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PREFACE
In the spring term of 1994, I organized a course at Caltech on, The physics of LIGO

(i.e., the physics of the Laser Interferometer Gravitational Wave Obserrratory). The coruse
consisted of eighteen l.5-hourJong tutorial lectures, delivered by membens of the IIGO
tea.m and others, and it was ai'ned at advanced r:ndergraduates and graduate students in
ptysics, in applied pbysics, and in engiqeering and applied sciences, and also at interested
postdoctoral fellows, research sta,f, and faculty,

In my rnind the course had several purposes: (i) It used LIGO as a vehicle for teaching
students about the physics and tee}nology of high-precision physical experiments. (ii) It
served as a tutorial on the physics of LIGO for scientists and engineers, who had joined the
LIGO tea,m in the preceding year in preparation for the beginning of LIGO's construction.
(iii) It served as an introduction to the science and technologr of LIGO for other members
of the Caltech commr:nity: In spring 1994, LIGO was just beginning to emerge from two
yeaxs of controversy on the Caltech carnpus, and a number of faculty and staf wanted to
lea,rn in detail about the LIGO tea.m's interferometer R&D, so they could form opinions of
their own about whether the Project was well conceived and its interferometer development
was being well executed. (It is my impression, in retrospect, that most and perhaps all
of the faculty and sta.ff who attended the course regularly emerged with a positive view
Lrco.)

The lectr:res were delivered in Room 107 Downs on Wednesdays from 1:00 to 2:30 pM
and Flidays from 10:30AM to noon. The audience tlpically consisted of about b gnder-
graduates, 10 graduate students, 5 postdoctoral fellows, 8 professors, ed lb members of
the LIGO tea'm-and, for some lectures, rather more than this, especially more professors.
The audience was mostly from Physics and Engineering, but a smattering of other disci-
plines was represented (including even an occasional social scientist). The r:ndergraduates
and some of the graduate students took the course for credit under the rubric of Physics
103.

These two Voh:mes contain the materials distributed at the lectures, augmented occa,
sionally in Volune I by lecture notes that Matik Rakbnanov (the grader) or I have written,
describing the lecture. More specifically:

Voh:me f seafrins (i) copies of the transparencies used in each lecture, or-in the case
of lectures not based on transparencies-notes on the lecture prepared by Ra,khmanov or
me; and (ii) lists of references and sets of exercises prepared by me and/or the lecturers.

Volume lf genfains copies of the most important of the references tbat the lecturers
chose to accompany their lectures. Some references are extracted from textbooks or tech-
nical mono$aPb, others are from the original scientific literature, and a few are preprints
of papers not yet published. Because we have not sought, from the publishers of these
references, permission for widespread duplication and distribution, only a few copies of



Volgme II are being made; and Volume II carries an admonition on its cover page that it

should not be reproduced.

For these volumes I have given sequential capital-letter labels (A, B, C, ... Z, AA,

BB, ... YT) to alt the readings that appear in Vohrme II, and have revised the reference

lists in Volumes I and II to reflect this }abeling. References not included as readings are

now labeled with lower-case letters (", b, c, ... z).

These Vohrmes will be of value not only as a tristorical record, but also as a reference

source for members of the LIGO tea.m and others, and as an aid for people who did not

attend the lectures and who want to begrn lea.raing about LIGO. For exa,mple, people who

join the IIGO team during the next several years may find these volumes helpfirl in getting

oriented. (To those who joined the term during the summer or early autumn of 1994' I

apologize that I have been so slow in putting these volumes together.)

I thank the lecturers for the extensive time, energy, and enthusiasm that they put into

this cogrse. No single person could possibly have delivered this set of lectures, especially

not M also thank Robbie Vogt and Stan Whitcomb who, as Director and Deputy Director

of LIGO, encouraged me in 1993 to organize this cotrrse and encouraged the members of

the LIGO team to help me make it a reality. Finatly, for their enthusiastic backing of this

effort, I thank the entire LIGO team, Barry Barish (LIGO PI), Tom Everhart (the Caltech

President), Paul Jennings (the Provost), Cha,rles Peck (the Chair of Physics, Mathematics,

and Astronomy), and a number of Caltedr faculty members.

Kip S. Thorne
Caltech
20 October 1994



CONTENTS OF VOLUME I

Nofe: The contents of each lectrrre are described below in outline form (though the lecture
typically does not follow the outline sequentially). For each lecture, this volume ssntainq;
(i) a list of references prepared by the l""t*ur and broken down into uAssigned Rcading"
and uSupplementaqr 

Reading," with comments about the relevance of earhieference;* (ii)
a set of exercises that the reader is invited to try, as a tool to better understanding;t ;e
(iii) the transparencies from which the lecture was delivered and/or notes on the lectgre
prepared by Kip, or by Malik Rakhmanov.

1. overview Lecture by Kip s. Thome [80 March and lst half of 1 April]
a. overview of this course

gravitational waves and their properties; pola,rizations, propagation effects
gravitational-wave generation and the quadnrpole formalism
gravitational-wave sources
various methods of detecting gravitational waves (including interferometers);
their frequency domains; their sensitivities; sources they might detect
overview of the IIGO project

2. Theory of Random Processes: A T\rtorial by Kip S. Thorne [2nd half of 1 Apri{
a. description via probability distributions; Gaussian vs non-Gaussia,n noise

spectral densities, correlation frrnctions, rviener-Khintchiae theorem
linear signal processing
Wiener filter for optimal sigral processing
illustrations via the noise spectra of interferometric gravitational-wave detectors
(uinterferometers"); seismic noise, thermal noise, shot noise

Signal processing in LIGO and in prototype interferometerg by Eanna E.
Flanagan [6 April]
a. hypothesis testing
b. coincidencing to remove nonGaussian noise
c. methods of sea,rching for signals and computational requirements, for:

broad-band bursts (e.g. supernorrae)
coalescing binaries
periodic sources (e.g. pulsars)
stochastic backgrorrnd (e;g. from ea.rly universe)

d. methode of extracting information from detected signals

* Those references labeled by capital letters (A, B, C, ... Z, AA, BB,
reproduced in volume II; those labeled by lower-case letters are not

YY) are

f The students who took this cours€ for credit were required to work many of these
exercises or do supplementary reading and write essays about it.

b.
c.
d.
d.

a.
b.
c.
d.



4. Idealized theory of interferometers-l by Kip,S. Thorne [8 Apri{
Gaussian bea,ms a.nd their manipulation
bea,rn splitters and mirrors
simple delay-line interferometers
Fabry-Perot cavities
simple Fabry-Perot interferometers

5. Idealized theory of interferometera-Il by Ranald W. P. Drever [13 AprilJ
Power recycled interferometers
Resonantly recycled interferometers
Dual (or signal) recycled interferometers
Doubly resonant signal recycled interferometer

e. Resonant sideband extraction
6. Overview of a real interferometer by Stanley E. Whitcomb [15 April]

a. what is in a real interferometer
b. survey ofpotential noise sources
c. scaling of noise sources
d. introduction to control systems
e. diagnostic techniques for real interferometerg

7. Lasers and input optics-I by Rnbert E. Spero [20 Apri!
Fabry-Perot cavities as displacement sensorE
shot noise in photodetection, signal-to-nois€ ratio
efect of mirror losses; equinalence of active and passive cavities
phase modulation to sense optical phase aod eliminate sensitivity to laser intensity
fluctuations; sideband analysis; reflection ('Pound-Drever') locking
experimental demonstration of shot noise limited sensitivity.
non-recombined and recombined optical configurations; sensitivity vs. storage
time, visibilitg modulation waveform

g. optimization of optical and modulation parameters

Lasere and input opticrll by AIex Abramovici [22 April]
a. general requirements on light for LIGO interferometers
b. configuration of the light source (laser, mode cleaner, other components and

subsystems)
Argon ion laser; its singlefrequency operation and frequency prestabilization
beat" jitter in terms of mode superposition
mode cleaner and mode matching
Nd:YAG laser and frequency doubling

a.
b.
c.
d.
e.

a.
b.
c.
d.

a.
b.
c.
d.

e.
f.

c.
d.
e.
f.



9. Optical elements by Rr'c& L. Savage [22 April]
a. overview of LIGO'g requirementa for mirors, bea,m splitters, phase modulators,

photodiodes, pick offs, etc.
b. detailed requirements for test-mass optics:

general requirements-total losses, reflectivity radius of currrature, etc.
mirror surface imperfections aod how they influence the interferometer;
contarnination-induced miror heating.

c. the IIGO core optics pathfinder progran:
mirror substrates (mecbanical q""tity factors, polishing, Zernike polynomials,
measurement of polished surfaces);
mirror coatings.

10. Control eystems for test-masE position and orientation by Seiji Kawamura[2g
Apri{

a test-mass suspension systems
b. test-mass position and orientation damping
c. transfer frrnction of a pendulum
d. sensors and actuators
e. test mass orientation noise in a Fabry-Perot interferometer
f. noise from the control system

11. Optical topology for the locking and control of an interferometer, and
signal extractioa by Martin W. Regehr [ 

 

May]
a. overview and explanation of the modulation methods used to extract the gravi-

tational wave signal
b. methods of extracting the auxiliary signals necessary for locking an interferometer
c. analysis of multivariable control systenas, with exa,mplea

12. Seismic isolation by Lisa A. ,Sr:evers [6 May]
a. seismic backgronnd: its origin and spectnrn
b. isolation stacks: basic theory, design isaues, choe€n design and performance
c. isolation via pendulum suspension; compound pend'lun
d. active isolation systems

13&14. Test masses and suspensions and their thermat noise by Aaron Gdlespre [11May and tB May]
a. key issues in elasticity theory
b. fluctuation-dissipation theorn
c. causes of losses in materials
d. frequency depeudence of noise

suspension noise
violin-mode noise
interual-mode noise
oexcessn (non-Gaussian) noise
droices of materials

e.
f.

o
c''

h.
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15.

16.

Light scattering and itg control by Kip S. Thome [fS Mag lst half]
a. how scattered light can irnitate a gravitational wave; the magnitude of the danger
b. control of scattered light by ba,fles and by choice of materiale
c. the chosen LIGO ba.fre design

Squeezed light and its potential use in LIGO by H. Jetr Kimble [18 May 2ud
hatf, and 20 May]

a. theory ofsqueezing
b. practical methods of squeezing

present state of the art
use of squeezed \xacuum state in interferometers

e. methods to beat the standaxd quantum limit
17. The physice of nacuum aystems, and the LIGO vacurun system by Jordan

Camp [25 May]
a. basic physics and engineering of vacuum systems
b. noise in an interferometer due to residual gas

LIGO vacuum specifications
LIGO's special low-hydrogen steel
outgasing and pumping strategy
construction of the vacuum system

18. The 40 meter prototSrpe interferometer aa an example of many of the issue
studied iu this course by Robert E. SperoI2T Maryl
The following abstract gives the flavor of how Spero approached this topic:
Building gravity wave detectors like the 40 m interferometer or IIGO proceeds in two
steps: constructing an array of test masses that is free from external disturbances and
other sources of displacement noise, and devising a sensitive readout of the relative
positions of these mass€n. The noise sources that constrain sensitivity can be classified
x fundamenta\ meaning they were e:rpected, ultimately, to limit the detector's sen-
sitivity and their limits were estimated (around 1971) before the first detectors were
built, and technica( meaning that, whether they initially were thought of or not, they
are unlikely to place ultimate limifg on sensitivity. Since the required sensitivity is
many orders of magnitude greater than anything previously achieved, one might worry
about a third class of noise sources: unanticipated firndamental phenomena revealed
in the course of the R&D, which will limit the ultimate sensitivities. Luckily, no such
phenomena have been discovered. The 40 m interferometer has been invaluable at
sortiug out which sources of noise (both funda,mental and technical) are the most im-
portant in the short run and the long, and in Suiding the design of LIGO. Our cunent
understanding of the effects of imperfections in phenomena such as phase modula-
tion, intensity stabilization, mechanical sen'os, and lock acquisition is due largely to
investigations conducted on the 40 m and similar experimental interferometers.

Note: A tour of the 40 meter prototype interferometer was taken twice outside lecture
hours: once early in the term, largely for impressionistic purpos€s; once at the end of the
course, following up on the last lecture. A tour of the LIGO Optics laboratory in the
basement of West Bridge was also taken twice: once in the middle of the term focusing

c.
d.

c.
d.
e.
f.



on issues discuss€d in the term'g first half; once at the end of the term, focusing on issues
from the term's second half.
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EN-TS OFVODUNM I I

Note: For each lecture, this volume coutains the list of references prepared by the lecturer
with comments about the relevance of each reference, followed by a copy of each of the
most important referenceg. In the contents below, we list the copied references for each
lecture. The copied references are labeled sequentially by capital letters (A, B, C, ... , Z,
AA, BB, ... fry). The other references are labeled sequentially by lower-case lettere.

- 1.'Overview Lecture by Kip S:TIiomC [3trMa,ri:h 
-and 

lst half of I Atrif
A. Kip S. Thorne, "Gravitational Radiation,' it 300 Years of Grwitation, eds. S.

W. Hawking and W. Isra€I (Ca,mbridge Uuiversity Press, 1987), pages 330-350;
378-383; 414-420.

B. Alex Abra,movicr, Williaq E. Althouse, Ronald W. P. Drever, Yekta Giirsel,
SCiii Kawa,murq Flederick J. Raab, David Shoemaker, Lisa Sievers, Robert B.
Spero, Kip S. Thorne, Rochus E. Vogt, Rainer Weiss, Stanley E. Whitcomb, ild
Michael E. Zucker, Science, "LIGO: The Laser Interferometer Gravitational-
Wave Observatory," 256, 325-333 ( lgg2).

C. Kip S. Thorne, "Gravitational R^adiation: An Introductory Review," in Gravita-
tional Rodiatiot4 eds. Nathalie Deruelle and Tsvi Piran (North-Holland, Ams.
terda,m, 1983), pp. f-58.

2. Theory of Random Processes: A T\rtorial by Kip S. Thorne [2nd half of I April]
D. Roger D. Blandford and Kip S. Thorne, Applicotions ol C/lassical Physics (text-

book manuscript, Caltech, 1993-94), Chapter 5, "Random Processeg'

3. Signal processing in LIGO and in prototype interferometers by Eaana E.
Flanagan [6 April]
E. Bernard F. Schutz, "Data Processing, Analysis, ed Storage for Interferomet-

ric Antennasr' in The Deteetion of Gravitotionol Radietior4 edited by D. Blair
(Ca,mbridge University Press, Cambridge, I g8g).

F. C. Cutler, T.A. Apostoliatos, L. Bildsten, L.S. finn, E.E. Flanagan, D. Ken-
nefick, D.M. Markovic, A. Ori, E. Poisson, G.J. Sussman, and K.S. Thorne, "The
Last Three Minutes: Issues in Gravitational Wave Measurements of Coalescing
Compact Binaries,n Physicol Retiew Letters, 7O,, 2984-2987 (1993).

4. rdealiz.ed theory of interferometere-l by Kip s. Thatne [8 April]
G. Roger D. Blandford and Kip S. Thorne, Applications of Clossical Physics (text-

book manuscript, Caltech, 1993-94), Chapter 7, "Diftaction."

H. A. E. Siegman,, Losers, (University Science Books, Mill Vatley CA, 1986), Chapter
17, "Physical Properties of Gaussian Bea,ms."

5. Idealized theory of interferometere- Il by Ronatd W. P. Drever[l3 April]
I. R. W. P. Drever, uFabry-Perot cavity gravity-wave detectors" by R. W. P. Dr-

ever, in The Detection ol Grodtotional Waves, edited by D. G. Blair (Carnbridge
University Press, 1991), pages 306-317.

j
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J.

K.

L,

M.

B. J. Meers, "Recycling in laser-interferometric gravitational-wave detectors,'
Phys. Reo. D, 38, 2317-2326.
B. J. Meers, Physics Letters r{, 'Ihe frequency resporure of interferometric grav-
itational wave detectors,n Physics Letters A, L42r 465 (1989).
B. J. Meens and R. W. P. Drever, "Doubly-resonant signal recycling for interfer-
ometric gravitational-wave detectorg.' (preprint)
J. Mizuno, K. A. Strain, P. G. Nelson, J. M. Chen, R. Schi[ing, A. Rudiger,
W. Winkler and K. Danzman, "Resonalrt sideband extraction: a new configura-
tion for interferometric gravitational wave detectors,' Phys. Lett. A, L76r 27y276
(1ee3).

N. R- W. P. Drever, "Interferometric Detectors of Gravitational Radiation," in Groa-
itotional Radiatiory N. Deruelle and T. Piran, ede. (North llolland, 1983).

Overview of a real interferometer by Stanley E. Whitcomb [15 April]
O. D. Shoema,ker, R. Schilling, L. Schnupp, W. Winkler, K. Maischberger, A. Rudi-

ger, uNoise behavior of the Garching 3Gmeter prototlpe gravitational-wave in-
terferomete4" Physical Review D,38, 42T432 (1988).

P. Benjarnin C. Kuo, Autornatic Control Systems (Prenticellall), "Chapter 1. In-
troduction.t

Lasers and input optics-I by Robert E. Spero [20 April]

Q. A. Rfidiger, R. Schilling, L. Schnupp, W. Winkls, H. Billing and K. Maischberger,
uA mode selector to suppress fluctuations in laser beam geometry,' Optica Acta,
28, 641-658 (1981).

R. A. Yariv, Optical Electronics (Saunders College Publishing, 1991), "Chapter 10.
Noise in Optical Detection and Generation."

S. A. Abrasrovici and Z. Vager, "Comparison between active- and passivecavity
interferometensr' Phys. Reu A,33, 3181 (1986).

T. J. Gea-Banacloche, uPassive versus active interferometers: Why cavity losses
make then equivalent," Phys. Reu. A,,35, 2518 (1987).

U. T.M. Niebauer, R. Schilling, K. D*nzmanul, A. Rudiger, W. Wiukler, nNonsta-

tionary Shot Noise and its Effect on the Sensitivity of Interferometers Phgrs. Rea
A 43,5022-5029 (1991).

V. P.H. RoU, R. Krotkov, and R.II. Dicke, 'Ihe equivalence of inertial and passive
gravitational mass,' Ann. Phys 26, 442 (1964); pages 46H70.

Lasers and input optics-Il by Alex Abnmovici [22 April]
W. A. Rffdiger, R. Schi[ing, L. Schnupp, W. Winkler, H. Billing andK. Maischberger,

"A mode selector to suppress fluctuations in laser beem geometry," Optica Acto,
2E, 641-658 (1981).

X. W. Koecbner, Solid-State Loser Engineering (Springer Verlag, Berlin, 1988),
"Chapter 1. Introduction.n

Optical elemente by Rick L. Sauage [27 April]
Y, W, Winkler, K. Danzmann, A. Rfidiger and R. Schilling, uOptical Problems in

Ireterfereometric Gravitational Wave Antennas." in The Sirth Marcel Grossmonn

7.

:



I CMeems;ol*. E. safio ""dT:-N"&;ctffo"ia-sci;ific, singapore, r99r), pp.176-191.
z' D. Malacara,_ opticar shop Testing (John wiley and sons, New york, lgzg),

Sction 1.2, uFizeau Interferometer," pp. 1g_37. 
'

AA' H' A' Macleo d, Thin'Film optical iaiirr,znd edition (Ad*'n Hilger Ltd., Bristol,1986), ulntroduction," pp. 1_10.
10' control systern: for test-mass position and orientatio n by Seiji Kawaoo,'a[ZgApriU

BB' s' Kawa'mura and M. E. Zucker, uMinor orientation noise in a Fabray-perotinterferometer gravitational wave detectog" Appried opfi"r, io p"*r.CC' M' Stephens, P. Saulson, and J. Kovalik, uA double pendulrm vibration isolationsystem for a laser interferometric gravitational wave antenna ,n Rev. Sci. Instntm.,62,924_932 (1991).
DD' R" C' Dorf, Modetn Control Systems 5th editon (Addison-Wesley, lggg): gg7.l

and 7-2 of chapter z, "rlequency Respoose Methods;" and $$g.1-g.4 of chapter8, "Stability in the trlequency Domain-.n
11' optical topology for the locking and control of an interferometer, andsignal extraction by Mafiin W. Rniehr tn f"f"vi

EE' P. w. Milonni and J. H. Eberlg Losers (wiley, New york, rggg): ggr2.g .AM
Locking" and 12.10 UFM Lockiog," pp. gSS_ggO.

FF. C. N. Man, D. Shoemaker, U. pnarn- Th and D. Dewey *Exteroal modulationtechnique for sensitive interferometric detection of displaceme ,,t"r"- phir-;i;;
ters Ar l4E, g_16.

GG' John II' Moore, Christopher C. Davis, ilrd Michael A. Coplan, Building Scien-tific Apparatus: A Practica! 
luide to Desigm and Constntction (Addtson-Wesley,

1983), Sec' 6'8.3 "The lock-in annplifier ind gated integrator or boxcar,' (pp.43H37).
Irrr' Paul Horowitz and Winfield Hill, The Art of Electronacs (Cambridge UniversityPress, ca,mbridge, 1gg0), sec. l4.lb "Lock-in detection' (pp. 628!631) and anearlier section to which it refers, Sec. 9.29 "PLL.o-poo"ot 

, Fhr.u detectorn(pp. a2sa30).
12. Seismic isolation by LisaA. ,sievers [6 Mry]

II' Leonard Meirovitch , Elements of Vibration Analgsis (McGraw-Hill, 19g6), pp.39-57.
JJ. R. del Fabbro, A. di virgilio, A. Giazotto, H. Kautzky, v. Monteratici, and D.Passuello, "Tbree'rlimensional 

seismic ,rrpur-rtt"nuator for low frequency gravi-tational wave detection," physics Letters A, L24,25g--2bz (rggz).
KK' C' A' Cantley, J. Hough, and N. A. Robertson, 'Vibration isolation stacks forgravitational wave detectors-Finite element analysis,, Reu. Sci. Instrann., 6J,22rh22t9 (1e92).
tL' M' Stephens, P. Saulson, aod J. Kovalik, uA double pend'Irrrrr vibration isola-tion system for a laser interferometric gravitational wave antenna,, .Eeu. Sci.Inshtrm., 62, 924-gg2 (lggl ).

k



MM. L. Ju, D. G. Blair, H. Peng, and F. van Kann, "High dynanic r:urge measurements
of an all metal isolator using a sappbire traneducerr' Moss. Sci. Technol., 3, 463-
470 (1ee2).

LgtzL . Test massee and suspensiona and their thermal noise by Aaron Gillespl'e [11
May and f3 Mayl

NN. H. B. Callen and T. A. Welton, "Irreversibility and generalized noiee,' Phys.
.Eeu., 83, 34-40 (1951).
Peter R. Saulson, "Thermal noiee in mechanical ocperimenter" Phys. Rea. Dr 42,
2437-2U5 (1e90).
Aaron Gillespie and Flederick Raab, 'Thermal noise in mechanical e:cperimente,"
Phys. Rea. D, 42,2437-2445 (1990).
Aaron Gillespie and Ftederick Raab, 'Thermally excited vibrations of the mirorg
of a laser interferometer gravitational wave detector,' unpublished (1994).
Aaron Gillespie and Fbederick naab, "suspension losses in the pendula of laser
interferometer gravitational wave detectors," Phys. Lett. A, in press (1994).

Light scattering and its control by Kip S. Thorne [18 May, lst half]

SS. J. M. Elson, E. E. Bennett, and J. M. Bennett, "Scattering from Optical Sur-
faces,' in Applied Opticol Engineering, Vol. VII (Academic Press 1979), Chapter
7, pp. 191-243.

Squeezed light and its potential use in LIGO by H. Jetr Kimble [18 May 2nd
half, and 20 May]
TT. C. M. Caves, "Quantun medranical noise in an interferometer,' Phys. Rea. D,

23, 1693-1708 (1981).

15.

oo.

PP.

aa.
RR.

UU.
w.

D. F. Walls, nsqueezed states of light," Nature,306, 141-146 (1983).
M. Xiao, L. A. Wu, and H. J. Kimble, uPrecision measurement beyond the shot-
noise firni6,' Phys. Rev. Lett.,59,27V281 (1987).

17. The physics of nacuurn systerns, and the LIGO \iacuum system by Jordan
Camp [25 May]

WW. J. Moore, C. Davis, M. Coplan, Buililing Scientific Apparvhs (Addison-Wesley,
1983), Chapter 3. uVacuum tectrnologr."

18. The 4O meter prototype interferometer aa an example of many of the issueE
studied in this course by Robert E. Spero [27 May]

XX. Rainer Weise, uElectromagnetically coupled broadband gravitational antenna,"

Quaft. Prog. Rep. Res. Lob. Electron. M.I.f. 105, 54 (L972\.
YY. Robert L. Forward, uWideband laser-interferometer gravitational-radiation ex-

periment,n Phys. Rea. Dl7(2),379-390 (1977).
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LECTUR^E 1: OVERVIEW

Lxture by Kip S. Thorae

Assigned Reading:
A. "Gravitational Radiation' by Kip S. Thorne, in 300 Years of Gravitatroq eds. S. W.

Hawking and W. Israel (Ca.nrbridge University Press, 1987), pages 33G-350; 378--383t 
414-420'- [Thia artidte ia a some*hat out of date rCviCw-of the entite field of

gravitational radiation. The assigned portions deal witb (i) those aspecte of the theory
of gravitational waves that we will need in this counse, (ii) the waveE emitted by
coalescing compact binaries, and (iii) the basic idea of an interferometric gravitational-
wave detector (called a obea,m' detector in this article. Note that in thie a,rticle
Newton's gravitation constant G a,nd the speed of light c a,re set equal to unity.l

B. *LIGO: The Laser Interferometer Gravitational-Wave Observatory" by Alex Abra,m-
ovici, William E. Althouse, Ronald W. P. Drever, Yekta Giirsel, Seiji Kawa,mura,
Flederick J. Ra^ab, David Shoemaker, Lisa Sievers, Robert E. Spero, Kip S. Thorne,
Rochus E. Vogt, Rainer Weiss, Stanley E. Whitcomb, and Midrael E. Zucker, Science,
256,325-333 (1992). [Thi" article, written in 1992 by members of the LIGO Science
Tea,m, is an overview of the LIGO Project.]

Suggested Supplementary Reading:
A. "Gravitational Radiationn (see above):

pp. 351-364, on methods by whidr the generation of gravitational waves is com-
puted and on various effects that occur in the propagation of gravitational waves
from their sources to Earth.
pp. 364-400, on astrophysical sources ofgravitational waves.
pp. 40G415, on bar detectors.
NOTpp. 415-435, on inter{erometric detectors; we will be studying this material
later in the cor:rse

d. pp. 435-445, on other methods of detecting gravitational waves.
C. "Gravitational Radiation: An Introductory Review" by Kip S. Thorne, in Gravito-

tional Rodiatior4 eds. Nathalie Deruelle and Tsvi Pira,n (North-Holland, Amsterda,m,
1983), pp. 1-58. [This is an introduction to the theory of gravitational waves aimed
at people who know the basic concepts and formalism of general relativity.]

A Few Suggested Proble'ns
l. Behati,or of greaitotionol-woue field,s under a rototion of oxes. Derive Eq. (7d) of Ref.

[A]; show that it can be rewritten in the forrr

t i" + ih":- : (ft$u + ihgd) e-i2av

2. Beam pattern of an interferoneter. Deive Eqs. (103) and (10a) of Ref. [A] for the
response of an interferometric detector to gravitational waves that come from an

I

b.
c.
d.



3.

lnbitrary direction and have an arbitrary polarization. Note tua'-t thes€ equations are
the precise version of the interferometer response described in Eq. (2) of R€f. [B].
Factors of G ond c. Equations (12)-(19) of R€f. [Al, which embody the quadmpole-
moment formalism for computing the generation of gravitationd waves, are written
in so-called ugeometrized rnitrs' with G = c = 1. Restore the factors of G and c so
these equations are all dimensionally correct in cgs el tnks units.
Grovi,totional waues frorn on inspiraling compoctbinory: Order-of-mognitude onalysis.

a. Consider a binary system made of two black holee or neutron stars in a circu-
lar orbit that gradually shdnks due to gravitational radiation reaction. Use an
order-of-magnitude Newtonian (Keplerian) anatysis and the quadnrpolemoment
forrnulas to compute the binary's rate of loss of energy d0ldt to gravitational
waves, and thence the rate at which the binary'e orbital radius sbrinks, and
thence the rate at which the gravitational-wave frequency / increases. Your final
arlswer should be an order-of-magnitude vergion of Eq. (42d) of Ref. [A].
Restore the factors of G and c to Eq. (42d), and then iDsert numbers to infer the
gravitational-wave frequency in Hertz as a firnction of time to final coalescence
in seconds. Compare your answer with the time markings for NS/NS inspiral in
Figure 10 of R€f. [B]. (Both neutron stars there are assuned to have masses of
1.4 suns.)
The waves' *characteristic a,mplitude' h" (which is rigorously defined in terms
of uoptimal signal processing"-a topic to be studied in the next two lectures)
is approximately the waves' amplitude h timee the square root of the number
n : f2l(dt/dt) of cycles that the wave spends near a given frequencS h" =
h.6. Compute h, n, and h" in order of magnitude from the quadrupole'moment
formalism. Your answers should agree with Eqe. (42) and (46b) of Ref. [A].

Memory of a Grovitational Woae Give an exarnple of a source of gravitational waveg
for which one or both of the fields h.. and tr.* begin with zero rnalue, then oscillate
in some manner, and then instead of returning to zerc they settle down into a frnite
final value. The net drange in the wave field is caled the wave's urnemory". Discuss
the prospects for IIGO to measure such a memory.

b.



Lecture L
Overview of Gravitational 

'Waves

by Kip S. Thorne, 30 March L994

This lecture actually consumed one and ahalf days of the course; lecture 2; just half a day.

The record of this lecture consists of three parts:
e Prose notes by Malik Rakbmanov, based on the first half of Kip's lecture (which was

presented at the blackboard).
o Copies of transparencies for the second half of the lecture.
o Appendi:c Kip's original handwritten notes for the first half, from which he lectured.
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Figure B-2 The angular response pattern of au interferometer with orthogonal arrns tounpolarized gravitatio-nal oaiiti*. il";;;netrating the response palrern surfacerepresent the intederometer arms.
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Fig. 9.4. The characteristic amplitudes ft. (equation (3lb)) and frequencies ,f"
(equation (31a)) of gravitational waves from several postulated burst sotrces
(thin curves), and the sensitivities ft3r' of severai existing and planned
detectors (thick cuives and circles) (hsryris the amplitude h" of the weakest
source that can be detected three times peryearwithgolconfidence by two
identical detectors operating in coincidence). The abbreviations BH, N$ and
SN are used for black hole, neutron star and supernova. The sources are
discussed in detail in the indicated subsections of section 9A.1, and the

detectors in the indicated slbsections of Section 9.5.
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Figue-B-J The aogular resPonse patteln of an interferometer with orthogonal ar'," tounpolarized gravitational radiation. The tubes penetrating the respoase patter! surfacerepresent the interferometer alras.
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Ph 103c: The Physics of LIGO 1 April 1994

LECTUR,E 2: RANDOM PROCESSES

Lectwe by Kip S. Thotne

Assigned Reading:
D' Pages 5-1 through *24 of, "Chapter 5. Random Processeg' from the textbook maru-

script Applicotions of Clossical Physics by Roger Blandford and Kip Thorne.

Suggested Supplementary Reading:
a" L' A' Wainstein and V- D. Zubakov, Eztroction of Signds from Noise (prentice Hdl,

London, 1962; Dover, New York, 1970). lThir wonderfirl book-a sort of biblical
primer on the-subjectis long since out of phnt. Kip will put his pensonal xerox copy
on reserve in Millikan Library for a few weeks, along witbthe library's only copy.]

Two Suggested Proble'ns from Blandford and Thorners .Chapter b, Random
Processest:
5'1 Bandna:dths of a frnite'Fouriertransform frlter and an averaging frlter [page b-21]
5'2 Wienet's optimal Filtey [p"g" 5-22J. This is an especially important exercise, since

the optimal filter underlies much of th" data analysis to be done in LIGO.



Lecture 2
Random Processes

by Kip S. Thorne, 1 April 1994

'his lecture actually consumed only half of the 90 minutes on L April; the completion of

ecture I consumed the other half.

his lecture was largely just a blackboard presentation of the key issues in Reference D

rages 5-1 through 5'124 of "Chapter 5. Random Processes' from the textbook manuscript
pplications of CiassicalPhysicsby Roger Blandford and Kip Thorne]. Since that reference

included in Volume II, we here present, as a record of Lecture 2, only the scrawled notes

om which Kip lectured.
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hltSrThe-Physics of-LiGO- -6 Aprifrcg4-

LECTUR-E 3: SIGNAL PROCESSING

Lectureby Eanna E. Flanagan

Assigned Reading:
A. uGravitational Radiation' by Kip S. Thorne, ia 300 Years of Grovitotior4 eds. S. W.
-- Hawking and W'Israel (Ga,mbridge lJniversity Press; 1987), pages 366-371;-38

393-395. [This is the review article handed out last F]iday. The assigned sections
outline thedata processing methods for detecting burst, periodic and stochastic grav.
itational waves.]

E. oData Processing, Analysis and Storage for Interferometric Antennas', B.F. Schutz,
in *Ihe Detection of Gravitational radiationn, edited by D. Blair, (Ca,mbridge 1989)
pp. 406-416; 420-422; 428-429; 44 -447. [Tlo be handed out on F]idayl

Suggested Supplementary Reading:
A. The remainder of Ref. [A] above.
F. uThe Last Three Minutes: Issues in Gravitational Wave Measurements of Coalescing

Compact Binaries", C. Cutler et af Phys. Rev. Lett. 70, 2984 (1993). lThis iE
a oVenri-ew of what is understood to date about the potCntial for extracting useful
inforrnation from detected binary inspiral waveforms.l

b. E. S. Phinneg Astrophys. J. 380, t17 (1991). lThir article gives the most upto-date
estimates of the rate of binary neutron star inspirals in the Universe, and discusses in
detail the astronomical observations that underlie these estimates.l

c. "Near optimal solution to the inverse problem for gravitational wave bursts", Y. Gursel
and M. Tinto, Phys. Rev. D 40, 3884 (1989). lThir article describes how best
to reconstruct the gravitational waveforms h+(t) and h;(t) for a detected burst of
unknown form, from the (noisy) outputs of 3 interferometers.]

d. S. Smith, PhD thesis, Cattech (1987). [A description of the last real search for gravi-
tational'waves using data from the 40m prototype interferometer.l

A, Few Suggested Problems
t. The detectability of neutron stor - neutron star inspirols at 1000 Mpc by LIGO.

a. Suppose that the burst ofgravitational waves produced by a neutron star - neu-
tron star inspiral at 1000 Mpc passes tbrough the Earth. Calcnlate from the
following foundations the signal-to-noise ratio obtained a,fter optimal signal pro-
cessing by one of the two LIGO interferometers: Assume that the uadvanced

detector" sensitivity benchsrark given in Ref. [B] of lecture t has been achieved.
Approximate this noise curve by the formula

c. / r \  - l (nt^/ t , ;U/ f*)2 f  >f , ,utL\t I - l(h?^lf;ulf)-4 f 1f,n,,



where h^ = 1.0 x 10-a md .f- = 70H2. Use the waveform h(t) given in Eqe.
(26\, (42) and (104) of Ref. [4, also Eq. (29) (with RIIS mulriptied by a cor-
rection factor of 2), and asstrt"e that the waveg' polarization and the re[ative
orientation of the binary and of the interferometer are such that the signal-to-
noise is maximized. Assume both neutron stars have masses of l. Mg. f&int:
Use the stationary phase approximation to evaluate the Fourier transform].
The current best estimate of the neutron star - neutron star merger rate, inferred
from the statistics of observed neutron star binariee in our own galax5r, is that
there should be 3 per yea,r within a distance of 200 Mpc (uncertain to within
a factor - 2 in the distance). Assuming this merger rate, estirnate to within
a factor - 2 the number of inspiral u.r"oi, p"" yu"" that will produce a signal-
to-noise ratio ) 6 in each of LIGO's two interferometers (which is roughly the
criterion for successful detection), if tbe advanced detector sensitivity levels are
achieved.

2. The shopes of Wi,ener optimol filters in the time dornain.
For the waveform h(t) and noise spectrum Sn(/) of question 1, numerically cal-
culate and plot the optimal filter.K(t). Compare it's shape to that of the original
waveform.
A chance near-collision of two neutron stars in which their gravitational attraction
substantially alters their velocities will produce "gravitational bremsstrahlungl
or braking radiation. These waves will harre a mernory the tct masses in a
nearby detector would be left with a permanent relative displacement following
the waves Passage, corresponding to a nonzero final rralue of h(t). Approximate
the memory part of the waveforrn by a step firnction, and numerically calculate
and ptrot the optimal filter for the memory K(t). Compare it's shape to that of
the original waveforrn.

Prospects for obsenting the vi,olent final stages of black-hole - black hole mergers. One
of the aims of IIGO is to measure waves produced by the highly nonlinear dynamics in
the final stages of black hole - black hole mergers. Such measilrements, if they agree
with supercomputer simulations, would convincingly demonstrate the existence of
black holes and for the first time experimentally probe general relativity in the highly
nonlinear regime. A major effort (called the Grand Challenge project) is currently
underway in the numerical relativity community to calculate the wavefonns; the task
is expected to take several years.

a. Suppose that a pair of rapidly spinning, lSMo black holeg coalesce at a cosme
logical redshift of zA\/\ = 1. Assume that the final plunge and coalescence of
the holes (after the gradual inspiral) radiates 5To of. the total massFenergy of the
system into gravitational waves, and that this energy is uniformly distributed in
frequency between - 150 Hz a.nd - 350 Hz (the latter being frequency of the
lowest quasinormal mode of the final - 30Mo black hole). Use Eq. (35) of Ref.
[A] to estimate the signal-to-noise ratio in one of the LIGO interferometers a,fter
optimal filtering, assuming the noise spectrum of question 1. Note that the ef-
fect of redshift on enersr flux is exactly the same for gravitational waves as for
electromagnetic waves, ild also that the energy will be distributed between - 75

b.



Hz and - 175 IIz as measured at the detector. Assume a Hubble constant of
75 kms-lMp"-t so that the luminosity distance is 4.7 Gpc.

b. What ie the signal-to-noise squared per cycle if the waveform containr 10 cycles?
What are the prospects for measuring the detailed shape of the waveform?

Phose incoherence efrects in searches for a grcvitationol waae stochastic baclcgrotnd,
The method outlined in the lecture for searching for a stochastic background by cross
correlating the outputs of two interferometerg assumed that the both interferometers
respond to the same gravitational wave signal h(t). The two LIGO detectors will
be approximately parallel, but will be separated by ^, 3000 km. Fon what range
of gravitational wave frequencies will the phase lag between the detectors be small
compared to unity for all propagation directions? Will thes€ phase lags necessitate a
modification of the search algorithm outlined in the lecture?

3



Lecture 3
Signal Processing in LIGO

and in Protot54re fnterferometers

by Eanna E. Flanagan, 6 April 1994

Flanagan lectured from the transparencies that follovr...
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Fig' 9'3. wave folms produced by two very difrerent scenarios for thecollapse ofa normar star to form a neutron star. wave form (a) is from saenzand Shapiro (197g); (6) is from Saenz and Shapiro (t9gt).
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Ph 103c: The Physics of LIGO 8 April. 1994

LECTURE 4.
IDEALIZED THEORY OF INTERT'EROMETRIC DETECTORS - I.

Lukre by Kip S. Tihotne

Assigned Reading:
A. "Gravitational Radiation' by Kip S. Thorne, rn 300 Years of Grovitotioq eds, S. W.

Hawking and W. Isra€l (Cambridge University Preas, 1987), pages 4L4425; ending at
beginning of first firll paragraph on 425. [This material usee the phrase beam detector
for an interferometric grovitotionol-woae iletector. The principal resulte quoted in this
lecture are derived in the exercises below.]

G- The following portions of uChapter 7. Diftaction' from the textbook manuscript
Applicatiorts of Clossical Physics by Roger Blandford and Kip Thorne: Section 7.2
(p"go 7'2 to 7-7), and Section 7.5 (pages 7-20 to 7-27). tThis material develops the
foundations of the theory of diftaction (Green's theorem and the llelmholtz-Kirchoff
formula), explores semi-quantitatively the spreading of a transversely collimated beam
of light, develops the fomralism of pararial Foarier optics for analyzing quantitatively
the propagation of collimated light bea,ms, and uses that formalism to derive the
evolution of the cro$t sectional shape of a Gaussian bea,m, of the sort used in LIGO.]

Suggested Supplementary Reading:
H. A. E. Siegma,n, Lasers (University Science Books, Mill Vailey CA, 1986), chapter 17,

?hysical Properties of Gaussian Beams.n [Thir chapter develops in fuil detail the
paraxial-Fourier-optics theory of the manipulation of Gaussian beams by a system
of lenses and minors, and the shapes of the Gaussiao modes of a,n optical resonator
(Fabry-Perot cavity).]

A Few Suggested Problerns

l. Shot Noise. Reread the discussion of shot noise on pages $'20 and 1al2l of, Blandford
and Thorae, Random Processes (which was passed out last week). In that discussion
let the random procesE y(t) be the intensity I(t) = d(energy)/dt of a laser beam, and
let F(t) be the inte_nsity carried by an individual photon, which has freque\cy a.
(a) Explain wtry F(O), the Fourier transform of F at zero frequency, is the photon

energr lrar.
(b) show that the spectral density of r (the "shot-noise spectnrn") is

GrU) - 2lhu , ( l )

where .I is the bea,m's mean intensity.
(b) Let N(t) be the number of photons that the beam carries into a photodiode

between time t and time t * i (so i is the averaging time): /Y(t) : fi+' t1t'\at,.



