciprocal of the radius of curvature of beam

2 at z = 0 will differ slightly from zero and will be given by

1 1
R~ [1+ (‘”fﬁi)zJ | )

The electric field of beam 2 at z = 0 can be written as

2 2k
Eg Agexp [—‘—:)—2— %] . (14)

Expanding the exponential and simplifying yields the relation

ka

Ez s Az [Uo - ] {Uz + Uo}] s s (15)
which, provided b < 7wy?/), can be expres-sed as
E; ~ A [Uo +12k A +Uo}] . (16)

A curvature mismatch is thus represented by a coupling into the second order mode which
is 90° out of phase with the fundamental. A full description of a curvature mismatch would,

of course, have an equivalent term in the expansion in the y-direction.

4. Waist size mismatches

The final form of mismatch to be considered is that of an error in beam size. Consider the

case when beam 2 has waist size in the z-direction differing by a small amount Aw from

that of beam 1. Then
E; = Azexp [—a:Q/(wo + Aw)z] , (17)

which may be expanded and simplified to



. Aw
E2 >~ A2 [(/o + %{Ug + Uo}] (18)

e 242{U0+ Aw (72] -
2o J

A waist size mismatch can thus be described as an in-phase addition of a second order mode
term. Once again a full description of a size mismatch would have an equivalent term in the

expansion in the y-direction.

5. Summary

The errors considered are all thus simply described as in-phase or quadrature couplings into
the first or second order spatial modes. We now have to consider how signals proportional

to these mismatches can be deduced from observations of the interference between the two
electric fields E, and E,.
5. Signal detection

E In order to simplify the following analysis it is convenient to express the nth order mode of

a beam propagating along the positive z-axis (given by equation 1) as

Un(zvz) = uﬂ(zv Z) exp [j(pn(Z)] (19)
where
Un(z,2) = N, H, (\/55) %exp [—j(kz - ¢o) — z° (L% + %)J , (20)

and @,(z) is the phase difference that evolves between the fundamental and the nth mode

as the beams propagate along the z axis. From equation 2 it follows that

©n(2) = narctan (Wi‘:z) . (21)

For conciseness Un(z, z) will be written as U,. Note that at the beam waist U, = U,.
We will define beam 1 to be given by E) = A,aoldy where the complex number ag includes

the time dependence of the field, the effect of the differential phase modulation, and any -
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static phase difference with respect to the fundamental mode component of beam 2. If the

phase modulation is given by m(¢) then ao can be written as
ao = exp [j (wt + m(t) + ®)] , (22)

where w is the angular frequency of the light, and ® is the relative phase difference between
the fundamental mode components of the two beams.

Similarly we can write the unmodulated but mismatched beam as
Ey = As[bolUo + b, Uy + b Uy] (23)

where the coefficients b, are complex and depend on the type and magnitude of the mismatch

between the two beams, and also on the distance z from the waist position of beam 1. The

coefficients b, can be written in a general way as
by = rnexp (jOn) exp [j(wt + ¢a(2))] , (24)

where the r, and 8, are determined by the mismatches.

For the four mismatches considered earlier we have already seen that in all cases ry ~ 1
and 6, = 0. We have also seen that for errors in tilt, §; = 7/2, and in translation, §; = 0;
in both these cases r; <« 1 and r; = 0. For errors in waist position, f; = 7 /2, and in waist
size, §; = 0, with r, = 0 and r, < | in both cases.

It is now straightforward to compute the resulting interference pattern. The resultant

field E is given by
E = E1 + E2 = (GoAl + boAg) Llo + b]Az Ll1 + b2A2 U2 (25)

and the intensity is just proportional to EE*.
Coherent detection at the modulation frequency is used to process the signals from

photodiodes looking at the interference pattern and therefore only terms in the expansion

of EE* that contain ag or ap* can contribute. Extracting such terms gives
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[EE*]mod = U A, A, [boao™ + bo*ao) (26)

.+ U Ay A; [brao™ + by*ay)

+ Uoly A A [brao™ + by"ay)
The terms of the form (b ao* + br"ao] can be written as
[brao™ + bn*ao] = 2r, cos [n’z(t) +[® -0, — pa(2)]] (27)
which can be expanded to the form
2ry [cos m(t) cos ¥, + sinm(¢)sin v,], : (28)

where ¥, = [® -4, -- ©n(z)]. If we assume a small modulation depth (Jm(t)] < 1) then

the component at the modulation frequency is simply proportional to ram(t)sin ¥, .