This iv(r) ib a linear functional of l(tt). Use the theory of linear eignal processing
to derive the spectral density GrU) of N(t), and then compute the mean square
fluctuationg of iV: (orv)2 = Jf Gxff)df .Your result should be a,y -- fr,where
ff is the mean number of pLotons that a,rrive in the averaging time i. This is
the standard usquare'root-of-/V" fluctuation in photon arrivtrl for a laser beam.

2. Reciprocity Relations for a Mirror and a Beam Splitter. Modern mirrors, bea,m split-
ters, and other optical devices are generally made of glass or fused silica (quartz), with
dielectric coatings on their surfaces. The coatings consist of alternating layens of mate
rials with different dielectric constants, so the index of refraction n varies periodically.
If, for exa,mple, the period of n's riariations is half a wavelength of the radiation tbat
impinges on the device, then waves reflected from successive dielectric layers build up
coherently, producing a large net reflection coefrcient. In thie exercise we shall derive
the reciprocity relations for a mirror of thie type, with normally incident radiation.
The generalization to radiation incident from other directions, and to other dielectric
optical devices is straightforward.
The foundation for the analysis is the wave equation,

/ N ^ 2 \

(-# + #Giv')o:o
satisfied by any Cartesian component rh of the electric field, and the assumption that
ty' is precisely monochromatic with a,ngular frequency @. These imply that the spatial
dependence of rlt is governed by the Hehnholtz equation with spatially variable wave
number ,t(x) - n(x)wlc: V'rlt + k't = 0.

Yc, = 
lttl; Y=t Vt,

+----
<-
?.=. Yi

Let waves t;etb'impinsrns perpendicularly (z direction) on the mirror from the "un-

primed" side produce reflected and transmitted waves rhreih' and, rfi2,eibz; these waveg
and their correspondi"g d inside the mirror are one solution rh of the Ilelrnholtz
equation. The complex a,mplitudes of thie solution are related by reflection and trans-
mission coefficients, ?t), : nh;, tt' - t'rhi. Another solution, rfg, consists of incident
rpaves from the opposite, uprimed" side, {t;,s-i&z "n6 reflected and transmitted wavee
{r,e*ib'r rh&-ik', and the corresponding r/ inside the minor; and this solution's com-
plex anrplitudes are related by tr' = r'thi,, tt = ttlt;'.
(a) Show that t/ obeys Green's theorem [Equation (7.3) of Blandford and Thorne]

throughout the mirror. Apply Green'g theorem, with / and fo chosen to be
rarious pairs of {r, {2, {ri,4i (wbere the star denotes complex conjugation).
Thereby obtain four relationshipe between r, rt , t, and t'.

(b) Show that these relationships can be written in the form

, : rFR"'iF, r' = -tR*z'E, t : { : frei(P+P'),

2

v,-+

P.,  = Y'Vt ,



where F nd 9' te unconstrained phases, and R and,T, the power reflection and
transmission coefrcients are related by

R * T = 1 , (2)

(3)

which is just enerry consenation.
(c) Show that, if one moves the origin of coordinates as seen from the rrnprimed side

by 6z - -kP,, and moves the origin as seen from the primed side by 6z = *kF',
one thereby will make all the reflection and transmission coefficients real:

t : t ' - - f r ,  r - - - r ' t r n , .

Thus, with an appropriate choice of origin on each side of the mirror, the coeffi-
cients can always be made real.
The sa,me is true for the reflection and transmission coefficients of any other op.
tical device made of a lossless, spatially variable dielectric. In particular, for a
perfect, 50/50 bearn splitter, the transmission coefficient becomes, crith appro-
priate choice of origins, llr/, from each and every one of the four input ports,
and the reflection coefficient becomeg +l/rt from the input ports on one side of
the beam splitter and -LltE from the input ports on the other side of the beem
splitter. These results are srurunarized by the following figures:

)nrrron l

EI
t . " , " r .  ->pl .H.t- .

- -

t / >  1 t  
t

a/= '/LL/
{  , / v r  

/ l , r _
[ ' / v  >

' lJ iT l-
1f ,- , lG-

2. Tlansfer hnction and, Photon Shot Noise for o Delay-Line Interferometer In class,
Kip derived the "tranfer functionn for a delay-line interferometer in the limiting regime
where the waveforrn h.(t) is nearly constant dtuing the time 2BL/c that the light is
stored in the interferometer a,rrns (during B round trips in an arm whose length is I).
His result was

Ipo(t\ = i.r1(r) +2\rILIoBkLh(t\ (4)

where.[o is the mean laser input power entering the bea,rnsplitter, [(t) is the (slightly
fluctuating because of shot noise) intensity of the light falling onto the photodiode in



the absedce of a gravitational-wave signal, Ir is tUe meao intensity onto the photodi-
ode, B ig the number of round trips in the arme of the interferometer, & -- w /c = 2n l\"
is the light's wave number, .t is the arm length, and h(t) rs the gravitational waveform.
Kip used this and the shot-noise spectral density [Eq. (1) aboveJ to derive the following
expression for the shot-noise contribution to the interferometer's gravitational-wave
noise output:

(5)

(a) Use the sanre method of analysis as Kip did in class to derive the transfer firnction
when the gravitational wave is sinusoidal in time with angular frequency dl : 2tr l,
i.e. when h(t) = hocos(Ot) : [oReal("-ilt), with a frequency / hish enough
(gravitational wavelength short enough) that the craveforu canwry significantly
while the light is stored in the arrrur. Yorrr result should be the s.une "s Eq. (4),
with B replaced by

119H2
- 

2trBL (B/tw)(L/4k-)

(b) Show that the shot-noise contribution to GnU) has the form (5) with B replaced
bY B"n.

Tbonsfer hnction and Photon Shot Noise Jor o Fobry-Perot Interferometer.In class,
Kip showed that for a Fabry-Perot interferometer in the regime of slow rrariations of
h(t) the transfer function a.nd photon shot noise have the forms ( ) and (5), with B
replaced by

Gn(fl=ffi

Befr:&

a"u--7y7fup,

(6)

(7)

where R is the power reflectivity of the interferometer'g corner mirrors a.nd where it
is assumed that the end mirom are perfectly reflecting. Show that, if the variations
of h(t) are not assumed to be slow, then the transfer function (for monochromatic
gravitational waves) has the form (a) and the shot noise contribution to G6(/) has
the form (5), with B replaced by

(8)

where /6 is as in Eq. (6) above.



Lecture 4
Idealized Theory of Interferometers - I.

by Kip S. Thorne, 8 APril L994

Thorne lectured at the blackboard. The following are the notes from which he lectured,

cleaned up a bit to make them more understandable-
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Ph 103c, TEe Phy-ics oitlc-d 13 April 1994

LECTUR^E 5.
TDE' ALTZED THEORY OF INTERSEROMETRIC DETECTORS-II.

Lechtre by Ronald W. P. Drever

Assigned Reading:

versity Press, 1991), pages 306-317. [ThiE is a qualitative overview of Fably-Perot
gravitational-wave detedtors, with emphasis on recyCling in the later part (p"g6 gI2-
317).1

J. B. J. Meers, "Recycling in laser-interferometric gravitational-wave detectors,' Phys.
Rea. D' 38, 2317-2326. [This is the paper in which Meers introduced hig idea of
dual recycling and sketched out its features. You are not expected to master all the
equations in this paper-which Meers just gives without derination-but you might
try deriving some of the equations as a homework exercise.J

Suggested Supplementary Reading:
K. B. J. Meers, Physics Letters r{, uThe frequency response of interferometric gravita'

tional wave detectors,' Physics Letters A, L42,465 (1989). [In tUis paper M&rs
discrrsses in some detail the frequency respons€s and eensitivities of various configu-
rations of recycled interferometers.J

L. B. J. Meers and R. W. P. Drever, "Doubly-resonant signal recycling for interferomet-
ric gravitational-wave detectors." (preprint) [ThiB paper introduces a new recycling
configuration, not considered in previous papers.]

M. J. Mizuno, K. A. Strain, P. G. Nelson, J. M. Chen, ft. gchilling, A. Rudiger, W. Win-
kler and K. Danzman, *Resonant sideband extraction: a new configuration for inter-
ferometric gravitational wave detectors,' Phys. Lett. A, 175,273-276 (1993). [Thi"
is yet another recycling configurationl

N. R. W. P. Drever, "Interferometric Detectors of Gravitational Radiation,' in Gravi-
tationol Rodiatior4 N. Deruelle and T. Piran, eds. (North Holland, 1983); section 8
(p.go 331-335). [This is the article in which Drever first presented in detail his ideas
of power recycling and resonant recycling.l



A Few Suggested Problerne

Note: Of all configr.uations for a recycled interferometer, the only one that ie reasonably
easy to analyze is power recycling. For thie reason, and because this is the tlpe of recycling
pl*nned for the first LIGO interferometets, I have chosen to focus solely on power recycling
in the following exercises. - Kip.

l. Sirnplified Configurotion ol Nested Cavities thot lllustrates Power Recgcling: Consider
the configuration of two nested optical cavities shown below:

R. R., :  t -  to-a G" = l - ro-s
'Ti r

*' '"ill,u:il'.?, --' --')
All three mirrors are assumed ideal in the serrse that they do not scatter or absorb any

light; therefore each of them satisfies the reciprocity relations of Assignment 4, Eq. (3).
Assume that the power reflectivities of the subcavity are fixed: 7?" is the highest reflectivity
the experimenter has arailablei R. is a much lower reflectivity, carefully designed to store
the light in the subcavity for a chosen length of time. What reflectivity R'. should the
recycling mirror have in order to maximize the light intensity in the subcavity, when both
cavities are operating on resonance? Use physical reasoning to guess the a,nswer before
doing the calculation.

2. Optimization of a Power Recycled Interferometer. Consider the power-recycled inter-
ferometer shown below.

Re

G..

e L

Suppose the interferometer is operated with the photodiode very near a dark
fringe, so the light power .[z is many orders of magnitude less than .I1. As in
exercise 1, let R" and R" be fixed. How should R" be chosen to maximize the
power in the interferometerg' two arms? Guess the a,nswer on physical grounds
before doing the calculation.
Again, suppose that 12 is many orders of magnitude less than .I1. Let a low-

t
L

I
. €t'

qi



frequency gravitational wave (one with2nf BL/" < 1 where B = al$ - R") is
the effective number of round trips in the arms) impinge on the interferometer.
How should R, be chosen so as to maximize the gravitational-wave sigpal to noise
ratio in the interferometer? Guegs the ancwer on physical groun& before doing
the calculation.

c. Suppose that the mirrors in the two arms are slightly imperfect, aod their imper-
fections canse a mismatching of the phase fronts of the light from the two arrns
at the bea,m splitter. As a result, the ratio lzlh: c has some modest value (e.g.
0.01) instead of being arbitrarily emall. In this case, how should R," be chos€n so
as to ma:cimize the signal to noise ratio? Guess the answer on physical grounds
before doing the calculation.

3. Scaling of Photon Shot Noise uith Arm Length. We saw in Kip's lecture that, if
one has mirrors of sufrciently high reflectivity and one uses a simple (nonrecycled)
interferometer, then the photon shot nois€ hrm" : \m, is independent of the
interferometer's arm length.

Suppose, instead, that (i) the highest achierrable ponrer reflectivity is R = 1- 10-5, (ii)
one carn do as good a job of phasefront mstrching at the interferometer as one wishes,
so iu the above &awing lzlh: c ce.n be made as small aa one wishes, (iii) one has
a fixed laser power Io (say, l0 Watts) anailable, (iv) one operates the interferometer
in a power-recycled mode, as in the above figrrre. Shou that in this cas€ the photon
shot noise hr-, scales u L/tn in the full LIGO frequency band (a result quoted on
page 314 of Ref. I).

Note: Another example of arm-length scaling is described on page 316 of Ref. I: A
resonant-recycled or dual-recycled interferometer looking for periodic gravitational
waves, e.g. from a pulsar, has photon shot noise hr^, x LlL.

3
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D
rever 

lectured 
from

 
the attactred 

transparencies. 
H

is 
lecture 

focussed on optical 
con-

figurations 
for 

irnterferom
eters that 

are m
ore com

plex 
than 

the sim
ple interferom

eters 
of

T
horne's 

lecture:
c 

A
 rccycling 

intefierom
eter 

(m
ore aorm

ally 
cailed pow

er recyeJing interferom
eterthese

days), 
in 

w
hich 

the light 
going back from

 
the 

interferom
eter 

tow
ard 

the 
laser gets

recycled back into the interferom
eter 

together w
ith 

and in phase w
ith 

new
 laser light.

S
uch pow

er recycling 
(invented 

in the early 1980s by D
rever) 

w
ill 

be used in LIG
O

's
first 

interferom
eters.

o A
 dual rccycling 

interfqom
eter 

(atso called 
siglr,al recycling) 

in w
hich light 

pow
er is

recycled at the laser's port of the interferom
eter, 

and the gravity-w
ave 

signal is recycled
(and thereby 

enchanced) at 
the photodetector's 

port. 
S

uch signal recycling 
can be

used to enbance the interferom
eter's 

perform
ance in the vicinity 

of (m
ost) any desired

gravity-w
ave 

frequency and over (m
ost) any desired bandw

idth 
around that frequency.

It is likely 
to find application, 

for exa,m
ple, in deep searches for the gravitational 

w
aves

from
 pulsars. 

A
 dual recycled iuter{erom

eters 
has the added benefit of less sensitivity

to'ir:egularities 
in the m

irrors 
a,nd be^"' 

splitter 
than 

an ordinary 
interferom

eter.
r 

A
 resonant rxyding 

interferom
eter, 

a configuration 
that 

accom
plishes the sa,m

e thing
as signal recycling 

but in a m
ore com

plicated 
and less practical 

w
ay. (T

his 
configura-

tion w
as invented by D

rever in the early 1980s; signal recycling is an im
provem

ent 
on

it, d
e

vise
d

 b
y B

ria
n

 M
e

e
rs in

 th
e

 la
te

 1
9

8
0

s.)
A

 
doubly 

raonant 
signd 

recycling 
interferom

eter. 
T

his 
configuration, 

invented 
by

D
rever and M

eers, recycles (and enhances) both 
signal sidebands of the light's 

carrier

frequency; ordinary 
signal recycling recycles and enhances only 

one signal sideband.

A
 resoaaat sideband extrrction 

intefiercm
eter, 

w
hose configuration 

looks just like that

of a dual recycling 
interferom

eter 
but perform

s quite 
differently 

because of a different

fine tuning 
of the location 

and reflectivity 
of the recycling 

m
irrors. 

T
his 

configura-

tion, 
invented 

recently 
by M

.J. 
M

izuno 
(a Japanese graduate 

student 
w

orking 
w

ith

the G
arching, 

G
erm

any group) stores the carrier-frequency 
light 

in the arrns for a long

tim
e, w

hile resonantly 
extracting 

the signal sideband from
 the arrrs after about a half

cycle of the gravitational 
w

ave. 
It 

thereby actrieves a broad-ba,nd sensitivity 
com

pa-

rable to that 
of a pow

er recycled interferom
eter, 

but 
w

ith 
far less light 

pos'er passing

through 
the bea,rn splitter 

and hence w
ith 

less problem
 

from
 

high-pow
er 

heating 
of

th
e

 sp
litte
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Lecture by S
tanley E

. W
hitcom

b

A
ssigned R

eading:
D

. r, _Q
!9-eprke_rr,_&

 
S

chilling, _L._S
q!4!rpp, 

IL 
W

!a49L [._M
egg!b!rg_er,, 

A
 &

qdser,
"N

oise behavior of the G
a,rching 3(F

m
eter protot5pe gravitational-w

ave interferom
e-

te4' 
P

hysical R
eview

 D
,38, 

42T
432 (1988). [T

hir is a fairly com
plete description of

a protot5rpe deLay-line interferom
eter, w

ith all the com
plications of a real device.]

T
he first one or one and a half chaptera of any introductory 

text on serrrosystem
s

(also calted closed loop control system
s or 8en'o loope). 

D
on't 

labor slavishly over
the m

athem
atical details, but do try to get a "feeln for how

 seryo loopa w
ork. 

O
ne

possibility for this is the first chapter of B
enjarnin C

. K
uo, A

utom
otic C

ontrol S
ystem

s
(P

renticeH
all), 

w
hich is being passed out to the class. N

ote that this chapter is very
qualitative; you m

ight w
ant to dig into other books for m

ore quantitative detail.

S
uggested S

upplem
entary 

R
eading:

R
ead m

ore deeply into your favorite servo text.



A
 F

ew
 S

uggested P
roblerns

!. 
G

orching P
rototype, T

here w
as a discrepancy betw

een the observed and predicted

noise spectrnm
 in the G

arching prototlpe 
(F

igrrre 4 of R
eference 1 above). 

T
he

spectnrm
's shape is about right, zuggesting that m

aybe the G
arching grouP

 identified

tie 
right 

noise sources but m
ade i 

calibration 
error that 

produced the nunerical

disagreem
ent. O

n the other hand, the disagreem
eot is approxim

ately a factor 3, w
hich

r""d" 
a hrge error for a group that is generally regarded as very careful. W

hat do you
ghink aboui this? W

hat iuform
ation in the paper m

ight lead you to one conclusion or

another about the discrepancy?

2. E
xam

ple of a S
ento loop. C

onsider the follow
ing senro loop in ao electronic circuit. 

It

is designed to strongly suppress the input voltage V
ia at frequencies w

ell below
 sc,m

e

critical frequuu"y,.ro, and fass the voltage signal m
ore or less uncbaoged at frequencies

w
ell above r.ro. F

or the rralues of the seryo anplifier 
gab 

C
 and the resistaoces and

capacitances show
n in the figr:re, w

hat is the frequency uo? Is there any frequency

region in w
hich the servo is unstable, in the seffrc tbat it strongly am

plifies the input

"oit"g" 
signa^l (i.e., it oscillates w

ith large,anplitude w
hen a snall a,m

plitude stim
ulus

is appU
ea)? 

If 
so, how

 m
ight you change the circuit 

to get rid 
of the nnw

anted

a.m
plification, w

hile 6sis6eiiing 
the original goals of voltage suppression w

ell belovr

r.ro and passing the signal unscathed w
ell above w

o? lN
ote (for theorists w

ho m
ight not

know
 such things): T

Le device sym
bolized@

 
is a voltage ̂

rnplifier w
ith gain G

 and

it can be regarded as having inffniS
g input im

pedance and zero output im
pedance; the

device sym
bolized |P

* 
produces an output that is the difference of its tw

o inputs,

and it can be regardid as having infinite input im
pedaoces.]
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Ph l03c The Physics of LIGO 20 April 1994

LECTURE 7
LASERS AND INPUT OPTICS-I

Lectwe by Robert Spero

Assigned Reading:
Q. A. RiidigeE R. S.hillln& L. S.:hnupp, Wl Wink-ler; H. Billing and 1(; Maischba-gcf;

"A mode selector to suppress fluctuations in laser beam geometrg" Optica Acta,28,
641-658 (1e81).

R. "Noise in Optical Detection and Generation," Chapter 10 of A. Yariv, Optical EIec-
tronics (Saunders College Publishing, 1991).

Suggested Supplementary Reading:
The following two articles explain how frequency noise originating in vacuum fluctu-
ations is fundamentally independent of the properties of atoms and depends only on
the mirror properties and other cavity losses, and that the sensitivity of interferomet-
ric gravitational wave detectors is the sarne whether the arms are empty ("passive")
cavities, as in LIGO, or idealized (uactive" cavity) lasers.

S. "Comparison Between Active-cavity and Passive-cavity Interferometers,' Abram-
ovici A., Vager Z, Phgs. Reu. A33 (5), 3181-3184 (1986).

T. "Passive Versus Active Interferometers-Why Cavity Losses Make them Equiva-
lent", J. Geabanacloche, Phys. Rea. A 35(6), 25L8-2522 (1987).

T.M. Niebauer, R. Schilling, K. Danzmann, A. Rudiger, and W. Winkler, "Nonsta-

tionary Shot Noise and its Effect on the Sensitivity of Interferometers' Phys. Rea
A 43(9),5022-5029(1991). This paper resolves a long-standing 15% discrepancy be-
tween the calculated and observed shot noise in the German 30 m interferometer,
having to do with the shape of the waveforms used for modulation and demodulation.
P.H. Roll, R. Krotkov, and R.H. Dicke, Ann. Phys 26,442 ( 1964). This paper, though
long, is fun to read. It describes a classic experiment to measure the equivalence of
inertial and gravitational mass, and is an excellent example of how experiments are
designed, operated, and analyzed. The pages excerpted for the handout show how
an optical iever reads the torsion balance deflection. Dicke's clever design, using a
vibrating wire that casts a shadow on a photdetector, is a prototype for the use of
modulation to reduce noise.

A Few Suggested Problems:
The 40 m interferometer operates in an "unrecombined" configuration: the reflected

beams from the two arms'input mirrors do not interfere, and a.re separately detected. The
shot noise levels from the two photodetectors add in quadrature; in the case of identical
arms the total shot noise equivalent displacement is

U.

V.

*l#(r*ut,or)l
1

^L(l) = i(f) :
4trrB



where f contains terms that depend on the depth of modulation I. (l : 1 corresponds
to phase modulation of amplitude I radian.)

| | t4-t + A2JA -2A,18 +2AJsJ2l' : 5 L  l
M is the (energy) mode matching fraction; 0 < M 11, M: 1 being the case of perfect

a^lignment of the mirrors and proper matching of the laser gaussian bearn para^ureters to
the cavity mirror curyatures aad separation. The mismatched fraction of the laser bea'n
(M - 1) does not participate in the interfence, but does add to the shot noise. The 40 m

interferometer operates with M = 0.9. Jo, Jt, J2 ar€ Bessel functions evaluated at I. Each

cavity has input mirror transmission ? and the sum of other losses -t. zs, the cavity
eners/ storage time, is the time it takes the intensity of the light "leaking" out of one of

the arm cavities to drop from its starting level by a factor of e, after the inpui light is

turned off; rs - r1l(L+?), with 4 :21/c the round-trip transit time and I ihe lengih of

each arm. The cavity knee frequency is f * - 7l(4nr"). A - 2T l(L+?) is tbe a^rnplitude of

the cavity field lealiing back out through the input mirror on resonance, in the absence of
modulation. It is normalized to the input a^rrplitude, and is constraiaed by 0 < A < 2. ) is

the opiical wavelength, P is the total power (corrected for inefficiency in the photodiodes

and other losses outside the arm cavities) incident on the beamsplitter, aad / is the signal

frequency.

Suppose the beamspiitter is not symmetric: that is, if Pr and P2 represent the power

incident on the two arms, Pt : Pa, Pz : P(7 - e), a t' 0.5. IIow does the sensitivity

cha^nge from the symmetric case? How much asymmetry is required to degrade the

sensitivity by l0To?
Verify that the modulation function .F has a minimum value of 1. What pa^rameters

are required to approach this rialue? Optimization of interferometer sensitivity re-
quires minimization of f. Explain how the optimum value of I depends on the mode

matching M a;r..d the mirror transmission and loss, ? and -L.
Even wiih I a^s short as 40 m, it is possible-using readily available very low-loss

mirrors-to make /p lower than the lowest expected detectable signal frequency J of

approximateiy 100 Hz. Verify that for f > fr, the shot-noise limited strain sensi-

ti"ity hU) : i(f)I is independent of l, and malie a plot sketching [1;; fot tarious

values of l, all other parameters held fixed. The currently achieved shot-noise limited

displacement sensitivity of the 40 m interferometer is approximately the same as the

requirement for initia^t LIGO (l - 4 km) detectors. What are the implicatioas for the

design of LIGO detectors? For R&D on the 40 m interferometer?

Compare the shot noise sensitivity above to the "recombined" but not recycled cal-

culation of Lecture 4. Explain why the sensitivity is worse for the unrecombined

configuration.

1 .

2.

3.

A



Lecture 7
Lasers and Input Optics - I.
Mechanics of Signal and Noise

by Robert Spero, 20 April 1995

Spero lectured from the following transparencies.
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tector with its guarantee(l 7 picosec-

oncl resDonse time (FWHM) is the
6'-Jr-TaEie?6ilommerciallyavaii'
able. Guaranteed frequency respouses
for the PX-D7 and the l4lisgggcond
model PX-DI4 are DC tc(iQ1l!3)ncl
DC to 30 GHa respectivelY.

The new cletectors'slreeds ancl
spectral range (400 to 9il) nm) nrake
them icleat lor use with ultrafast
Ti:sapphire and dYe lasers. The
versatility and easeof-use ol these
unique detectors are enhanced ltY
optical fiber inputs that feature 50$m

useful in low-Power, highPowerand
enerry measuremCnt aPPlcations.
Tne iatangAso features over300
new products, our complete lines of
optics and optical accessories, laser
accessories, vibration control' preci
sion motion contlol and laboratory
products.

To find out how NatPort's
ultraJast detectors can meet your
application's requirements or to
oiOeryour free'94 Newport catalog
call gAA-2n'6440, Ext. 704.
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One of 300 new prulucts in the'94 NeurportCaalog'

core, tnultimode, gracled inclcx fitrer
(NA = 0.2) having 100 times the light-
gathering ability of singlemode fiber
with no degradation of pulse fidelity.

Both the PX-D7 and PX'DI4 are
packaged in comPact housings, with
replaceable lithium batteries, bias
voltage regulator, either FC or ST
infrut connector, V'tYPe or K-tYPe
50Q output connector, current
monitor iack and Power switch.

Newport's 600-Page 1994 catalog
contains detailed information on the
new PX-D7 and PX-DI4 as well as
other NewPort Photodetectors
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Ph 103c The Physics of LIGO 2f ApdI tgel

LECTUR.E 8.
LASER^S AND TNPUT OPTICS - il

Lecture by Alex Abramovici

Assigned Reading:
q 4!!qget'-n !4llqe&9@qpp,lry. -w-r!&ler,g.-B4lles qq{ K. !{q!qq!}prger,"A mode selector to suppress fluctuations in laser bea,m geometryn Optica Acto,2E,

641-658 (1981). [This paper describes, first in simple terms aod then in terms of a
mode decomposition, the use of a mode cleoning Fabry-Perot cotitytopiecondilion the
light that ie injected into an interferometer. The preconditioning includes suppression
oJ bea'm wiggle, suppression of beaq:diameter pulgationE, md suppreoeion of other
unwanted spatial modes of the laser light. Also described is the use of lenses to
adjust the radius of curnature of the bea,m's phase frontg so as to match the desired
eigenmodes of the mode cleaner and of each arm of the interferometer. Note tbat, at
the time this paper was written, *supermirrot€' with losses far far lesE than 0.01 were
not yet available, and the degree to which one can control mirror heating by keeping
the mirrors extremely clean was not yet understood.J

X. Those students who are not fa,miliar with the physics of lasers should also read the
introductory chapter of a good text on laser physics; for exa,urple, Chapter 1, "ID-

troduction" of W. Koechner, Solid-Stote Loser Engineeing (Springer Verlag, Berlin,
1988), which is being passed out.

Suggested Supplementary Reading:
H. R^ead more deeply into your favorite laser physics text. Most especially, read the ma'

terial dealing with Gaussian bea,ms and their rnanipulation, e.g. the material already
suggested in Lecture 4: Reference H - chapter 17, "Physical Properties of Gaussian
Beams,' of A. E. Siegman, Losers (University Science Books, Mill Valley CA, 1986).



A Few Suggested Problemr

l. Laser Stabilizotion by Locking to a Cavity. The frequency of a laser ia stabilized by
locLing it to an eigenrnode of an optical cavity using a feedback loop. Suppose that,
in the absence of the feedback loop, the laser's frequency differs from the cavity's
eigenfrequency by an amount Lu : vo (the'initial detuning"). When the feedback
system is turned on, the residual detuning ig Az - v1 : u]Q + G), where G > I
is the gain of the feedback system, which is proportional to the power / of the light
beattt. Wbat is the rms frequency fluctuation o, induced by an rms fluctuation al of
the optical power?

2. Mode Cleening Cavity-[. The Fabry-Perot cavity that will ma,ke up each arm of
LIGO's standard, broad-band interferometric gravitational-wave detector will have a
corner mirror with modest power transmisivity T" = L-P'" - 10-2 and an end mirror
with tiny transmissivity T. - 10-5. With this huge difference of transmissivities,
almost all the light injected into the cavity 661errgh the corner mirror ultimately
leaves back tbrough the corner mirror; hardly any leaks out the end mirror. In a
mode cleaning Fabry-Perot cavity, by contrast, the two minors are chosen to have
identical transmisivities 7. In this case show that, if the cavity (which ie idealized
as having no absorption or scattering) is driven on resona,nce tbrough the left mirror,
all the light leave the cavity through the right mirror. If the cavity is driven off
resonance, what fraction of the light goes out each end?

3. Mode Cleaning Cauity-Il. Consider a modecleaning cavity consisting of two identical
concave mirrors with radii of currrature R : lm and power transmissivities 7 = 0.CI5,
separated by 1.5m along the optic axis. The cavity is driven by laser light that is
primarily in the TEN{00 mode, with a snoall admixture of TElvIor; a,nd it is driven on
a TEMs0 resonlnce so all the light in that mode passes through the cavity from one
side to the other. What fraction of the light in the TEMoI mode pass€E through?

4. Chonges in waaefront cuntature an refl,ection lrom a cunteil mirr:or. The phase rraria.
tion in the transverse plane (i.e. at constant z) fot a diverging Gaussian beam prop
agating in the z direction (ro t/' 6 s*i{kz-,aq), with a phasefront radius of curvature
R, is { x eikr2 /2R [cf. Eq. (3.5) in Reference W above, or Eq. (7.35) of Reference G:
chapter 7, "Diftaction,' of Blandford and Thorne, Applications of Classical Physics.l
What will be the transverse variation of thie sa,me wave (a) after reflecting off a planar
mirror set up normal to the z axis? (b) after reflecting off a concave spherical mirror
with radius of cunnature R^ - R7 (c) after passing through a converging lens with
focal length /?

,



Lecture 8
Lasers and fnput Optics - fI.

by Alex Abarmovici, 22 April 1995

Abramovici lectured from the following tra,nsparencies. Kip has annotated them, based on
Abra.rrrovici's lecture.
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FREQUENCY NOISE CAUSED BY BEAM JITTER

L  +  A L

Av = " +

ON AXIS BEAM

OFF AXIS BEAM
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Noise Budget

5 Watt Laser

Mlrror Losses 50 ppm

Recycting Factor of 30

10 kg Test Masses

Suspension Q=107
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Einstein Coefficients
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FOU R-LEVEL LASER OPERATION
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CONNECTION BETWEEN
HIGHER TRANSVERSE MODES

AND BEAM JITTER

ELECTROMAGNETIC FIELD MODES
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LECTUR.E 9.
OPTICAL ELEMENTS

Lecture by Rie,& Savzge

Assigned Reading:
Y. W. Winkler, K. Danzma,nn, A. Rtidiger and R- Schilling, uOptical Problems in Inter-

fereomCl-riC-Giavitational Wive.Aniannas,t iul}.c Sixrh Marcel Grossmonn Meeting,
eds. H. Sato- and T. Naka,mura (World Scientific, Singapore, 1991), pp. 176-191.

II. A. E. Siegman, Losers (University Science Books, Mill Valley CA, 1986), chapter 17
"Physical Properties of Gaussian Beams": Section 17.1 "Gaussian Bea,m Propaga,
tion,' (p"go 66&674); section 17.4 "Axial Phase Shifts: The Guoy Effect," (p"go
682-685), and section 17.5 "Higher-Order Gaussian Modee,' (p"g"e 68S691). [This
material wasr suggested reading in Lectnre 4.1 If you did not read it then, you should
read it now.]

Suggested Supplementary Reading:
Z. D. Malacara, Opticol Shop Testizg (John Wiley and Sons, New York, 1978), section

1.2, "Fizeau Interferometer," pp. 19-37.
AA. II. A. Macleod, Thin-Film Optical Filters,2nd edition (Ada,m Hilger Ltd., Bristol,

1986), ulntroductionl pp. 1-f0.
SS. J. M. Elson, H. E. Bennett, and J. M. Bennett, "Scattering from Optical Surface,n in

Applieil Optiel Engineering, Vol. VII (Academic PresE 1979), Chapter 7, page 191.
[Thi" is reproduced later, in connection with Lecture 15.]



A Few Suggested Proble'ns

1. Gaussian Beom Propagation. The present conceptual design for the 4 km long LIGO
a'rm cavitiee specifies that the input mirror be flat and the end mirror crrnred, with
a radius of curnature of 6 k'n. The bea,m waiet is therefore located on the flat input
mirror and the spot size is significantly larger on the curved mirror than on the flat.

a. Consider employing a syrnmetrical curved-curved mirror configuration instead of
the flat-cr:rred geometry. What is the required radius of cunature of the mirrors
(Rr = R2'1 to maintain the cavity g factor product at figz = L/3?

b. CalcuLate the spot size at the beam waist and on the mirrors. What is the
Rayleigh range for this configuration?

c. What factors might influence the decigion to adopt either the flat-curved or the
symmetrical, currred-curved geometry?

2. Scottering fro* rnitor surfoce inegularities. Consider the following simple model
for scattering from mirror surface irregularities. Represent the mirror surface height
z = p,(r,y) as a superposition of a nurnber of spatially monochromatic terms. Assume,
for the moment, that only one terrr is non-zero, and let that term have pea,k height c
and wavelength A; i.e. set

p(r,y) = ocog(2trrlD.

Idealize the mirror to be qf inffnifs extent and irradiated by a plane wave at normal
incidence.

a. Show that the wave reflected from the surface has spatial sidebands that propa-
gate at some angle 0 relative to the specularly reflected beam. Wbat is 0? [Hint:
This can be rega,rded as an exercise in Flaunhofer diftaction (I ihy?); see, e.g.,
Section 7.3 of chapter 7, uDiftaction", of Blandford and Thorne, Applications ot
Clossicol Physics (which was passed out in Lecture 4).]

b. Find the power scattered into these sidebandE as a frrnction of the a,rrplitude of
the surface mriation, a.

c. Generalize to find the total light scattered into all anglea from a surface with a
total rrrs irregularity o.



Lecture 9
Optical Elements

by Rick Savage, 27 April 1995

Savage lectured from the following transparencies. Kip has added a few annoiations, based
on Sarage's lecture.
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OPTICAL PO-fi/ER AND

component
g modulator
isolator
mode filter (flat)
node filter (cunled)
telescope out. mir.
recycling rnir.
beam spiitter
arm cavity input nir.
arm cavity far mir.
main fra.me laser

TABLE 2

INTENSITY AT VARIOUS COMPONENTS

c., (cm)
-  -  ̂ - )
/ X I U '
-  .  ̂ _.)
D X I U  -

1  x  1 0 - i
2 x 10-r

, 1

, 1

2.r
2.r
3.8

5 x 10-2

Power (W)
4
A=

4 x 1 0 3
4 x 1 0 3

3
8 x 1 0 r
8 x 1 0 1

4.5 x  103
4.5 x 103

1 x 1 0 2

Intensity (W/cm2)
4 x 1 0 2
8 x 1 0 1
2 x L O s . d
6 x 1 0 4

4 x 10-1
1 x 1 0 r
-  -  ^ l
l X I U '

6.7 x 102
2 x 1 0 2
3 x 1 0 4
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CHAPTER l7:  PHYSTCAL PROPERTIES OF GAUSSIAN BEAMS
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FIGURE 17.20
Transverse mode patterns for Hermite-gaussian
modes of various orders.
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17.5 HIGHER.ORDER GAUSSIAN MODES

FIGURE 17.27
Transrrcrsc mode pat-

terns for Laguerre-gaussian
modcs of various orders.
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FIGURE 17.22
The "donut" mode is a linear superposition of 10 and 0l

Hermite-gaussian modes.
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Mirror Absorption

Supermirrors have typical absorptions of < 10 ppm'

ln a high-finesse Fabry-Perot cavity, absorption in
the coating is more important than absorption in
the substrate.

Absorption causes a temperature gradient in a
mirror.

Effects of temperature gradient:
' Distortion of the mirror surface due to thermal

expansion
. Thermat lensing due to the temperatuie depen-

dence of the index of refraction

These effects l imit our abi l i ty to couple power into
a cavity.

Thermal lensing is the dominant l imitat ion.
(b"oar*se- S^s.^d s,1,.. J,,ts*,ra{c.s ha^re' vvA lgd coeJ4<i-'t

o4 -L-Le- r-a I er7 -^s,b ^)

L c e s  i - f o . 1 o n ( h +
U t n i n c n (
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Pathfinder Goals

Primary

. specify performance requirements of large aperature optics.

. Evaluate industrial polishing, coating and measuring capa-
bilities.

" Scope costs for fabrication of the LIGO optics.

Secondary

. Develop and determine the actual processes and techniques
for fabrication and mensuration of LIGO optics.
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Lecture L0
Control Systems for Test-Mass Position and Orientation

by Seiji Kawamvrq 29 April L994

Kawamura lectured from the following transparencies. Kip has annotated them, based on
Kawamura's lecture.



Ph 103q Th_efbysics of LIGO 29 April 1994

LECTUR^E 10.
Control Systernn for Test-Mrne Poeition and Orientation

Lecture by Seiji Kawamura
Assigned Reading:
BB' S' Kawa,mura and M. E. Zucker, Applied Optics, in press. tThis paper explains the

influence of angular mirror orientation errors on the tengtU of i f'aUry-ierot resonator.J
' Read either item CC- below or item DD.. fltem DD. is highly recom.meuded; since
feedback loops a,re so important; but for some studente it may Lntail a fair amount of
work, aqd CC. might be preferred.]

CC. M. Stephens, P. Saulson, and J. Konatik, "A double pendutrr'r, vibration isolation
system for a laser interferometric gravitational wave antenna,' Reu. Sci. Instrum.,
62, 924-932 (1991). [Here you are asked to focus on the control of the pendglum,
rather than on the penedulum's role in vibration isolation.]

DD. Read, in your favorite control theory book [e.g., R C. Dorf, Modern Control Sys-
tems lth editon (Addison-Wesley, 1989), cited as Dorf below] or elsewhere, about the
following issues:

a. The relationship of Laplace transformg to Fourier transforms le.g., Dorfpp. 264-
26E. Control theory is often formulated in termg of Lapace traq.lforms rather
than Fourier tralrsforms because Lapace transforrnE are more naturally suited to
describing the transient response of a system to some input; the reason is that
they entail only the behavior of the system between some initial time t : 0 and
t : oor by contrast with Fourier transforms which involve the behavior over all
time. In this course we will probably not de-al with any issues where the Laplace
transform has an advantage; and we will most always discuse things in tL.-"
of Forrrier transforms and thus in terms of the response of a system at some
frequency c.r. However, in order to read control theory books on these issues,
it is necessary to understand Laplace transforms aod their relation to Forrrier
transforms. [Note that, although theoretical physicists normally use the forur
e-bt for the lime dependence oia Fonrier component of

b.

e -' ror tne trrne d"Ouodence of a Fourier component of frequency tr, engineers,
and control theorists normally use e+ra,t (where i -- j = ,F\.In this "o* *u
shall use the engineers' conventiorx.]
The use of complex frequency-resporu€ plots to describe the ratio of the output
a'mplitude Voot of a linear system such as a control loop, to its input amplitude
I'lo,_when the input and output have frequency u fe.g., read Dor{-pp. zoo-zaa].
In these plots, Voutllfio = G(r), which is a complerquantity, is plotied aa a curve
in the complex plane parametrized by a.r, for,real o. Such a plot seafains the same
information as a Bode diagram, in which one gives two plots, one of f G(r.r)t plotted
upward and ar horizontally; the other of the phase g(w) of G plotted upward and
ar horizontally; for example:

l a l '

8 e  ( e  )
fu=o

BoJe- Diag re 61



The Nyquist criterion for the stability of a control loop [e.g., rcad, Dorf, pp. 30g-
333]. [The Nyquist criterion, in a nutshell, is thie: Consider a simple feedback loop
of form shown i" (") below. If the input and output ports a,re shut, the resulting
closed loop shown in (b) can oscilliate at certain complex eigenfrequenciee without
any stimulus. Thoee frequenciea are easily deduced from the requirement that the
a,mplitude gr at the indicated point must satisfy y = G(u)H(r)g, and therefore
vQ + GH) = 0, a4d therefore the loop's fregtencies of sef oscillation are the
zeroes of I*G(w)H(w).

V*r= G v;
l + 6 l r

(a)  (  b)
Since the time dependence of these oscillations ia e*i't, if there are any zeroes of
L + GII in the lower-half complex frequency plane (any eigenfrequencies ar with
negative imaginary parts), then the a,mplitude of the closed loop's oscillations
will grow in time; i.e., the closed loop will be rrnstable. The number of zeroes
in the lower-half frequency plane can be inferred from the Cauchy theorem of
complex variable theory: Constmct the currre G(u)H(u) in the complex pla,ne,
witb ar running along the real axis from -o to foo, and then swinging down
s,rorrnd the lower half frequency plane and back to -oo; see drawing (a) below.
The nnmber of times that this curve, G(a)H(u) encircles clockwise the point
GH : -l (on the real axis) is the nr:rrrber of zeroes of 1 * GIl minus the number
of polee of 1 + GH; se drawing (b) below. For feedback loops there usually
a,re no poles of I * GIl [such a pole would give precieely zero output/input in
the feedback loop of (a) above], so usually the nr:nber of clockwise trips around
GH = -1 is the number of zeroes in the complex frequency plane. Thus, if there
a,re no clockwise trips, the closed loop is stable; if there atre some, it ie unstable.
This iE the Nyquist criterion for stability.]