From equation 26 it is clear that there are several components of the resultant field
that can contain spétially dependent intensity modulation. The signal praduced when the
interference pattern is incident on a photodetector is thus a function of the overlap of the

pattern with the detector area.

A. Detection using a single photodiode

The modulated light intensity I, that results when the combined beam s incident on a single
photodetector is proportional to the integral of [EE*] over the photodiode area. Provided
the detector area is large compared to the beam size, the limits of integration are effectively
Zoo. (In our one-dimensional treatment the integral is simply evaluated along the T-axis. )
Orthogonality of the modes of propagation ensures that no net contribution to the integral

results from terms involving Up U, or UyU,. The modulated intensity may thus be expressed

as
[m X m(t)AlAzsintb. (29)

For maximum sensitivity to small changes in @ the interferometer path difference is normally

adjusted so that the mean value of ® is a multiple of 7 radians. Optimum signal-to-noise
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ratio is obtained when this condition is met and when the standing light power on the
photodetector is at a minimum, so in practice an interferometer is usually locked on a null

fringe for which ® =, a condition that will be assumed in the following discussions. This
is simply the conventional differential phase modulation technique for obtaining an error

signal proportional to small offsets from the null setting.

B. Detection using a rectangularly split photodiode

Consider now the result of using a split photodetector, divided along the y-axis, to view the
interference pattern. (Again we will assume that the photodetector area is large compared
to the beam size.) If the combined beam is incident symmetrically on the split photodiode

and if the outputs of the two detectors are differenced, the effective modulated light intensity

I, can be deduced from

oo 0
In /0 [EE")dz — /_ Bz . (30)
Only odd functions can provide a net contribution, so

In o< rym(t) Ay Azsin 0, (31)

= rym(t) Ay Azsin (6, + ¢1(2)]

where (from equation 21) ¢;(z) = arctan (Az/(7wp?)).

In general, therefore, the demodulated signal will be a measure of some combination of
tilt and translational errors. It is straightforward to see that the signal resulting from a given
tilt error (6; = 7 /2) will be proportional to cos[p,(z)], giving a maximum response at the
position of the waist (z = 0), while the signal produced by a translational error (6, = 0) will
be proportional to sinfp(z)], yielding maximum sensitivity in the far-field (z > mwe?/A)
where ©1(2) — /2.

These results may be understood from simple geometrical considerations.

For the case of an angular misalignment it is clear that a signal is readily detectable at

the location of the beam waist where the phase fronts are plane. However, as the beams
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propagate to a large distance d 3> mwo?/A from the waist. the radius of curvature of the

phase fronts will approximate d for both beams. There will thus be no phase gradient across

A lateral offset of one beam will cause no phase gradient at the position of the beam
waists and hence no signal will result from a split photodiode measurement at that location.
At large distances from the waist the phase fronts of the two beams will have the same
curvature, but because of the lateral displacement the phase fronts of one beam will exhibit
rarnet léa.d ébovér the :l:;axis while below the axis they will lag. Detection using a split
photodiode does therefore yield a signal. In the far-field region the curvature of the phase
fronts decreases linearly with z (R =~ z) and it is straightforward to show that the phase
difference between the two beams at a point on the phase front that subtends an angle 3
at the origin of the z-axis tends to a constant value as z increases. Also the beam width
increases linearly with z and so the power in a small angle Af around S is-constant. Hence

in the far-field the signal size becomes almost independent of distance along the z-axis.