X" f,,^t) ; {6r.1}

R" r*) Re (e p)

?ero X
o f G r r

(a) (b )
Suggesited Supplementary Reading:

Tr,.r o clv,Lw.re
t. 'gs Jror^-.1
G H r - 1

5. Read whichever of items 3. and 4. you did not do as "assigned reading".



1. Use the Nyquist criterion for the stability of a feedback loop to show that, when
the Bode diagram has the qualitative form shos'n on transparency 23 of Kawarnura's
lectnre (where f : u/hr), then the loop ie stable if the phase of. GE at the unity
gain point is d > -180", and nnstable it O < -180". [Hint: show that, becanrse
in the time domain the equations describing most any servo loop are real, when c.,r
is re^l then G(-tr)H(-t) ie the complex conjugate of G(*u)H(+r). This permite
you to constnrct theNyquist cunre in the frequency-response plot for both positive
and negative a.r from Kawamura's positive'frequency Bode diagram.] For what shapes
of Bode diagraqls will this d > -1800 stability criterion remain true?(Consider; for
exa,mple, the issue of how many unity gain points there are).

2. Construct a complex frequency-response curye aod also a Bode diagram for the fol-
lowing pass R- C circuit. Flom the Bode diagram infer that this circuit is a low:pass
filter.

3. In his lecture [transparencies numbered 15-17], Kawamura described the darnping of
the swing of a pendulurn via a feedblarl loop that produces a displacement dc =
-1dy ldt of the pendulrrn's support point, where 7 is the damping constant and y is
the horizontal position of the pendulum's masE. Of course, in order to implement this,
one needs some fixed object with respect to which y is measured. In tra,nsparency
15 that object is the shadow seffx)r, but nothing ir said about what that sensor is
attached to. A practical approach is to attach the sensor to the pendulum's support
point, as showu below. Then the feedback displacement is 6x = -td(y - t) ldt, where
rl is the instantaneous horizontal position of the support point. Repeat Kawamura'g
analysia [transparencies 15-1fl] for this feedback system.

Vr

RF vz
t_-or\
I

:

X-t



4. SuBpose that oue were to try to da-F. tbe (low-frequencg LFlz) swing of the pendrilum
in problem 3 not with a feedback displacement 6o = -ld(y-r)/d,t, b,rt i*tuad with
9 feedback displacement that is -ay (for some constant'a >-i; "t low frequencies
(near L Hz) but that shuts off at higher frequencies (above 10 H4, where the gravity
waves are to be measured. Suppoee one implements this feedback displacenent by
simply passing a voltage, proportional to y, throrrgh a low-pa.s R-C filter of the sort
discussed in problem 2. Show that the reeulting da,mping syetem will be unstable.
Derive the relation 6l: d+6h * d2502 on transparency 28 of Kawamura's lecture.
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1. What is
orientation

3. How to
orientation

2. How to damp a test mass
without adding extra noise ?

test mass position I
control ?

predict test mass
noise in a Fabry-perot

cavity ?
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You have fearned

1' Test mass position / orientation
control is necessary !

2. To damp a test mass without
adding extra noise is possible I

3' 'l1o predict test mass orientation
noise in a Fabry-Perot cavity is
fun !
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![_10_3_e_:__l!-ePbyqias__of L_IGO 4 May-tr994

LECTUR.E 11.
Topology for Loclcing and Control of an lnterferometer, and Signal Extraction

Lrckre by Martin Regehr
Assigned Reading:
EE. P. W. Milonni and J. H. Eberly Losers (Wileg New York, 1988): sections l2.g "AM

Lo-ekin-fl and llf0:FNt-f,ocldn&" pp. 385-390. [Here ton ara;ked to focru on rhe
description of AM modulation and FM modulationas putting side bandE onto a carrier
freq1ency. Of particular interest is tbe fact that a sinusoidal fU -oaOation produces
a whole series of side bands, whose strengths are described by Bess€l firnctione. When
the modulation aurplitude is small compared to a radian, Loly the first side bands
domins6s.l

FF. C. N. Man, D. Shoemaker, M. Pha,m Th aod D. Dewey, "External modqlation tech-
nique for sensitive interferometric detection of displacementsr' Physics Letters A,1.4B,
8-16. [Thi. paper describes in detail 3 lsehniqu€ used in LIGO-to circumvent laser
noise that i8 seriously in excess of standard photon shot noise in the gravitational
wave's kIIz band. The trick is to upcbnvert the gravitational-wave sigual to - l0
MHz frequency where the laser's noise is near the shot-noise level. This is achieved
by modulating the laser light at ^, 10 MHz (i.e. put 10 MHz side bands on the light's
d l0r5 Hz carrier frequency), ild then a,rranging that the gravitational-wave rig""l
becomes a ,-, 1 kHz side band of the 10 MIIz side band.l

Suggested Supptementary Reading:
Read in one or more electronics or laser textbooks about places elsewhere in experi-
mental physics and engineering where noise is circumvented by upconverting a signA
t9 higher frequency via modulation, and then recovering the signal by synchroio*
demodulation. For exa.mple, read about "lock-in a,mplifierar" which do this. Two
references dealing with this were passed out in clasg:

GG. Jobn H. Moore, Chrietopher C. Davis, and Mictrael A. Coplan, Bu,ilding Scien-
tific Apparohrc: A Practicol Guide to Design and Constntction(Addison-Wesley,
1983)' Sec. 6.8.3 oThe lock-in a,rnplifier and gated integrator or boxcar," (pp.
435-437).

HH- Paul Horowitz and Winfield Hill, The Aft of Electronics (Ca,mbridge University
Press, Cambridge, 1980), Sec. 14.15 "Lock-in detection" (pp. 628-631) and an
earlier section to which it refers, Sec. 9.29 "PLL compone*s, Phase detector"
(pp. a2e-a30).

A Few Suggested Problems: See the next page.



hoblems for Ph rc3 5l4l9l

1- In this problem we will calculate the shot noise limited sensitiviry of an
ideal Michelson interferometer which is modulated around the dark fringe by
dithering one of the mirrors with 6sinc..'t. We model the dcmodulator iui a
dcvice which multiplies its input by sinof and the low-pass filter, as a device
which averages over an inerval ?:

and fm convenience we choose T to be an inagnl numbcr of moduluion
Perids T = T. Assume that thc intcrferometcr is small enough that we can
neglect thc light travel time frrom the dithcred mirror to the photodctccoa
and that 6 is very small 6 < ).

Find the daivative of the low-pass filcr ouput with respect o displace-
ment of the mirror which is not being dithered- It should be a function
of the amplinrdc 6 of the dithering.

t
1 l

uo(l=.)- |  u^({)at '
t J

t-T

"ol
t



Find the shot noise in u-(l) at the demodulator ourput (assuming that thc
ouput is at a dark fringe except for the dither):

use the time averaged photocurrent to calculate the shot noise s;r(f).

Assume that the shot noise at the mitei 6uput iS relatcd to .g;"(/)
by the time average of thc squar€ of the mixer gain, i.e.:

S'^(f) = .9;'(/)(tinz ut)

It should also be a function of the dithering amplitudc. Finally so"(f) =
sr-(/) since the low-pass filar passes noisc in the signal band virnralty
unanenuatcd

Take the ratio of the above two quantities to find the shot noisc limitcd
displacemcnt scnsitivity

I

sl(f) = \ffi
T (t,

It should be a frurction of the optical power urd wavelength, and indc-
pendcnt of thc dithering amplirudc.

Considcr thc extcrnally modulated Michclson intcrferomcrcr shown in Figrre
2. Fint the dcrivative of thc low-pass filtcr ouput with rcspect to displacement
of one of the Michclson end mirrors, assuming a pick-off which diverts l0% of
the power frrom the main beam, a 50/50 bcam splitar, a 50/50 beam combirpr,
a dcmodulatormodclcd as in question l, the input to which is the differcnce in
the photocunents, and a low-pass filar modclcd as above. writc your answer
in rcrms of thc optical power and Bcsscl functions of the modulation indcx.

i.

ii.

= 
*t"(f)

3
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Lecture 11
Optical Topology for f,ocLi-g ared Control

of nn Interferometer and for Signal Extraction

by Martin Regebt, 4k25 May 1994

F€ehr Fc!!l4 at the blac&boad, Es gryq lectue notes are itleg$He; the @ arailaHe
notes fron this bcture are tk mes t&at lfrp scra*led dffin eriDg it; tbey f&v.
Regehr's lecture came io tro part* Part I, a 4 l{ay, Eas a geo€sal istrodrrctioa to the use
of fregrcscy modr&tim and demo&latiep to liberate dg'..t" ftom hur-Seqecy noise; d.
the *"slgF€d r€adbg. In this Part, R€ehr esa$ned attgion, for pedagpgfual *np$clty,
to a sfuaple one-bouace ffiebaehon isturesom€t€r.
Part U, giyeo b tbe last half hoNE of tb€ 25ldaf class, des€ribed hw one can use Eodrr
lation aad demo&lati,on to acquire inerndlm abor* tbe four key leogths tlat Elrst be
cmtrolil€d ia apmer recyded gravity-nare ist€rftr@et€r (i.e., ia LI@'s fuet id€r&r,oe
eters). T\ro optir:al topologies for d<*ng thk are desceibed-
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6 May 1994

LECTUR^E 12.

Seismic Isolation

Lectwe by Lisa Siever
Assigned Reading:
II' Leonard Meirovit'ch' Elemen:ts of Vibration Anelysrs (McGraw-Hill;19g6| pp. 4g=Sg.f m ! ;  :

[r'hls reference develops the basic concepts of using mass-spriag-dampei ;F; i*vibration iry-lqtlon; qqd,it discusseE, the measurement of vibrations; arrd two tlpeeof darntint ifta can ;;; in mechanical systema vrtr*'l""rpi"g and structuralda'rnping' These two types of da,rrping will of"y ." important role in the lect'res onthermal noise next week.J
JJ' R' del Fabbro, A. di Virgilio, A. Giazotto, H. Kautzky, V. Montelatici, and D. pas-

suello, uThrerlimensional 
seismic super-attenuator for low frequency gravitational

wave detection," Physics Letters A, i24,2sg-zsl (lg8z). tThis reference describesand analyzes an early version of the arnbitious mass-spring-damper vibration-isolation
stack that ie being developed by the Pisa, Italy group atheir prime contribution tothe VIRGo Project. The analysis of the tlGO-isolation stacks i; ri-il*;;ilil;;
initial design is less arrbitious.J

Suggested Supplementary Reading:
II' Leonard Meirovitch, Elements of Vilration Analysis (McGraw-Ilill, 19g6), pp. 39-4g.

[Thit is largely foundational material underlying in" roigo"d reading (item l. above);you may find it helpfuI.
KK' C' A' CantleS-J' Hough, and N.A. Robertson, uVibration isolation stacks for gravi-tational wave detectors-Finite element analysis," Reu. Sci. Instntm.,6gr 21lp;1zrc(1992)' [This paper, by the Glasgow gravity-wave group, illustrates an isolation-stack

analysis that-is more sophisticated than the simple models used in class and in refer-ence 2, and that revears pitfalrs in the design of a stack.]
Lt' M' Stephens,- P. Saulson, s$d J. Kovalik, "A double pendulum vibration isolation

system for a laser interferometric gravitational wave antenna r, Rev. Sci. Instntm.,
62'' 92+932 (1991). 

-[Thi" paper, passed out for other reasorur in Lecture 10, analysesthe 'se of compo'nd pend'Ia for vibration isolation.]
MM' t' Ju, D' G. Pl"i", H. Peng, and F. v3s t(ann, uHigh dynamic range measurementE

of an all met'al isolator using a sapphire transducer r' Mass. Sci. Technol., S, 46J-470(-1992)' [Tbi" Paper' by the Perth resonant-ba,r gravitational-wave-detector group,
describes a type of all-metal isolator which might b=" " pr""rrrror to an isolation stack
for advanced LIGO detectors; see transparencies 20,2i, aad 22 of Sievers, lectr:re.]

A Few Suggested Proble"'s: See the next page.



1- You have the 2 stage spring/mass stack shown in Figure 1 and want to decide
the best mass ratio m1/m2 in the 2 stages so that you achieve maximum isolation
at frequencies well above wo2=kr/m1. A good designer woufd assume that the
springs are compressed to their maximum limit in order to get the most bang for
their buck, therefore the strain energy in each spring should be assumed equal
(k1/m1 = kzl(mr+mz)). Show that the transmissibility X1(0/Xs(f) is maximized
as the mass ratio m1/m2 Qoes to zero but that a point of diminishing retums is
reached when the ratio is about 1.

2. Work ottr the equations of motion for the 1 and 2 stage pendula shown in Figure 2.
Compare the amount of isolation achieved at two ditferent frequencies: a., = rrl+
and ar = rOrfr

A method for mechanically damping a high Q mechanical resonance is to use a"proof mass dampef as shown in Figure 3. The proof mass damper is a damped
oscillator whose mass is much smaller than the mass to be damped and whose
resonant frequency and damping coefficient is tuned specifbalty to damp the
system in the most effective way. Assume mr=2Afii2, h=4H4 ard t2=(Ofurl\.
Plot the transmissibility function Xr(0nG(0 for 3 different damping coetticiiint3,
c. [Definition of damping coefficient, c: lf a particle of mass m moves under the
combined influence of a linear restoring force -kx and a resisting force -ci, the
ditferential equation which describes the motion is mi + ci + kx = 0 ........ c is
inversely proportional to Ql

C=0
c=infinity

eZm2(2rf)

The third case is !!q rgqe where you get the maximum attenuation possible (i.e.
xr(rr)/&(f 6tW;

[A proof m€lss damper has been experimentally imptemented in Mark l. One of the
stacks (i.e. optics plate mounted on rubber), had a high Q horizontal resonance
at t1=4H2. In a compact vacuum sealed vsssel, we built a pendulum whose bob
was 1l2O the mass of the otfending optics plate. The pendulum was partially
submerged in motor oil whose damping coefficient was given in (3). The length of
the pendulum bob was tuned to the resonant frequency of f2. The stack resonancs
was damped without compromising the isotation at higher frequencies.l

3.

1 .
2.

3.

L
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Lecture 12
Seismic Isolation

by Lisa Sievers, 6 May L994

Sievers lectured from the following transparencies.
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SEISMIC ISOLATION OF TEST MASS

Seismic lsolation of test mass is composed of 2 components:

. Stack lsolation

. Pendulum Suspension

The ground noise at the sites drives the requirement on the amount
of isolation neoessary

Pendulum
Suspension

ff;l"]

* x *

l'-> Xr'e

F
xo = Ground Noise

LlGS



coNcEpTS F_gn _D_ESrCi N|NG SPRTNG/MASS
PASSIVE ISOLATION SYSTEMS'

lroDEL OF I
1 LAYER STACK'

I

I U I f X1 =Displacenrcntofmass

,9 r, i xu =Ground noisedisptacement

MEASURE OF TSOLANON lS THE TRANSMTSSIBIUTY FUNCTION:

Xt : KIiM
x6 64'+R/M

A
, i l

, i l

---t' 
j 

\

i 
"....= t't

--- 1 ljayer Stack

(@2"

Frequency (radlsec)

a? :K /M

AS r.r -* m SlOp€ iS @-2

10

1

10-

10 '

xl
xG

a

a

LrcS
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Effect of Spring Stiffness on Vibration lsolation of a Simple Harmonic Oscillator
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. EFFECT OF MULTIPLE LAYERS:

| * | nou-s-oFF AS c..,-2"N wHERE N ts rHE
NUI,IBER OF LAYERS.

t * ,

L x ^\:

Simple Model of Mark 2
Stack lsolation (vertical)

n
-.to \.--4

aar.a

--- 4 Layer Stack

I
I
t_

I
I
I
t\;lr"

t
t
t
t
I
I
I

toFr"qu"ncy (hz) 1oo

xl

xc

1 0

1

10-1

1o-2

10-3

1o-4

1o-5

WHY NOT USE A STACK WITH MANY MANY LAYERS TO
MAXIMIZE ROLL.OFF?

LIGS
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EFFECTS OF DAMPING ON ISOLATION

l

I Xt = Displacement of mass

I *u = Ground noise displacernent

. TRANSMISSIBILITY FUNCTION:

K/M+c/M " "+6
64'+ c/Mfi,) iK/r\/r (ir)'+ ff6a,) * rZ

Q - C/M
As c.r + oo slope is q,t

. WHY DO WE NEED DAMPING IN STACK?
In prototypes, damping is essential; seismic noise at
caltech and Mlr is high enough that cavities woutd
be much more difficult to lock and stay in lock
May also be nonlinear coupling into gravity wave
signal due to seismic peak motion
Have no verification for minimum damping required in
LlGo but believe that Q < 10 is more than adequate

Xr
Xc

, 2 o : K/M
Q)s

LIGS



Effect of Damping on Vibration lsolation of a simple Harmonic oscitlator
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CONSIDERATIONS FOR CHOOSING
SPRING/DAMPER MATERIAL

2.

3.

4.

1. VACUUM COMPATIBILITY?

DAMPING?

STIFFNESS?

LOAD ITOTAL LOAD rN MARK il tS ovER A TON)

. METAL SPRINGS ARE VACUUM COMPATIBLE BUT
DON'T PROVIDE MUCH DAMPING

ELASTOMER SPRINGS PROVIDE DAMPING BUT
NEED TO BE SPECIALLY PROCESSED BEFORE
THEY ARE VACUUM COMPATIBLE

ELASTOMERS HAVE NICE PROPERTY THAT DAMP.
ING IS FREQUENCY DEPENDENT; LOTS oF DAMPING
AT LOW FREQUENCIES AND LITTLE DAMPING AT
HIGHER FREQUENCIES
' RTV: FLEXIBLE (ABotJT 40o/o DEFLEciloN) BUT

LITTLE DAMPING
' vlroN: srlFFER (ABour 20 % DEFLECION) BUT

MORE DAMPING

PICKED A SIZE FOR THE SPRTNGS SO COULD LOAD
wlTH 55 KG PER SPRING

LrcCN



REAL SPRING/MASS ISOLATORS
MAY BE MORE DIFFICULT TO MODEL

REAL SYSTEMS ARE 6 DIMENSIONAL, NOT 1; TTLTS AND
TRANSLATIONS COUPLE INTO TEST MASS MOTION

<q-'
. Why be concerned with vertical isolation?

curvature of earth is .5 mrad for 4 Km

SPRINGS AND DASHPOTS ARE NOT NECESSARILY *BEST
MODEL'' FOR REAL SPRING AND DAMPING ELEMENTS

MASSES ARE NOT RIGID AT ALL FREQUENCIES

(r5i t  Nats Ytr lr l , t t" l

F P 6 e^ , r  L . 1 , , f  ,  J , l ,  , , i ,
LrcS



+
shaker

Measuring Stack Transfer Functions

. Drive base of stack with shaker and measure ratio
between a1 and a2

. Above about 40 Hz, signal in a2 is mainly acoustic pickup
so must do measurements in vacuum

. Above about 100 Hz (10{ attenuation) signal is mainfy
sensor electronics noise

. To get higher frequency points use mechanicat amptifier

l r . ,

L x ^\:

d

q
v c ,
h 6
- =
X E
; ' f  I

R
E
0

t
0

?
o

?
9

I

o

V +oV
Tra-x sf ev Functi on

Groan/ Noi s(
0  t ^ i 796

cl-> ih4l<cv eF>' (qa*i levgr

t0''

t o

to't

LTGS
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PENDULA AS VIBRATION ISOLATORS

10

X r 1
xc 1o-1

n
,' it, ' l

Itrrr^ 
oD-z

al"'�
Frequency (rad/sec)

a f i ,  =$ l l

TRANSMISSIBILITY FUNCTION :

Xr s/l
\t' 

-

-.'c fjr)z + gll

Effects of :
. shortening pendulum =+ same as stitfening spring
. adding damping (e.9. air) + same as in spring/mass

case; roll-off varies between c.r-l and ,-2 depending
on level of damping

. pendulum in series +same as adding more layers
(get c.l-2xN roll-off where N is the number of pendulum
stages)

LlGS



^ _ qaLcuLATtNg _DTRECT TRANSMTSSToNOF GRoUND MoTIoN fo TESI.MASSI,i6IoN

* X o

F X *

p
Xc = Ground Noise

MEASURE POWER SPECTRAL DENSITY OF GROUND MOTION:

xc(f)
MEASURE STACK TRANSFER FUNCTION:

Xvrp(f)
TaT

MEASURE PENDULUM TRANSFER FUNCTTON:

Xrna(f)
xrurp(f)

Xrvr(f) : xrer(f) Xlnrp (f) -, /
ffixc(r)

LlGS

xlnrp(f)
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OTHER APPLICATIONS FOR VIBRATION ISOLATION

1. CAR SUSPENSION

MACHINERY RAFTS

DENTAL DRILLS

Many many others

2.

3.

4-

LlGS



ACTIVE VIBRATION ISOLANON

WHERE SHOULD ACTIVE CONTROL BE APPLIED?
1. ON TEST MASS DIRECTLY

No No No!!l! Have to reduce seismic noise before get to
test mass oi can't detect gravity wave signal

2. AT SUSPENSION POINT

_ TMETHODS FOR FUTURE
VIBRATION ISOLATION SVSTENNS

Need a very sensitive sensor.
tampering with e of suspension.

3. ACTIVE STACKS

I*d a very good 6-D model of stack to design controiler
(think you are driving transfations but really Jriving tilts).
Work in progress at JILA

4. ISOLATION OUTSIDE VACUUM AT SUPPORT POINTS
Don't have to worry about vacuum compatibility issues.
Actuators need to support loads in the tons wiilr10 micron
stroke. Work in progress at MIT

Have to worry about
No work in progress

LTGS
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ACTIVE ISOLATION OUTSIDE
VACUUM AT SUPPORT POINTS

(BARRY MOUNTS)

sensor and PZT actuator pair for each of 3 translational degrees
of freedom

Provides about a factor of 30-100 isolation between 3 Hz and
100 Hz

F x . .
tl

LrcS



N

N

c

x

10'8

10'e

10-to

10- t t

10-t2

10-t3

10'to

1 ouu

1o-tt

10-t t

10-t t

10-ts

10-20

10-2t

LIGO DISPLACEMENT NOISE

100
Frequency (Hz)

1 0

. . \ \
\  r 4 \

- ' .  - . 7 \  - /  
\

v - r - \ U 1  \

%^tr%., 
\

... \
\ \

\ \

i

t t  
\

\ l

\l Target Displacement Noise



PASSIVE NTETTIODS (POSSIBLY COMBINED ACTIVE)
FOR FUTURE VIBRATION ISOLATION SYSTEMS

$STAGE PENDULUM HORIZONTAL ISOLATION (VIRGO
PROJECT)
$STAGE BLADE SPRING ISOLATION FOR VERTICAL
(AUSTRALTAN PROJECT)

Figure 2. Configuration of 1 isolator elemenr.

spring blade before bending

LTGS



Figure 3. Four element stack.

LrcS



Horizonar isoladon performanc€ of muti:Tage rBqorlgh (not include tesr mass srage)mr=300k8, rq=m3=l00kg; nie=200kg, q, =ftg-

Frequecny tlz

Figure 5. Comparison of horizontal isolation
performance for a 4 and 5 element stack design.
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11 & 13 MaY 1994

103c Tbe ?hYsics of LIGO

LECTuRES 13 & 14

Tbermal Noise

Lectura bY Aaton Gilj,-rrPie

Assigned Reading: r r rrr^r+^n .rrreversibility and YT'
--NN--Ee&EtB'Callenand-Jh;odoreA'Welton''Irreversibil i tyandgeneralized":iT"

phys. n}r. 
" 8s;34-49. (i;;ii' [rhT P"?u'-a*Yo 

" gJq13'4tud T-"io" of'jhu

fluctuarion-dissiparion tn*r"#'tx'vq.rrf, ,u;r"-i, "e' i""t*" i' tu" terminjl-

ory *a oot"tion are o,rft+;"rJ-fry 
-#;;* etandafd Eq'atious (4'8) in

,t " qo*tJJ;;;;e ;4,1.iffij*#'fl#*tml:f [iT*F
aFf * the fluctuattt ltl
R(ar) of a complex *""r.ir;J;;"o*" 

" ztJl'- imodern l"ogo"g"' 31: t*i:dto

from ar to f = ul2tr*d;;;"bv'rewrites tlltl; i\:-:If,[*tl3{''flo 
"""

then identifies the contnuuti'oo "i fr"qo"o"y J as the "Spectrat

Gv(f) = sv(!) =vzu) = tkTil(f); 
(1)

and similarlv ror t\. euantl{-,rjf::ffi(:31and similarly for tbe quanturr-r"?-j formtrla (4'6''l ' rentsf Phvs-' R.e.a' D 42''2437-

PeterR.saurson,Iiulil'4"'r*t"*T:33'$,:ffi ffi;1i;#;t*:l'1t*::"-TiNrd grmuanry rvr .;iUir_A noise in mechanical expenurcr""l ' '-"-- 
theorem of

Peter R. Saulson' 
'

2445(1ee0)trhi,.p'P"',:1pl:i*iitsrJiiunr6tq;"*stry;,t5oo.
;ffi 1i;fi ;lrio'p"p"'..nlf^ j* jff;trf"::,:ffi ;";;";**,tt"'iontheo-
paper 1. totherml.t::. i*fil'"u* that tbe 'p;;J;;;tv of the oscillator's
:3xJi?i'l'-a;;i* in a mechanical osciuat"'' ';;;;;;iv 

'r tu" oscillator's

rem is Eq. (5) tt t*t ni*; -a,1t^1-ntt* that the spa

ffi;#Jt'"ttl r'* *i' form (16)'
akaTk6(.d)

Suggested S uPPleme"t-t .1:1:::t';;;;;; 
;" n""tuation- dissiPat::: S?:T;: oo the fl*I"*tTlgff;: H?::T;e, uon a theorem of irreversible thermo-

Ilerbert B' Callen - ^^ ano /1o62\,

(2)

G , ( l ) - - f t 2 u ) = f f i '

Here rc = rrut2ors the -osc'rator:'fffi?fiffiTi;:t :",:i #Tt ;ff#:Hl'"Ji
l,t = urf it Tg,tl- 1"q"1:l.r ia rhis paper i, "\d;; it tuu frequency dependence-

i*n"a*"e' The keY issue

of {(o)?" ro'-iJi* at-n-'' ;;;''d 't*"to'"Ja"-pi"s' d it ioa"pendent ot

ar'l .- .ia ̂ ,,rr Flederick Raab, {hermal noise l:":,t?;ffi,;;=i,-iza, gsz-
PP. Aaron Gillespie aod F}ederick Raab, 

-T|ern| noise in the test mass suspensions of a

'ffi is',"$:',ir#:r*::T,6:ff4l5$t**'ft t*#it'*ft tlli
wire from *h;.h-;Hl m""t ft"ogs' 

the da'mp'n8 T il';;;il;;"d for the spectral

al. Note ,'" ; 'o'. ;;; ,n" i*J 
nlineshape" is sometimes use(

densitY t2(t)'l

treroerr, Lr. v@v- 
nrr., gO, ?02 (19b2).

dyna,rnics'" PhYs' '



f. Elasticity theory:
-L..D. Laodau and E. M. tifshit z, Theory of Etasticity (perga,mon press, NewYork, 1959).

g. Losses in materials:
*t' 

f:*,^*;:* fll ?j: 
8."g,, Anerastic Retaxation in crystauine sorid,s, (A""-

1"f",,1_lf:,N"I Ir*, lsTD. [A good, senerar uoorJ
t'' f,:!;"{T?I r"g D.-E. Love!, ?r"i"*"r"ti"tlo" in solids,' phvs. Rea. s0 948

da,mping, in solid materials.]
s3' claren"""-.1*:: 

l*l"f*Sction in rc1t9: I Theory of inrernal fictlon in reeds,tfeg(lg,

r"!::!f::*::^?lo Jl?s?; Jternar_m"n,;; ;rd,: rr. Generar theory of
for thermoelastic da,rnping.l

Vibrations of Cylinders:h.
QQ' Aaron Gillespie and Flederick Raab, "Thermally excited vibrations of the mirrorsof a laser 

Sjerferometer gravitational-wave detector,' unpublished (lgg4).h2. James R. Hutchinson, "Vibrations of solid cylinders,, J. Appl. Mech., 47, g0l(1e80).
h3' James R' Hutchinson, "Axis5mrmetric vibrations of free finite-length rod,n J,Acoust. Soc. Am. bt, 2Bg (tgl2).
h4' G' w' tvtg{auon, uExperimental study of vibrations of solid, isotropic elasticcylinders,n J. Acoust. Soc. Am. g6, gb jf9Ol;.

i. uBxo,t' solution 
_for a pendulurn with a finite sizu, Iossy wire:

Gabriela I' Gonzalez and Peter R. Saulson, ?Brownian motion of a mass sus-pended by an anelastic w.ire,' J. Acoust. soc. Am., in press (1gg4). [s* e..LG_illespie (x2128) for a copy.J
j. Ultra-High Q pendula:

jl. V.B. Braginsky V.P. Mitrofanov, and O.A. Okhrimen&o, upendulum ftrsed silicaoscilliators with gall dissipation," phys. Lett. A, LT', iz (rgg3).
i2' D'G' Blair, L. Ju, and M. Notcutt, 

-"Ultra 
hish Q pendulrrm suspensione forgravitational wave detector',n Rev. sci. Instrwm., oi, tagg (rgg3).

k. Some curent ercperimental work:
kl. J.E. Logao, N.A. Robertson, J. Hough, and p.J. Veitch, uAn investigation ofcoupled resonances in materials suitable for test masses in graviational wave de-tectors," Phys. Lett. A 16l, l0l (lggl).
k2' J'E' Logan, N.A- Robertson, ..ra r. Iiough, uAn inveetigation of timitations toquality factor measurements of suspendeJ masEeE due to resonrurceE in the gus.

pension wires,' phys. Lett. A,IZO; (lgg2).
RR' A' Gillespie and F. Raab, "suspension losseE in the pendula of laser interferometergravitational wave detectors," phys Lett /, in press (1gg4).



A Few Sugle€ted proble,ns:

r' Relationship between the equiporiition theorcm and the fluctaation-dissipation theorem.Consider a pendul,rrl with mass rn - lkg and swing frequency lo = 2truo _ | Hz,,

#lfr:lfl"ng 
such that, when ir is driven at aagular- fr"q;";"y a, iteequation

mi = -e(t + ig(u))r * Fetut; (3)
where n 

= y(: and 
1js 

the transverse position of tbe pendulr,'n naass. Recall from' 
Gillespie's lecture or the above arsig"d' ,gq4iqs ltqt the pend'Irrm,a poeition willexhibit fluctuations wirh spectral da;ity gi; by Eq. (2) above.
,qv.u uut;r,uauous wrtn spectral density given by Eg. (2) above.
a. If the pendulum is set swinging freety, what is its d"rnping time, i.e. the time r.
. !r 

its enerry of swing to bJ alped by t/e?
b' Tlrke 6@\ = 

\0-7wf w", corresponding to weak frictional da,mping. Integratethe thermal noise spectrun to nia the-penduturtr,s rms velocit5r ?rrmr : (i2f /2.
compare your result with the rms velocity predictedby the equipartition theorem.c' what is the full width at hatf maf-rym (FwrrM) of the thermal noise spectral

. 11*i*t i2$) in terrrs of /o and 6@)? 
\ -' '

d. What fraction 
-of the pendutrrm's total m1g energr lies in the frequency banddefined by the FWIIM around the resonant frequency? What fraction liee within10 FWHM?

H".fgl : 
*:' independenr:f 

1, corresponding ro srructurar damping. No-

il*ii1L"i"il,:T'"liJI:
C m  * ^ r ,  a n f ^ i -  - L - - - : ^ - t r ,  I  r i .can you-explain physically how this comes about? Tff;;;Hr"#Ji?:
quency the inverse of the lifetime of the rrniyslss (1010 years). What then is thependulum's rms velocity? 

\--

'' 
!:!y:,y.y^::! 

,!"y* noise due _to eddv ctment dampins. rn Gillespie,s lecrure
1l^"-*9,"y:i!airnning of a pendururn ao"e to " ;il;#;;il;Tj ,"#,#:was found; see his transparencynrrmber 20.

a
b.

what is the spectral density of the pendul'rn's displacem ent, e2(f)?
An electrical resistor has Jobnson noise, i,r(fl = 4ksTR where r? is its resijs-tance' compute the pendul'm'g gpectral densitv t2(yl aueto the Johnson noiseassociated with the flow of current in the reistor.

c' Is there a difference, physically, between the da,mping processes in parts a andb.?
3' Pendulurn losses 

-due to fl,ering o! the uire materiol. Thtlproblem exam.ines how thelosses in the pendulum due to flexing of the wire material and the associated thermalnoise scale with the para,meters of the pendulr,rn. 
v-v wr

a' Show that, for a pendulum of fixed mass, f[s fhinnsr one makes the support wire,the wea,ker will be the da,mping of the pendulrrm's swing.
For parts bd, assume that the wire is stressed to its maximtrm safe vzlue, i.e. thatits tension per unit area is held at the maximum (a fixed constant independentof the pendulum's other parameters).



b. How do the pendulum's losses, i.e. 6@), scale with its mass? IIow doeg the
off-resonance thermal noise scale with the mass?

c. One way of getting high Q penduluns is to use ribbons with rectangular crosg
sections rather than circular wires. IIow do the loeses in the pendulun scale with
the ribbon thickrress (its short dirnsnsiea)? tlow does the off-reeona,nce thermal
noise scale?

d. IIow do the losses and thermal noise in the vertical mode scale with mass?
ribbon thickness?

4. Effectiue moss eoeficients in a simple model of a test moss. The concept of "effective

mass coefrcients' was introd.uced in Gillespie's lecture (see his transparency numbers
4U4L and also see reference 7.a of the supplementa,ry reading). Explicit calculation
of these effective mass coefficients is a recent development in the gravitational-wave
field. Previously e:rperimenters used a model which assumed that the laeer was an
ideal onerlirnsnsisaal bea,m and the mass s'as one dimensional. In thig model, the
modes can be forrnd by solving the onedimensional acoustic wave equation:

with

E u  l 8 u- =
022 C Atz '

(4)

where c is the sound velocity and, u(z,t) is the longitudinal displacement of the mass's
material.

a. What are the eigenfirnctions of the modes? (The boundary condition is no stresg
at the end faces: 0u/02:0 at z = *.h/2 where h is the length of the mass.)

b. What are the effective mass coefficients as a firnction of aro the resonant frequency
of the ntth mode? How do these compare to the actual effective mass coefficients
of the 40m protoQpe's test masses for the lowest-frequency mode, &.rs? for higher-
frequency modes?

c. What is the mode density p(w)?
d. What is the low-frequency (tr < uro) tbermal noise as a function of the highest

frequency mode included in the analysis?
e. Experimenters knew that this model was flawed in that the a:cisymmetric modes

comprised a two-dimensional system (p(r) ( u), so they used the effective uursg
coefficients of the onedimensional model but changed the mode density to p(a.r) o<
ar. What is the low-frequency thermal noise in this ca,se as a firnction of the highest
frequency mode included?
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Test Mass and Suspensions
and Thermal Noise
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Aaron

Equipartition tneorem

Key lssues in elasticity

Gillespie

Fluctuation Dissipation Theorem & frequency dependence
of the noise

Suspension modes
. damping mechanisms
. noise levels

Test Mass Vibrational Modes
. coupling to interferometer
. damping mechanisms

lssues for Advanced Detectors
"Excess" Noise
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One definit ion of a
that each mode of
thermal energy!

temperature is
average *n"r

Equipartition Theorem

body being at a given
the system contains on

kB -  1 .38 x  10:zs  J IK Boltzman's constant.ts

There are then two problems to be solved:

' identify the relevant modes of the gravitational-w?ve
detector

. evaluate the consequences of those modes having tn"f
thermal energy.

i,N\
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Theory of ElasticitY

Elaticity theory modets a solid not as individual atoms, but
rather as a continuum with a mass density, P, and a spring
constant pe! un!!

a*^#aqelO{fllrl
a h  k r ' r  l s r r r K F r +

the displacement. -
AtFt A(i+a'")

Motion is described in terms of a displacement vector' A(n,
which gives the distance of a particular volume element frbm
its equil ibrium value.

Energy and forces are described in terms of strain' which
is the relative motion of adjacent volume elements' which
can be described mathematicatty as the spatial deriv,aliYg 9l

f =

'17'("1 - rr(r *Arf

bF

(i ai

ln a three dimensional bodY,
called the strain tensor.

the strain forms a 3x3'tensor'

q -

->

f  7ut  0"L 0"L1l-:r* -7i_- n

l w ' # ' # l
L8#, W H)

P r K

aa
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If the principat damping mechanism is due to forces acting

through the wire, tienine losses in the pendulum mode can

Pendulum and Violin Modes

calculated

Energy in
angle:

from th.e measured fosse-s in the violln mod99'

the pendulum rnode as a function of the bending

EoQ) = f,rnercz
Energy in a violin mode:

E,Q) =\rrc"
4

For a 4-wire system with the losses concentrated at the

endpoints,
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Suspension Devetopment Apparatus

suspenslon
block

vertical motion

shadow sensing photodiode

VXI
Data acquisition
system

tesl mass
position
analyzer

suspensron
drive signal

3 Z

violin mode
motion

edge sensors

pendulum motion
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Vertical Resonance

Due to the curvature of the earth, vertical motion is coupled to
the interferometer. 

,'S$- -
fto",t(f): G) t@- ^ ^ - .8?!'r'/ '*"' :
& p " n . . . . a ( f )  e \ | f f i = o ' 1  ^ I " - * * s o * - ) {

r' K"f,1ft;{:d"
o 3,000

resonant frequencY 13 Hz

o 0.6 mrad

4

J

LIGCN



3 B

Vibrational Thermal Noise
of Monolithic Test Masses

Aaron Gillespie and Fred Raab

Goal: predict the thermal noise in interferometers due to
vibrational modes of test masses:

i lz1) = f ,+kar'P\@)
Et anrn(4Q

parameters to be determined:

$ the resonant frequencies of all the modes, g4rg

the coupling between each
signal, a parameter which

mode and the interferometer
we,call the effective mass

coefficient, en,

the damping of each mode, p"(w)

the number of modes which must be included' l{

LrcS
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Mirror

a )  f

Sur faces  o f

_ 1,43 kHz; a

Some Smal l  d .  Modes

_  0 . 0 1 3
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Suspension Development Apparatus
4 g l

suspension
block /

internal mode
drive signal

beamsplitter

magnetic
or
electrostatic
driver

U s a t!*ta tar^c-^srn nt.-.a-r*\

ts v;9 tLt e {c.'9,i.
\,i/\rSs CoefA'r-i.*ts C{ -

3,^..- aS p-e J.tt .J

vxl
Data acquisition
system
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Ph 103c The physics of LIGO 18 May 1994

LECTUR^E 15
Light Scattering and its Control

Lectwe by Kip ffiorne
Assigned Reading:
G: Chapter Z, "Diftac

ff- *lj*.P*cript Applicatio?s ol Ctassicot physics by
tr,.|url I|'|I- LIIG

fflt:""T::1lrf :: 
Kip'slecture 

3nd for th;;"ss*red probrem 2. at the end of, uue euo oI

*:,Tff1: _1"_"_o:"r T,.2.,and 1.-E *rg *is"J?i"rio'sty, in Lect're 4, and rhet 'lt 6ll(|, lrll€

ITXHj::1e1{11I rl"l. .{ r.:l qve tastoua tuu i[*ry of diftaction, inurrflrt tt"tll, III

:trlti":_"1ff:1?_:o,*o*sle detait ro that ;;;; this chapter, rhen you do notneed to do this reading.]

Suggested Supplementary Reading:
SS' J' M' Elson, H' E). Bennett, and J. M. Bennett, uscattering from optical Surfaces,n inApplied opticol EnEineering, vol. wr (Academic press tgzg), chapter z, page 191.[This was suggestJ previoi"ty, i" Lecture g- It is a re"ie* #ithfu] equations andwith many references to the liierature. The focus is on scattering from surfacee thatare quite smooth (rms fluctuations in height much less than the-wavelength of light,e.g-; the LIGO mirrors).

l' Pel Beekmann a3! anare Spizzictrin o, The Scattering of Etrctromognetic waaes fromRough surfaces (Macmillan/-Pergamon, New t;;k, rsodl. [Thi, is ine classic treatiseon the subject, wilh 
-exlensive equations. It deals with scattering frou ro,,gh surfaces(rms fluctuationl in hgight larger than a *ru"gtu) as well as smootb ones. unfor-tunately, it is written in such " *.y that one "*o-ot readily understand later chapterswithout reading earlier ones.J

m' Kip S' Thorne, Light Scattering and Proposed, Baffie Configuration for the LIG7,preprint GRP-200, available ,tpoo r:q"gl-lo- Ifi; fThis ** tu" "riginal, anaryticcalculation of the "gravity-wave" 
noisl [11; carrsea'uy rigut scaft;rin; in LIG9 bothwith and without baffies. It has two defects that *"t" it not airittv usefuI: (i)subsequent analytic calculations by Jean-Yves vinet of the vIRGo project ferretedout a serious error (a missing factor B inside the square brackets of Eqs. (a.6) and(4.7), which then propagated rhroughout cRp-200i;;-(t) il io"r r,rco bafreconfiguration is rather different from the one in GRp_200. Kip,s lecture is based onGRP-200, with the error corrected alrd the ba,ffie configuration changed to the newone. The resulting noise spectnrm hU), as discussed io Kip," Iectire, is in goodagreement with numerical simulations by the Breault R€search Organization (BRO),under contract from LIGo. Eanna Flanagan "na xip are in the process of a final,thorough analytic reanalysis, which they p"lan t" pJUrn.l



A Few Suggested Problems:

L. Baclsscotter ofr Baffi,es. The dominant scattered-light noise source, according to
the calculations by Kip, by Ea."a Flanagan, by Jean-Yves Vinet, and by BRO, is
backscatter off vibrating ba,fres; see the last of Kip's lecture transparenciea.

Give a list of factors that make the backscattered light coming from different
directions superpose incoherently.
Compute the ogravity-wave' nois€ h(/) due to ba,fre backscatter, assuming in.
coherent superposition. Kip gives the arrwer (accurate to within a factor ^, 2)
o:n hie last transparency, when the mirrore are aa cloee to the racurrn pipe wall
as we expgct them ever to be, Y - 20 cm. You may prefer, for simplici$ to
treat the case of mirrore centered in the bea,m tube, which has a radius R = 60
cm. lNote: In Kip's answer on his last transparency, o S 10-o is the mirror's
light-scattering coefEcient (the probability for a photon to scatter from the main
bea,m into a unit solid angle is dPldQ = al02); L : 4ka.is the length of the b€am
tube, lr :10Om is the distance from the minor to the nearest ba,fle, ) = 0.4pm
is the wavelength of the laser light,, doldAdl - LO-z is the baffie's differential
scattering cross section per unit area of bafle per unit solid angle into which the
light goes (equinalently it is the probability that a photon, hitting the ba,ffie at
an angle of a few tens of degrees from its normal, gets backscattered into the
direction from which it came); "od €(/) is the squaxe root of the spectral density
of the beffie's seismically induced displacement.

Diffraction Off Bafies. Consider the "gravity-wave' noise produced by diftaction of
|cattered light off vibrating ba,fles (the first procesE on Kip's next-to-the-last trans-
parency.

a. Compute frU) for the extreme worst-case scenario in which coherence increases
the noise: Place the mirrors precisely at the center of the bea,m tube, assune
the ba,ffies are perfectly round and not serrated, and asgume for each baffie that
all points on the baffie's edge vibrate radially in phase with each other. Then
light from all points on any choeen ba,fle will superpoee coherently in f,(/). Give
arguments why the various baffies should contribute incoherently with respect to
each other. [Hint: one factor is the speed of sound along the nacuum pipe, which
i_s - 0.4km/sec; another deals with the ba,fre spacings.] Your final answer for
h(/) should be somewhat worrs€ than the bafEe backscatter noise of problem 1.

b. The following factors mitigate the noise due to diftaction. For each factor make
an egtimate of the resulting reduction in [(/)._[Note that these mitigating factors
do not act multiplicatively; the reduction in h(/) is not equal to the product of
the reductions due to the various factors. However, the net reduction makes
[(1) mucn less than baffie backscattet.] (i) The bafBes will be serrated 6"geed)
with peak-to-valley serration heights of 3.5mm, which is somewhat larger than
the width of a trlesnel zone (ro a" a ba,ffie vibrates, some locations are alternately
covering and uncovering an even numbered Flesnel zone, thereby producing phase
ghifts of one sign, while other locations are alternately covering and uncovering
an odd numbered Fbesnel zon.e, producing phase sifts of the opposite sign, and
the two effects tend to cancel). There will be a - 5 per cent irregularity in the

a.

b.



serrations on scales tN ^'acm. (ii) The mirrors will generally not be centered
in the \xacuum pipe, but rather will be offcenter by ) 10; and as a result, different
regions of a b^ffie will intercept different Flesnel zones. (iii) The narious points
on a baffie do not vibrate in phase with each other. (iv) Each ba,fle will be out
of round by a few millimeters in some random way.
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Lecture
Light Scattering and its Control

by Kip Thorne, 18 May 1994

Thorne lectured from the following transparencies. Eis lecture covered only the first half
of the class on 18 May.
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Lecture 16
Squeezed Light and its Potential lfse in LIGO

by Jeff Kimble, 18 & 20 May L994

Kimble lectured from the following transparencies, which Kip has annotated a bit. Kimble's
lectue ca,me in two parts, one coveriag the second half of the class on 18 May; the other
covering the fuIl class on 20 May.



- -Ph- 10&c:=The?hy=ics ofLIG O- f8 & 20 May lgg4

LECTUR^E 16

Squeezed Light and ite Potential Use in LIGO

Lecture by H. Jefr Kimble
Assigned Reading:

TT'-G-M; eaveg-"Quantr:rri'mec,hanr-cal-uoise ia ao intcrferbmetiirr" Phys. Rea. D; 2i,
l6e3-1708 (1e81).

uu. D. F. wallsr "squeezed states of light," Nature,g06, 141-146 (lgsg).
W' M. Xi"o, t. A. 

'Wu, 
and H. J. Kimble, ?recision measurement beyond the shot-noige

Iimit,' Phys. Rea. Lett, i9, 27g-2gl (lgg7).

Suggested Supplementary Reading:
l' H- J. Kimble, sQuantum fluctuationg in quantum optics-Squeezing and related phe-

nomena,' in hrndarnental Systems in Quantutn Optics, eds. J. Dalibard, J. M. ilai-
mond, and J. Zinn-Justin, (Elsevier, Amsterda,m, i9g2;, pp.545474.

m. uSqueezed States of the Electromagnetic Fieldr" Featural"r,r", J. Opt. Soc. Amer.,
84, 1450-1741 (1987).

n. "squeezed Light," special Issue, J. Modern optics, g4, z0g-1020 (1ggz).
o. "Quant'm Noise Reduction," special Issue, Appl. phys. B, s5, rdge. lisszy.p' S. Reynaud' A. Ileidma,n, E. Giacobino, and C. Fabre, ;q,r"ot,r- fluctuations in

optical systems,' in Progress in optics, xxx, ed. E. Wolf (Elsevier, 1gg2), pp. l-gb.

A Few Suggested Problerns:

I. Detection of Modutation in a Squeezed Stote. An electromagnetic field propagates
through a medium whoee transmission coefrcient is given by t : t6e-t?l'Jh"ru
?(t) = 7s cos(Ost) (i."., sinusoidally modulated absorption with arnplitude 7s and
frequency Oe).

a. Assuming that ?o ( I and that the input field is in a coherent state (with
frequency ) Oo), derive an expression for f,fus minirnrrrn detectable nalue of 7s, for
a fixed inPYl e-ne18T fl,o (lErf2) .td a fixed bandwidth B: Lf (corresponding
to a photodiode integration time f -- l/B).

b. If the input field instead is in a squeezed state, derive an expression for the
minimum detectable arnplitude 7s. Illustrate in a .ball-and-stick" sketch the
dependence of yorrr answer on the orientation of the squeeziug ellipse.

I
l-



2' Squeezed Vocuum in an Interferometer. In Part fV of Kimble's lecture transparen-
cies, he sketches a calculation of the minimum detectable phase deviation de:when
a coherent state is put into one port of the Mach-Zebnder interferometer shown be
low, and either the vacuun state or the squeezed rracuune state is put into the other
port. Hig aqswer was 6s = Llrfr for the racuum state, and ds - (l + €S)rlr/rfr
for the squeezed vacuum, where .ff ie the total number of arailable photons,'S is the
squeeze factor (-1 

: S S 0), and g ( I is the efrciency of the squeezing. Show, in
a phasor diagram, the relative phase relationships for the fields that emerge hom ihe
outputs, and from your diagrams infer that to achieve the above optimal sensitivitier
with readout at output f 1, the unperturbed position of mirror a $ould be adjusted
so that the phase diference between the two paths along the two annE ia Ss = 7.lz,
More specifically:

a' Show the orientation of the squeezing ellipsee relative to the coherent a6plitudes
for each of the two fields Eo, Eo that contribute to the total 6eld ^81 at the output
#1.

b. Show how these two fielde with their fluctuations sum to give a resultant E1 that
(for t's : II2) producea noise in the photodetector below ihe staodard shot-noise
level l/fr and a signal proportional to the pbaee deviation ds.

Vlcreui',, @
o? S$ueeze)

f 
*U.e,t sf,atE

Or^tp,^t lf J

E1

Y acww> gy'

kx= Q = Qo*41 or^tpr^t t| 2
E- z

z



c. Note that for an efficiency € + 1 and for perfect squeezing .g * -1, the above
analysis and diagrams predict that the minimum detectable phase deviation be-
comes arbitrarily small, 5o - 0. Show that, in fact, if the interferorneter system
is perfectly lossless, and 6o is modulated so 6o = As cos(Ost), the minimum
detectable modulation amplitude Ao is actually Ao - l/ff. Calculate the cor-
responding length sensitivity Ac for the displacement of mirror 1,. Estimate the
laser power required to achieve the sensitivity of the advanced LIGO, r/this limit
could be achieved.

d. In the above discussion it was tacitly assumed that the interfero"'eter rnirrors
are so massive that light pressure fluctuations do not disturb them significantly.
Suppose now that mirror A has a finite, small mass a,nd is free to movein response
to light pressure, and t'hat we apply a feedback force to the back of the mirror,
to counteract the time-averaged light-pressure force on its front. Show, using the
phasor diagrams of parts a. and b., that when we improve our meiururement of 6o
(and hence of the mirror position a) by increasing the amount of squeezing, we
increase the random light-pressur€ perturbations of the mirror, thereby enforcing
the uncertainty principle. Relate this result to the standard quantum limit for
sensing the position of the small mass, and thence to the cunre labeled "Quantum

Limit" in the plots of LIGO noise sources that were shown in earlier lectures. [For
a quantitative analysis, in the context of a Michelson interferometer, see C. M.
Caves, Phys. Rea. D,23, 1693 (1981). In this problem you are supposed to be
ignoring the possibility of going beyond the standard quantum limit as discussed
by Jackel and Reynaud, Europhys. Lett.,13, 301 (1990).]
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I. INTRODUCTION

The task of detecting gravitational radiation
is drivlng dramatic lmprovements in a variety

of technologiee lor detecting very rreak forcea.!
These improvements are forcirg a careful exami-
nation of quantum-mechanicd liraits oNr the ac-
curacy with which one can monitor the state of
1 macroscopic body on which a weak force actsj'
One promising technology uses an interferometer
to monitor the relative positions of widely sepa-
rated masses. Thig paper analyzes the guantum-

mechanicd limits on the perlormance of inter-
ferometere, and it introduceg a nerp technique
that might lead to improvements in their sensi-
tivitY.

The prototypd inte rfe rometer for gravitationa.l-
save detection is a two-arm, multireflection
Michetson aystem, powered by a laser (see Fig.
3 below). The intensity in either of the interfero-
neter's output ports provides information about
the dlfference zt2z-2r bet'ween the end mirrors'
positiona relative to the beam splitter; and
changes in e reveal the passing of a gravitational
vave. The first interferometer for gravitationd-
vave detection was built and operated at tbe
Hughes Researcb Laboratories in Malibu, Califor-
nia, in the early 19?0's (Ref. 3); this first effort
las smalt-scale and had modeet sensitivity. Now
geveral groups around the world are developing
interferometers of greatly improved sensitivity.'€
A long-range goal is to conetruct large-ecale in-
terferometerg, with baselines t-l km, in order
to achieve a strain sensitivity tz ft - !1ar f.or
lrequencies from about 30 Hz to l0 kIIz. This
sersitivity goal is based on estimates for the
strcngth of gravitational rpaves that pass the

Quantum-mechenical noise in sn interferometer

Carlton M. Cavcs
W. K Kcllogg Radiation Labonary, Califonia Institulc ofTechaolog, Pemdeaa &lifomio 91125

(Rcccivd 15 August l9t0)

The inlcrfctomctc'ts now bcing dcvclopcd ro detcct travitlrional wavcs work by mcasuriag rhc rclativc poeitiom of
widely separated masscs. Two fundamcntal sourccs of quantum.nechgnical noise dctcnnine tbe sansitivity of such
an intcrferometcn lil lluctuations in number of output photors (photor-countinS enorf ald (ii) fluauadoas ia
radiation ptcssure on the nasscs (radiation-prcssure errorl. Bccausc of the tow porcr of aveilablc continuous-save
Its?rs-thc scttsitivity ofcurrently plann<d interfcrometcrs q'ill bc limitcd by pboton-oountin3crror,Thir pcper
prcacnts rn analysis of rhe two rypcs of quantun-mcchanical noisc, aad it pro?ccs r ncr tecbniqre-the "squcczcd-

statc" tcchniqu+that allows onc to dccreasc th€ photon<ounting error rhilc irtcesiaj the ndiation-prcrsurc
cr10?, or vicc vcrsr. Thc Lcy requircmmt of rhc sgueezed-statc technique b tlrt tbc st+e of tlc li3ht catcrilg the
intcrferonctct's normally unuscd input pon ,nusl bc not the vlcuuttrr rs in a stardard bccrfcrocrtec but rrthcr r
'squcczed st!ts"-a sbtc Fhosc uncenainrica in rbe two quadrature pluscs arc "qe+d S+rcczed strtca crn be
gencntcd by a variety ofnonlincar optical proccsscs, including dcaancratc paraoaric aapiificerioo.

I

23

Earth reasoably oftea.r
It has beea kno'wa for soue ti.ue thal E antun

mecbanrics linits the accuracy eitb thicb aD
interferoraeter can uteasrtr€ Z-qs, irdeed, the
accur:]cy rri,th whicb any position-eencing device
can deterrnine the poeition of a free maggi's't
In a rDeasurernent of dtration r, the probable
error in tlrc interferometertg determination of
z canlx no smaller than the'standard quantub
limit":

(azLcr =(2lr /mYlz , (1.r )
s'here ,rr iB the Eass of each end mirror [(azter,
-6 x 10-rE cm for rn - lff g, a -2 x 10t aec]. The
validity of the gtandard qua^otum liDit is unques-
tionable, resting as it doea solely on tbe Eeigen-
berg uncertainty principle applied to the qualtun-
mechanicd evolution of a free mags.

lte standard quantum limit for an iaterfero-
rneter can aleo be obtained frorn a more detailed
arggment5'r'to that balarceg t\ro sourceg of error:
(i) the error in determining z due to fluctuatlons
in the nunrber of output photons (photon-countiag

error) and (ii) the perturbation of z duriag a
meagurement produced by fluctuating radiation-
pressure forces on the end nrirrors (radiation-
pressrure error). As the input laser power P
increases, the photon-counting eror decreaees,
while the radiation- preltsure e rror inc reaae8.
Minimizing the totd errorwith respect to P
yields a minimum error of order the standad
guanhrm limit and an optimum input powet''tr

P o = lQn f /t )(l / c'n )(L /b2) (12 )

at which the minimum error ean be achieved.
Here ar is the angular frequency of the ligbt, and
b is.the number of bounceg at each end Firror.

@ l98l The Amcrican Physical Society
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Ph"Lc.^ oaeat l=(-.lz,.o*,:ntt ( ai(t) Ai Ct t?") >

!!L{|lA..(t+ t) >= n1 (t)Q!6(r) + 8z (t)Q?e(r)
-

+3st*-j46)EJ(r +,)a(r +')40 11

+ Fr,t

+ Es .a(t *')8r(r)r.sl(t)Ei(r * '>

r Ei < tltrltftr +') ><a(r +')a(r) >
+gr.rj({ n)E (r)><tj(r)t,(r + r)>

+s6<fJ(rprtm,

where

6,r.- f---.
S{ct.tla. t

---+ Cha,,l,elcr8lr'es

af l.c;6[s.1

F;ellr

(1- 44)

rlr : a!g!rr(r)rr(r + r) + a3g34({X,(t +')_
- ara:Qreztr(rxr(r + r) - &:.azQtQrt{r +-rxr(r,I,

E, = ale?rr(r)rr(r + r) + alCSd(r|'tr(r +')

- 6ra:QrQalr(rxr(r + r) - dfi2Q1Q2Lr(l + r)4(t),

Eggggggggggggggg�E = afgfrz(r)ru (r + r) + a?a?!Z{tYr$ + r)
- 6r&QrQzlz(rXr(r + r) - ErdzgrQzbz(r + rY2(1),

E+ = a?Q?13(r)la(r + r) * 4qlu(rEr({ + r)

- dGzQtQrtr(XrA-+ tl - dlGzQtQslE(l + tXg(t),

E5 = a;lQ2rl2(r)r3(r + r) * a?"glt21tyg(r + r) (4 - 45)

- atazQtQzl2(rX3(f + r) - &fizQtQ2&E(l + rXz(t),

Es: d?e?12(r + r)t3(r) + a|e2rtz(t + rXa(r)

- dG1azQtQzb?(rY?( + r) - dfi2Q1Q2L2(t + rp3(t),



f. cr:tt
6ocqtJ

' = V trui' b)ip i(ii s | ; V I i :: t tu o rrl,
' = Vl;ui (lai(idil : l iir: o,,,or,4,
F=lllu:14u,14as!, 

"-
(4 - 34)

,=lilv;14o514as1,
i r i= l r2  and ; * i .

&j{{!5 -.r[si + .9j + 2s1s2pcq a6(r)]
ta(l) = ff ied-"+'r)[fu?i -r"ta - s$zr(ie-r.ar(r) _.F€,g))]
&&&&&&&&&&&&&&&&�E (r) = ffi ,- 4- r,* r) 

[fu? i - f st q + s ys2r (Rc-,s _ i+"..a<r)]lr(t) = E2sr2 + frsi _2Ff&s:ecosad(r), 
(4 _ g8)

and

/r({) = izs! + ErsS _2ffis$zlcoet46l
rz(t) = ,ffi.,t-r,+rt[is?i- Es; &.93;(ic_,a{0 _ Ee,arcl)Jtg(r) = ffi ,-'(-, *t i fil sz n - nsrq - sr srt (Ec: ia.(l) _ feda.(,,)Jlr(r) = itilsi +si +2srszrjoe,l{r,I 
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Contrsctive States and the Standard Quantum Limit for Monitoring Free-Mess positions

Horace P. Yuen
Dclnrlrnenl of Eleclrlcal Engbeeriag and Com4iler Scieace, Norlhwsletz llnltersity, Eloanslor, IIIhois 6020t

(Recelved 2? Juue l98it)

Tbe fanlllar miuimum-uncertatdy rave padrets for masses are generallzed h analogy
. wlth the two-photou coherent states of the ndtatioD fleld. The free evolutton of a sub-

class of these states, the coDtracttve states, leads to a lalroFhg of the postuon uncer-
tairty in contrast wlth the usual minlmum-urcertatnty wave packets. As a cousequence
the staDdatd quaDtum lhntl for rnotdtorlDg the posttlon8 of airee mass caD be breacbed.
Further lrnpllcatlons oD gurtltunr nondemolltton measurernents are dlscussed.
P.{CS numbers: 03.65.82, 04.g0.+z

There has been considerable recent interest in
ascertaining and achiervirg the fundamental qn:n-
tum limits on signal processing and precision
measurements, in pa.dicular for applications
to optical communicationd't and gravitatiorat-
n"ave detection.{-E A major result of this work
is that one c:ln beat the so-called standard qual-
tum limit for amplitude measurements on har_
monic oscillalors. However, for the gravih.tion-
al-wave inter{erometers it is usually suppossd?,s
that the resolution is limited by the ..standard
quantum timiB' (SQL) tor measuring the positions
of a free mass.t's In this paper it is showa that
the latter SQL is also zot generally valid; it can
be breached by a specific quanfum measurement
ryithout special preparation of the free-mass quan_
tum state. Toward this end I rvill describe a class
of gen eralized minimum -unc ertainty wave packets
for masses, to be called trvisted coherent states,
rvhich are also of interest in their own righl The
brea.kdorvn of the QL for free-mass position
measurements demonstrates the fact that back ac_
tions from a conjugate obsenr"able do zo! neces-
sarily, at least in accor&nce with the principle
of quanfum mechanics, limit the accut?cy of sub-
sequent msasurements on an observable.

The evolution of a free mass is given by X(l)

(ax'�(r))sqr =fit/m.

= X(0) + P(0) t/n, * that the position fluctration
at time ! is

(ax'1 t;1 = 149'(o) * (ap'(o)) t 2 /ttt2

+ (Alr(o)ap(o) +ap(o)ax(oD t /m. (t)

In the previous derivatlon''3 of the general SQL
Jor monllorirg free-mass positions, it is implic-
itly assumed that the t = 0 state of the mass (or
the sLate after measuremeat) ts such that the
last term in (1) either vanishes or is positive.
Under this assumption the uncertainty principte
can be applied !o minimize (1) at any time I with
the resultirrg SQL

On the olher hand, it is clear that (AXe(tJ) = 0 j
the initial state is an eigenstate of the self-ad
joint operator X(0)+P(0) tn/m. T\us, the last
term in (1) can surely be negative and the SQL
is rnt generally valid. Howeyer, (&Y'�(rD=0 im-
pties (ap'�( rD =o so that (P2(01 /Zni = (Pz(tl /zrn)
=-, i.e., an infinite aver?ge enelgy is needed !o
produce such a state.3 A more realistic descrip-
6on can be developed as follows.

For aa oscillator of mass lland trequency ot,
the twisted or two-photon coherent states (TCS)rr

(2)

l.
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:9 Arcl'tit l9l3

lpnr,u) are the eigenstates of 1ta+va+:

(ta + varllpw) = (pa + r.lr *)lpuc),

lp l '  -  lul"= 1,

vhere or ls now an arbitrary paraaoeter wtth Edt
sec'r. 'Th-e twis t ed C6hArcit states (iCSl lr ra"y
d a mass are deflnril ti b6 &e efenetetea o[
pa+var, lslt- lu;l;.l,rtn lnetogy sttU'ii) Unt

wlth a glven by (4)...fne Jre+nass gerdlbntr
can be expressed

E =P2/2m=ilto(ata-laz:latzal,1. (E)

lte wave funcEon (rlp lrrwl , Xlx)=xlr), can bs
lound througb Eq. (3.24) ot R{. 1. Wlt$tn tbe
cbolce of a coastant $isg tt fg Stvea.bV.

(3)

where a is the annihilatlon operator of the oscll-
lalor mode. Here rre adopt them b yield a class
of states for a mass n wiih position X and mo-
mentum P. Define the following operator a on
the Eilbert space of states for the mass:

"=-rtr"f,"."rr* *,

(rlprao) =l#;"'
l'where

If t -. 0, (Ax'�(t)) increases monotonically. In
contrast to this usual situation, Eq. (13) is plotted
in Fig. 1 Ior contractive states at / =0 (i.e., for
{ > 0). The minimum fluctuation l/l6cl.t can be
made arbitrarily small even for fixed or by lettiag
4 (and thus also (/I)) become arbitrarily large.
The time /- at this fluchration lervel is t ̂ = l/24a
so that n(txz(t^))/ZEt^=1191. If (aXr(rD is
minimized with respect to <rr at any given I simi-

720

* {- #,#*v - (#)"' 4' x (pf h ",F - G+l%i},
t =Im(pry); c=ar*i@zr crra, real. ,. , (0

The wave functions (6) consUtute a gpretaltzation of tbe usual rnlnlmun-uacer{aloty rave pckets
treated in every quaahrm urechaaics tex:&ok, vhlclr are grven by (6) witr t=0. ln the context d oscU-
lators, "sgreezing,'is obtained vhen y* O in[puc), ana iU related b the dlrect{on o( nlnlmum squeaz-
tng. As will be seen ln the follo'rriry, vhen {> 0 the x-dqnndent phase Ln (6) leads b a narrorl4 ol
(&Yz(r)) from (axt(00 &rug free *o&rtion, in direct contrast vlth the rrell-tmrrn spreadla d
(ax'�(tD for minimum-uncertainty vave packets.to Becanrse sf t+rls bebavlor, mass states (6) vith t
> 0 will be called conlractiue states. ' ;

The first tvo ucomen*s of (6) are

( X) = (pv aol X lp v oo,.l = (Z E /m ult 12 dr, ( p) = (2 En oll/ z a ",
(ax1 = ((x - (i lY) = ztg /mot, (tp2) =ZEtnutt t
| = | p - vl2/4, t =lp + vlz/4; ga = g + al\/L6',+
(axte) = iE/2- {F, (apax) = - itt/Z - EE,
(P'/Zni =Ero(arz +t.,1.

The average mass energy (f 2) is finite when a.r,
c, and I ul are finite. From (9)-(10) it follows
that the minimum-uncertainty product dLyilaP1
=fr2/4 is achieved if and only if g = 0.

The position flucbration for a free mass start-
ing in an arbitrary TCS (6) is immediately ob-
tained from (1) and (9)-(11),

n(ut2(tll /ZJi =t /u - lt +t1ot tz. (13) J t

I tl16 h, ,l

0

i
l

ff<arar,;

(s
(e'

(ig
(u1
. e i
(13)
. .6q

i i

zk t

FIG. 1. Tbe posltlo[ Onctratlq of. ac'@ise
state frorr (13, t t -=E /2t.+ ,. -'O tia E -0.

'. *$$i,
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Commenl on "Contrtctive Stetes and the
Strndard Quentum Llmlt for Monllorlng
frce-Msss Posltlons"

!n e recent Letterrt Yuen has considered the so-
called hristed or hvo-photon coherent states b
fifi that the free evolutlon of eertatn of such
stdes (contraeH.ve states) leads to a narrowlng
of the positlon uncertainty wave packets. It ls
Ure purpose of this Comment to stress that thls
nariowlng property has rcthirg !o do with Yuen's
oherent states and bas an alnrost twenty-year-
old history. The general criterion lor narrowlng
o[ lhe free-motion position uncertainty has been
ot*dned in some of the stardard textbooks on
'qniitu- mechanics where the fdllowtng expres-
doa bas been derivedz:

(aF(tD = ( ai'�(o)) + (( af2(01) /n:zlz

+zt laxls -G (o)uk). (1)

Inthls equation, j is the standard quantum mech-
rnical probability current of the initial wave func-
[on- If ve assume (without loss of generatity)
bat initially (.?(O)) = 0, a narrowing of (ax2(t)) is
#ained if and only U

Jdrxj(r)< o. (2)

Tlrere is, of course, an irdinite number of states
lhrtsatisfy this conditiorl As an csample, the' € ' .

intdal wave functloa

s6 , o) 1f( r) e:rn (- 'H #) ,.i:, t , ,, . . . 
(3)

wtth r" a$ltraly CUtnpl€trfhinbet6 end vtth.f(r)
a real trt norurallzlble trrnctbii t€aaa to ttre nar-
rovtng etfect. The seve lunctlon rplth r = 2 le

. eepectatly lnetrucHve. For iury /(r) thts treve
funcdon; whlch has I oontracd"e phaae aknilar
!o Yuente vave padret, ls not g twtgbd r:herent
state but neverthelega leads to a narr.oclq effect.

A general dlscosslon on hm to realtz.. brperl-
mentally the tnlHal rrare fnne[on (3) endlhow to
obtaln the narrowlng edfeet (lncludtng ttrii one gfv-
en by Yuen) was preeented by t nb Ln 1969.!

Thls researeh has been partlelly euported by
the U. S. Departneat ol Ene4y end the U. S. Of-
flce of Naval Reeeareh.

Ii W6dkiewicz . :. .
DeFEftmed of Phyrlc6 fd Artiottrqy

, UDlecs.tty of nochitl6r;inricf,tilli;;N# yorlc 1462?,
frt lnetttrtre of Thediaidil mt6ci.f"- 

-

wa.r!ry Untvesslty,i Wirf,if 0O:981J :Pot$do

Recelv€d O? Novenrbcr 198t1
PAclnurlbers: 03.65.82, 04.80.+z ..

(4Permaaed addrega.
lH. P. Yuet, Pbys. Rer. Lett. $ n9 (lgt:..:
€ee, for example, K.'Gottfrl€d, Q/l',rhtri i?ch.'dcs

(B^eu;o-rp, Ner Yor*, 1966), p. 27. 4. lltt.
rw. E. r.amb, Jr., phF. tary% $o.4,'23 (1969).

See pp. 25 8d 26 for detels.

O 1984 The American Phnical Society
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. Yuen Resgonds: Contractive hpisted coherent
-f9s) comprise n" rir"i "*iri-ii crass of !r_o"3 r."t. For this Frr?ose, the states whieh

991*! --gj to:!e tbe ones iavhicb afree iassstates that was "ryIb had to a Lirowing ot tbefree-mass position fluctuation (*<rli] ." r""as f knop. It makes litile sense to say,tlat Ureyhave nothing to do with "o"t o""rqr-i[. Nowheret"n rny paper is it stated or impila-&&-taese
states are the only ones leading t" ,"cf, Dalr\orr-ing, or that they are somebow ""s.nUJ fo, &at
ryT:". In fact, when I first menilorpd tbe pos_

_ .. ,liultilv- of such narroving I uS"a trr" "ig.*t"t" or.:': ;lh€ self-adjoint operator X+pt/m f.l-._o_p1",
yhictr is--slricfly speaking oot. iCi L""g *the possible states that ""tiUit *Jlltrtry,
contractive TCS form a m+qrqr g"**li"di* ofthe usual minimum_unce*ai$y.*" 

e""t*"- l"addition, the time duntioa "f lU"A "dt"*c*
and the assoeiated g*rtlh ""* U.-""*-#**ry

. pararnetrized. Callirg stch states ,**t u.tio"l.states" when other states naay al,so corNtract islike callirg TCS.sqlreeaed s,tated, wUen g,ey arenot the only stabes that extijbit "q*"io.
A main objective of ny paper f"" t 

-g-Fe 
a !re?s_urement scheme rh^t can directty -oito, the po_sitions of afree mass ia " C*&;;emou_

would be left after a eertala measuremeit, wittr-
our addtEonal interrea$on. For a dlscus"ioo o{thls polut see Cares io Ref. g of ny prp"*'fo,
contrac0ve TCS such a Eeasurement ls the onedescrtbed by lpvao)(ypaorl as Clscussea h rnypaper; tbe posslble reattzaflon of thl,s measure-
ment I nerely stated wtthout proof becaussof
spae ttmitaflon. Thus, eontracHve fCS t*o outo be-essedial io my quantnrn-aondemolitioiat
positioa ne-sr;eneDt scheme. Dr. Wodkievicz
@ Dt give a aea.srremeat wnieh wouH teave
ee free nass ia, his uore BeDetal cootractivest*oe^ ft. &e stber hadr f voufO Ue ,r_-*r_
prised f TCS rre essential io "ff p"."i"f. qr"-
tE lr.lootiEuotitioml position -*r""o*ntl.
Eorace p. yuen

Departrnent of Electrlcal Eagtaeertag
oryr Conprier Sclerce
Norttwesteru UDlverstty
Evaa6ou, Illtaots 60201

Received Zl November l9g3
PACS auraberg: 03.6SJ2, O4.gO.+z
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frnment on "Contractive States and the

i*A"ta Quantum Limit for Monitoring

Frcc-Mass Positions"
.- l '

Rbccnrty, Yuen has published a very interesting

-oert in wtricFhn givCf . nsn:qND melhod foi

lcating rhe standard quantum limit when measuring

flc,position o[ a free mq$ (Ql!D gtaltds for guan-

iusr..nondemolition)- The technique utilizes the

rodtleO two-photon coherenl state (TCS).

There is a'ilifliculty wilh his repeared measure'

nest icheme, however. The reSson for tbis Com-

mcnt is to call attention to this difliculty' and dso

to $ow that TCS can be used to make finite'energy

OND4YPe measurements.
.ibasiOcr the following recapitulation of Yuen's

EEi-lt t-0, an arbitrarv free mass state l0) is

iiilrco into a TCS, lpvol"ll - lc). bv interaction

of..the system with a generalization of the two'

oetcr detector of Arthurs and Ketly,2 foltowed by

sbsequent meter reduction. This measurement
on bsdescribed in the Gordon and Louisell3 termi'

ssiigy (which Yuen prefers) bv la) (ol- It is im'
piitant to note that the acutal state lc) which ob-
triis after meter reduction is only probabilistically
dctermined, depending on the overlap between lc)
ud l*). Finally, one may also look upon this state
prcparation as the measurement of the non'self'
rdjoint operator I (0). where

i i r t k l -  A ( x ( r ) , p ( r ) )
gi'i

r d i j :  . .  =  ( p *  r ) ( na t / 2 t t ) t l 2 x ( t )

: "  
+ i ( p -  r ) p ( t ) / Q t n a ) t t 2 .  ( l )

Ths at l :0 the system is found in some eigenstate
lly,o1 n (0) witn eigenvatue c: cr * ic2.
j.rAs showr by Yuen. from the measured eigen-
irlue one can read otf the lnass's position
(r,(0)) : (h/mto)ttzar and momentum (p(0))
; (ztm@)tl2c', with uncertainties (Ax2(0))
- - l tE l^ t  ano (Ap2(0)) :hmuq,  where {  and
r1 ire functions of s, v. He also shows that as t goes
from 0 to a time 2l-, the posilion uncertainty
1Ax2(l)) lirsr decreases. and then increases to its

,.$0 value. So far, no difficulties.- 
However. at r :2!d Yuen calls for another mea-

tturement on the system. presumably of A(2t^).
8ut we should not describe this measurement by

Bli)1"1 as Yuen does, but as la') (a'1, assuming in

generaf that a * o'. This assumption is coffect

J ince one f inds 1A$),A(2t^) l  : ; (p*r )2ror .

* O. One can easily show by calcrilating
(all(Zt)lo) and the non:zero (cla,l (2r,)lc)

that the system will 'Jump" to a -range cf states
cenieied aboul 6ii ;; | + h er,ln)v2 (i @r, ztJ ",.

ai- o.z. The width of the range of states and the

magnlludt of the effect thar it has ort Yugn's plgPg-

sat are difficult to cdculate because of the non'

self-adjoint nature of A(2t-)- Nevertheless this
"back-action" mechanism will contaminate the

measurements. and has not been included in

Yuen's scheme. A complele evaluation of the ex-
tent of this difficutty witl presumably involve a

lengthy calculation of the "meter'interaction'and'

reduction" type pioneered by Caves-
It is inreresting lo note that one could achieve a

continuous QNDJike messurcment with the opera-
tor I (0), This is because the operators

x (0 ) : x ( r  )  -  pQ l t l n  and  o1g1 :P ( t l  a re

separately QND. Measurement of ,f (0) I 's the ad-

ditional desirable property that the resulring state

has finite energy, quite properly one oi Yuen's
motivations for examining TCS in his original pro-

posal. However, with x(0) mixing position and

momentum operalors, measuremsnt of I (0) could
no longer be described as a position measurement.
a view also taken of Yuen's scheme by Caves re-

cently.a

Robert Lynch
University of Petroleum and Minerals
Dhahran. Saudi Arabia. and
Blackett Laboratory(tt
Imperial College
London Sw7 2BZ. United Kingdom

Received 30 JanuarY 1984
PACS numbers: 03.65.82. 04.80-+z

(a)a66tutt durin g I 983- I 984 sabbatical leave'
lH..P. Yuen. Phys. Rev. Lett- 51.719 (19E3).
28. Arthurs and J. L. Kelly. Jr.. Bell Syst- Tech. J' 44.

725 ( r965) .
3J. P. Gordon and W. H. Louisell' in Pf,lsks of Quan-

um Elearonics, edited by P. L. Kelly el at (McGraw-'I*ill'

New York. 1966). PP. t33-840-
aC. M. Caves. "A Defense of the Standard Qtramum

Limit for Free-Mass Position" (to be pcbtrted)'
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Yuen Reponds: I am grareful to Dr. Lynch for pro-
viding me with the opportunity to ctarify certain
poinrs in connection with the standard quantum
limit (SQL), quanrum nondemolit ion (eND). and
my paper. Terminology and concepts such as back
action.' posirion measuremenr, eND. etc., are
fraughr wirh ambiguiry and imprecision. borh in the
QND literature and in my own paper. Before they

,. are definitively cleared up, it is lmportant lo ancnd
to the actual conlenl of a result rather rhan its ver-
bal representation.

Using the norarions of my paper,l I rrould like to
first describe more accurately my principat results
as they relare ro SQL and eND: (l) The previous
derivation of rhe SQL for monitoriag free-mass po.,
sitions b not geoeralty rralid. In panictrlar. a specif-
ic rcatizab*e ln€asurenrent described by [prcor)
x (pvaol could ieave the free ms in a coniractive
rwo,pboron coherenr stare (TCS). The SeL can
then be broken to an arbitrary degree in a second
sufficiently accurate position measurement. Note
that the SQL would not be broken by the same
lpvaa) (p.valal measlrremenr. As explained tater,
another one with lVft) havine a smaler associated
position fluctuation ('VMla,Xzlr[u) is required, for
exampfe, . -  lp ' i 'aot )  lp . 'v 'au l  wi th 

'  
lp , -u,12

< lp- rrf 2 performed at t - t^. (D The'lp.veotl
x (prcol measurement can be used to monitor rhe
free-mass positions in an arbirrary sequence of mea-
surement, wirh a limitationE/m on the ratio of the
position resolution to the time lapse between two
measurements. No such limiution exists for the
measurement lp.va<ol (p'v'aa,l, of whkh no rea,li-
zation is known. however. l.f such rneasurernent is
indeed realizable. there can be no quaDtu,En limit of
any kind on position rnonitoring

Dr. Lynch's main pointz appears to resrlt from a
combination of both hb coqfrrsion about approxi-
mate simultaneous ntea$lrernents and rny overfy
condensed presentation as a Letter. [Tirere are also
a number of misprinrs in my pa,per, some of whbh
have been corrected in the erratum.I I have sirrce
found four more: "this work" shouid read ..lhese
works" in the second sentence of the paper; I * if
should read l*i2f in Eq. (O: U2q@ shoutd read
€/2na in the figure caprion: oia iElr, should
read_4fr{/r1u in line 12 of the second column of p.
721.1 The measuremenr described by ly.vao)
x (pvaqtl, ttre ,,1 (0) measurement in Lyncir's ter-
minology, is an approximate simultaneous measure-
ment of position ancl momentum: c being a vari-
able whose real ancl imaginary parts provide the
imeasurement readings correspondiirg to the position
and momentum estimates. The state after a mea-

r 730

suremenr with reading c is just lp,ycar): it is
probabilistically determined. In rhe case of poinl qj
above corresOon$lng to,rhat discussed by Lynt
the same lp.vo.ol (p.vo,ul measurement ii nraOe i
1-0 and t -2t^ while the mass state has evolqtr
It is importanr ro noJe rhat (AX2) gives only gp
stare conrriburion to the posirion fluctuation ini
measuremenq it is the fluctuation observed in Iperfect or "exacl position measuremeng." In o"approximale measurement" there would be add.
tiond flucluarion from the rneasurement itsetf. ln
my paper, both lhe state and measurement cont i.
butions to the fition fluctuation have been in
cluded through the resotutirn factor 4tf/zror in
stead of tflzror- This resolutinn value i; obtaind
from the probabiliry l(pva'olpvaar) 11 ir makes no
sensc to $t c':c. [It turns out thar this doublir4
of the position uncertainty exaaty canccts out lhe
factor of 2 advantage of Eq. (15) compared ro the
SQL. . This explains why a second measuremenr
with lfff) having lower (AX2) is required fm
bleaching the SQL.I The momenrum reading nee&
never be made; it has no effect on fte position lluc.
tuation during the sequence of measuremenB
Thus, whatever '.back action" there is has already
heen accounled for.

The lpucor) (pvaatl mqu;urement wirhout the
a2 reading is emphatically a position measuremenr
on all grornds: physical, formal. and the purpose
of such rrleasurernents- The c1 reading indicates the
free-mass posirion before and after measuremenu
witlrrill prescribed uncertainties. It is matlrr:matical-
ly equivabnt to an exact position measu,rment in
the presence of merer-reading fluctuation. as far a
the measlrement probability is concerned. There b
no r€rxton to call an expression a ..quantum limit"
if h does not cover this kind of approximate pod-
titrn nreasurements which serve the purpose of
rnocitcing the mass positions. The SeL is meanr
to apply to a//conceivable measurements.

Horace P. Yuen
Degartmenr of Electrical Engineering
and Computer Science

Northwesrern University
Evanston. Itlinois 60201

Received 2l February t984
PACS numbers: 03.65.82. 04.80.+z
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Recently Yuenl has propced a scheme to beat the
quantum limit" (SQL) on free'nrass pci-
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It is shown that if the "standard quantum limit" is'akcn in a prediaive sensc. thea a repearcd

measurement scheme involving contractive states. recr:ntll proposed by Yuen. docs sot brsat thb

limit.