C. Detection using an annularly split photodiode

Consider now looking at the interference pattern with a split diode comprising a circular
centre region of radius r and a separate surrounding annular region. If the combined beam is
centred and if the signals from the two sections are differenced, then, in our one-dimensional

example, the effective modulated light intensity will be given by
In « [ (EE%dz+ [ (EEdz - [ BBz, (32)

provided the outer radius of the annular region is much greater than the beam half width.
From symmetry considerations only even functions appearing in EE* can provide a net

contribution. It thus follows that
Im X T m(t) Al A2 sin \I’z (33)
=1y m(t) Al Ag sin [02 + (,92(2)] ,
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where

Az
©w2(2). = 2arctan (m}oz) . (34}

Here it is clear that the demodulated signal will have a maximum response to a beam
curvature mismatch (6; = .7/2) at the position of the waist of the reference beam and also
when z 3> mwo?/A. Sensitivity of the measurement to an error in relative waist size (6; = 0)
will be at a maximum when ¢,(z) = 7 /2 which occurs when z = 7we?/\.

Once again these results may be understood from simple physical arguments.

A signal can only be detected when the curvatures of the phase fronts at the position of
the split photodiode are different. When there is a small mismatch in curvature it is clear
that the split diode will respond when placed at the waist of the reference beam. As the
two beams propagate, however, there is always a value of z at which they will have the same
curvature and hence a position at which the differential measurement will yield no signal. It
is straightforward to show from equation 5 that if the relative waist displacement is b, then
the curvatures are equal when z = [+7wo?/) + b/2]. As z — oo the curvatures will always
be different and a signal will once again become detectable.

If the original mismatch is in beam size there is clearly no signal detectable if the split
photodiode is placed at the (common) waist position. As the beams propagate, they expand
at different characteristic rates, and hence their curvatures become different giving rise to
a detectable signal. As z — oo the two radii of curvature both tend to z, reducing the
detection sensitivity for this kind of error to zero. The maximum response therefore occurs
at an intermediate distance.

When using this type of split photodiode some care has to be taken to choose the di-
mensions of the diode segments to suit the size of the beam. The relevant integral that

determines the signal coupling is

/, ” Uy tydz ~ /0 "Uo Updz . | (35)

Since Uoldy = (42? [w? —1) exp (—22%/w?), the largest signal will result when [ is maximally

positive and 7 is maximally negative. This will occur when 4r2/w? = 1 = r = w/2.
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Numerical integration shows that greater than 70% of the maximum possible signal will be

obtained provided w/4 < r < 3w/4.

D. Positional offsets of photodiodes

It is important to consider the effect on the various error signals of small movements of
the interference pattern away from the symmetrical positions on the detection photodiodes.
When using a single photodiode there is, of course, negligible dependence of the error signal
provided the photodiode response is uniform and the beam remains within its active area.
However one might expect some variation in the error signals derived using rectangularly
and annularly split photodiodes.

Consider the signal sensed using a rectangularly split photodiode. If the photodiode is

offset a small amount d from the centre of the interference pattern then we have

00 d 0 d
In /0 [EE*)dz ~ /0 [EE*)dz — [ /_ [EBds + /0 [EE ]de , (36)
which can be rewritten as

00 d d
In x m(t) [rl A A, [ /o Uo Uydz — /0 uou,dz] —ry A1 A; /0 uouzdz] , (37)

where it has been assumed that the term involving foduozda: has been driven to zero by a
servo system controlling the path difference between the interfering beams.

The introduction of an offset in the position of the photodiode is thus seen to cause a
small reduction in the size of the signal detected due to an angular or lateral misalignment,
together with the coupling in of a small amount of signal proportional to mismatches in
beam curvature and size.

Similarly, when using an annularly split photodiode, the signal detected due to beam
curvature and size mismatches will be slightly reduced by a positional offset of the photodi-

ode, and a small amount of signal due to any angular or lateral misalignments will couple

in.




However, provided in each case that the desired signal dominates over the contaminating

one, optimum alignment will be achieved once servos for a]] degrees of freedom (angular and

lateral misalignments and mismatches in the beam curvature and size) are simultaneously

operative.