PACS nurnbers: 03-65.82

NUMBER 15

which seek to defedd tbe SQL on general

A Comment3 I *rote takes a different view. A qual-

ive point made ms that even assuming the validity
the framework adopted by Yuen, he has not fully

the impact of measurements in his scheme.
is the purpose of this paper to flesh out the argu'

of that Comment, and to show that if the SQL
taken in a predictive sense, Yuen's proposal fails to

this limit precisely because of such measurement

Before turning to the detailed discussion it is
reviewing the reasoning which leads to the

Suppose al ,:0 one places a free mass approxi-
at the origin, with the intent of measuring its

position in time (to see if a weak force is
on it, for example.) How often, and how close'

, should one monitor the particle's position? If it is
to make a measurement every t seconds. one

make t short enough to counter any possible
of the wave function. On the other hand,

measurement to precision Axproduces a variance
momentuni Ap (by means of the uncertainty princi-
, vhich then feeds back into the uncertainty of the

Ax(l), at the time of the next measurement.

monitoring by means of contrrtive sates. There
been several unp.lbiisfred responses'� to Yuen's

anatysis' of this "back action" leads to the SQL'
i )> Gt ln)r t2.

trrr vork of Gordon and Louiselt.5 The wrtractive
s i.!s ?rc the so-called "two-Photon colrerent stales"
OCS), lpvcotl. For a full discussion of tbese states
the reader is referrcd to Yuen's original paperl and
the references therein. Here I simply rccall tbat rhis
state may be taken to represent a free Particle of mass
m, whose expectation nalues of position and momen'
rum are (xl : (frlnd t/2Re(c-), (p) -'.lt na)uz
xIm(c), wiitr variances 1L*) -V711 nu, (A,fl
:Zfrmonl. Here ar is an arbitrary parameter, and
g=lp-vl214, n=lp+vlz/4, subject to lpl2- l r lz
:  1 .5

As Yuen has shown. for values of the parameter

E=t6(p'v) > 0, the lp.vo.ol states are ̂ canr'actirr-,
that is, the initial position variance (A;i) nano*s
under free evolution for a time tn={!24ot- This
result is cleverty exploited by Yuen to avoid spreading
of the wave function. The idea then is to make a starp
position measurement at time , - f' when the pcition
'uncertainty is a minimum, while leaving the syst€tn in
a lpvo,ul state after the measurement' rdy to un-
dergo another contraction

In the Gordon-Louisell terminology such a measrsre-
ment is described by the projection operator'
lp.vaotl (p,'v'a,,t'|,.7 This notation is sofiicrl*at
abstract-in fact, it is not clear tbat s$-t mqr$re'
ments are physically possible' in the -rns of a
Hamiltonian reatization, for exarde. l*er'efiheless' if
one ass;umes the exisrene srcn mememerrts'"t!d if
one considers a syrtem init*t$t in the sate lf),
then according to the Gordct-Loubdl theory

lpvaol (p"v'o'u'l rn€$nrernent frelds the value
a

aYuen seeks to beat the SQL by means of "contrac-

stales," and a measurement formalism based on and the ionesponding starc lpva'r^') after measure'

Repeated Contractive-State Position Measurements end the Standard Quantum Lrmit

Robert Lynch
Physics Deparanenl Aniveaiy olPetroleum &. llinaah, Dhahnn, &ttdi Arat*z
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Defense of the Standard Quantum Limit for Free-Mass Position

Carlton M. Caves
Theoraicol Asrrophysks. Calfornia lnstinte of Techrclogr, Pasdena, Colifornio gll.25

(Rcctived 6 April I98a)
Measuremenb of the position x of a free mass rr are thought to be governed by the standardgv.antum limit (SQL) : . ln twe 5p6sp5sivC measurements of x spiced a timl r .p"rr. th. iiurr or msecond measutement cannot be predicted wirh uncerrainry smalter rhan fttl11)rti. iu"it ",rg-gested that there might be ways to beat the SQL. llere I gi"" rn improved formulation of the se1-.and I argue for. bur do nor prove. is nlidiry.

PACS numbers: 03.65.92. 06.20.Dk

conventional wisdoml'2 holds that in two successive measurements of the position xof a free masc ,nr the r6ulr
of the second measurement cannot be predicred with uncenainty smailer in i itr/i\ v{Jn"r" r is the timebelween tneasuremens- This limit is called the standard quoilum /rm (sel) 1o, noiiioriig the posnion of afuenas5.

The standard "textbook" argument for the SQL runs as follows. Suppose that the first measurement of x att-0leaves the free mass with position uncertainry Ax(0). This first mq$urement disturbs the momentum pand
leaves a momentum uncertainty ap$l>r/2\x(rc). By the rime r of the second measurement the variance of xlsguared unceruinty) irrcreases to

The sundard argument views lhe sQL as a srraightforward consequence of the posirion-momenlum uncertaintyprinciple A.r(0)Ap(0) > *f,.
YuenJ has pointed out a serious flaw in the standard argument. Between the two mqsurements the free massundergoes unitary evolution. In the Heisenberg picture thJposition operator ievolves as
i ( r ) : .? (0)  + f i , ( f � l t /n .

Thus the variance oF.:rat rime ; is given not by Eq. (l), but by

( J . r  ) 2 ( r  )  :  ( A x  ) 2 ( 0 )  +  
( A p ) 2 _ ( 0 )  - 2  +  ( i ( 0 ) i ( 0 )  +  i ( 0 ) ;  ( 0 ) )  _  2  ( i ( 0 ) )  ( i ( 0 ) )  _

nl t  m

The standard argument assumes implicittl' that the last term in Eq. (3) is zero or positive. yuen's pointl is rhatiome measurements of x leave the free mass in a srate for which this term is negative- He calls such states cofttac-::re slotes because the variance of -r de<reases wirh time. at least for a while- ls a resutr, rhe uncertainty Ax ( r ):an be smaller than the sQL- Yuenl'r concludes that there are measuremenr of x rhat beat rhe sel.- My con-rresion is different: The flaw lies in the stancard argument, not in rhe seL. In this Letter I give a neq heurisric

(A-r )?( r ) : (lx )2(0) + [ (Ap )2(0) / n2lt2 > 2A x e) L p e) tl m 2 t il n. 0 )

rlgunrcft for the SeL. formulale an itmproved statement of the SQL. and analyze a measurement model that sup.

Q)

(3)

rorts $re trenristic arEument.

O l9S5 The American Physical Sociery
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Meosurement Breaking tbc Strndrrd Qurstu Linit for Frce-Ifass Position

MasaorOzara
DepnEnt $Matbetnatia, colbg 6M.efuaa, Nqayarn*wsdr, Nqqa,r61, Japn

, 
(Rrceir{2.Et tgCf}

A-o exp6cit ktteracrion-tldoo&u rc lizathr of I measurcocat of rbc frce-nass pcitioo dth tbe
p[o{'& Proparti€s k dvan (l) Tbe pobability ditributbo of rbc rcadours is cxaaty thc sue as rhe
ftoc.nass eositbn dstributira jas* befqe thc mcasurenrenr- O) Tbc mcasurcuteot lcavcs tbe fiec mass
il a cortractivc stat€ i6t after tbc Dcasur€ncol. It is showo that this ncasuremcot breab thc standard
quartuar limit for thc frec-mass position in &c seosc sharpencd by t[e rccstrt oontrcversy.

PACS numbcrs: 03.65.Ba 04.80.+2

For monitoring thc position of a free mass such as tbe
gravitationaFwave interferometer,l it is usually sup
rytd4t that rhe prcdictability of the resulrs is limited by
the so-called standard guantum limit (SeL)- In the re-
cent controversy,tl started with yuen's proposal. of a
rneasurcment whicb beats thc SeI- the meaning of the
SQL has becn much clarified and yet no onc has given a
general proof nor a @uaterexample for thc SeL Rc-
cently, Nie succccdcd in consiructing a rtpeatcO-
measursment scheme to monitor thc frec-mass po,sition
to an arbitrary zlccuracy. However, it is open whcther
this scbenre bcats thc SeL in the sense sharpened by the
rec€nt cootrcrersy- In particular, thc foltowing problem
rcmaim opeq Can we realize a high-precision measure-
mcnt vhicb haves tbc free mass in a contractive state?

In thc present paper, I shalt give a model of measure-
ment of a free-mass positbn which breaks the SeL in its
most scrious formulatlxr. An cxplicit form of the
system'Tnctcr interaction Hamiltonian wilt be given and
it will bi showl that if thc metcr is prepared in "o .p-
propriate contractive statea then the measurement leaves
the free mass in a contractive state and the uncertainty
of the prediction for the Fcxt identical mcasurcment de-
creases in a givcn duratim to a desircd extent Thus
Yuen's original propmala is fe[y rcalbeA This result
rvill open a ncv Fay to ao arfuiy accuratc non_
quantum-nondcrnolitix for gravitational
wave dctection and other relgted fields s:trch as ootical

communications.
The prccisc formulation of thc SQL is given by Cavest

as follovs: Lct a free mans n undcrgo unitary cvolution
during the time t betwecn hno mcasurtments of its posi-
tion x, mide with identicat measuring apparatus; thl rc-
sult of thc sccood measurcmcnt cannot be prcdistcd with
unccrtainty smaller than (htlm)tz in avcrage orcr alt
the first readout values. CavesE showed tbat the SeL
holds for a specific model of a position measurctrr.r,lt duc
to von Neumannlo and hc also gave thc fo[owing !::uris-
tic argumcnt for thc vatidity of thc SQL His point is
thc notion of the imperfect resolution o of oo€'s tDeasur-
ing apparatus. His argument nrns as foltil$ The frst
assumption is that the variance of thc measurcroent of .r
is the sum of o2 and the variance of x at tbc time of the
measurerncnq this is the casc whca the mcasrring ap.
paratus is coupled lincarly to x. Thc secotd assumption
is that just after thc Srst mcasurement, the frec mass has
position unccrtainty a-r(0) < o. Undcr thcse conditions.
he dcrived the SQL from thc unccrtainty relation
a.x(0)ax(r)> ht/2m.

However. his definition of thc resolution of a measure-
ment is ambiguous. ln fac! hc used thre dilferent
de6nitions in his papen (t) ne unccrtainty in the rcsult,
(2) thc position unctrtainty aftcr the mcasurcmerr., and
(3) thc uncertaiaty of the meter beforc thc rn..tjure-
msnt. These three notions arc esscntially diFen rrt, al-
though they are the same for von Neumann's model. I

@ l9E8 The Anrerican Physical Socicty rE5
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Does a conservation r,"w Limit position Measurements?

Masanao Ozawa(.)
LTman labrotoq, ol Physics, lldnard tJnhwsity, Cartridga Massachusctts 021,j!E

(Rcceived 5 March 1990)

Thc demonstratbns of Wigner and others. that obscrvables rhic{r do nol commute rilh edditive con-
scrvcd quantitics cennot bc mcasurcd preciscty, arc rtcramincd. A proposcd ncr fornruletftn of the
claim b shorn lo bc ralid for obcervablas sith a continuous spccfrum wheirerrr the conscrrad quantities
are bounded- llo*cret I cwnlermodcl is construc{ed. and it suggcsts thrr th" p*ition can bc rncasu'rcd
as preciscly as lhc nrorncatum qvcn though the measuring infcraiion *nr"r"o thc lold lirrcar moncn-
tum.

.. PACS numbcc 03.6i.82

toTot!,- thcre has bcen considcrable intcrcst in the the instrumenr and the obscrvcr ln*r"r*:.j11 obcervablcanalysis of fundamental quantum limits on measurements I of the instrumcnt to gct the outcomc of thir mcrsB.e-of unguantized quantitics, such as positions of mbsscs and menr. ln the HcisenbJrg piaut-, .sc can *ritc l(?)amplitudes of harmonic oscillators, for appticirions, in -Agt, a(o)-te3, ilif-OU;ta 
-"J 

leliparticular, to optical-communications tll ani graviration- -t)r(loalu. Bi;d;6at 
-ttris 

measuremcrt b rnal wave delection l2l. A major achievcment in this area crnc, measunement of the obscrvabtc /t it b o*.d l*rr
is that we have breached the two typcs of quantum limits the mcasurement satisfics (i) the stalisli€l for'dr f'-posed previously' thc so'called standard quantum limit thc probability distribution of thc outcome of,e ase-for amplitude mcasoretncnls on harmonic oscillarors [3] rn"ni (R"f. iril. pp.-zoo "i&oit;nd iiitri r.e."rrti-and the so'callcd s|ardard -quantum limit for monitoring ity hypothcsis: if in obsercabte i ncanrta lrirv 6r s-of frce-mass pocilioos 14,51- Horever, it has long beci "otl^ in the mme indioidual Eyttcrrr than ve gcs sbclaimed by sevcral aulhors lo-tol ttrat obsemobles which some oalue cach fime ti"i. trli,6. rlsl.do not commute with additir conserced guantities can- whcn does thc mcasuring intcraciiot U dJe.n er&,
Y. b: meosured precisely- fiis limit, which will be measurement of l? A simple but gencnt qrdition
caffcd thc cottsen'afion'taw-induced guailun, Iimit suflicient for it is as fottows: There k-some sef-adjoint(CQL) for measurements' implics that tie conservation operator N, called rhe noise opemtor, in 7t 2for which Il.law of the linear momentum limits the accuraqr of posi- ), and B satisfy the relorionstion measuremenrs. Atthough impticationsof trc_Cql_in gt(t@B)Il_Ad +le/V, al)measurcmenls of the spin components have been eram- . 

,Dtv-.a5rr rtsrv ' ,
ined in dctail [91. those in poiition ,nr"rur"rn"ni, r,"rt tJ.t(esDu-egl. '. '] t!.t
not bcen discusscd seriously. An obvious difliculry for Let p bc the initial state of thc objet-and f thc ini:ratdisclssionsaboutthelimitsonposirionmeasurcmentsties state of the insrrumcot. Xoaitn"trtc can a3sumein the fact that the position observable has a continuous without any loss of gcneratity trr"t d,I-in'ii" t*,iln, ,ist'cctrum and that any observable with a continuoussJrcc- the noisg operator /V: otherwise, replacg A in 

'gq. 
(l j bytrum cannol bc measured with absolute precision. whcth- 8-ll for any I in the spectrum oi ivr-.to our iormula'-er it commules with the additive cglsened quantities or lion, a I measurement at time t giva thO outcome of annol' Thus, if onc would claint the CQL for position mea- z{ measurement at time e i.c.; a a(t) mcasuremlit gi*suremeltts -in a physicalty meaningful way, the claim the outcome of an l(0) measuremcnt in lhe initiatwould imply that the accuracy of posirion measurements Heisenberg state yef. Then, if rc preyarc the instru-has an apparent limitalion compared wilh rhe accuracy of ment in tf,c eigcnstate of /v for thc eigcnvatue e i-e.,momenlum measuremenls. ln this Letter the validity of iv6-0, ir follorc easily fiom Eq.'(l) ttraittrc *t-r. Jthe CQL is eramined from this point of view and it is tnea(r) measurcment hasthcsamcprobabititydbtribr-shorn that thc CQL is ttot gcnerally valid for position tion as the ,{(0) r""rur"r*t. .L to llc repcetrti$tyrEEasurcmenls' hypothesis, thc first measurrmcnt fu ttrr ;foi *--

- we shall first give a rigorous slalemenr of the CQL. mint and the second mcasurement k cn A rDcrsffiarStrrrpoec lhat an observable (self-adjoint operaror) I oi a at the rime just aftci th";d;;rtfft b rcrrfld fnrnqrnnotum system, called an obiect, tepresented by a Hit- the first measuring instrumeiq so'thet thc trilcr b il '*
bert qracc 7/1. is actually measurable by a measuring in- ,{(r) mcasurement. On the other lrtna, gc. CIt;.;slrument' Then we can describe the interaction betieen that the z{(0) measurement and tbe lkl;-*rffithe object and the instrumenl by quantum mechanics in give the same valuc. Thus a measrring.iotacir r*irprinciple' l*t 7{z be the Hilbcrl space of the instrumenr iying Eqs. (l) and Oliivcs ri o"a nctrrG drtsFtcm- The interactirr is supposed to be turned on dur- observable A. lndrx/.,itrc condltinr:iQ'dUnnd i di"ing a linite tirr ieteral frorn time t:0 to f :r and rep convcntionrl approach ro ro*rraicofil..ofrllfii- }lresented by a elit'ary.operalor u on 7tg7t2. Jusr afrer serrabtcs by a suitrble rcfaUefing ol|{S;iiiodtrf
the interrtim ;s trmed o{I the object is separared from the rnitary Il k given by thc rif.ri*:-y1t;airi;;:
1956 @ t99t The American ph,rsbal Scicry ,,..',id?.i,ij:
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Limits in Interferometric Measurements.

ReYlreuD(*)

(*ceived eS iune iggO; aecepted in finat form ? August t9S)

!4q!. 42.50 - euantum optics.
PACS. 06.30 - Mesurement of basic yrinHes.
PACS. $.65 theorr; qurtu

Abctr'Gt' - Qrnntun Doise -limils tfre ccnsiurity of htcrfer.metrie neasrmnents. It bgeoently rfueert th.t il leadr to rn uttirnrte *ndtivity, tle .stanar"a qurntun liriu. u;rrg
:,*51-11yy of o'nnbm aobe, re ahow tlat ":oacru-.,ie oi equeezed atates'troLll-oE -ln pnDciple !0 Push tbe seDsitivity bernd ttrlc lilrir nris g€netat micmA.onfa beapplied to \e-scale intcrferometers ror giz"iritiolat wave detectiin 

'--- -

(&)scr.= \1TaE,

- tll. unite propre du Centre National de la Reclrerctre Scientifique associde I l,Ecule NorurateSu$reure et t I'Universit€ de paris_Sud.

- Cl u'itl de l'lDcole Normale qttpai"; et de ltiniversit€ pien'e et Marie Curie, associ€e auCentre National de la Rechercbe Scimtifique. 
-- '

Qrantum noise ultinatety limits t}e sensitivity in interferometric detection of gravi-t"ti""l- n'aves [l€J. A gravitational wave is detected as a phase difierenee betseen the
.optica !1$ls of tlre two arms. It seems_accefted *,"t uroi oLt "'."t"rrar"u guanhmlimit, 19q6, equivalent to an ultimate aetectlUe t";gth;*i"ti"; 

-

(1 ,
where '&f is the mass of the mirrors and t the measurement time [4]. fire SeL can be dtrivedby considering that the positior.s .r./ iutd <t i rl,which are non*r.oting obserrables, areneasuredtSl' This interpretatio' of SQL tt"" E ""-tit" t" r i""g .i"t"""."rytsl,
. Alterratively, the sgl can be rrnde'igsod biconsidering tr,e Eianium noise as a suj1 oftwo contributions. Photoa counting noise eomesponds tJttucuauons of {he o,-U", oiphotons detected in the two outpol pott", .r,r" ioai"td; F;;;ise stems from therandom motion of the mirrors whici ;" sensitive to the 0uctuations of the numberc ofphotons in each arm- Tlre sum of th€se tw;-contn'butions leads to an optimat sensitivitygven b-y expression (l). This timit b t"""rrJ r"r ""w-r""g"-r""o po"'o whieh is notpresently adrievable.
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Fh 103c The-phy$ica of L,IGO l8 & 20 May 1994

LECTURE 17

The LIGQ \l4surrrn System

Lecture by Jordan Cmp
Assigned Reading:

Suggested Supplementary R eading:
q. F. Rnrf, Rnd,omentols of Stotistical and Thermal Physics (McGraw-Ilill), Chapter Z:uKinetic Theory of Dilute Gases in Equilibrium." A discussion of basic kinetic ih*ry,

including molecular flruc, eftrsion, and preEure and momentum transfer.
r. J. O'Hanlon, .r{ (Iser's Guide to Vocuum Technology (John Wiley and Sons). Con-

siderably more detailed than the assigned reading. Inciudes material rrapor pr"rr*o
and outgassing, calculation of conductances and a chapter on residual gL ;dy""o.

s. K. Welch, "The pressure profiIe in a long outgassinj vacuum tube', Vacuum, 2s,
27L-276.

A Few Suggested Problerne
l. Residuol gas damping o! test rnass. In Lecture 13, the following elqrression for the

losses due to residual gas damping was given:

6@) -

where A, M are the test mass area and mass, P is the residual gas pressure, p ie
the mass of a gas moleeule, and the gas molecules are thermalized at temperature ?.
(Recall that S - ''lw/u?, where 1u is the acceleration due to gas da,mping and u is
the test mass velocity.) Derive this expression. For simplicity, assume that the gas
molecules are of trniform velocity and normally incident on the test mass.

2. Presswz in LIGO bezam tubes: The final preEure achieved in the LIGO beam tubes
will depend on the outgassiqg rates, conductances and prrmping speeds, and arailable
budget.

2AP tZ u
. l -  -

M  l k T  u !



a- Conductance of an orifice: the ion pumps, which will provide quieL high vacuum
pumping for the beam tubes, will be connected to the tubes thrrough 25 cm diameter
orifices. The conductance of an orifice of area A for molecular nitrogen (atomic weight=28)
is given by C ( in Liter/sec) = 11.6 A (in cm2). How does this value scale with the
molecular mass, and what is the conductance for hydrogen (atomic weight=2)? (Hinc the
conductance is linearly related to the flux of molecules across the apernue). Assuming
that the ion pumps have pumping speeds of 10000 I./sec, what is the combined pumping

speed of the orifice and pump?

b. Conductance of a beam tube: in paper 4 of the suggested reading K. Welch derives
the following expression for the average pressure of a long outgassing tube of diameter
D and tube length /:

Pn , , :Z * { r o ! ^a , o  _ . p  ,  
J k D z

Here q is the outgassing rate (torr V(sec-cm2)) urd /c is a function of temperature and
molecular weight (k=45 for hydrogen at room temp). The fint tem, Pp, is the Prcssurc
at the ion pump, while the second tenn accounts for the finite conductance of ttre 1.2
m diameter beam tube.

1) for the special LIGO low-outgassing steel, Q - 1.0 x 1Fl3 torr V(sec-cm2). Assume
an initial pumping configuration of 2 end pumps per each 2 km long beam nrbe module.
What is rhe total outgassing flux (ton Vsec) seen by each of the pumps? Using the earlier

calculation of pumping speed, find Pn. What is P""? This number should be close to the
goal of 1.0 x 10-9 torr for the advanced interferometer.

2) assume that unprocessed steel with a higher outgassing rate is used, where I - 1.0
x 10-12 torr I / (sec cm2). What is Pr" for this beam module? How many additional
equally spaced pumps would be necessary to recover the desired value of P""? CIhe 2
pieces of P"" scale differently with the # of pumps.) With a cost of $35 K per additional
pump station and a total of 8 beam tube modules for the two sites, how much additional
cost would be incurred if this steel were used?



Lecture LT
LIGO \Iacuum System

by Jordan Camp,25 May L994

CamF lectured from the following transparencies, which Kip has ann6fsfgd 3 fi6.
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Vacuum Test Facility Concept
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Ph 103c: The Physics of LIGO 27 May 1994

LECTURE 18

The 40 Meter prototype Interferometer
as an Blarnple of Many of the Issuer Studied in thir Course

Lectwe by Pabert Spero

Assigned Reading:
XX. R. Weiss, Quart. P*g. Rep. Res. Lab. Elechvn. M.I.f. 105, 54 (1972). [The seminal

paper presenting in detail how laser interferometers can be used for gravitational wave
detection, including a comprehensive analysis of noise sources.]

W. Robert L. Forward, uWideband laser-interferometer gravitational-radiation experi-
ment,' Phys. Reu. D L7(2\,,379-390 (1977). [A description of the fust interferometric
gravitational-wave detector to be built (a 2 m Michelson interferometer) and the fust
search for gravitational waves using such a detector (a coincidence run conducted in
1972 between the interferometer and several bar detectors).]

A Few Suggested Proble"'e z Note: Your homeuork for Lecturc,s 17 and 18 is to be
tuned in to Shirley Hampton in room 151 Bridge Annu belore 1:00PM ITiiIoy June 3

In this cotrrse you have encountered all the significant noise sources for interferometric
detectors that the LIGO tea,m is now aware of. Which of these were unanticipated by
Weiss in Ref. I above; and are they "frrnda,mental" or are they "technical"?

The interferometer described in Weiss's paper has a different optical configuration
from the 40 m interferometer, but the shot nois€ calculated by Weiss is similar to that
achieved in the 40 m. Why? Compare the shot noise lirnited sensitivity calculated by
Weiss with the sensitivity achieved by Forward, and account for the difference.
The thermal noise calculated by Weiss is bas€d on viscous da,mping lQ@) x c.rl. How
does the thermal nois€ prediction change when if the da,mping is structural [4@)
independent of c.rl? cf. Lectures 13 and 14.
Weiss calculated noise from laser intensity fluctuations acting on the test masses via
radiation pressure. Intensity fluctuations also result in nois€ (in a manner discuss€d
in Spero's lecture) if the interferometer's operating point is offset from a "dark finge"
at the photodiode. Under what circumstances wil this noise be larger than that due
to radiation-pressure fluctuations.

1 .

2.

3.



Lecture 18
The 40 Meter PrototS4re Interferometer as an Example

of Many of the fssues Studied in this Course

by Robert Spero, 27 May L994

Spero lectured from the following transparencies. Kip has annotated them a bit.



L " c T o r l R E  I E

"4E 
4o h /xreeF€?,omErd:e

A
A5 E X AnPle oF T.rse,6 Sz-.Dreo

/rtt Ca,-reS E

R s?€Ro
2? ttAY | qqc+



VtE,u /ttr€eF€ftcarE r€tl a.e'te!,r /^t .T?ttE DonF,tN,

t

I
l\t,D Ax6C7 26 At A TPAW

vhefbr& ft Et &ur )(&)

aF Po8€S at

G aussnx Dt lTril EoTtot+tz fl (xl 4 
-ta fs)'

Tjme D.,, A,N DA"" r ?,r&e l-J s,or,t

FocsE CAaramstrorqDrsrRlB qr?loN2 AH D

E t Fcreue lJ

rr'bese N(x\: "lennzy' 
c{ pwlsg: d:cl a'"'P/;teJe x

f = avscaSe (r*r) pulse he5\t

fiw
s'i5tal- (o - neise ra+ia (S t e) a$ a ",rl&

H isrc5*^ 4e I ilre 5€rr'q5

x
s



Ca.\i bpq+ier . reg uisg5 conVgal;r.a
to  AL os h;  is lee+ lcs !€
4;splaceas"ra puke, cp , t r .Jr.

FN*Ef

/ , /'ra
ALTrfn-

fo-" vo ltogg

C x > / o e )
a,mp/it.rJe

cotL 

.:-

(l; Hcv e/'t orE CAC,E|rTTE

iYe ?Acrrlqt.n j ,: e, Cotu'.'f
Fftoat V kt ro AL k)

6 -GFcai€ 'F*- nodJe:

-{r-Yrtr

Calibtat t*, prlse

z
f.|
o

-t?
t ,€ . S .  7 { z t e e  f  " t  C = l O

C = Pntg S€twttuFz ot

/pTaeFet?r''l6tr�?



lnpnrecTpNs //v Pnnse rtoDctcliral
vStNG Poc*ecs ce LLS

t. TDEEz, pe0f,,tcs C Eze Pttsg /pDt:cErtol?

E, t c arueet r, gJ

x ' l
\
t O ,

?-j

Itrg,+ Be.rt
-\
- vff) +'ff"

/r/t/t w
Po"etv\en ts PLrGil€t brta ertr/ty A16.. so

Po<,gt t C€ce Det Ndt AgW 4.caneAT6N

atuLl eFFea?f rS S.rA4 flcDole\'u G /NDE.
aF REfRhOtqv n, Re So. tutG tFt A €Hoe&E
tp OP?EAI fiqra ieruGfu

N\Vnuc'nne',t
lu ttT&srT?
r?*ne ?f

oF A1€5 u.nT. Qe*r ffiSacZS
/loDtcntew (nmvtn, toA€e 7', U,
+s,.)

f



-l

_
 

_
---S

\

_
_

 
i_

_
_

5
s

_
_

tt-t_
t_

s
_

_
5

\\

I

- _
 _

 _
_

_
_

_
_

_
_

. _
_

_
_

 -_
_

\_
\

--a7F

a
?

-t--'-----

=(uI,9q)

.il t
3

lt
njs

HN

rt\P

h E
+

f;E
i

4
P

o
o

 2
=

z
\

8
Q

, J
r

l
h

 ;T
i

E
t

J
 

(^
4

<
r 

'-

u
 o

qil

3
i

1
.

t
s

=
q

)
-

t
-

u
:

3
u

?
u

g
s

u
a

0
O

q
)

A
F

I
l*. 

\Y

fE
1 

tr
rd 

'-,
E

u
:E

 
q,)

'
E

F
a

0F
.

t-t

I

o=
n

v 
-j

tra 
-loc)a0

o
qoo

o
:

9
iI

---g:4

t

---e
z*

E
o

lr 
r,

I

s
i

ll 
L

d
!otr

c
c

PH
r., 

.l

l
.

a
ll 

!
i

o

{
E

5
(

.
�

t
g

A

oooNIooc?I

tLIt-tIiIrt_t-.t-rt-t-
N

II

(fi9
 

z
H

T
) a

s
ro

u
 ?

o
q

s
/?

n
d

1
n

o
 p

a
le

ln
p

o
u

ia
q



45.

SFftvo n@€L oF gocrc{4s c ezL
Af5A LIClqn6"n

)

UNIailEpDED
FEEDEe,cc
PATII

s
vlrg

$ r '

)

fys: Frcquency of rhe tighr our of the modc cleaner
f1: Resonancc frcquency of 0re prirnary caviry
fo: Sabilizcd freqncncy
Af1: True frrquency deviarion (berween fe and f1)
Af1': Measurable fiequency deviarion (between fe and f1)
A: Opcn loop rransfer funcdon of the primary servo
fpq: Equivalent corection frequency ro rhe pC
81: Transferfuncdon from pc corrccrion frequency ro deviadon frequency (in the

primary) due ro PC misalignmenr (tl''ough intensiry noise around l2MHz)
f91: Falsc frequency deviadon due ro pC misalignment
f2: Rcsonance frequency of gre secondary caviry
Af2: Tnrc frequency dcviation (berween fe urd f2)
Af2': Measurable_fnquency deviarion (berween fs and f2)
82: Transfer funcdon from pc correcdon frequency ro dcviarion frcqucncy (in rhe

sccondary) due ro pC rnisaiignmenr
fs2: Fals€ frequency deviarion due ro pC misalignmenr
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PREFACE

In the sPring term of 1994, I organized a course at Caltech on The Physics of LIGO
(i.e., the physics of the Laser Interferometer Gravitational Wave Obeervatory). The cour3e
consisted of eighteen l.$hour-long tutorial lecturea, delivered by members of the LIGO
tea,m and others, and it was aimed at advanced undergraduatee and graduate studente in
physics, in applied physics, and in engineering and applied sciences, and also at interested
postdoctoral fellows, resea,rch staff, and faculty.

In my mind the course had several purposes: (i) It used IIGO as a vehicle for teaching
students about the physica and technolory of higb-precision pbysical e:cperiments. (ii) It
served as a tutorial on the physics of LIGO for scientists aad engineers, who had joined the
LIGO teasr in the preceding year in preparation for the begiuing of LIGO'a construction.
(iii) It served as an introduction to the science and tecbnologr of LIGO for other membere
of the Caltech community: In spring 1994, LIGO was just beginning to emerge from two
years of controversy on the Caltecb carnpus, and a nunber of faculty and staff wanted to
lea,rn in detail about the LIGO team's interferometer R&D, so they could form opinions of
their own about whether the Project was well conceived and its interferometer development
was being well executed. (It ie my impression, in retroepect, that moet a.nd perhaps all
of tbe faculty and staff who attended tbe course regularly emerged with a positive view
LrGO.)

The lectures were delivered in Room 107 Downs on Wednesdays from 1:00 to 2:80 PM
and llidays from 10:30AM to noon. The audience tlpically consisted of about b under-
graduates, 10 graduate students, 5 postdoctoral fellows, 8 professors, md 1b members of
the LIGO team-and, for some lectures, rather more than this, especially more professors.
The audience waa mostly from Physicg and Engineering, but a emattering of other disci-
plines was represented (including even an occasional social scientist). The undergraduates
and some of the graduate students took the courBe for credit under the rubric of Physics
103.

These two Volumea gssf,ain the materials distributed at the lectures, augmented occa-
sionally in Volume I by lecture notes gfustr ]dalik Rakhnanov (the grader) or I have written,
describing the lecture. More specifically:

Volrrme I contains (i) copies of the transparencies used in each lecture, or-in the case
of lectures not based on transparencies-notes on the lecture prepared by Rakhrnanov or
me; and (ii) lists of references and sets of exercises prepared by me and/or the lecturers.

Volume II contains copies of the most important of the references that the lecturers
chose to accompa,ny their lectures. Some references are extracted from textbooks or tech-
nical monograPb, others are from the original scientific literature, and a few are preprinta
of papers not yet published. Because we have not sought, from the publishers of these
references, permission for widespread duplication and distribution, only a few copies of



Volgme II are being made; and Volune II ca,rrieg an admonition on ite cover page that it

should not be reproduced.

For these voft:mee I have grve.n sequential capital-letter labels (A, B, C, "' Z, AA,

BB, ... W) to all the readings that appear in Volume II, and have revised tbe reference

lists in Volgrnes I and II to reflect this labeling. Rcferences not included as readings are

now labeled with lower-case letters (a, b, c, ... z).

These Voltrmes will be of value not only as a historical record, but also as a reference

source for members of the LIGO team and others, &d as ^n aid for people who did not

attend tbe lectures and who want to begrn learning about LIGO. For example, people who

join the LIGO team during the next several yea,rs may find theee volusreg helpful in getting

oriented. (To those who joined the tearn during the summer or early auttrmn of 1994, I

apologize that I have been so slow in putting these volumee together.)

I thank the lecturers for the extensive time, energf, and enthusiasm that they put into

this course. No single person could possibly have delivered this set of lectures, eepecially

not M also thank Robbie Vogt and Stan Whitcomb who, as Director and Deputy Director

of LIGO, encouraged me in 1993 to organize this course and encouraged tbe members of

the LIGO team to help me make it a reality. Finallg for their enthusiastic backing of this

effort, I thank the entire LIGO tea,m, Barry Barish (LIGO PI), Tom Everhart (the Caltech

President), Paul Jennings (the Provost), Charles Peck (the Chair of Physics, Mathematics,

and Astronomy), a.nd a nr:rnber of Caltech faculty memberg.

Kip S. Thorne
Caltech
20 October 1994



CONTENTS OF VOLUME II

Note: For each lecture, this volrrrne contains the list of references prepared by the lecturer
s'ith commente about the relevance of each reference, followed by a copy of each of the
most important referencee. In the conteute below, we liet the copied refereuces for each
lectnre. The copied references are labeled sequentially by capital letters (A, B, C, ... , Z,
AA, BB, ... W). The other references are labeled sequentially by lower-case letters.

1. Overview Lecture by Kip S. Thome [30 March aod lgt half of I Apri!

A. Kip S. Thorne, "Gravitational Radiation,' in 300 Years of Grcvitoiron' eds. S.
W. Hawking and W. trsia€l (Cambridge Uuiveraity Press,.l987), pages 33$-350;
378-383; 4L4420.

B. Alex Abra,movici, Williar" E. Althouse, Ronald W. P. Drever, Yekta Gfirs€I,
Seiji Kawa.mura, Ftederick J. Raab, David Shoema,ker, Lb Sievers, Robert E.
Spero, Kip S. Thorne, Rochus E. Vogt, Rainer Weiss, Stanley E. Whitcomb, and
Micba€l E. Zucker, Science, "LIGO: The Laser Interferometer Gravitational-
Wave Obserratory," 256, 325-333 (1992).

C. Kip S. Thorne, uGravitational Radiation: An Introductory Review," it Gtztita-
tional Rodiatio4 eds. Nathalie Denrelle and Tsvi Piran (North-Holland, Ams-
fsld2rn, 1983), pp. 1-58.

2. Theory of R^andom Processes: A Tutorial by Kip S. Thotze [2nd half of 1 April]

D. Roger D. Blandford and Kip S. Thorue, Applicotions ol Aossicol Physics (text-
book manuscript, Caltech, 1993-94), Chapter 5, "Random Processes'

3. Signal processing in LIGO and in prototype interferometerc by Eanna E.
Flanagaa [6 April]

E. Bernard F. Schutz, "Data Processing, Analysis, and Storage for Interferomet-
ric Antennas," is The Detection of Gravitotiond Rodiatioq edited by D. Blair
(Ca,mbridge University Press, Cambridge, 1989).

F. C. Cutler, T.A. Apostolatoe, L. Bildsten, L.S. finn, E.E. Flanagan, D. Ken-
nefick, D.M. Markovic, A. Ori, E. Poieson, G.J. Sussman, and K.S. Thorne, uThe

Last Three Minutes: Issues in Gravitational Wave Measurements of Coalescing
Compact Bina,ries,n Physicol Redeu Letters, 70, 298+2987 (1993).

4. Idealized theory of interferometers-I by Kip S. Tborze [A AptilJ

G. Roger D. Blandford and Kip S. Thorne, Applications ol C:lossicol Phgsics (text-
book manuscript, Caltech, 1993-94), Chapter 7, "Diftaction."

H. A. E. Siegman, Losers, (University Science Books, Mill Valley CA, 1986), Chapter
17, "Physical Properties of Gaussiaa Beams.n

g. ldselized theory of interferometera-ll by Ronald W. P. Drever [13 April]

I. R. W. P. Drever, "Fabry-Perot cavity gravity-wave detectors" by R W. P. Dr-
ever, in The Detection of Gratitational Woaes, edited by D. G. Blair (Carnbridge
University Press, 1991), pages 306-317.



7.

J. B. J. Meers, uRecycling i! laser-interferometric gravitational-wave detectors'"

Phys. Rea, D, 38, 23L7-2326'
K. B. J. Meers, pnyi;is Letters A, qbe frequency r6por5e of interferometric grav-

itational wave Jetectors,' Physics Letters A, L42,465 (1989)

L.B.J.MeergandRw.P.Drever,uDoubly.resolantsiguatrecydingforinterfer.
ometric gravitational-wave detectorg'' (preprint)

M. J. Mizuno, K. A. Strain, p. G. Nelson, J. M. cheu, R Schilling' A- Rudiger,

w. winkl", "oa x. D*r-*, "Resonant eideband extraction: a Dew configura'

tion for interferometric gravitational wave detectora,' Phys' Lett' A,L78,273-276

(1993). _r n_ -,:_r:--
N. R W. F. Drever, .Interferometric Detectors of Gravitational Radiation," in Graa'

itationol Radiotio4N. Demelle and T. Pira8, eds. (North Eotland' 1983)'

overview of a real interferonetet by stantey E. whitcomb [15 Aprit]

o. D. Shoemaker, IL Schilling, L. SchnupP, w.winkler, K. Maischberger' A' Rudi-

gs, *Noise bJhavior of the Garching 3Gmeter prototlpe gravitational-wave in-

iei"rom"ter," Physical Redew D, 3t, 42T432 (1988)'
p. Benja,nin C. Kuol Automatic Control Systems (Prentice-Eall), "Chapter 1' In-

troduction."

Lasers and input optics-I by Rabert E. Speto [20 April]

Q. A. Rfidiger, R Schilling, L. SchnupP, W. Winller, T.Biui"g 
andK. Maischberger'

'A mode selector to sulpress fluctuations in laser beam geometry,n Optica Acta'

28, 641-658 (1981).
R. A. Yariv, Opticol'Electronics (Saunders College Publishing, 1991'), "Chapter 10'

Noise in Optical Detection aod Generation'"
s. A. Abra,movici and z. Yage4 "comparison between active and passivecavity

ioterferometels,' Phgs- Reu. A,33, 3181 (1986)'

T. J. Gea,Banacloche, lPassive vettsus active interferometers: Why cavity losses

make them equirralent,," Phys- Rea' A,35, 251E (1987)'

U. T.M. Niebauer, R S"iitt;',!, X. O*rluann, A. Rudiger, W. Winkler, uNonsta-

tionary Shot Noise aod its Effect on the Sensitivity of Interferometers Phys' R'eu

A 4s,5022-5029 (1991).
V. p.H. RoU, R Kroiko*r, and RH. Dicke, *The equirralence of inertial and passive

gravitatioual mass,' Ann- Phys 26, 442 (196a); Pages 466-470'

Lasere and input optics-Il by /t'Iex Abramovici [22 April]

w. A. Rtdiger, R Scbilling, L. SchnuPP, w.winkler, T. Bitli"S andK. Maischberger'
.A mode selector to su-fpress fluctuations itr laser bea,m geometry," Optica Acto,

28, 641-658 (1981).
x. w. Koechner, soiid-stot" Loser Engineering (Springer verlag, Berlin, 1988)'

"Chapter 1. Introduction."

Optical elements by Rick L. Sa'nge [27 Apri{

Y. W. Winkler, K. Don"mann, A. Riidiger and R schilling, *opticd Problems in

Interfereometric Gravitational wave Antennas'" in The sisth Marcel Grossmenn

E.

9.



Meeting,edE. H. Sato and T. Na,kanura (World Scientific, Singapore, 1991)' pp'

176-191.
Z. D. Malacara, Opticat Shop Testing (John Wiley aod Soos, New York, 1978),

section 1.2, "Fizeau Interferometer,' pp. 19-37'
AA. H. A. Macieo d, Thin-Fitm Optiant Fitiers,2nd edition (AdaB Eilger Ltd., Bristol,

1986), "Introduction," pP. 1-10.