E. Information derived from the first harmonic of the modulation frequency

Another important point to note is that it is in principle possible to use the first har-
monic of the modulation frequency to determine full alignment information from a single
multi-element photodiode. As an example consider the use of a rectangularly split photo-
diode to determine the lateral and angular offsets of the interfering beams. If we go back
to equation 30 and retain the original expression for the detected intensity, [EE*] given
by equation 28, the signal obtained by differencing the outputs of two halves of the split

photodiode is given by
Im o 11 Ay Az (cos m(t) cos ¥; + sinm(t)sin ¥;) . (38)

If we expand cos m(t) we see that we obtain terms at twice the modulation frequency since
cosm(t) = 1 — Im?(t) for small modulation depths, and hence information which is orthog-
onal to that derived from the signal detected at the modulation frequency can be obtained
by looking at the component of the intensity at twice the modulation frequency. One could
therefore in principle gain full alignment information about the angular and lateral offsets
of the two beams using a single multi-element photodiode. This technique could also be
extended to allow the detection of beam size and curvature mismatches using a single multi-
element photodiode. In practice, however, small offsets of the photodiode with respect to
the interference pattern would allow other signals to couple in at twice the modulation
frequency, in particular that which is proportional to . Since we are considering small
misalignments of the interfering beams this term is liable to dominate over those present at

the first harmonic even for very small offsets of the split photodiode.
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One possible solution to this problem would be to use some kind of multi-element detector

such as a CCD array or a scanning camera to map the amplitudes of the fundamental and

~first harmonic intensity modulation over the beam profile. Computer analysis of the resulting
data could then produce the required signals. However the size of the signal obtained from
observations at the first hai'monic will be intrinsically small since it is proportional to |m?(¢)|
where |m(t)|is typically < 1. Together with its inherent complexity this relative insensitivity

may limit the applicability of this approach.

F. The use of lenses

We have shown that it is possible to detect relative lateral offsets and errors in beam size
using the differential phase sensing technique, by placing split photodiodes at suitable dis-
tances away from the beam waist. The propagation from the beam wai‘st introduces the
required phase shift between the fundamental and the first and second ox:der modes.

However, for relatively large beam waists this may require placing a photodiode several
meters away from the waist. For example, for wy = 10~3m and ) = 514 nm, the photodiode
must be placed ~ 5m away from the waist in order to detect ~ 50% of the maximum signal
possible due to a lateral offset.

It is possible to shorten this path length by placing a system of lenses very close to
the original waist, and viewing the interference pattern after the lenses. To illustrate the
technique we will concentrate on a lens system that will provide sensitivity to lateral offsets,
i.e. one that causes a phase shift between the fundamental and first order modes of 90°
to develop over a reasonably compact distance. It is also possible, by choosing phase shifts
other than 90°, to generate any linear combination of lateral and angular offset signals. A
similar approach can be used to design a system suitable for sensing errors in relative beam

size, where it is the phase difference between the fundamental and second order modes that

must be made close to 90°.
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1. Use of a single lens

If a single lens is used of power P, it is straightforward to show that a new waist of size w:

is formed a distance d, after the lens where

w? = _w? | (39)
(1+ 2lmety

and

1
dy = ) (40)
! (1 + Plﬁ::wo*)

The phase difference Puwe—w, between the fundamental and first order modes that accumu-

lates over the distance d; can then be expressed as

2
A ] = —arctan [Pnrwo ] . (41)

Tw,? A

Pup—w, = — arctan [

To achieve the phase difference of 90° needed to make a measurement sensitive to lateral
offsets one strategy would therefore be to choose P, > A/ (rwp?) and to place a photodiode
at the waist formed by the lens. The practical difficulty that may be encountered is that if
the lens power is chosen large enough to produce a waist a conveniently short distance away,

then the beam size at the photodetector may be unuseably small.

2. A multiple lens solution

In such a case a solution using an extra lens may be useful. One approach is to use an
additional high power lens to transform the small waist, wy, produced by the first lens, to
another small waist, w;. In transforming w; to w; a phase shift between the fundamental and
first order modes can be acquired over a compact distance. The beam can then be allowed
to expand up from w; to a size suitable for use with a quadrant photodiode. Since in this
expansion region an extra phase shift of ~ 90° will be accumulated (which is approximately

equal and opposite to the original phase shift acquired when contracting wo to w;), the net
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phase shift through the whole system will be close to that which is due to the imaging of

to wy.

/«'\\

To illustrate this, consider the system shown in ﬁgﬁre 3. The first lens 1s placed (as m
the case of the single lens solution) at the location of the original beam waist. This forms
the first small waist w, @tA a distance d; as before. The second lens of power P, > P, is
placed at the position of the waist produced by the first lens.