10. Control syste'nc for test-ma$ position and orientation by Seiii Kawamural2g

Ap.il]
BB. S. Kawamura and M. E. Zucker, 'Mirror orientation noise in a Fabray-Perot

interferometer gravitational wave detector,n Applied Optics, in press'

CC. M. Stephens, P. Sardsoa, ed J. Konalik, "A double pendulunvibration isolation

system for a laser interferometric gravitatioual wave antennar' Reu. Sci. Instntm.,

62,924-932 (1991).
DD. R C. Dorf, Moitern Control Sgstems 5th editon (Addison-Wesley, 1989): $$7.1

atdT.Zof Chapter 7, "Flequency Besponse Methods;n aud $$8.1-8-4 of Cbapter

8, "Stability in the Flequency Domain-"

11. Optical topolory for tbe locking and control of an interferometer, and

signal extraction by Martia W. Pcgehr [a M.V]

EE. P. W. Milonni and J. II. Eberly, Losers (wiley, New York, 1988): $$12.9 
"AM

tocking" aod 12.10 UFM Locking," Pp. 38F390.
C. N. M"J[, D. Shoemaker, M. Phan Th and D. Dewey, "External modulation

technique for sensitive interferometric detection of displacemente," Physics Let'

ters A,148, 8-16.
John H. Mcore, Christopher C. Davis, ed Micha€l A. Coplan, Building Scien-

tific Apporahs: A Proctical Guide to Design or.d Co*ttttction (Addison-Wesley'

t6aa;,-Sec. 6.8.3 -Ihe lock-in amplifier and gated integrator or boxcar," (pp'

435-437).
Paul llorowitz and Winfield Hill, ?Tre Art ol Electronics (Ca'mbridge University

Press, Cambridge, 1980), sec. 14.15 "Lock-iq detection" (pp. 628-631) and an

earlier section to which it refers, Sec. 9.29 *PLL components, Pbase detector"

(pp. a2e-a30).

12. Seismic isolation by.Lisa A. Sievers [6 May]

II. Leonard Meirovitch, Elements of Vibrotion Anolgsis (McGraw-T{ill, 1986)' PP.
3157.

JJ. R del Fabbro, A. di Virgilio, A. Giazotto, H. Kautzky, V. Montelatici, and D.

Passuello, "Tbree-dimensional seismic super-attenuator for low frequency gravi-

tational wave detection,' Physics Letters A, L24,25T257 (1987).

KK. C. A. Cantley J. Hough, and N. A. Robertson, "Vibration isolation staclc for

gravitational wave detectors-Finite element analysis," Rev. Sci. Instntm.,63,

22Lr|22L9 (1e92).
LL. M. Stephens, P. Saulson, md J. Kovalik, "A double penduhun vibration isola-

tion system for a laser interferometric gravitational wave antenn4" Rea- Sci-

It:rltntm., 62,, 924-932 (1991 ).

FF.

GG.

HH.



MM. t. Ju, D. G. Blair, E. Peng, and F. raa Kana, "Eigh dynamic naoge measurements
of an all metal isolator llsing a sapphire transducer r' Moss. Sci. Technol.,,3, 463-

470 (1se2).

13&14. Test masses and egspensions and their tberrnel noise by Aaron Giltespi'e [11
May and 13 May]

NN. H. B. Callen and T. A. Welton, ulrreveraibility and generalized noise," Phgs.

Reu.,83,3440 (1951).
OO. Peter R Saulson, *Ihermal noise in mechaoical e,:cperiments," Phys. Rea. D,42,

2437-2U5 (1es0).
PP. Aaron Gillespie and Flederick Raab, 'Theroal noige in mechanical e:qreriments,"

Phys. Ran. D, 42,2437-2''145 (1990)

QQ. Aaron Gillespie and Ftederick Raab, "Tbermally excited vibrations of the mirrors
of a laser interferometer gravitational wave detector," unpublished (1994).

RR Aaron Gillespie and Flederick Raab, "Suspeusion loss€s in the pendula of laser
interferometer gravitational wave detectorsr' Phys. Lett. A, in press (1994).

18. Light scattering and its control by Kip S. ftotte [fa Uay, lst hatf]

SS. J. M. Elson, H. E. Beonett, and J. M. Bennett, "Scattering from Optical Sr:r-
faces,' n Applied Optical Engineering, Vol. VII (Academic Press 1979)' Chapter
7, pp. 191-243.

16. Squeezed light and its potential use in LIGO by H. JeE Kimble [18 May 2nd

iffj;it::Hl *euantnn mechanicat noise in an interferome ter,' Phys.' Rea. D,
23, 1693-1703 (1981).

IrU. D. F. \4ralls, "Squeezed states of light," Natury 306, 141-146 (1983)-
\ /. M. Xiao, L. A. Wu, and H. J. Kimble, "Precision measurement beyond the shot-

noige limit," Phgs. Rea. Lett.,59,27*281 (1987)-

17. The physics of ncuum aystems, and the LIGO vacuum syeten by Jordan
Cnp [25 May]

WW. J. Moore, C. Davis, M. Coplan, Building Scierztific Appotzttts (Addison-Wesley,
1983), Chapter 3. uVacuum technologr."

18. The 40 meter prototype interferometer at tn example of many of the issueg
studied in this course by Robert E. Spero 127 \fiayl

X)L Rainer Weiss, "Electromagnetically coupled broadband gravitational antenna,"

Quort. Prog. Rep. Res. Lab. Elechpn. M.1.7.105, 54 (1972).
Ylf. Robert L. Forward, 'Wideband laser-interferometer gravitational-radiation ex-

periment," Phgs. Rel- DL7(2)' 379-390 (1977)-
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CONTENTS OF VOLUME I

Note: The contente of each lectnre are described below in outline form (tbough the lechrre

l*rofft does not follow the outline sequentially). Fbr-each lecture, this voluEe contains:

iif" Uri of references prepared by the lecturer and broken down into "Assigned Readingl

and "Supplementary iuaiiog," with commente about the relerrance of each reference;* (ii)

a set of exercises tlrat the reader is ilvited to try, as a tool to better understanding;t and

(iii) the transparencies from which the lectnre was delivered and/or noteg on the lecture

prepa,red by Kip, or by Malik Rakbnanov.

1. Overview Lecture by Kip S- frorne [30 March and
a. overview of tbis course

lst half of 1 April]

b. gravitational waves and their properties; polarizations, propagation effects

gravitational-wave generation and the quadnrpole formalistr

gravitational-wave sources
varior.rs methods of detecting gravitational wavea (including interferometers);

their frequency domains; their sensitivities; eources they migbt detect

overview of the LIGO Project

Theory of Random Processes: A Trrtorial by Kip s. ffiolrle [zna uau of 1 April]

a. description via probability distributions; Gaussian vs non'Gaussian noise

spectral densities, correlation finctions, Wiener-Khintchine theorem

linear signal processing
Wiener filter for optimal signal processing
illustrations via the noise spectra of interferometric gravitational-wave detectors

("interferometers"); seismic noise, thermal noise, shot noise

Sigpal processing in LIGO and in protot5pe interferometere by Eanna E'

Flaaagan [0 Apn{
a. hlpothesis testing
b. coincidencing to remove nonGaussian noise
c. methods of searching for siguals and computational requirements, for:

broad-band bursts (e.g. supernovae)
coalescing binaries
periodic sources (e.g. Pulsars)
rto"ht"ti" backgronad (e.g. from early universe)

d. methods of extracting information from detected signals

- Th*" t"f"t"*es labeled by capital letters (A, B, C, .-. Z, AA, BB, "' W) are

reproduced in Volume II; those labeled by lower-case letters are not

i tU" students who took thig coune for credit were required to work many of these

exercises or do supplementary reading alrd write essays about it.

c.
d.
d.

e.

2.

a.
b.
c.
d.



4. Idealized theory of interferometers-I by Kip S' ?'hotz,e [8 Apri{

a. GausEian bea,ms and their manipul'ation
b. bea,m splitters aod mirrorg
c. simple delay-line interferometers
d. Fabry-Perot cavities
e. simple Fabry-Perot interferometers

[dsalized theory of interferometers-Il by Rnnald w. P. Dtever [13 April]

a Power recYcled interferometers
b. Rcsonantly recycled interferometers
c. Dual (or sigBal) recycied interfe:ometerg
d. Doubly resona,ld signal recycled interferometer

e. Resonant sideband extraction
Overview of a real interferom etet by Stanley E. Whitcomb [15 Apri{

what is in a real interferometer
survey of potential uoise sources
scaling of noige sources
iutroduction to control sYstems
diagnostic techniques for real interferometerg

7. Lasers and input optics-I by Robert E' Spero [20 Apri{

subsystems)
Argon ion laser; its single-frequency operation and frequency prestabilization

beam jitter in terms of mode superposition
mode cleaner and mode matching
Nd:YAG laser and frequencY doubling

Fabry-Perot cavities as displacement sensorE

shot noise in photodetection, signal-to-noise ratio

effect of mirror losses; equivalence of active and passive cavities

phase modulatioo to ."o"" optical phase and eliminate sensitivity to laser intensity

huctuations; sideband analysis; reflection ("Pound-Drever") locking

e:qperimental demonstration of shot noise limited sensitivity.

non-recombined and recombined optical configurations; sensitivity vs' storage

time, visibiliby, modulation waveform
g. optirnization of optical and modulation paraneters

E. Lasers and input optics-Il by Nex Abramovici [22 April]

a.generalrequiremeutsonlightforLlGointerferometers
b. configuration of the light source (laser, mode cleaner, other components and

a.
b.
c.
d.
e.

a,
b.
c.
d.

e.
L

c.
d.
e.
f.



(

g. Optical elements by Rick L' Savage [27 Aprit]

a. overview of LIGO'�e requirements for mir�rorE' bean splitters' Phas€ modulators'

Photodiodes, Pick offs, etc'

b. detailed requiremeuts for t€t-mass optics:

general requirements-toJlosses, reflectivity, radi's of curvatr:re, etc'

mirror eurface imperfectioos tna how they influence the interferometerl

contrrnination-induced miror heating'

c. the LIGO core optics pathfinder Program:
mirror substrat* (necuanical o"rliiy factors, polishing, Zerlot}ie pollmomials'

measruement of polished surfaces);
mirror coatings'

10. control syetems for test-mas8 position and orientation by seiii Kawamutal2g

APti!
a. test-mass susPension sYstems
b. test-mass potitioo and orientation damping

c. transfer firnction of a pendulum

d. sensors and actuators
e. test masa orientation noise in a Fabry-Perot interferometer

f. noise from the control sYstem

11. optical topolory for the-locking and -control 
of an interferometer' and

signal extractioi by Martia W' Regehr [! Mayl

a. ovenriew and e:cplanation of thetodulation'methods used to octract the gravi-

tational wave signal
b.methodsofextractingthearuciliarysignalsnecessaryforlockinganinterferometer

'c.analysisofmult ivar iablecontrolsystems'wi thexanples

12. Seismic isolation by LisaA' Sievers{6 May]

a. seismic background: its origin and spectrum

b. isolation stacks: basic theoi, aoigr issues, chosen desig' and perforrrance

c. isolation via pendulun suspeusion; comPound pendulun

d. active isolation sYstems

Lg,,L4. Test masses and s'spensions and their thermal noise by Aaron Gillespie [11

MaY and 13 MaY]
a- keY issues in elasticitY theorY
b. fluctuation-dissipation theorm

c. calrsen of loss€g in materiale
d. frequencY dePeudence of noise

e. susPensron Doule
f. violin-mode noise
g. internal-mode noise
h. ".*.o." (non-Gaussian)
i. choices of materials

norse



15. Light scattering and its control by Kip S. T}rotrre [fS Ma5 lst half]
a. how scattered light can imitate a gravitational wavel the magnitude of the danger
b. control of scattered light by bafres and by choice of materials
c. the &oeen IIGO bafre desrgn

16. Squeezed light and its potential use in LIGO by E. JeE Kimble [18 May 2nd
half, and 20 Mayl

a. theory of squeezing
b. practical methods of squeezing
c. present state of the art
d. use of squeezed vacuum state in interferometers
e. methode to beat the staudard quaotum lirnif

17. Tbe physics of vracuum ayatems, and the LIGO wrcuum syetem by Jotdan
Camp [25 May]

basic physics aad engineering of rracuurn systems
noise in an interferometer due to residual gas
LIGO vacuurn specificatioos
LIGO's special low-hydrogen steel
outgasing and punping strategy
construction of the vacunn system

18. The 40 meter prototype interferometer as nn example of many of the issues
studied in thiE course by Pr:,bert E. Spero 127 lvlayl
The following abstract gives the flavor of how Spero approached this topic:
Building gravity wave detectors like the 40 m interferometer or LIGO proceeds in two
stepe: constructing an array of test masses tbat is free from exteraal disturbances and
other sources of displacement noise, and devising a sensitive readout of the relative
positions of these mass€n. The noise sources that constrain sensitivity can be classified
as fund,amenta\ meauing tbey were expected, ultimately, fs limit the detector's sen-
sitivity and their lirnits qrsps esf,irnated (around 197f) before the first detectors were
built, and techniccl meaning that, whether they initially were thought of or not, they
are unlikely to place ultimate limits on sensitivity. Since the required sensitivity is
many orders of magnitude greater than anything previously achieved, one might worry
about a third class of noise sources: u.uaoticipated firndamental pheuomena revealed
in the course of the R&D, which will lim;t the ultimate sensitivitiea. Luckil5 no such
phenomeua have been discovered. The 40 m interferometer has been inrraluable at
sorting out which sources of noise (botb fundanentd aqd technical) are the moet im-
portant in the short nrn and the long, and in Suldbg the design of LIGO. Our curent
understanding of the effects of imperfections in phenomena such as phase modula-
tion, intensity stabilization, mechanical 8€rrot, and lock acquisition is due largely to
investigations conducted on the 40 m aad sfuxrilar experimental interferometers.

Note: A tour of the 40 meter prototlpe interferometer was taken twice outside lecture
hours: once early in the term, largely for impreasionistic purposes; once at the end of the
cours,e, following up on the last lecture. A tour of the IIGO Optics laboratory in the
basement of West Bridge was also taken twice: once in the middle of the term focusing
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on issues discqssed in the teran's first half; once at the end of the tetn, focusing on issueg
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K r P  S .  T H O R N E T

9.1 Introduction

9.1.1 The motiaations for gravitational+raue research
The discovery of cosmic radi6 waves in the r930s and their detailed study in
the 40s, 50s, and 60s created a revorution in our view of the universe
(Kelierman and sheets, 1983; suilivan, r9g2, 19g4). preriousry the universe,
as viewed by light, was regarded as serene and quiescent - dominated by
stars aDd planets that wheel smoothJy in their orbits, shining steadily and
evolving (with Gw exceptions) on timescales of miliions or billions of years.
By contrast, the universe as vierved by radio waves r',,as violent: garaxies in
collision, jets ejected from galactic nuclei, quasars with luminosities far
greater than our galaxy larying on timescales of hours, pulsars with
giganttc radio beams rotating at se'erar or many rotations per second; these
were the typical strong radio ernitters_

The radio revolution lvas so spectacular because the info:mation carried' by radio waves is so dilfereni from that carried by light- A factor l0?
difference in waverength meant the differarce between photons
predominantly thermar in origin 0ight) and photons predominantry
nonthermal (radio), the difference berrveen the bremsstrahlirng and atomic
transitions of stellar and planetary atmospheres on one hand, and the
synchrotron radiation of intergalactic magnetized piasmas on the other-

As different as cosmic radio and optical radiations may be, their
differences pale by comparison rvith those of electromagnetic rvaves and
gravitational waves: cosmic gra'itational rver.es should be emitted by, and
carry detaileci iaformation abour, coherenr burk morions of matter 1e.g.,
coliapsing stellar cores) or coherent vibrations of spacetime curl.ature (e.g.,

f Supported in part by rhe Narionai Science Foundarion (AST-85l49ll).
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black holes). By contrast, cosmic electroma-enetic waves are usuall.v

incoherent superpositions of emission from individual atoms, molecules,

and charged particles. Gravitational waves are emitted most strongly in

regions of spacetime where gravity is relativistic and where the velocities of

bulk motion are near the speed of light- But electromagnetic wav€s come

almost entirely from weak-gravity, low-velocity regions, since strong-

gravity regions tend to be obscured by surrounding matter- Gralitational
waves pass through surrounding matter with impunity, by contrast with

electromagnetic waves which are easiiy absorbed and scattered, and even by

contrast with neutrinos which, altbough they easily penetrate normal

matter, should scatter thousands of times while leaving the core of a

suPernova.
These dilferences make it likely tbat, if cosmic gravitational waves can be

detected aad studied, they will create a revolution in our vierv of the uni,erse

comparable to or greater than that which resulted from the discovery of

radio waves.
It rnight be argued that we are now so sophisticated and complete in our

electromagnetically based (radici, millimeter, infrared, optical, ultraviolet,
X-ray, gamm?-r?y,cosmic ray) understanding of the universe, compared to

the optically based astronoraers of the 1930s and 1940s, that a gravitational-
wave revolution will be farless spectacular than was the radio revolution. It

seems ualikely to rne that we are so sophisticated. I am painfully aware of
our lack of sophistication rvhen I contemplate the sorry state of present

estimates of the gravity waves bathing the earth (Section 9.4 below): for each
type of gravity-wave source that has been studied, with the exception of
binary stars and their coalescences,-either (i) the strength of the source's
waves for a given distance from earth is uncenain by several orders of
magnitude; or (ii) the rate of occurreoce of that type of source, and thus the
distance to the nearest one, is uncertain by several orders of magnitude; or
(iii) the very existence of tbe source is uncertain.

Although these uncertainties make us unhappy rvhen rve try to plan for
the design and construction of gravitational-wave detectors, we will be
rewarded with great surprises when gravitv wavss are ultimately detected
and studied: the waves will give us extensive information about the universe
that rve are unlikely ever to obtain in'any oiher rvay.

Detailed studies of cosmic gravitational waves are also likely to yield

experimental tests of fundamental laws of physics rvhjch cannot be tested in
any other way.

The frrst discovery of gravitational waves rvould directly verify the
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predictions .of -seneral relativity, and other relarivistic theories of gravity,
that such waves shourd exisr. (There has arready been an indirect
verification, in the form of the obser'ed inspiral of the binary pulsar due to
gravitational-radiation reaction; tveisberg and ra11or, r9g4; Taylor,
1987.)

By comparing the arrival times of rhe first bursts of iight and _gravitational
waves from a distant supemova, one could r.erify generar relativity's
prediction that electromagnetic and gravitational waves propug"t" rvith the
same speed - i-e., that they couple to the static gravity (spacetime curvature)
of our Galaxy and other gaiaxies in the same way. For a supernova in the
virgo cluster of galaxies (15 Mpc disrant), first detected opticaily one day
after the light curve starts to rise, the electromagnetic and gravitational
speeds could be checked to be the same to w-ithin a fractionar accuracv
(I l ight day)/(15 Mpc):Jx l0-r t .

By measuring the porarization properties of the gravitationar waves, one
could verify general relativity's prediction that rhe waves are transverse and
traceless - and thus are the classical consequences of spin-irvo gravitons
(Eardley, Lee and Lightman, 1973; Eardl ey et al-, 1973j-

By comparing the deailed rvave forms of obsened gravitational rvave
bursts with those predicted for the coalescence of black-irole binaries (which
will be computed by numerical relativity in the next few years. see Section
9.3-3(e) below), one could verify that certain bursrs are indeed produced b-v
black-hole coalescEnces - and, as a conseguence. verifl- unequivocally the
exjstence of black holes and generai relativiry,s predictions of iheir behavior
in highly dynamical circumstances. Such verificarions u,ould constitute bv
far_the strongest test ever oi Einsrein's taws of _eiavity-

9.12 A brief historl, of graaitcttionril_waue research
Einstein (1916) Iaid the foundations of gravitational-wave theory within
months after his linal fiormulation of general relati,r.ity- restricting himself to
weak (lineaized) waves emitted by bodies rvith negligibie self-gravity and
propagating through flat, empty spacetime. During the nexi few years
Einstein (19i8), weyl (1922). and Eddington(r924)elaborared on Einstein,s
initial work so that by the mid- 1920s the linearized theory of gravitational
tvaves rvas fully understood. Horve,.'ei. r't rvs5 clear _ at least to Eddia_eton
(1924) - that for sources with significanr self-graviry (e.-s. binary sysrems),
the linearized analysis was invalid.

Landau and Lifshitz (1941) ga'e the first fairly satisfactory rreatment of
the emission of waves by self-gra'irating systerns; but a series of failed

'! :i"-:.:l$

+l;m
lifi:;';';i li-iii.
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attempts to analyze radiation reaction in such systems in the late 1940s and
1950s (pp. 73 and 74 of Damour, 1983) shook physicisrs'faith in the abiliry
of the rvaves to carry offenergy, and even in the correctness of the Landau-
Lifshitz formula for the emitted wave field. It required a clever rhought
experiment by Bondi (1957) to restore faith in the energl'of rhe w.aves, and a
series of beautiful and rigorous studies of the asymptotic properties of the
waves at infinity by Bondi and collaborators (Bondi, 1960; Bondi,l-an der
Burg, and Metzner, 1962; Sachs, 1962,1963; penrose, l963a"b) and of the
propagation of short-wavelength ivaves through a curved background
spacetime by Isaacson (1968a,b) to restore faith that the fundamental theory
of gravitational waves is soundly based.

The experimental search for oosmic grarilational rvaves was initiated by
Joseph weber (1960) ar a time when armost nothing was known about
possible cosmic sources and when nobody else had the visiog to see that
there were technological possibilities of ulrimate success. After a decade of
effort, weber (1969) announced to the worrd tentarive evidence that his
resonant-bar gravity-wave detectors - one near washington, DC, the other
near chicago - were being excited simultaneously by _eravitational wa.res-
There followed a six-year period of excitement and feverish effort as I5 other
research groups around the rvorld tried to construct and operate similar bar
detectors (Tyson and Giliard,1978; Amaldi and pizeile, 1979; d.e Sabbara
and Weber,7977; Weber, 1986, and references therein). Sadly, even with
markedly improved sensitivities, these efforts gave no convincing evldence
that gravity waves were actualiy being seen.

In parallel with this experimenral effort, astroph.vsicists woridwide
struggled through the early 1970s to milk, from electromagneric
obsen'ations of the universe and from fundamental theorl', as much
information as possible about the characteristics of the gravity *'aves that
might be bathing the earth. By the mid- 1970s a fuz4 buthelpful picture had
begun to emerge: while the sensitivities of the detectors to kilohertz-
frequency bursts arriving, say, three rirnes per year had improved during the
early 70s from dimensionless amplitude h tty, - 1 x l0 

- I s ro /r3rr, - 3 x l0 
- I 6

(a factor 10 improvement in energy flux), it seemed highly unlikely that such
bursts bathing the earth would exceed ]rr/r-,-lx 10-16; a reasonable
probability of success wolrld require l!3,,,-10-:0 or better; ancl a high
probabiiity rvould requiie lTti',- 10-:r ro hsr:,r- 10-:: (Smarr, ed-. 1979;
Fig- 9-a below). Although these estimares were discoura_eing, the theoretical

.efforts that produced them were making clear the enorrnous potential payoii
that could follow the successful detection of gravity wa\:es.
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Fortunately, the experimentar efforts of rhe earry r970s hacr pointed theway toward major possibre detector improrements; and, consequentry,
although most of the first-ganeration experinental groups becarnediscouraged and dropped out, a handfur of highry rarented gioups continuedonward into the i9g0s with a second-gen"r"iioo effort-invorvi"g -"i"1technological changes 'such as cooring the bars to liquid-herium
ternperatures' changing bar materials, s,witching from passive to eativetransducers, and even developing completely n"* t},p", of d"rrrorr, mostnotably laser-interferometergravity-wave detectors (cailed .bearn, detectors
in this chapter)- These soot d-g*"otion erlorts ha'e reached fruition in thelast few years: bars with kilohertz burst sensitivities h3/y,-I0-r? (30 timesbigher in a*plitude than the lirsr-generation and 1000 higher in energy) arenow collecting data in coordinated searches (section g.i.z@lberow); andsmall-scale beam detectors with ftr.,"r_s x l0- i z are now op"o,i"g (Section
9-5-3(d) below) as prototypes for fuil-scare detecrors witrr p'ro;ected urtimatesensitivities in the ra-zz region (section 9.5.3G) berow). Tbe regime ofpossible success has been reached, and the regimes of reasonabry probabre
success and highry probabre success look reachabre - though onry withvigorous continuing efforts and the expenditure of non-trivial sums ofmoney.

In parallel rvith these 19g0s'second-generation efforts, theorists haveredoubled theii struggre to firm up our understanding of the waves bathingthe earth, but with onry modest resurts: the probren: of knowing what kindsof sources actually 
1*lr, and how frequently, is hampered by the paucity

of electromagnetic information; and, as a resuri- the apparent recentimprovernents in our knorvred-se (secrion 9.4 berorv) mi,ehi ie rittre morethan changes of fashion- on the other hand, given a specifif scenario for howa postulated source behaves, theorists have become far more adept thanbefore - thanks not Ieast to supercomputers - at computing the detaiis of thegravitational rvaves it shourd emit (Secrion 9.3.3 berow;. ,i, " .onr"quence,when waves are urtimatery detected, the prospects have become reasonabrefor deciphering from them the details oi ttreir sources.
while the present, 1gg7, gravity-wa.'e searches might bring success, it isnot likely they will. Thus, we must anticipare a continued vigorous effort attechnology development during th. coming years, rvith the prospects ofsuccess improving significandy ar each step aiong .ne way. In parailer, rvemust anticipate a continuing major effort by rerari'ity trr.o;ris to refinetheir abiiity to decipher the source behaviors corresponding to posturatedgravitational-wave forms, and a continuing effort b1.astrophysicists to give
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better guidance as to what kinds of sources actualiy exist and in what

numbers. The efforts must be great; but jointly they are tikely to give an

extremely valuable PaYoff.

9.1-3 Oterui*v of this chuPter

335

This chapter reviews all' asPects

experimental, theoretical relativity,

review is intended to be readable

students) who are not specialists in

of gravitational-wave research

and theoreticat astrophysics. This

by physicists (including advanced

general relativity, in' experimental

gravity, or in astroPhYsics.
A word of warning: in preparing this rer.iew I have not done a thorough

literature search (I tacked the necessary energy!); nor have I cited all major

original references of which I am aware (that would have made the reference

list even longer than it is!)- However, I have attempted to present all

significant ideas and issues with which I am familiar, citilQ rvherever

possible the earliest occurTence of the idea or issue and one or more recent,

thorough discussions of it-

This review is divided into four major parts: the physical and

mathematical description of gravitational waves (Srction 9-2), the

generation and propagation of gravirational waves (Section 9.3)'

astrophysical sources of iravitational waves (section 9.4), and the detection

of gravitational waves (Section 9-5).

ihe physical and mathematical description of gravitaiional waves

(section 9.2) is presented in a form that compactifies and updates the

corresponding material in the textbook that I coauthored fourteen yea1s ago

(Misner,Thorne,andWheeler,|973;citedhenceforthasMTW).Emphasis
focuses on the 'shortwave approximation' as a tool for defrning waves

mathenoatically (Secrion 9-2-1), and on measurements in the Proper

reference frame of an observer as a tool for dehning waves physically

(Section g.22).A special 'fi coordinate system'is then introduced (section

9.2.3)foruseinanalyzingsystemslargecomparedtoawavelengthofthe
waves; and the energy, momentum, and quantization of gravitational rvaves

are discussed (Section 9.2-4)-

The theory of the generation and propagation of gravitational waves

(Section 9.3) is far moie sophisticated today than rvhen lvfTyy was rvritten:

we now understand how, i:: realistic situations, to splii rhe problcm of *'ave

generation offfrom that of rvave propagation, and how to mesh generation

,andpropagat ion togetherus ing the techn iqueof .matchedasympto t ic'expansions'(Section 
9.3.i). we also understand more deeplv the most
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elementary of all ways to compute wave generation, the 'quadrupole

formalisrn', and its relationship to radjation reaction in the emitting system
(Section 9-3-2). Unfortunately, the most strongly emitting systems should
violate the mathematical approximarions rhat underlie the quadrupole
formalism and thus can be analyzed only in rough order of magnitude using
it; for more accurate analyses one must use a more sophisticated wave-
generation formalism. A catalog ofmore sophisticated formalisms is given in
section 9.3.3 :- which is an updated version of a review I wrot6 ten years ago
(Ihorne, 1977). The theory of the propagation of the waves from source to
earth is sketched in Section 9-3-4, and various wave-propagation effects
(absorpti on, scattering, dispersion, tails, grar-i tational focu sing, diffraction,
parametric amplification by background curvature, non-linear coupling of
waves to themselves, and generation of background curvature by thewaves'
energy and momentum) are described in Section 9.3-5 - which with 9-3.4 is a
shortened version of my recent (Thorne, 1983), long review of wave
propagation. Section 9.3 concludes with very brief descriptions of elegant
mathematical work on idealized wave-propagation situations: the
asymptotic structure of waves propagating toward 'future null infinity'in an
asymptotically flat spacetime (Section 9-3.6), and exact, analytic solutions to
the Einstein eguations for wave generation and propagation (S*tion 9.3.7).

It is nearly a decade since a detailed and thorough review has been written
of astrophysical sources an: .:etectors forgizvitational waves (Smarr. ed.,
1979; Douglass and Bragii: ,ity, 1979); and in the inten'ening time these
topics have changed enormously. (For recent reviews of a number of
subtopics see the chapters in Deruelle and Piran, 1983.) Sections 9.4 and 9-5
attempt a comprehensive review in a manner that closely ties the sources ro
the detection efforts. In these sections the sources and the detection
strategies are split up into three categories: those for gravitational-rvave
'bursts' (Section 9.4.1 and Fig.9.q; those for periodic gravitationar rvaves
(Section 9.42 and Fig. 9.6); and those for a stochastic gravitationar-rvave
background (section 9.4.3 and Fig. 9.7). AII previous reviews have been
cavalier about factors of 2 in the definitions of wave strengths and detector
sensitivities. This review tries to standardize the definitions, including
factors of 2. The standardization is based on signal-to-noise-ratio analyses
tirat aregiven at the beginnings of Sections 9.4.1, 9.l.Z,and 9.4.3. Foreach
source that looks favorable for wave derection, Section 9.4 gives a
description ofour current state ofknorvledge ofthe source and gives current
estimates of the rvave strengths and other rvave characteristics.

The burst sources treated in Section 9-4.1include supernovae (collapse of
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a normal stellar core to form a neutron star, subsection c), the collapse of a

star or star cluster to form a black hole (subsecdon d), the inspiral and

coalescence of compact binaries (neutron stars and black holes, subsectjon

e), and the fali of stars and small holes into supermassive holes (subsection f;.

Because our knowledge of sources is so poor, it is useful to estimate how

strong the strongest wave bursts bathing the earth could be without

violating our cherished beliefs about the laws of physics and the nature of the

universe; thii is done in subsection g. The periodic sources treated in Section

9.42 include rotating neutron stars (rigidly rotating pulsars, and neutron

stars spun up by accretion until they encounter a radiation-reaction-driven
insrability, subsection b), and binary stars (including unevolved binaries,
WUMa stars, white-dwarf binaries, and neutron-star binaries, subsection
c). The stochastic sources in Section 9.4.3 include large numbers of binary

stars whose waves superpose stochastically (subsection b), pre-galactic,

Population III stars (subsection c), the big-bang singularity in wllich the

universe began - with subsequent parametric amplification of its waves by

bdckground curvature in ialiationary and other scenarios (subsection d),
phase transitions in the subsequent but still early universe (subsection e),

and cosmic strings produced by phase transltions (subsection f). Present
estimates of the strengths of the waves from all these sources are shown in

Figs. 9-4 (burst), 9.6 (periodic). and 9.7 (stochastic) along rvith the

sensitivities of present and proposed detectors.
The detectors in Section 9.5 are divided inro those that operate in the

high-frequency regime, f ZtO Hz (Sections 9.5.2,9.5.3, and 9-5. ),those ior

Iow frequencies, I0 HzZ.f 210 
- 5 Hz (Section 9-5.5), and those for very low

frequencies,,f S tO-5 Hz (section 9.5.6). The high-frequenc)' detectors are
all earth-based; but because of seismic and grarity-gradient noise, the low-
and very-low-frequency detectors must ba space-based. Sections 9.5-2 and

9.5.3 describe in great detail the earth-based, high-frequency'bar and beam
detectors which have been under development for many years and show
great promise for the future. Section 9.5J describes briefly other types oi
earth-based, high-frequenc) detectors. Secrion 9-5.5 describes lorv-
frequency detectors including doppler tracking ofspacecraft (subsection a),

beam detectors in space which hold great promise for the turn of the century
(subsection b), the normal modes of the earth and sun (subsections c and d).
the vibrations of blocks of the earth's crusi (subsccticn e). and the earth-
orbiting skyhook (subsection I). Section 9-5-6 describes very-1o*'-frequency
detectors including the timing of pulsars (neutron-star rotations). which

recently has placed interesting observational limits on a stochastic
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back-ground (subsection a), the timing of orbital motions of binary and
planetary systems (subsection b;, and astronomical observations of
anisotropies in the temperature of the cosmic microwave radiation
(subsection c), deviations from the Hubble florv (subsection d;, and products
of primordial nucleosynthesis (subsection d).

9-1.4 Notation and conaentions

Throughout this chapter, unless otherwise stated, we shali assume that
general relativity correctly describes classical gravitational waves. Our
notatien will be that of Misner, Thorne, and Wheeler (1973)-citedas MTW
throughout - including, e.g., the use of Greek indices for spacetime (running
from 0 to 3) and Latin for space (running from I to 3), the use of commas for
partial derivatives and semicolons for covariant derivatives, the use of the
Einstein summation convention, and the use of geometnzsd units in which
Newton's gravitation constant G and tbe speed of light c are set equal to
unity. Sometimes, particularly when discussing gralitational-r*'ave
detectors, we shall restore the Gs and cs to the equations and use cgs units.

92 The physical and mathematical description of a gravitational
11AYE

9-2.1 Shortr$ave approxirnation

General relativistic gralitational rvaves are ripples in the cun'ature of
spacetime that propagate with the speed of light. Because gravitf is non-
linear, it is not possible in a fuliy precise manner to separate the
contributions of gravitational waves to the curvature from the contributions
of the earth, the sun, the galaxy, or anything else: and since such a
separation underlies the very concept of a gravitational wavs, this rneans
that gravitational waves are not preciseiy defrned entities.

On the other hand, in realistic astrophysical situations the lengthscale 2
on which the waves vary (their reduced wavelen-9th, 2: it2n) is very short
compared to the lengthscales li on which all other important curvatures
vary; and this difference in lengthscale makes possible a high-accuracy, but
approximate, split of the Riemann curvature tensor Rorro into a
'background curvature'R|r-, plus a contribution R!fi, due to gravitational
waves: the background Rlr.-; is the average of Ro'..,-, over several rvavelengths

R}pru= (R'p;a) i
and the waves'curvature n!r], is the rapidly varying difference

R![ '=R,rru-RPp,".

( ia)

(1b)
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Heuristically, R&ra is Iike the large-scale (10 cm)
while Rfr].5 is like the fine-scale granulation of
(lengthscale a few millimeters).

curvature of an orange,
the skin of the orange

This method of defining a gravitational rvave, introduced into general

relativity by Wheeler (1955) and Porver and Wheeler (1957), is a special case

ofa standard techniquein mathematical physics variously calied 'shortwave

approximation' or 'two-timing' or 'two-lengthscale expansion' or 'two-

variable expansion' (see e.g. Chapter 3 of Cole, 1968); and it is intimately
connected to the 'WKB approximation'. There is an elegant shortwave-
approximation formalism for gravitational-w'ave theory due largely to Brill

and Hartle (1954) and to Isaacson (1958a,b).Not surprisingly the formalism

reveals that general relativistic gravitational waves propagate through
vacuum in essentially the same manner as light - with the same speed, with

the same changes of amplitude due to curvature of the wavefronts, with the
same diffraction ellects when foctssed by a gravitational lens, etc. tecause
that formalism has been reviewed extensively elsewhere (e.g. Thorne, 1983),

I itratt not delve into it here, except for a brief description in Section 9.3.4
and an enumeration and brief discussion of some of itspredictions in Section
9-3.5 below.

9.2.2 Measuremmts in the proper reference frame of an obseroer

In general relativity the Riemaan cunature tensor is defined. operationally,
by tbe relative accelerations :: produces bet'ween adjacent particles (e.g. the
'equation of geodesic deviation', Sections 8.7 and 1i-3 of MTIV).

Correspondingly, a gravitational wave can be defined operarionally in the
following way:

Consider an observer (freely falling or accelErated, it doesn't matter so
long as the acceleration is siowly varying)- Let the obsen'er carry with

herself a small Cartesian latticework of measuring rods and synchronized
clocks (a 'proper reference frame' in the sense of Section 13.6 of MTIV, with
spatial coordinates xi that measure proper distance along orthogonal axes).

She is to measure the 'force of gravity'Ft that acts on a panicle of rnass nz,

momentarily at rest at location xj. For example, she might let the particle

fall freely, measure its acceleration g, in her proper reference frame, and

multiply it by the particle's mass lz to get the force F t-mg_,. Alternatively,
she might measuie the force required to hcid the particle fixed in the
coordinate grid of her proper reference frame and eguale F, to minus that
force. Of course, this is not different in any way from rvhat she would do were
she a Newtonian physicist rather than a relativistic physicist. The difference
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lies in how she analyzes and thinks about the force of gravity .Fr. As a
relativist, she recognizes (cf. Box 37- t of MTlv) that.F, is made up ofinearly
steady, nearly position-independent componeot caused by her own railure
to fall freely, plus a component proportional to the particle's cartesian
coordinate position xi (relative accJeration of particle and origin of
coordinates) which is caused by spacetime curvature R rru. Tbis latter
contribution,

Fi: -mR;o*oxk (2)
(where the index 0 denotes a component along her time basis vector), she
splits up into a piece that changes slowly in time (background curvature
contribution) plus a piece that is rapidly varying. She makes certain that
there are no rapidly moving or rapidly changing nearby sources ofgravity to
account for the rapid variations; if there are none, then she can attribute the
rapidly varying component of the force to gravitationat waves

frotu: -nRffix&. (3)
It is conventional to uss, as the primary entity for describing a

gravitational 'wave, not the Riemann curvature tensor R,$]u which has
dimensions l/ttme2 (or lfength2), but rathera d.imensionless gialitational-
wavefield'/:l[- In terms of theforce-producing componenrs oithe Riemann

1"nso1{o*;oro .nd proper time r as measured by our observer, luf; is defined
by (cf- Section 2-3 of Thorae 1983)

a'nl:-rpGw
A-.: 

= -zt<ioko- (4)

The convenience cf this gravitational-war.e lield ljes in its simple
relationship to displacements produced by the rlaves: if, for simplicity, the
observer is freely falling and keeps the axes of her coordinate grid tied to
gyroscopes and is in a region of spacetime where gravitational waves are the
only source of spacetime curvature, then the waves will produce tiny
oscillatory changes 6xi in the position of a test particle relative to the origin
of her coordinate grid; and these changes rvill satisfy the equation of motion
('equation of geodesic deviation')

d2 6rj ,. 1 A2hTm1fr=Ffrv:  -rnRf,%ro: i .^f f i t ' .  (5)

Because any realistic wave is so weak that the oscillatory changes 6xj are
miniscule compared to the distance of the particle from the origin, _x& can be
regarded as essentially consrant on the righrhand side, and equation (5) can
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then be integrated easily to give

a*j:l h[*o. (6)
z

Thus, aside from afactor |,hf; plaVs the role of the 'dimensionless strain of

space', or the 'time-integrated shear of space': it is the ratio of the wave-

induced displacement of a free particle relative to tbe origin, to its orginal
displacement from the origin. (In the above equations a^nd below it does not
matter whether a spatial index is up or down, since the spatial coordinates
are Cartesian.)

The superscript TT on the gravitational-wave field is to remind us that,
accordiag to general relativity, the field is 'transverse and traceless'. More
specifically: the Einstein field equations guarantee tnat .Rffi and hence also
hf; propalate with the speed of light. Since thE sources of cosmic gravity
waves are very far away, tbe waves look very neariy planar as tlr5y pass
through the observer's proper reference frame. If we orient the x, y, z spatial
axes so the waves propagate in the z direction, then the 'transversality' of the
waves means that the only non-zero componenrs of the wave field ate h!,
hI:hT, and ft$; and the 'trace-free' propeity means that h!: -h#-

Thus, the gravitational waves, Iike electroma-enetic waves, have only trvo
independent comporents - two polarization states.

Because of their TT nature, gravitational rvaves produce a quadrupolar,
divergence-free force field (equation (5) and Fig- 9. 1). This force field has two
components corresponding to the two polarizadon states of the waves: the

Fig. 9.1. Lines of force for gravitationat waves (eguations (5) and (7)): (a)
with'+'polarization,  ̂ 5i:| l i*x and mdj=-lf i-f; and (b) rvith'x'
polarization, m6i:iii,l and m6j':*E,x - e'here dots denote time

derivatives.
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h- :hX:  -hT
produces a force field with the orientation of a '+' sign, w'hile

t t . :hT:hE
produces one with the orientation of a 'x ' sign. Thus, h * and It, are calied
the 'plus'and 'cross' (or + anC x ) gravity-wave amplitudes. From these
qqPlitudes and the polarization tensors eL:-eiv:l, e]r:ei,:1 611
other components zero), one can reconstruct the full wave field

hF:h *elo+h 'e]-
It is straightforward to show that, if one rorates the x and y axes in
transverse plane through an angle Arlt, the gravity-wave amplitudes
changed to

hY:h"]d cosZLrlt+ho,rd sin 2Ary',

hY: -izld sin 2\ttl +h':d cos2Af. (7d)

The quadrupolar symmetr;r of the force field, together with the tenets of
canonical field theory, tells us that general relativistic gravitational waves
must be associated with quanta of spin two ('gravitons'). The spin is always
the ratio of 360 degrees to the angle, about the propagation direction,
through which one must rotate an instantaneous field to make it return to its
original state - the 'return angle'. For eiectromagnetic waves the return
angle is 360 degrees and the spin is one; for general relativistic gravitational
rvaves the return angle is 180 degrees and the spin is two. In other relativistic
theories of gravity the wave field has other syrnmetries and rherefore other
spins for its quanta - and in most relativistic theories, b1' contrast with
genera! relativity, the symmerries are not even frame-invariant (local
Lorentz-invariant); and, as a resuh, the u'aves of those theories cannot be
incorporated into canonical field theory and cannot be quantized by
canonical techniques. For details see Eardley, Lee and Lighrman (1973), and
Eardley et al. (1973).