Using relations 39 and 40 together with the equivalent results for w,? and dy, it can be
shown that the net phase shift between the fundamental and first order modes as the beam

|
propagates from the position of waist w; to that of waist w, is given by i

7rw22]

1P,
= — arctan [m] y (42)

Puwy—w, = — arctan [

where for convenience we have set ¥ = A/(7wp?). Since the first lens would be chosen such

that P, > v, the phase shift may be approximated by

» A
{ ' Puy—wy ~ —arctan [——fZ—ZJ (43)
1 TWo '

and this will approximate the phase shift through the whole system provided the distance
from w; to the plane of detection is > mw;?/A. A suitable choice of P, and P; can thus yield
both a compact system and one in which the beam size is suitable for use with typical split

photodiodes.

G. Shot noise limited sensitivity of technique

The shot noise limit to the sensitivity of differential phase modulation as a technique for
sensing the phase difference between two interfering beams has been discussed by Niebauer et
al. 13 and by Meers and Strain 14. Using their results we see that the shot noise limited signal
to noise ratio for a small signal s, representing a phase difference between two interfering

beams, and for a laser power Iy, is given by
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To F?
VoL Af (44)

where F is determined by the efficiency of the modulation/demodulation scheme and ca -
take a value in the range 0 — 1.

For example, if we c@sider an angular misalignment, a, of the two beams, we can
substitute for the signal s, the expression s = k wq @/+/27 (see equation 10), giving a limit

to the sensitivity of the detection technique of

2
> et (45)
For example if I, = 107*W, wp = 107*m, A = 514nm, and if F = |/2/3 corresponding
to the case of sinusoidal modulation and demodulation 13, 14, then the resulting shot noise
limit is @ > 7 x 10~'? rads/v/Hz.

For a lateral offset, a, between the two beams, we can substitute for s the expression

8 = \/2/7 a/uwq (see equation 12), which gives a shot noise limit of

/wozrﬁw[, Af ,
a > —70—1;,—2-—— . | (46)

Using the parameters given above gives a > 4 x 10~'m/v/Hz.

Similar calculations can be performed to estimate the shot noise limit for detecting beam
curvature and size mismatches. The calculation may also be extended to include the case
of alignment of the mirrors in a resonant optical cavity by suitably modifying the factor F

according to the characteristics of the cavity (see reference 13).

6. Summary

We have shown how a differential phase modulation scheme, used to determine the phase
difference between two interfering beams at the output of an interferometer, can be extended
to give full information about possible misalignments between the beams. Once detected,
these signals can be fed back to control the orientation or position of components within the

interferometer to ensure optimal alignment.
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FIGURES

Fig. 1.  The effect of misalignment of one of the mirrors in a simple equal path length Michelson

interferometer.

Fig. 2. The effects of misalignment of the two mirrors in a plane/curved cavity of length L in
which the radius of curvature of the rear mirror is R. The directly reflected and cavity leakage beams
are indicated schematically by the arrowed lines. (The incident beam in each case is propagating
horizontally and strikes the plane mirror at its midpoint.) Note that the path followed by the

superposition of the two components depends on their relative magnitudes.

Fig. 3. Schematic diagram of the two lens system.
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Figure 1: The effect of misalignment of one of the mirrors in a simple equal path length
Michelson interferometer.

E. Morrison et al. “Automatic Alignment of Optical Interferometers” submitted to Ap-
. plied Optics.
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Figure 2: The effects of misalignment of the two mirrors in a plane/curved cavity of
length L in which the radius of curvature of the rear mirror is R. The directly reflected and
cavity leakage beams are indicated schematically by the arrowed lines. (The incident beam
in each case is propagating horizontally and strikes the plane mirror at its midpoint.) Note
that the path followed by the superposition of the two components depends on their relative

magnitudes.

E. Morrison et al. “Automatic Alignment of Optical Interferometers” submitted to Ap-

plied Optics.
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Figure 3: Schematic diagram of the two lens system.

E. Morrison et al. “Automatic Alignment of Optical Interferometers” submitted to Ap-
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