Theabove definition of the gravitational-wave field hl[ relies on a specific
choice of reference frame. It turns out that, if one pursues this definition in
two different reference frames related by a boost in some arbirrary direction,
and if one chooses the spatial axes of the two frames so they are unrotated
relative to each other. then the jnstantaneous ri?l,e fieids i:rf (and
correspondingiy & - and h , ) w'ill b: ihe sarne. Srared rnore preciseiy - but in
a language I shali not explain - the general-relativistic grar.itational-wave
field &f; has 'boost-weight zero' (ir is a scalar under boosts); but, as

(7a)

(7b)

(7c)

the
are
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discussed above, it has 'spin-weight two' (it behaves like a spin-trvo field

under rorations). For further details see Section 2.3-2 of Thorne (1983), and

for the mathematics that goes along rvith the concepts of 'spin-rveight' and
'boost-weight', see Geroch, Held and Penrose (19731.

9.2 -3 TT coordinate system

The above description of the force law and force fields produced by a

gravitational wave is just the ieading order in a power series expansion in

distance 7-(6;rxixk)! from the origin of the obsen'er's proper reference

frame. The higher-order fractional corrections to the forces are of order

(r//)z and.,correspondingly, the proper reference framet coordinates x'fail

to measure proper distance by fractional amounts of order hf;(rli)z (see,

e4.Zhang,1986, for discussion in the case of a freely falling obsen'er)- Thus,

the above description of gravity-wave forces is accurate only if the region gf
interest is spatially small compared to a reduced waveiength. When the

region is large, an altemative description is needed.
The nicest alternative description makes use of a 'TT coordinate slstem'

(section 35.4 of tvlTW), i.e- a coordinate system ivhich is nearly Minkowski

throughoui the spacetime region of interest, and in rvhich the contribution

of the wav:es to the deviations from the Minkowski metric is embodied in the

same lz]/ as we introduced above.
Because the TT coordinates must be nearly lr{inkorvski, they cannot

cover a spacetime region that is too large : their exient in both time and space

must be far smaller than the background radius of curvature .7u-lRlprol-i-

In typical situations, this limitation is very mild compared to the iirritation

on the size of an observer's proper reference frame: one can srretch fi

coordinates overany region small compared to the Hubbie distance (cutting

out holes in the vicinities of black holes and neutron stars), but if the waves

have a frequency of a kiiohertz, then any proPer reference frame used to

study their forces must be small compared to Z-50 km.

In a TT coordinate system the spacetime metric coefiicients take the form

gz8=rlzo+hlo+h$,

rvhere qze are the Minkowski metric coefilcients (diagonal - 1, + 1, + 1,

+ 1), hlo is the background metric perturbation which varies on a long

len_ethscale I,and h|'is the -eravity-rvave metdc'pertu;baiion rvhich varies

on the short lengthsca\e i.The time-time and space-time cornponents of the
gravity-wave perturbation hS and fi[]:i:]l vanish, and the space-sPace
components hf; are the same as the gravity-rvave field that would be

(8)
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computed from the Riemann tensor (equatiorr (a)) in the proper reference
frame of any observer who is nearly at rest in the fi coordinate system. For
proofs and discussions, see e-g. Sections 35.4, 37.1, and 37.2 of MTW.

Whereas physics in a proper reference frame can be formulated in the

Newtonian language of three-dimensional forces, including gravitational

forces, physics in a TT coordinate system must be formulated in the

relativistic language of geodesic motion and vanishing divergence of the

streseenergy tensor; cf. Section 9.5.1 below

92.4 Energy, momentum, and quantization of grauitational waues

In the 1940s and early 1950s a controversy raged over whether or not
gravitational waves can carry energy. The controversy was ultimatel.v
resolved by Herman Bondi (1957) using a simple thought experiment: place

several beads on a rough stick and let a gravitational wave pass. The above
description of the forces produced by the waves (which was first understood

fully by Bondi and by Felix Pirani 1956 and their colleagues) guarantees that
- if the stick is not too rough - the wave will push the beads back and forth

on the stick, heating it. Surely, if.the rvave can heat a stick, it must carry

energy.
It was not until the late 1960s that a fuliy satisfactory mathematical

description of the energy in a gravity lvave was devised: Richard Isaacson
(I968a,b), using the shortwave approximation rvhich he had developed in

detail on the basis of cruder earlier work of lVheeler (1955), Porver and

Wheeler (1957) and Brill anci Hartle (1961), introduced a stress-energy

tensor ffi* for gravitational rvaves. This stress-energy tensor, like the

background curvature Rlrrr, is smooth on the lengthscale 2; it is obtained, in

fact, by averaging the squared gradient of the wave field over several
wavelengths:

rfi*:*LQT."hTir.D, (e)

where (- - -) means 'average over several rvavelengths'- (For a pedagogical

derivation and discussion see Sections 35.7-35.15 of MTW; for a beautiful
rederivation by the method of averaged Lagrangians see MacCallum and
Taub, 1973.) Ii the rvaves are propagating in the z direction, this stress-
energy tensor takes the standard form for a bundle of zero-rest-mass
particles (gravitons) moving at the speed of iight in the z direction:

I fo* :  - r&w:  - I -qo  :7 ! 'u :  !  (Gt t - f t t )z+(ch . lOt )z ) .  (10)' :u '  : :  l 'n
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In order of magnitude, restoring the factors of G and c, the energy flux in

the waves if they have frequen W f : cf2ni- is

(11 )

The numbers in this equation correspond to a strongly emitting supernova
in the Virgo cluster of galaxies, where there are several supernovae Per ye:lr.
Contrast this huge gravity-wave energy flux with the peak electromagnetic
flux at the height of the supemova, - !0 -e erg crn - 2 s- I ; but note that the
gravity waves should last for only a few milliseconds, while the strong
electromagnetic ouput lasts for days-

Corresponding to the huge energy flux (11) in an astrophysically
interesting gravitational wave is a huge occupation number for the quantum
states of the gravitational-wave field: it is not hard to show that for the
above supernova burst only a handful of quantum states are orcupied; and
they each contain n-I07s gravitons (equations (6H8) of Thorne et al.,
1979).This means that tir': waves behave exceedingly classically; quantum-
mechanical corrections to the classical theory have fractional magnitude
l/Jn-10-3?. (Although the full quantization of the gravitational field is
exceedingly diliicult and not yet fully under control, the quantization of
weak gravitational waves propagating through a smooth background
spacetime - equivalent to weak waves in flat spacetime - has been well
understood for decades; see, e.g-, the most elementary aspects of Feynman,
1963; Dewitt, 1967 a,b.)

Isaacson's stress-eoergy tensor (9) for gravitational wave,s has the same
properties and plays the same role as the stress-energy tensor for any other
field or forrr of matter in the background spacetime. For exampl., 4?*
generates background curvature through the Einstein field equations
(averaged over several wavelengths of the waves); also f;pw has vanishing
divergence (conservation of gravity-wave energy and momentum) in
spacetime regions where the waves are not being generated, absorbed, or
scattered. For full details see Isaacson (1968b) or Section 35.15 of MTW.

9.3 The generation and propagation of graviafonal waves

9-3-i Waoe propagation split off from wave generation

Turn, now, to the generation of gravitational waves and their propagation
from their source to the earth. Mathematically, the wave-generation

'problem and the wave-propagation problem are each difiicult - though for
very different reasons, so that to handle the difhculties requires two very

- rS: =;E f, (h,* + hz,): 320 # (#)' (ffi )
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different sets of mathematical tools and approximations- For ease of
analysis, then, it is important to split the propagaiion problem offfrom the
generation probiem and treat them separately. This is accomplished by
dividing the space around the source into three regions (Section III of
Thorne, 1980b): a 'wave-generation region' at distances from the source
r{ r, : ('Inner radius'); a 'local wave zone' at distances r, S r5 ro: ('Outer

radius'); and a 'distant rvave zone'at distances rlro. The theory of wave
generation is developed with one set of mathematical tools in the tvave-
generation region and the local wave zone, i.e. at distances r{rs, the theory
of propagation to earth is developed with the other set of tools in the local
wave zone and the distant \i/ave zone, i.e. at distances r)1; and the two
theories are matched together in their domain of overlap, the local wave
zone \SrSro.

The inner radius r, is far enough out to be in the wave zone, rr*i;far
enough to be in a region where the source's grafity is weak, ryy'2M =
(Schwarzschild radius of source):2 x (mass of source); and farenough to be
outside the source, r, > I, = (size of source)- The outer radius ro is far enough
beyond the inner radius to leave many wavelengths in the local wave zone,
ro-rrli; but not so far that the gravitational redshift can pioduce a
significant net phase shifi during propagation through the local wave zone,
60:(M/ft)ln(ro/rr) ( i; and not so far that the background cunature of the
external universe can significantly ailect the propagation, ro-rt4!te:

lRlr"l-i=(radius of curvature of background spacedme). These choices of
r, and ro permit one to ignore, in the local wave zone 4Sr!ro, the
background curvature both of the source and ofthe external universe; i.e.
they permit one to regard the rvaves in the local wave zone as propagating
through flat spacetime. This greatiy simplifies calculations.

For a given, astrophysically interesling source the wave-generation task
consists of computing with reasonabie accuracy the dynamical behavior of
the source's gravitational field in the wave-generation region r!1, and
further computing how that dynamical cun'ature develops into outward
propagating waves in the local wave zone, r1{ rS 16. Once this is done, the
theorist can switch tasks and mathemadcal formalisms irom wave
generation to wave propagation. The rvave-propagation task takes as input
the propagating rvaves in the local rvave zone and carries thern outward
(typicaily using the shoriwave aoproxination and formaiism) ihrough the
universe from source to earth.

As an addendum to the w'ave-generation task, one often computes the

/:::':
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back-reaction effects of the wave emission on the source, i.e. the 'radiation

reaction'.

9.3-2 The quadrupole formalism fo_r waue generation and radiation

reacnon

Of all the techniques for computing wave generation, one, the 'quadrupoie

formalism', is especially important because it is highly accurate for many
sources and is accurate in order of magnitude for most. The quadrupole

formalism was derived originally by Einstein (1916, 1918) for sources with

negligible self-gravity and slow internal motions. Later, in a series of steps by

Landau and Lifshitz (1941),Fock (1959),Ipser (1971) and Thorne (1980b,

Sections VII and XII), it became clear that the quadrupole formalism
reguires for higb accuracy no constraints whatsoe!€r on the strength of the

source's internal gravity; all that is required is slow motion - more
qpecilically, that the source's i:a:e L be small compared to the reduced

wavelength I of the waves it emits. In other words, the quadrupole

formalism is to gravity-wave generation what the 'poor-antenna

approximation' (dipole formalism) is to radio-wave generation. Moreover,
as in the radio-wave problem, the quadrupole formalism typically is
accurate to within factors of order 2 even for sources wirh sizes of order a

reduced wavelength Z (cf. equation (4.8) of Thorne, 1980b); and since very
few astrophysical systems are larger than a reduced wavelength of the rvaves

they emit, this justifies the use of the quadrupole formalism for order-of-
magnitude astrophysical estimates in almost all situations.

The quadrupole formalism writes the gravitational-wave freld in the

source's local wave zone (where the background curvature can be ignored)
in the following simple form:

) A 2hT:;fo1/*(r-,D". (r2)

Here r is the distance to the source's center, r is proper time as measured by
an observer at rest with respect to the source, r-r is retarded tirne, the
superscript fi means 'algebraically project out and keep only the part that
is transverse to the (radial) direction of propagation and is traceless' (Box

35.1 of MTW), and "{iy$-r) is the source's mass quadrupole mornent
evaluated at the retarded time r-r.

The meaning of 'mass quadrupole moment' is well knorvn when the
source has weak intemal gravity and smali internal stresses, so Ne*'tonian
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gravity is a good approximarion to general relativi.ty inside and near the
source. Then ;{rr is the symmerric, trace-free (STF) part of the second
moment of the sorrrce's mass density p, as computed in a Cartesian
coordinate systenl::. .i€red on the source:

f i TrF f F r I
/ i*@:l l l(r lxixoa3x | : lp(r)l , ir '- i126,rld3x; (13a)-  

L J  J  J  L  J  ' J

equivalently, it is the coefficient of the l/r3 part of the source's Newtonian
gravitational potential

(13b)

If the source has strong internal gravity, one can no longer express its
mass quadrupole moment as the simple integral (13a). However, so long as
the source has slow internal moiions (L<Z),there rvill be a region of space
far enough from the source to be in vacuum (r>t)rnd far enough for
gravity to be weak (r>ZM), yet near enough for retardation and rvave
behavior to be unimportant (r 4i'1.In this 'weak-field, vacuuro, Dear-zone'
gravity can be described wirh high accuracy as Newtonian; and the
Newtonian potential is @= -*@oo+ I), where goo is the time-time part of
the metric in a coordinate sysrem that is as Minkowski as possible
throughout the weak-lield, vacuum near zone- The mass quadrupole
moment can then be read off this Newtonian potential using the standard
formula (13b). For further discussion see the review in Section 3 of Thorne
(1983) or the original treatment in Part Two of Thorne (1980b).

For order-of-magnitude calcularions of hf; (equation (12)), one can
approximbte the fi part of the second tirne derivative of the mass
quadrupole moment by that portion of the source's internal kinetic energy
which is associated rvith non-spherical motions, Eii"; and, unless the source
is at very large cosmological redshifts z) 1, one can propagate the waves to
earth as though the intervening spacetime rvere Uat -with the result rhat the
local wave-zone formula for the waves, equation (12), is valid also at earth.
The result is the simple order-of-magnitude formula

(14)

for the magnitude h of the gravity-rva..'e fieid ltf; at earth.
From the 'exact' quadrupole forrnula (12) for rhe wave field in the local

wave zone and Isaacson's forinuia (9) for the stress-energy tensor of the
waves, one can compute the fluxes of energy and angular momentum carried

*:-+-1ry-2tu:7'*'+.. .
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by the waves. By integra.ting those fluxes over a sphere surrounding the

source in the local wave zone, one obtains for the rates of emission of energy
(Einstein, 1916, l9l8) and angular momentum (Peters, 1954)

dEcw 1= /(dt/ ,* \ ' \o, :iI\\#// '
dJf *  2 r_  /e 'y re tAo\)  t . - , (  r
lr_:3 Z "rr.&\FE/.

/i7,: (J pxi xi ak dt*)-t,

%ti : $ p e;rrxP L's xi d tt)*t,

fPw4 Q v?va

Fi: -bin?-4q,,

(15)

(16)

The linear momentum carried off by the waves vanishes when.one computes
it by the quadrupole formalism; but when one includes higher-order
corrections to the field emitted by slow-motion sources, one finds for the rate
of emission of linear momentum (first derived by Papapetrou, 1962,l97l;
for a more modern derivation in the notation of this chapter see Section
IV.C of Thorne, 1980b)

d'P?fffffffffffffff�* :2 y1%_a"/r,\*19. - fe3Y"a3s*\ -
dt 63,ft \ 613 Gto / 45I.."'"W6 ) 

(17)

Here tro is the source's 'mass octupole moment' and ?tt is its 'c-rtrrent

quadrupole moment' (gravitational analog of magnetic quadrupole
moment). For sources with weak internal gravity and stresses (nearly
Newtonian sources), these moments are computable from the simple
volume integfals

( l8a)

( l8b)

where, as in equation (15a), STF means 'make it symmetric and trace-free',

i.e. 'symmetnze onall free indices and remove the traces on all pairs of free

indices'.'Independently of the strengths of the intemal gravity and stresses,

the moments can be read off the Newtonian potential q=-|@oo+1)

(equation (13b) and off the 'gravitomagnetic potential' Fi=goi in the

source's weak-field near zone:

(1e)

In equation (I9) JP,the moment in the leading, dipolar term, is the source's

angular momentum. For further details, discussions, and derivations see

Thorne (1983) or Thorne (19800). For a <iiscussion of the gravitomagnetlc

potential see, e.g., Chapter 3 of Thorne, Price and Macdonald (i986)-

The laws of conservation of energy, angular momentum, and linear

momentum imply that radiation reaction should deplete the source's

-. 7 ,i. --:'i
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energy, angular momentum, and linear momentum at just the right rates to
compensate for the losses (i5). (16;, and (17); and a detailed analysis of the
radiation reaction forces reveals that this is so (Peres, 1960). Particularly
convenient in analyzing the radiarion reaction in a source with weak self-
gravit-v is a Newtonian-type raciiation-reaction potential (Burke, 1969;
Thorne, 1969; Chandrasekhar and Esposito,1970; Section 36.8 of MTW).

Different physicists feel comfortable with different levels of rigor. In recent
years these diflerences have shorvn up stron-ely and publicly in a controversy
over derivations of the quadrupole rv-ave-generation formula (12) and the
formula for the energy sapped from a source by radiation reactibn (negative

of equation (15)). Many physicists - myself among them - were quite
satisfied with derivations at the level of rigor, e.9., of Landau and Lifshitz
(1941) and Peres (1960). Others (e.9. Ehlers et al-,1976) felt that those early
derilations rvere inadequately rigorous and, correspondingly, that the
quadrupole formulae were suspect for sources withton-negligible self-
gravity. The controversy was heightened b1' the fact that there rvere
mathematical errors in some @ur not all) of the early derivations (see
Walker and Will, 1980 and Section 3.4.2 of Thome, 1983 for discussions)-

The controversy was still raging in the early 1980s; see, e.g. Ashtekar
(1983). However, during the mid i980s it has largely subsided. There are
now many new derivations of the quadrupole formulae, with much
improved rigor, and they all produce the same, standard r:sults; see, e-g-,
Anderson et al. (L982), Blanchet and Damour (198a); Christodoulou and
Schmidt (1979); Isaacson, Welling and Winicour (1984); and for reviews see
Will (1986), Schutz (1986a) and Damour (1987).

Of particular interest is radiarion reactjon in the binary pulsar
PSR1913 + 16, which should cause the binary s]stem's two neutron slars to
spiral together slowly with a consequent gradual decrease in their orbital
period. Because the duration of observations of the pulsar is short (12
years), the cumulative effects of radiation reaction on the orbit during those
observations are 100 times smaller tban post-Newtonian effects; and,
consequently, the detailed effects of the radiation reaction could not be fully
understood until the orbital equations were fully under control up through
post-post-Newtonian order. Damour and Deruelle (1986) have now
brought the orbital equations fulll- under control; and there is norv a
beautiful agreement berween rhose equaiions - inciucjin-e the quadrupoial
radiation reaction - and the obsen'arionai data. For a detailed discussion
see Chapter 6 of this book.
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9.3.3 A catalog of fonnalisnts for contputing waz;e generation

The order-of-magnitude formula h - Eil^lr shou's that of all sources at hxed

distance r, the strongest emitters rvill be those u'ith the largest non-spherical

kinetic energies, i.e. those with the largest internal masses and with internal

velocities approaching the speed of light. Thus, the strongest emitters are

likely to violate the slow-motion assumption which underlies the

quadrupole formalism, and will require for accurate analysis either higher-

order corrections to the quadrupole formalism, or wave-generation

formalisms that do not entail any slow-motion assumption.'

There are a number of other wave-generation formalisms which can be

applied to such sources. This section is a catalog of them. with references to

detailed presentations and applications. For an out-of-date but unified

presentation of most of these formalisms see Thorne (1977)-

To be tractable with a minimum of numerical comPutation, a $ave-

generation formalism must break the extreme non-linearity of the Einstein

field equations by imposing a power-series expansion in some srnall quantity

and keeping only the lowest, Iinear order or the lowest few orders. Wave-

generation formalisms can be classified accordin-g to their choice of the small

expansion parameter. Slo,'v-motion formalisms (of rvhich the quadrupole

formalism is an example) expand in LlL:(size of source)i(reduced

wavelength of rvaves); subsection (a) belorv. Post-Minkowski formalisms
expand in the strength of the gravitational field insjde thE source, i.e. in the

magnitude of the deviations of the metric coefficients from their Minkowski

values ; subsection (b). Posr-N ewtonian fornnlisnts expand simultaneousl.v

in L/i and the strength of the internal gravitational field; subsection (c).

Perturbation formalisms expand in the deviations of the metric from itsform

for some iron-radiatjve, astrophysical system - e.-g. from the Kerr metric for

a rotating black hole, or from the metric for an equilibrium, rotating,

relativistic stellar model, or from the Friedrnan-Robertson-Walker metric

for a homogeneous, isotropic 'big-bang'; subsection (d)-

Of all astrophysical sources, the very strongest emitters will entail

gravitationally induced large-amplitude. high-velocity, non-spherical

internal motions - e.g- the inspiral and coalescence of a binary black hole or

binary neutron-star system. For such sources there is no small parametel in

which one can expand. The only w'ay to compute the full details of the rvave

field emitted by such sources is by the rechniques oi nunzerical relatfuity: the

numerical solution of the full Einstein field equations on a supercomputer;
,subsection (e).
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(a) Slow-motion Jormalisms

K. S. Thorne

As for electromagnetic waves, so arso for gravitationar u,aves, srow-motion
expansions give rise automatically to multipolar expansions: the
electromagnetic vecror potential is a sum of an eleciric dipolar term (typical
magnitude (Q/4&/z) where @ is the charge of tbe source), plus "";;;;
quadrupole and a magnetic dipore fmagnitude Qh)(L/z)1,'pru" "n erectric
octupole and a magneric quadrupole ;magnituae 

,piXftZfJ, 
etc.

similarly, the gravitationar-wave fierd hf; is ti,. s"m or" Jrrr-quadrupore
1.* _ L-@@2/af)/-h-W/r)(L/zPl: ptus a rnass octupote
l-@-!0t3)g*/r-(u/r)&/a3f *-j a curren, qr"l*o"i"
f-(a."/a.tlgti/r-(M/r)(L/z)t], "tc- In each case, erectromagnetic and
gravitational, there are two families of moments involved; and in each case
as onegoes to higher orders in L/i one is driven to incrude higher-order
moments of the source.

Early foundations for these expansions in the grauitltional case will be
found in Bonnor (1959) and pirani (L9€:,g;full mathematical details will be
found in Thorne (i9s0D); and majorimprovements and erucidations rviil be
found in Blanchet and Damour (19g6), Branchet (r9g7a) and Damour
(1987).

A good example rvhich shows how, as the sourcet internal motions are
speeded up, the higher moments graduary become more and more
important, is the gravitational brernsstrahlung radiation emitted when two
stars fly past each other with some high initiar verocity; see Kovacs and
Thorne (1978) and Turner and Will (197g) for full details.

In some.slow-motion systems the mass quadrupole contribution may be
suppressed, leaving the current guadrupole or the mass octupole to
dqminate- A good exampre is the torsional osciliation of a neutron srar, in
which the motions are slow because the shear modulus is weak, and the mass
moments vanish because of parity considerations leaving the c'rrent
quadrupole to dominate the radiation; for derails see schumaker and
Thorne (1983). Another exampre is rhe chandrasekhar (r970)-Friedman-
schutz (1978) (cFs) instability in neurron srars, which preferentiaily excites
mass octupole (/:3) or hexadecapore (/:4) or /:5 modes of pursation
causing them to radiare more strongiy than quadrupore; see Section 4.3(b)
belorv.

(b) P o st- M inkow ski formalisms
Post-Minkowski wave-generation formaiisms are sometimes cailed ?ost-Iinear'because they entail expanding in the strength of the gravitational field



G raaitational r adiation 353

beyond linear order; and they are sometimes called 'fast-motion'to contrast

them with slow-motion formalisms.
There is a systematic way to take a post-Minkowski wave-generation

formalism that is accurate to a giuen order in the strength of the source's

internal gravity, and iterate it to obtain a formalism of higher accuracy

(Ihorne and Kovacs, !97 5; Thorne, 1977)'

The wave-generation forsralism that is accurate to first post-Minkowski

order (first order in the strength of internal gravity) is 'Linearized theory"

i.e. the tinear approximatioi to general relati'ity- Linearized theory is

discussod in most textbooks, e.g- chapter 18 and Sections 35.1-35'6 of

MTw. Halpen arrd Desbrandes (1969) and, independently, Press (1977)

have derived a particularly useful Linearized wave-generation formula for

systems with sizes Llargecompared to a reduced wavelength i- Examples of

gravity-wave generation that have been analyzed by Linearized theory are:

iil tfr" coherent (but painfully slow) transformation of electromagnetic

,nuro into gravitatiofu *"u", (first considered by Gertsenshtein' L962,

5Jr"q"6, iork reviewed in Section 4.1 of Grishchuk and Polnarev, 1980);

and (ii) tbe waves emitted by the explosion of a non-spherical nuclear bomb

(Wheeler, 1962; Wood et al-' 1970)'
Linearized theory is compietely ignorant of the source's internal gravity;

it can correctly predict the emitted waves only if the source's rnotions are

governedbynon.gravitationalforces_typicallybyelectricormagnetic
forces. For systems with significant bur weak internar gravity (e.g- stellar

pulsations,binarysystems,andhigh-speedstellarencounters)'onemustuse
" o"u"-groeration fonnalism accurate to the next, 'post-post-Minkowski'

o,'port-Lioear' order' For the details of such a formalism' see' e'g'' Thorne

"odKou..,(1975),CrowleyandThorne(1977);andforitsapplicationto
high-speed stellar encounters (gravitational bremsstrahlung radiation) see

Kovacs and Thorne (1977, t978). For a recent review see westpfahl (1985)'

Thus far nobody has developed a post3-Linea-r wave-generation '

formalism in detail - i.e. a formalism accurate to post3-Minkowski order'

There has been no great need for such a formalism, and the post-Linear

forrnalism is sufliciently hard to work rvith in practice (cf' Kovacs and

Thorne, 1977) that it is not clear rvhether post2-Linear would be

signifi cantly easier than full-blown numerical relativity'

(c) Posr-/Ve w tonian formalisms
Post-Newtonian approximations to general relativity make the assumption

- in accord with the vjrial theorem for gravitationally bound systems - that
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inside the source the deviations of the merric from Minkowski (i-e. the
dimensionless strength of the source's gradty) have a magnitude e of order
(Lfi)2; and accordingly they expand the Einstein fierd equations
simultaneously in e (post-Minkowski expansion) and l/z (slow-motion
expansion). See, e.g., Burke (1979) for a review of the method.

The lowest-order wave generation formalism that results from this
expansion is called 'Newtonian' because it computes the evoiution of the
source using Newton's laws of gravity and mechanics, then el'aluates the
source's time-evolving quadrupole moment using the standard Nervtonian
volume integral (13a), then inserts that quadrupole moment into the
standard quadrupole wave-generation formula (rz).It is this Newtonian
version of the quadrupole formalism that has been especially controversial
(see the end of Section 3-2 above) but is now almost universally agreed to be
highly reljable-

There have been a large number of importart wave-generation
calculations with this formalism. some examples are: (i) the waves emitted
by binary systems in Newtonian, elliprical orbits @eters and Mathews,
1963); (ii) the rvaves emitted by a variety of models of srars tiat collapse to
form neutron srars (Saenz and Shapiro, r97g,l9g1); and (iii) rhe waves
emitted in the head-oacolrision of two compa* stars (Gilden and shapiro,
1984).

The Newtonian wave-generation formalism starts losing accuracy when
the source's internal gravity becomes too strong (e-0.05) and its internal
velocities too hi-eh (u-0-2) (Turnerand will, l97g)-e.g. in thelate srages of
the spiraling together of a neurron-star binary system. In such a situation it
is useful to include the next higher-ord,er corrections (one order highei in the

_slrength of gravity €, rwo higher in the speed Liz). The result is the post-
Newtonian formaiism (Epstein and Wagoner, 1975; Wagoner, 1977;
Tsvetkov, 1984). Examples of carculations that have been performed with
the post-Newtonian formalism are the radiation from a system of bodies
whose sizes are all small compared to their separations (wagoner and wili,
1976), gravitational bremsstrahrung at rnoderate velocities (rurner and
will, 1978), and the radiation emitted by a slowly rbtating star that collapses
to a neutron star flurner and Wagoner,1979)-

The foundations for a post2-Newtonian wave-generation formalism have
also been rvorkec out (section V.E. oirhorne. 19s0b); bur it has never been
developed in full detaii or applied ro any soirrces. Such a formalism - by
contrast with the posr2-Linear - would likely be far more tractable than full_
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brown numerical relativity; so it may one day prove useful in tying down the

*r""-"1;a waves f** i"rg"-"-plitude processes involving neutron stars'

(d) Perturbation fot'malisms 
n siars and

Much can be learned about gravitational rvaves from neutro

blackholesbystudyingrveak,non.radia lper turbat ionsaroundthei r
equilibrium structurJs. ih" theory of non-radial perturbations of non-

rotating relativistic ,o" *"' developed by Campolatllo, Detweiler' Ipser'

Price and Thorne F* ;;' .oyz6t of Thorne i978 for a review and

refereoces); anA .*'.o'io'i' of 'Ut theory have been given by Schumaker and

Thorne(1983),DetweilerandLindblom(1985)andFinn(1986).Amongits
recent application, "r" "o-potations by Lindblom.""-o 

L::::tler 
(1983) of

thenormalmodesofneutronstarswithavarietyofequationsofstate.For
rotating stars the corresponding theory is due iargely to Chandrasekhar'

Friedman and Schutz (reviewed through 1977 o:.Pp'tolj-tjlnorne 1978

and reviewed more recently by Schutz 1987). The most important recent

.appl icat ionsarestudiesof the lvavesemit tedbythe.Chandrasekhar-

Friedman-scirutzinstauility'inrapidlyrotatingreutronstars;seeSection
t'ff*::l*ing 

(Schwarzschild) black hores the perturbation theory is

due to Regge and wieeler (1g57) with major subsequeqt contributions by

Bardeen, Cbandrasekhar, Detweiler' Edelstein' nn-?1:"dl 
-::::'

vishveshwara and ienlli: see pp. 1,q0-8 of Thorne (1978) for a revtew'

Recentapplicationsincludea-definit ivenumericalevaluationofthe
eigenfrequenci", aoJ J"*ping times of a Schwanschild hole's quasiaormal

modes (Leaver, rgSt'l9i6"i' and of--the Green's funcdon for arbitary

perturbations of a s.iu."rrr.t ild hole (Leaver,1986b). Finally, for rotating

Kerr) black holes ,i. ,i.ory is due to Teukolsky (1972, tg73),Teukolsky

and Press (1g74),Wald (1973)' Chrzanowski (1975)' Cohen and Kegeles

(1975), Chandrasekhar and Detweiler (1976)' Detweiler (o977)'

Chandrasekhar (1983) and Sasaki and Nakamura (l-�?11); and recent

appiication, n"r,ri" ii.,e evaluation of the eigenfrequencies and damping

times of a Kerr hole's quasinormal modes (Dtweiler' 1980; Leaver' 1985'

L986a),andevaluationsoftr,egravitationalwavesemittedwhenacomPact
body orbits " f.r,ioft 1D"t*Jit"' 19?8)' scatters gra'itationally off a Kerr

hole (Kojima and Nakamura' 1984b)' "' f lung"t into a Kerr hole (Detrveiler

and SJenits, 1979; Kojima and Nakamura' 1984a)'

. primordial gravitatiorial *aues (rvaves created in or near-the big-bang)

cannot be analyzed by splitting space into a wave-generation region plus
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wave zones (Section 9.3.I), because the transition from wave generation to
wave propagation is a temporal rather than a spatial one: the transition
occurs when the size of the cosmological horizon expands to become much
Iarger than a wavelength, thereby unfreezing a set of frozen-in initial
perturbations. The only way, today, to analyze primordial waves is by a
perturbation formalism somewhat akin to that used for stars and black
holes: the unperturbed configuration is typically a non-radiative,
Friedman-Robertson-walker cosmoroglcar model, and the perturbations
are studied by linearizing the Einstein equations - or a quantized variant of
them -around that model. The resurting theory is due to Lifshitz (194d); see
also section 7.3 of zel'dovich and Novikov (1993), and references cited is
Section 9.4 -3(d) below.

(e) Numerica! relatit;ity .
Numerical solution of the full Einstein equations is the only way, today, to
study wave generation in the strongest and mosi interesting of all gravity-
wave sources: those with high intenial velocities, strong intern;! gravity,
and Iarge deviations from a non-radiating spacetime. During the past
decade several dozen researchers have worked'igorously to develop the
field of numerical relativity. The results of this effort are: an analytic
formulation of the initial value problem and rhe dynamical evolution
problem for the Einstein field equadons, in a form that facilitates nurnerical
solutions (York, 1983, and references cited therein); for axisymmetr:c
systems, viable rvays to slice spacetime and choose the spatial coordinates so
as to avoid pathologies and to compute the emitted gravitational waves
efiipiently (smarr and York, 1978; piran, i983; Bardeen and piran, l9g3;
Sasaki, 1984; Stewart and Friedrich, 1983; Isaacson, weliing and winicour,
1983; Gomez et al., 1986; Anderson and Hobill, 19g6; Evans and
Abrahams, 1987); and several good compurer codes foc evolving
axisymmetric systems and compuring their waves CNakamura, 19g3; Stark
and Piran, 1986; Piran and Stark, 19g6; Evans, 19g6).

Among the problems that have been studied successfully with the codes
thus far are the gravitational radiation produced by a head-on collision of
two Schwarzschild biack holes (smar:,1977a),by rhe colapse of a rorating
star to form a Kerr black hole (Srarr and piian, lg.Rd), anci by the vibrarions
of a neutron star (Evans, 1986).

The experts in numerical relativirl,are now'beginning to move on from
axisymmetric systems, whjch have trvo non-trivial spatial dimensions and
one non-trivial time, to asymmetric, e:neric systems with three non-trivial
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spatial dimensions and one time (e.g. Nakamura, 1987). This full '3+1'

effort will require using the world's largest supercomPuters, and will require

new techniques for slicing spacetime into space plus time, for choosing the

spatial coordinates, and for differencing the Eir'stein equations- The effort

may absorb almost as many person-years as the development of

gravitational-wave detectors; but it will be well worthwhile: the payoffs will

include the abiiity to comPute in detail the waveforms from the strongest

gravity-wave sources in the universe, such as the spiraling together and

coalescence of two black holes - waveforms that will be crucial to the

interpretation ofgravity-wave observations and to their use for strong-lield,

highly dynamical tests of general relativity-

One should not be misled into believing that numerical relativity will be

the totally dominant tool for realistic gravitational-'wave calculations in tbe

coming years. On the contrary, we can expect a healthy interaction between

nr.'rmerical and analytical techniques; for discussion see Schutz (1986c).

9.3.4 Waue propagation in the real unit:erse

Since I have recently written a detailed review of the theory of gravitational

wave propagation (Section 2 of Thorne, 1983), I shall only sketch the main

points briefly.
No matter how strong a source of gravity waves may be, once its waves

are fully fornred (once they have reached a location, e.g. in the local wave

zone, where the inhomogeneity lengthscale I of the background cun'ature

is large compared t6 their wavelength l),'they will have dhrensionless

amplitudes h small compared to unity- This can be seen as follows:

The stress-energy tensor of the gravitational lvaves, ",o/ ("qo"tion (9)),

acts as a source for the background curvature through the Einstein

equations G2o:8n(fr*+4?n-). Since the background Einstein tensor

Glu has magnitude lesi than or of order u23 (where a.sisthe background

radius of curvature as defined from the Riemann tensor), and since the'

magnitude of tbe gravity-wave stress-energy tensor (9)ish2/i2,the Einstein

(20)
equations imPlY that 

hSi./ee.

Since the inhomcgeneity Iengthscale .9 of the background cun'ature is

always less than or of order the radius of curvature fus,equation (20) irnplies

the claimed result:
(2r)h<r"/aBsil.E <1.

This permits one to study the subsequent propagation of the rvaves. once
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they are fully formed, using a linearized approximation to the Einstein field

equations (Sections 35.13 and 35-14 of MTW): (i) one introduces a field h-,,
(which is actually the trace-reversed contribution of the waves to the

spacetime metric in a suitable gause). This field is dehned to be equal to h$

in the region from which the waves are propagating (the iocal rvave zone in
the case of isolated sources; the very early universe in the case of primoriiial

waves). One then evolves the held F,, outinto the surrounding universe and
to earth using the curved-spacetime wave equation (equation (35.64) of

MTW)

E. urrl 
u + g! oho" p o - 28,t lo 1 t, + 2 RB*, oE 

" - 2 Rf; ,"E rr' 
- - !6n6 T,p.

(22)

Here glo is the background metric. the subscript and supetscript i denote
covariant derivatives with respect to the background m9lric, R!, and Rlpr5
are the Ricci and Riemann cun'atute tensors of the background: and d[, is
the perturbation in the non-gravitarional stress-energy tensor produced by

the trace-reversed metric perturbation F* itself.
Although the freld 4p initiatly is rvavelike and thus has i49S@t,it

might propagate into regions w'here the background has very short

lengthscales, .g Si. (For example, the waves produced by the Crab pulsar,

with 2- 1000 km may propagate through a massive white dwarf with
g-l@}km and AB-300A0 km, or even through a neutron star with
g - 10 km and AB-30 km). If this happens, one need not worry. The rvave

equation (22), because it depends for its validity only on the weakness of the

fteld F"F and not on the shortwave assumption, remains valid and carries the

field through the region of short background lengthscale (*'here, srrictly

speaking, it is no longer a gravitational rvave), and thence onu'ard into

regions of long lengthscale (where ii once again is a gravitational wave).

In those regions where hoois a wave, i.e. has 24I, one can compute from
it the gravitational-wave field ,rF U.r a very simple prescription: introduce
the proper reference frame of a specific observer; and in that frame discard

the time-time and time-space parts of E,u, and algebraically project out

from the space-space parts those pieces that are transverse to the

propagation direction and are trace-iree. The result will be /:.,f. For further
discussion and jusiifications see B,:x 35.i of MTW a::d Seciion 2.1.2 ot

Thorne (1983).

As I shall discuss below, the effects of the rvave-stimulated stress-energy
perturbationi 6T"s are never iarge enough to be astrophysically important,
so one can ignore them in propagation calculations. Moreover, in regions
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(nearly everywhere) where 744s, the contributions of the background

"o*"iur, ,"oro6 R!",, and R!" to the wave equation can be ignored' and

one can specialize the'gauge so as to make [", divergence free. The wave

equation (22) then assumes the simplest form imaginable:

3F,ou=Enplro:0.

when, in addition, the radius of curvature of the wave fronts is large

compared to I (as is true everywhere except near the rtry rare focal points of

gravitational lenses), the wave equation (23) can be solved easily by the

techniques of geometric optics (Isaacson, t968a; Exercise 35.15 of MTW;

Section 2.5 of Thorne, 1983): the held E s ptopagates b'long null rays; its

polarization is parallel transported along the rays; and its amplitude,like

ihe amplitude of light, varies along e,aehray as l/(the radius of cun'ature of

the wave front).
Because good gravitational lenses are so rare in the real universe' and

bqcause regions (black holes and neutron stars) with very strong curvature

(ass |-)are so rare and so small, the waves from almost every source rvill

prJpu-n"o to earth via pure geometric optics' Moteover' because the

"riu"*" is almost globally Lorentz (flat) in its background geometry on

lengthscales small compared to the Hubble distance, for sources at distances

,n.rih l.r, than Hubble (at cosmological redshifts :(1), this geometric

optics propagation will produce a simple 1,'r falloff of amplitude and rvill

pi...*. the wave form (the dependence on retarded time) and the

polarization. More specifically, it will produce a gra'ritational-wave field in

fi coordinates with the simPle form

i  n  A { ( t - r , 0 .  Q )
nj i : - - ,

where ris distance to the source and 9, @ are sphericai polarangles centered

on the source. For a slow-motion source the function -{f; is just twice the TT

part of the second time derivative of the source's quadrupole moment, ai

tn" ,"., trivially by matching (24) onto (12) in lhe source's local wave zone'

For a source at a large cosmological redshift '- ) 1, if one approximates the

background spacetime geometry by that of a Friedmann-Robeftson-

Walkercosmologicai model, the geometric-optics propagation produces the

saa:e effecrs forgraviry;rvaves as for iight: (i) ti:e magnitude ol hl] falis off

with the same l/R behavior as forlight, where R is (1i2;) x (circumference of

a sphere passing through the earth and centered on rhe source, at the time

thd waves reach earth) (equations (29-25)i29'33) of lvlTW); (ii) the

polarization, like that of light in vacuum, is paraliel transported radialiy

(23)

(24)
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from source to earth; and (iii) the time dependence of the wave form is
unchanged by propagation, except for a frequency-independent redshift

fror;na/f^n.o:l/(1+z). For further details and derivations see Section
2.5-4 of Thome (1983) or Section 7 2 af Thotne (1977)-

93.5 A catalog of varc-propagation effects

In principle gravitational waves can experience almost all the familiar
peculiarities of propagation that electromagnetic waves experience. Here I
shall enumerate those that have been studied, mention briefly their
importance or unimportance, and give refereuces for further detail.

(a) Absorption,scattering and dispersion bymattu and electromagnetic felds
Gravitational waves are so weakly absorbed by matter (Section 2.4.3 of
Thome, 1983) that absorption is as:ropbysically important only near the
Planck era of the big-bang (Section 7.2 of Zel'dovich and Novikov, 1983).
For experimenters, however, the tiny absorption tbat should occur in a
gravity wal'e detector is very imponant; see Section 9.52(b) below.

The scattering of gravitational waves by matter is also so weak that it is
never astrophysically important, except near the Planck era. In the analysis
of resonant gravity wave detectors, horvever, scattering is conceptually
important : the method of detailed balance (an idealized calculation in which 

'

a resonant detector is driven by monochromatic waves into vibrations of
such unrealistically high amplitude that it reradiates at the same rate as it
absorbs - i.e. it scatters the waves strongly) is a powerful way of computing
the cross-section of a resonant detector; see Section 37 -7 of MTW.

Coherent scattering by a medium produces dispersion - i.e. frequency-
dependent propagation speeds. Although dispersion is very important for
electromagnetic waves, it is never of any importance in the real universe for
gravitational waves (Section 2.4.3 of Thorne, 1983). It is instructive,
however, to imagine and study theoretically an unrealistic form of matter
('respondium') with such strong dispersion that it actually reflects
gravitational waves (Press, 1979).

For detailed analyses of absorption, scattering, and/or dispersion by
specific kinds of matter see the following references and the references cited
therein: black holes, Matzner et aI. (i985); De Logi and Kovacs (1977):
neutron stars and other stars, Linet (1934); elementary panicles, Section 7.2
of Zel'dovich and Novikov (i983); a ma-gnetized plasma, Macedo and
Nelson (i983); a uniform medium, Esposito (197la,b), Papadopoulos and
Esposito (1985), Szekeres (1971), Secrion 4-2 of Grishchuk and Poinarev
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(1980), Section 2!-3 of Thorne (1980); and a medium rvith boundaries'

Dyson (1969), Carter and Quintana (1977)'

Because gravitational and electromagnetic waves should propagate rvith

the same speed, they can interact in a coherenr rva-r- (Gertsenshtein' 1962)'

Theinteract ionissoweak'however, thatasubstant ial t ransformationof
oneintotheotherrequirespropagationoveradistanceofordertheradiusof
curvature of the background spacetime which their own enelgy density

produces. Thus, such clherent interaction is not likely ever to be impofiant

in the real universe - except possibly in gravity-rTave detectors; see Section

g.5A(a)below. FOr a review of the extensive literature on this subject see

GrishchukandPolnarev(1980).Forabriefpedagogicaldiscussionsee
Section 17.9 of Zel'dovich and Novikov (1983)'

(b) Scattering by background curoature' and tails of waves

Inregionswherethebackgroundracl iusofcurvatureiscompara}letoor
shorterthanthereduced-wavelength,@Bsl, thebackgroundstrongly
scattersthewaves.Thisisveryimportant insomesourcesofwaves'asthe
wavesaretryingtofor*;forexample'itisresponsibleforthenormal-mode
vibrations of ura"r rroles'1pr"rr, tsz t1, and it leads to the formation of 'tails'

o f t h e w a v e s i n a s o u r c e ' s n e a r z o n e ( P r i c e ' 1 9 7 2 a ' b ; T h o r n e ' 1 9 7 2 ;
Cunningham, Price and Moncri ef , |979,1and to radiative tails in the rvar,e

zone (Leaver, tgg6b; Bianchet, 1gg7) - which- however, are not likely ever to

bs observationallY imPortant'

(c) Grauitational fo cusing

Lumpsofbackgroundcurvatureassociated*. i thblackholes'stars,star
clusters,andgalaxieswi l l focusgravi tat ionalwavesinpreciselythesame
manner as they focus electromagnetic waves; and just as this focusing is

observationally important for the light and radio waves from a few very

d is tan tguasars 'so i tm igh ta lsobe imponant fo rveryd is tan td isc re te
sources of gravitational w1"es' Focusing by the sun' in the case of rvaves

withsuf i ic ient lyshortwavelengthcanbesi-enif icant,butnotatearth;the
focal point lies farther out in the solar system, near the orbit of Jupiter

(Cyranski and Lubkin, 1974)'

(d) Dffiactlott

Near the focal point of a gravitational lens the rlaves cease to propagate

along null rays and beginlo difiract, therebl' lessening the strength of the

focusing. The analysi, Jr rni, is no different for graritational wa'es than for
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electromagnetic or scalar wal:es, since polarization plays no important
role. Diffraction causes focusing to be significant only when the lens has a
gravitational radius 2M that is larger than or of order the rvaves' reduced
wavelength 2.For an order of magnitude discussion see, e.g. Secrion 2-6-l of
Thome (1983); for full details see Bontz and Haugan (1981).

(e) Paremetric amplifcation by background cun;ature

In regions of a dynamical spacetime (e.g. rhe expanding universe) in which
the characteristic wavelength 2 of gravitational waves is larger than or
comparable to the background radius of curvature AB, i>AB, the waves
can be parametrically amplified by interaction with the dynamical
background (Grishchuk, 7974, 1975a,b, 1977: Grishchuk and Polnarev,
1980). Viewed quantum mechanically, the interaction causss stimulated
emission of new gravitons. This effect may rvell have enabled the expansion
of the universe to amplify vacuum fluctuations from the big-bang singularity
(from the Planck time) inro a strong, stochastic background of graviiational
waves today; see Section 9.4-3(d) below.

(f) Non-linear coupling of the waues to themselues (frequency doubling, etc.)

Because general relativistic gravity is nonlinear, there is a non-linear
coupling of gravitational waves to themselves; and in principle this leads to
such non-Iinear conversion processes as frequency doubling. Hou'ever, in
practice these effects are not important in regions rvhere the waves are rvaves
(where Z < g). This is because, in such regions, the dimensionless amplitude
of the waves is very small compared to unity (equation (21) above). For a
more detailed discussion see Secrion 2 of Thorne (1985).

(g) Generation of background cun;ature by tlze v.aues

The generation of background cun?ture by the stress-energy of the waves
(Isaacson, 19680, MTW Section 35.15) is important in cosmololical models
in any epoch when the tvaves are suflicienrl)'strong that their energy density
is comparable to that of matter; see, e.g. Hu (1978) and. Chapter L7 of
Zel'dovich and Novikov (i983). It is also important in a'geon'-i-e. a bundle
of gravitational waves tbat is held to,eether by its own gravitarional pull on
itself ($/heeler, 1962; pp. 409-38 of lVheeler. 1964; Brili end Hariie. !.95.1).
But geons surely <jo not exist in the real universe; they are only theoretical
entities, useful for exploring issues in fundamental physics.

Wave-produced background cun'ature is also important in the idealized
situation where one plane-fronted w'ave gets focused by passing through

50�1
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another ('plane-wave collision'): the focusing itself is produced by the wave-

generated background curyature. Moreover, if the *zves are precisely

planar, a spacetime singularity forrns at the focal plane (Khan and Penrose,

1971; Szekeres, 1972; Nutku and Halil, L977:Tipler, 1980; Maizner and

Tipier, 1984; Chandrasekhar and Xanthopoulos, 1986; Yurtsevei, 1987a),

and the generation of background curv-ature plays a key role in the

singularity. In the more realistic case (which, however, almost certainly does

not occur in the real universe except conceigably near the big-bang), in

which the waves are almost planar but die out slowly at latge transverse

distances, if the transverse size is sufiiciently large compared to the initial

wave amplitude, then the focusing probably still drives the amplitude up far

enough - before diffraction czn act - to rnake background curvature

strong and force a singularity to form (Yuftsever,

a

.. 9.3.6 Waue propagation in an idealized, asymptotically flat universe

The split of wave propagation and wave generation into two separate

calculations is worrisome to those physicists who seek the highest levels of

rigor. Unfortunately, in analyses of waves in the real universe, where the

background spacetime is complex, the split is essential. Progress cannot be

made without it. However, the split can be avoided to some extent in an

idealized 'universe', where the source of interest resides alone in an

otherwise empty and asymptotically flat spacetime.

In such an idealized universe, and only there, it has been possible to treat

wave generation and wave propagation simultaneously, with a single,

elegant formalism that spans the weak-gravity portions of the wave-

generatiod region, and all of the local wave zone and distant wave zone.In

my opinion, the nicest version of this unified formalism is a variant of the

post-Minkowski formalism due to Blanchet and Damour (1986) and

Blanchet (1987a). See Damour (1986) for a reriew of this and of earlier work

by others- This formalism is especially nice because, although it entails an

expansion in the strength of the gravitational field, the expansion has been

carried out to all orders, and a number of beautiful theorems have been

proved about it.
Also of great interest, elegance, and beauty-, in an idealized asymptotically

flat universe, are expansions of the spacetine curvaiure aiong the ouigoing

light cone in inverse powers of the distance to the soulce (Bondi, 1950;

Bondi, van der Burg and Metzner, 1962: Sachs, 1962, 1963; Penrose,

l963a,b; Newman and Penrose, 1965). Such expansions, carefully
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formulated and combined with conformal transformations that bring
'infinity'in to finite locations, reveat asymptotic structures of asymptotically
flat spacetime that illuminaie the properties of gravitational radiation. For
recent reviews and references see Newman and Tod (i980), Walker (1983),
Scbmidt (1979, i986), Ashtekar (1984).

9.3.7 Exact, analytic solutions for wat;e generation and propagation

Those who seek high rigor (and even less rigorous people like me) have also
found pleasure in the few existing exact, analytic solutions of the Einstein
field equations that describe sources which radiate into abymptotically llat
spacetime (e.g. Bicak, 1968; Bicak, Hoenselaers and Schmidt, 1983; Bicak,
1985; and references therein); and in idealized exact solutions forcylindrical
waves (Einstein and Rosen, 1936; Weber and Wheeler,1957) and for planar
waves (e-g- Rosen, 1937; Bondi, Pirani and Robinson, 1959; Ehlers and
Kundt, 1962; Sections 35.9-35. 12 of MTW). Also pleasing for its rigor is tbe
extreme limit 6gt*-etric optics, where the wavelength becomes so short
that the radiation is compacted into a gravitational shock wat;e (e-g. Pirani,
1957; Papapetrou, 1977 and references therein).

9.4 Astrophysical sources of graviational waves

In the real universe it is useful to divide the anticipated gravitational waves .
into three classes, according to their temporal behaviors: bursts,which last
for only a few cycles, or at most for times short compared to a typical
observing run; periodic'waDes, which are superpositions of sinusoids with
frequencies fr that are more or less constant over times long compared to an
observing run; and stochastic wan;es, which fluctuate stochastically and last
for a t'me long compared to an observing run.

ln this section I shall describe the present knowledge and speculations
about various sources of gravitational waves. Attention will be restricted to
those sources which are most promising for detection by present or planned
detectors, with Section 9.4.1 focusing on burst sources,9-42 on periodic
sources, and 9.4.3 on stochastic sources.

As was emphasized in Section 9.1-1, for each source, with the single
exception of binary stars and their coalescences (Section 9.a.1(e) below),
either (i) the strength of the source's waves for a given distance from earth is
uncertain by several orders of magnitude: or (ii) the rale of occuir:nce of
that type ofsource, and thus the distance to the nearest one, is uncertain by
several orders of magnitude; or (iii) the very existence of the source is
uncertain. Despite these uncertainties, it is important in the wave-detection
effort to estimate as best one can, for each source, the strengths of the rvaves

3&
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bathing the earth. Such estimates will be stated below, with references; and

they are collected together beiow in Figs. 9-6 (burst sources), 9'7 (periodic

sources) and 9.6 (stochastic sources).

9-4-I Burst sources

(a) Bursrs lith and without memory

As Braginsky and Grishchuk (1985) have recently emphasized,

gravitational-wave bursts can be subdivided into two classes: normal bursts,

in which hf; begins zero before the burst and returns to zero afterward, and

bursts witi mmtory, in which nf bt convention) begins zero before the

burst and then settles down into a non-zero, constaot value Ahf; (the burst's
'memory') after the burst is over.

Physically, a burst with memory arises rvhenever the sourye, before the

burst or afterward or both, consists of several free bodies that are moving

with uniforrr velocities relative to each other. For example, the explosion of

a star into several pieces will produce a burst with memol], 2s will the

collision of two freely moving (not binary) stars oI black holes, or the

gravitational scattering of a star by a black hole; but the birth of a black hole

in non-spherical stellar collapse will produce a burst without memory. In all

cases, the .memory' . is the change in the total '1/r' coulomb-type

gravitational field of the source (Braginsky and Thorne, 1987). For example,

in the quadrupole approximation, rvhen one takes account of the fac! that

one can add a time-independent constant to &r[ ('gauge change' that moves

stuffbetween the background field and the wave held) so as to make h]l zero

initially, equations (12) and (13a) -eive

Lhf;:6r(*'ir't 
'.

Qs)

Here the summation is over the free bodies in the system,mnand vttatethe

mass and velocity of body A,andA denotes the cbange from before the burst

is emitted to aftenvard.
As is discussed by Braginsky and Thorne (1987), the memory Part of a

burst, Lhf;,canbe studied by any detector (with adequate sensitivity) that

operates at a frequency lower rhan the bursi's characteristic fr;quenc-v,

f s f". Put equivalently, one can think of a burst with memory as having a

signal that extends down to all frequencies below /. (cf. the 'zero-frequency

Iimit'discussed by Smar, L9'77b and by Bontz and Price, L9'79)'

Current prejudice suggests that the stron-sest of burst sources (and thus
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Fig- 92- The angl * t' fi,rlt ,0, Q which characterize the emission' propagation

aud detection ofa graviratiol2i wave'

Source

Polor izot ion
Plone.

{  o . i n /

themost interest ing)mayproducenormalburstsratherthanburstswith
memory; but this pre;udice could perfectiy well be wrong' In accord with

this prejudice, the remainder of this section will focus on normal bursts'

(b) Characterization of the wat:es front a normal burst source and the noise in

a detector searching for them

Burst sources are best characterized by their full wave forms ttf;(t)'

However, when comparing with detector sensitivities, it is helpful to have a

more compact characterization- Past discussions have used a loosely

defined 'characteristic amplitude' h" and 'characteristic frequency' 'f''

rto*"u.r, tt e factors of order 3 that are glossed over by the loose definitions

are beginning to be important in the planning of gravity-wave searches'

especially in the case of the inspiral and coalescence of binary neutron stars

lsubsection (e) below); and I therefore shall be quite careful in my definitions

of h" and -f" -d subsequently in my corresponding discussions of detector

sensitivities-
As an aid to dehning Iz" and f, rvith care,I show in Fig' 9'2 a diagram of the

emission, propagation, and absorption of the wave' The source has

:r''>
I

ir:-..;i:*j
iits'- ,
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preferred local Cartesian axes (i,i,2) with respect to which its internal

structure is especially simple. We shall denote by $, h the direction toward

earth (spherical polar angles) relative to those axes- The detector, similarly.
has preferred local Cartesian axes (x, y, z) rvith respect to which its internal
structure is especially simple; and we shall denote by (9, Q) the direction
toward the source (spherical polar angles) relative to those detector axes.
The waves themselves, as they pass through the detector, are most simply
described in a third set of Cartesian axes (x', y'., z') with origin at the
detector's center of mass, z'axis along the waves'propagation direction, and

x' and y' axes so oriented in the polarization plane as to make the wave
forms h*:hT,.- -hfr., and &* :h}r':hT,., especially simple- We shall
denote by {r tbe angle between the x' polarizatron axis and the {:g plane.

From a model for the source one can compute the wave forms
h -(t - z' ; 4 p) and h ,(t - z' ; r, p) arriving at the detector. If the detector is
srnall compared to a reduced wavelength, as we shall assume thrdrghout
Section 9.4 and in Sections 9.5.1-9.5-3 but not 9.5.+-9.5.6,then it will feel a
simple linear combination of ft* and, h, ; i.e. it w'ill detect the wave form

h(t\:7 *19, Q, t)h *(t; 4 f)+ F *(e, 0, *)h,(t: \ P). (26)
Here F* and F- are detector beam-pattern functions (to be discussed in
Sections 9.52 and 9.5-3 below), which depend on the direction of the source
(0, Q) and the orientation ry' of the polarization axes relative to the detector's
orientation (Fig. 92) and which have values in the range 0(lFrl( l.There
will be some special choice of 0, Q, ry' for which F+ : I and F, :0; rve shall
call this the'optimum source direction and polarization'for the + mode of
the waves.

In Section 9.5 rve shall characterize the noise in a detector by a frequency-
dependent sp-ectral density Sr(/) (with dimensions Hz 

- t 
) defined as follows :

if a precisely sinusoidal gravitational wave with known phase c, known
frequency />0 and unknown rms ampiitude }lo,

h:12'f6. cos(2nft + u), s: const., Qia)

impinges on the detector, and if the experimenters seek to detect the rvave by
Fourier analyzing the detector output with a bandwidth A/ (integration
time f : lltr.f), then the amplitude signal-to-noise ratio will be

S Ito

F:[3751'. (2'ib)

In much of the gravitational-wave literature this Sr(.f) is denoted ArU)J';
i.e. h(f\: [Sr(/)]* (with dimensions Hz-i).
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In this section we are interested not in periodic gravitational waves, but

rather in bursts - i-e. in waves with complicated time dependences lz(t) and

with durations short compared to the experimenters'observation time. we

shall assume that the wave fona h(r) is known, and that our only question is

whether tbe wave is reaiiy Present or not - with some Postulated starting

time to. (Later we shall discuss the statistical consequences of an unknown

starting time-) Thereis a well-known optimal strat€y for searchiog for such

a vave in the presence of noise with known spectral density:

(i) one constructs a wiener optimal flter K(t), that function of time whose

Fourier traosform .K(/1 is the same as the transform fi'(/; of'the signal i'(r),

weighted by l/Sr(f) (so that noisy frequencies are suppressed):

Ru)=m, EA:{*' ou, eiz*!'� d,t,

K1r= [_ 
R1y1e-iz*r'6y-

(ii) one then takes the outpur of the detector, which includes noise and

possibly signal; from it one computei the gravitational wave form }:outoot(r)

lhat would have been required to produce the observed output if there

were no noise present; and one then computes a quantity

*: 
I _:K(r 

- ro)lloo,pu,(r) dr.

(28a)

(28b)

(28c)

(2e)

(iii) This quantity will have root-mean-square contribution N from noise;

and if the signal rvas actually present with starting time ro, it will have a

signal contribution s (i.e. I?': N+S), with squared signal-to-noise ratio

- : J , " f f i u
See Wiener (1949), Sect ions25-27 of wainstein and Zubakov (1962), Kaflsa

(1g77),and Michelson and Taber (1984) for proofs and discussion- The

integral in (29) is from 0 to o rather than - oc to + co and tbere is a factot 2

pr"rrot u"ouse sr(/) is a 'one-sided spectral density' (defrned only for /2 0;

nqative frequencies are folded into positive). The squared signal-to-noise

raiio (zg) will be the basis for our definitions of'h.and f"'
Exp ress ion (29 ) i s thesquareds igna l . t o -no i se ra t i o fo raspec i l i c

{.fiducial') source at some specihc distance rn fiom earth. Suppose that space

is uniformly filied with sources, ali icientical ro this fiducial source but with

random directions (e,6\, orientations (r,p), and polarization angles ty''

Suppose, further, that inside the source's distance ro there is, on average, one
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?: burst each Do days. Then what, on average' will be the squared signal-to-

Y
$ ;oi,t o'io (i'/N')r,,onr.,, of the strongest burst that occurs each Do days?

i One might expect ,t " ""i*"t to be the fiducial S'lN'of (29)' averaged over
a .i: all the angles O, O, rlr,l, p. Not so- There is a statistical preference for
ti

F directions and polarizations that give larger values of s2'{v2' because they

;. r --^^j^- 'tieraaaac where the evgnt falg lS gfea[trr. rgrr
?. can be seeq out to greater distances where the event rate is greater' This
D :  -  t - - r t - T l - ^ ^ ^ . | a r r r n a c l / r

i "f.rt gives, assuming the event rate goes up as 13 and izlr t"tt^1"11;r1-Yri:

f i;t;;;:,;t'/irr;i yhere (---) denotes an average over randomlv

i ; ;ri"triJ'Lgles. Now, the ! power is a pain to ded with in subsequent

I ""l"of",iorrr, i *. shall swiich to a straightfonrard angular avet^ge

$ ; (s2/N2> and to compensatgwe shall insert a multiplicative factort' which is

F ; (approximately) the ratio 
-or 

(iYrt>3 to (S2lN2) if both source and

$' : H!|1|r bave quadrupoie beam patterns ('slow-rnotion' poor-antenna

i , r e g i m e ' ) . T h i s , t o g e t h e r w i t h ( F z * ) : ( F z ' ) a n d < F * F ' ) = 0 ( t r u e f o r a 1 ;
i 

' 
u,iJi*otn-beam-pattern gravity-wave detector)' permits u-t 

lo.'*tt"
i (srryii-"r*, in tie fottoiine app'o*imat" l"t*,'-In:i: Xt-ir9i:rtl:
i, liJ,Lfi'::?G;;;;;;ir^oot"tion and where llr-*1'�+l6.l') i'

i averaged over source angfes (r' f):
:  ^a  f -  t l |  l z+ l l -  12 \. Q 2;  r  - a 1 t r 2 ( 0 , 0 , { , ) > l  \ r " + r F ; + ' i ' r ' d / .
.  F : J \ /  

+ ' .  
l a  o h \ J  t' '  l Y  J U  r

i  s '  -^ r tz  ra  a , r , , ,  l - -  
( l / t *1"+ lh. l - )  d f .  (30)

We shall now special izn'forthe remainder of this subsection, to gravity-

wave searches with broad-band detectors, i-e. deteciors for which the noise

Sr(/) is small over a baod of frequencies A;nS f S f"o*' with 'r'"- ZZf^*

Narrow-band detectors will be treatea seParately in Section 9'5'2(b) below'

Fo rb road -bandde tec to rsequa t ion (30 )mo t i r ' a tesus tode | rne the
characteristicfrequencyandarnplitudeofourfiducialsource,atdistancero'
by

t-[ i- <lr'.[ti?-'l') .i-'|- i- <lt.l]fil-'l'> fof1, (31a)
J"=LJ. - sr,u) J LJo s'('f) " 'J

o.=[, i #(F-*t'+ w,r>rdrI' (31b)

(32)

where the average is over randomly distributed source orientation angies l'

f .S imi la r ly ,wesha l lde f ineacharac ter is t i cde tec torno iseampl i tudeat
frequency / bY

r. , n: [-6'Lf)]i""rt t :-qF2*(A,0, { i>}
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In terms of these quantities eguarion (30) reads
s h .- : -
N h"(.f")

This is the s/N of the strongest burst that arrit;es at earth,on auerage, at the
same rate cs bzrsts occur inside the fductal source,s tlistance ro-

In Fig- 9-4 below we characrerize detecor burst sensitivities not by h,(-f),
but rather by a quantity hr,r, that answers the following question: W;;;;
the characteristic strength h":hs;r, of a soarce with sufficiently targe S/N
(equation Q3)) that,d it is sem three times per year (once each r07 secinds) by
two tdentical detectors operadng in coincidence,we can be 901confidmt th-e
detectors are not just seeing their own noise-The use of two detectors permits
(we shall presume) the elimination of non-Gaussian noise. Then the
Gaussian distribution of the ampritude noise, together with the use of two
detectors and the fact that in f :107 s the experimentrrs must try roughly
2nf"t - f./10-8 Hz starting times ro for their wiener optimar frtter, rmfties
that we require S/N -fln(f,ito-s Hz)]i; and, correspondingly,

',,,,=i''(#JJ ffi=(3-5)h^(r") (34)
L

Here the range 3-5 corresponds to the range of frequencies of interest for
most burst searches, I0 - a Hz-10 = t Hz_ Note that because the events being
sought are so far out on the tail of the Gaussian probability distribution,
changing by a factor l0 or 100 the number of trial starting times ro, orasking
for 991or 99.91confidence rarher than 90f, would have a negligible
effect on this h.rr,.

. It is often useful to rewrite the /" and /:. of equations (3I) in terms of the
ehergy flux per unit frequen cy dEor, /dAd/ carried past the derector by the
waves. From equation (10) for the lvaves'stress-energy rensor together with
Parseval's theorem we infer that

(33)

ffi :; f ' (E Jnl, + lE, u)1,),
where the extra factor 2 comes from foldin-e negative frequencies into
positive (so /> 0). when this quantiry is averaged over ail dirictions r, p. it
gives (4nr!)-r dEc\t/df, n'here r" is the djsrance to rhe source: and
consequently equations (3 i) becorne

(35)
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(36b)

For most burst sources (e.g. supernovae) the rvave form is so uncertain
that a careful calculation of lz" is unjustified. In such cases it is useful to
reexpress lz" (equation (36b)), approximately, in terms of the total energy
AEoo" radiated:

o"= (*^#)' :,, -,o- ^(#i(#)iry), (37)
where Ma is the mass of the sun and l0 Mpc is the distance to the center of
the virgo cluster of gaiaxies (assuming a Hubble constant of 100 km s- r
Mpc-t).

we turn now to a discussion of specific burst sources, and their
characteristic frequencies .;f, and wave strengths &"-

(c) Supernotsae (collapse to neutron star)
supemovae of 'type II'are berieved, with a hj,eh ievel of confidence, to be
created by the gravitational collapse, to a neuron-star state, of the cores of
massive, highly evolved stars. supernovae of 'type r', by contrast, are
thought to result from nuclear explosions of white dwarfs that are accreting
mass from close companions - explosions in rvhich the stellai core probably
does not, but might, collapse to a neutron-star state (lvoosley and weaver,
1986; Evans, Iben and smarr, 1997, and references therein). in addition ro
these two types of opticalty observed supernor-ae, there may well be stellar
collapses to a neutron star that produce little optical display (.optically
silent supernovae').

The rate gf occurrence of supernovae of t1-pes I and II is fairly rvell
determined observationally: in our Galaxy roughly one tlpe I each 40 years
and one type II. each 40 years; out ro the distance of the cenrer of the virgo
cluster of Galaxies (10 Mpc) several tlpe I and severar type Ii per}.ear; rare
increasing roughly as (distance)3 near and beyond virgo; ,".,.g. Tammanri
(1981)- Thus, to have an interesting event rare one musr have adequate
sensitivity to reach the center of virgo, about 10 Mpc. optica[y silent
supernovae could be more frequent, since statisrics on normal stars massive
enough to form neutron stars when they die, pei-mit a neutron-star birth rate
that could be as high as one every fouryears in ourgaraxy if ,rass loss in the
late stages of stelrar evorution is smalrer than normaily rhought.
Altematively, it is conceivabie that optically silent supernovae n"u.. o"",rr.

The strengths of the waves from a superno'a depend cruciail1. on the

Gra uit ational radiation
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degree of non-sphericity in the srellar collapse that triggers it. and somewhat

on the speed of coliapse - i.e. on rvhether the collapse is nearly free-fall ('cold

collapse') or is more gentle dus to the resistance of thermal pressure ('hot

collapse'). Perfectly spherical collapse will produce no '*'aves; highly non-

spherical collapse wili produce strong waves. Little is known about the

degree of non-sphericity in type iI (which are surely due to stellarcollapse),

but current prejudice suggests that the typical type II might be quite

spberical and thus poorly radiating- If type I are due to explosion of an

accreting white dwarf and, contrary to current thought, the explosion is

accompanied by collapse of the stellar core to a neutron star, then the white

dwarf migbt be rapidly rotating due to the accretion, and centrifugal forces

might then cause it to collapse very non-spherically and radiate strongly.

In the mid-1970s rhere was a swing of fashion from believing that the

cotlapse is cold and fast to believing it is hot and *ow (e-g. Wilson,1974:

Schramm and Arnett, 1975). Some astrophysicists rvere aghast at the

consequence of this srving: for example, in the hi-ehly non-spherical but

axisymmetric collapse models of Saenz and Shapiro (1978, their tables 1-4)

the total energy radiated as gravitational rvaves lvas reduced frorn

AE6lr/M "c2 -6 xl0-3 for cold and fast to - I x 10-5 for hot and slorv.

This boded ill for attempts to detect gravitational waves, the astrophysjcists

thought- However, closer scnrtiny revealed relatively little change in the

prospects for detection: the total energy radiated AEott is a rather poor

indicator of detectability- Much more relevant is the amplitude signal-to-

noise ratio S/N: h"lh"(.f,) (equation (33)). The planned LIGO beam

detectors, when optimized for frequency f, have h,(f") e.f (Fig' 9'4 and

. 
equation (125a)); and this together with equation (37) gives

SiN z (AEo".,f)l. (3s)

Although the new fashion (hot and siow) corresponded to a reduction in

AEo* by a factor 600, the characteristic frequency of the rt?ves also went

down (from -3000H2 to -500H2; see Saenz and Shapiro, 1978); and,

correspondingly, S,'N was reduced by less than a factor 2'

This iliustrates the importance of thinking in terms of Iz", f., and s,'1\ :

h"llz^(f") rather than in rerms of energy radiared, rvhen evaluating the

strengths of gravitationai rvaves.

Corresponciing to our poor knorvledge of th3 strengths of the rvaves froin

,uprrnouu" is a similar poor knorvledge of the rvave forms. it seerns unlikely

that theorists will be able to fir:n up their predictions of the rvaveforms

before observers detect and study them. Thus, it is best to think of the

computed wave forms as -eiving us a tool for translating future observations

' - j .. ' ,



into an understanding of what is happening in the stellar core' As an

example consider t":?';' *;.; ;";t '.h" tvi''e forms computed'bv Saenz

and Shapiro (1978, ttt ii' "t*t the quadnrpole formalism' for two different

stellar co'apses. r"'""lir-""r" 
- ana in general, *h"o 

:::.thinks 
the

quadrupoleformalisrrmaybeaccurate-o,,_"""oinvertequation(12)tosee
how the sour."'' ot'"d*Jit" "'o*""' is ueiauing' The left cune (Saenz and

Shapiro, 1978) sh;T;;;o"chs. labeled FF in which h*(r) vanes

approximat"ty t' 1r - t-"1:3' "o""'ponding to free-fall motion; and these free-

fat I epo ch s "r.,.0"o""I ;ft;;; ;ei p-"ri oas with sharpl y reversed p eak s

Qabeled 
'P' in the ui"l-'t-l ""t*t".u,tlJ to a sharp acceleiation in the

di rection opposite ;;; # far' clnsi d 4q 
* 

:'t]:"^tj1'.sE 
*ndredths

of a second ror tne rree+att epoch (chalacteristic of late stages of collapse to a

neutron star) and i'i"'ili'econds r"t ii" p*t:n::T-f::racteristic of

neutron-sta, putr"tio"oi, ii" "",r*r and correct interpretation is tbat these

waves are from collapse to a neutron *r�i" *f i"h thl stellar core bounced

sharply three times.il;; ilt the three sharp peaks are all in the sarae

direction (up, not O"*"i ilt; that the sharp bounces \!€re all along the

same axis- Surely ii" otr'"' axis that projects on 
'our 1kv thould 

have

bounced as well, o''"if*" stopped its collapse; so there should be at least

one sharp pr"t i" tirlaJn air"".ion. fna""l ,ft.* is; it is superposed on the

central up peak r,"g;;Jti e in 
ll;ai"to-)'Th: 

natural and correct

i"i.,p*,",i"nistrratthestarw'ascent=t:',Ut;:n'ii'-,:;,',il1t'"::::
collapsed fast and bounced three ttme:

collapsed *o," 'to*illna uoun"ed once (down peak E)'

G raoitational r adiation

Fig. 9.3- Wave forms produced by trvo very-d.ifferent scenarios for the

co[alse of a no,-"r """JiJ'ii o n"otton star' wave form (a) is from Saenz

and Shapiro tttift ibj is from Saenz and Shapiro (1981)-
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The very different righr-hand cun e in Fig. g.3 (saenz and shapiro, rgg r)' 
implies a quadrupore momenr thar somehow is driven into sinusoidaroscillations which initiaily increase in ampritude and rhen die out. Again, thefact that the period (-o.o ms) is that of a neutron-star pursation suggeststhat something is triggering, then damping, such a pulsation. If this waveform was seen roughly on" J"y before an opticar supernova was found in thevirgo cluster, one wourd infer that the wa'es rverafrom the superao va and,one courd deduce that the quadrupore-moment osc'iations are so large inamplitude that they rnust have abiorbed, say, I0-a of trre lollapse eneigy.The naturar expranation might be parametric amprification of quadruporeneutron star pulsations by a bouncing ste'ar "oiti-po, followed byhydrodynamic damping - the process thargave rise to ,r,ir-|o*pored wave
A large amount of effort has gone into moder carcurations ofgravitationarcollapse to a neutron star and the waves it emits; but the efrort has notproduced a consensus by any means! For a detaired rvierv of rhe literatureup to I9g2 see Eardrey (Igg3); for an update on thar review see Mfrrer(1984)- In the case of rapidiy rotating coriapse, wfuere the emission shourd bestrongest but the event rate is totally unknown qrnort "oU"p ses could beslowly rotating), there are three radicaily different scenarios andcorresponding wave characteristics: (i) the star -ay ,"*ain axisymmetricthroughout the coriapse. In this..r" ,h. best current rvisdom, (but by nomeans a consensus) comes from caicurarions uy rraarr.r-l-rgsrt and ispessimistic- Those carcurations predict the strongest emission to come in twodifferent spectral regions: I-1000Hz where AEo*_ t*tO:rU"c2 andh"-7x to-zs (r0Mpc/r') due ro rhe initiar cotapse and bounce; andf,-10a HzwhereAtoy-- 1A-6M ucz andh"_i x l0_23 (i0 Mpc/r.)ciuetopulsations of the newry formed ,i"urron star. (ii) The star may becorneunstable ro an'm:)bar-mode' deformation so it rotates end-over-end likean American footbat. In this case the best current .wisdom, 

is moreoptimistic: the carcuiations of Ips., arrl Mana-san (I9g4) predict a highlymonochromatic emission ̂t j_1000H2, Iasring for _30.cycles andproducing AEoru-3 x l'-"M uc2 and lz"_5 x 10-22 (10 Mpc/r.). (iii) Thecollapsing star may become io ,,rongii' unsrabre to non-axisymmetricperturbations that on the way dou,n it ureai<s up into trvo or more djscreteIumps' very iittre is known "bout this possibirirl., and radiation reactionfrom the m:2 mode (case ii)mlght or.u.n, it fronr occi:rrins at ali (ipser,1986). Eardiey (I9g3) argues ti:at ;i jt aostr?ns *",,", i aEo-l:,@ Ly, ̂ ,o : ; i "c:, T.:'r';t Tij, :;..r*S::i;to hc-4x 10-2r (10 Mpc/r")
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Because this best wisdom is so insecure, Fig. 9.4 shows wave strenglhs

based not on these specific models, but rather on the generai equation (37)

for several possible values of AEo* and ro, and for the entire range of

characteristic frequencies that have shown up in model calculations'

ioollrsf"<10000H2. Note that detectability depends stron-ely on

whetherthewavescomeoffat lowfreguenciesorhigh:afactorSreduct ion
in AE6s can be comPensated by a factor 2 reduction in /"'

Fig. g.a. The characteristic amplitudes lr" lequaton 1r lb))and frequencies /.

(equation (3la)) ofgravitational waves from several postulated burst sources

(thincurves)'anO-tteseasit ivi t iesh3,rofseveralexist ingandplanned

detectors (thick ctrves and circles) 1i'r* is the amplitude &' of the weakest

sourcethatcanbedetectedthreetimesperyearwirhg0}"coafidencebytwo

identicaldetectorsoperatingincoincidence)'TheabbreviarionsBH'NSand
SN are used for black hole, neutron star and suPernova' The sources arc

discrrssediadetai l iatheindicatedsubsectionsofsecriong.4.l ,andthe
detectors in tbe indicated subsectioas of Section 9'5'
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We note in passing that neutron-star pulsations might be excitcd not onll'

as part ofthe star's birth throes, but also as a consequencc ofa sudden strain

release or phase transition in an old neutron star ffhorne' 1978; Ramaty et

al-,7980;Haensel, Zdunlkand.Schaeffer, 1986)' Since there are 108-l0e old

neutron stars in ourgalaxy, it is conceivable - though not highly likely - that

our galaxy could produce an interesting event rate. To be detectable by the

planned LIGOs, the rvaves rvould need to have /2" - l0 
- 2r at f, - 3C00 Hz

corTespondrn€ to

AE6rv -7 x l01s erg x (10 kPc/r)2

(d) Collapse of a star or star cluster to form a black holi

As with collapse to form a neutron star, so also for collapse to a black hole,

the strengths of the waves produced are highly sensitive to the degree of non-

sphericity, and the typical degree of non-sphericity is unknorvn. Equally

unknown in the black-hole case, by contrast rvith the neutron star, is the

frequency of occurrence of such collapses: '

It is very likely that black holes exist in our universe rvith masses

throughout the range 2Mr'<MS 10to Mo (see Chapter 8 of this book).

The holes of lowest mass can only form by direct collapse of a star. Those of

higher mass, however,.can form by many routes (direct collapse; gradual
growth from a small hole by accretion; collision and coalescence of smaller

holes; . . .). For discussions of the routes that might occur in a dense galactic

nucleus see Blandford (1979) and Rees (1983). \Vhich routes actually occur

and how often are almost totally unknown. Horvever, roughly knorvn upper

limits on the birth rates of the smallest and the largest holes give - under the

assumption that all births are b1' ciirect collapse - corresponding upper

lirnits on the rate at which gravitl'-rvare bu.rsts from such collapses hit the

. earth. For holes of a ferv solar masses the birth rate under reasonable

assumptions (Section 8.3-3 of Chapter 8) should not exceed -{ the birth

rate of neutron stars; and correspondingly. at the distance of the Vir-eo

cluster it should not exceed - liyear. Bethe (1986) argues that the rate may

actually be of this magnitude. At the other end of the spectrum, holes with

masses M>106 Me probably occur only in galactic nuclei; and over its

lifetime each galactic nucleus might give birth. at maximum, to only a ferv

such holes. Correspondingly (Thorne and Braginsky, 1976; Bianciiord-

1979). the maximum rate of collapse-birihs of supermassive hoies,

M -rc5 Mu, is a fsw per year throughout the obsen'able unive:se -i.e. out

to the Hubble distance. It is fashionable to beiieve that the actuai rate is

much less than this upper limit (e-g. Rees, l9S3).

(3e)
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In one respect collapse to a black hole is better understood tiun coJlapse
to a neutron star: the final object is far simplcr, and correspondingly the
lvaves from its vibrations, if they are triggered by the collapse, are far better'
understood. Detailed calculations sug_gest, in facr- that biack-hole
vibrations are rather easy to trigger (e.g. Detweile41977) and that when they
are triggered, thc most slowly damped one or two quadrupole rnodes will
dominate. Thus, while the details of the initial burst of waves may depend on
unknown details of the collapse, the late-time behavior rvitl have a well-
established damped oscillatory form from rvhich one can read offthe mass of
the hole rvith excellent accuracy and its angular momentum with modest
accuracy @etweiler, 1980; Leaver, 1985, 1986a; Stark and Piran, 1986;
Piran and Stark, 1986).

As a specific example, Fig. 9-5 shows the waves produced by a specific
model of a collapsing, rotating star as computed using numerical relatitity
techniques by Stark and Piran (1986). The solid curv'e is the camputed
waveform, and the dashed curve is a fit to it using a mixture of the tu'o most
rveakly dampled quadrupole modes of a non-rotatin_e hole. The fact that the
fit is so good shows (i) that the final ringdorvn is, indeed, due to the black-
hole vibrations; and (ii) that the hole was nor ronting extremely rapidly, i.e.
it had (I-alM) J0.3, rvhere a is the specific.angular momentum and J|f the
mass. If the hole had had l-aitr{ <0.3, the'Q'of the hole's oscillations
s'ould have been noticeably lar-ser, and the ringdorvn of the &'aves rvould
have been noticeably slower. (For details of the normal modes of black holes
and the frequencies and damping times of the u'aves they should produce see
Detrveiler, 1980, and Leaver, 1985, 1986a.)

if collapse to a black hole radiates with an efiiciency AE,:]f c2=e and the
hole is at a distance 6 and has a mass &1, then the characteristic frequency
and amplitude of its waves will be (Stark and Piran, 1986; Piran and Stark,
1986; and equation (37) above)

r"=*:(i.3x roa ""(#).

o " = (*,)' I:,.'o - '' (#)'(#Xry)
(4oE)

: r.o x ,o-*(_z),f ro'H')flo Mp"\
\uu,/(,Tit-/ 

(4ob)

If the collapse is axisymnretric, then the elircjency e probabl-v does not e.rceed
7 x l0-a (Stark and Piran, 1986). Horvever, in the non-axisymmetric case
(e-g. formation of an elongated configuration due to rapid rotation, or
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bifiircation into one or more lumps during collapse (the 'collapse, pursuit,
and plunee'scenario of Ruffini and Wheeler. l9i 111, the efliciency might be
in the range 0.01-O.l (see, e.g., Eardley. 19E3. and Rees. 1983). The source
characteristics (40) are shorvn in Fig. 9.4for black-hole binhs at the Hubble
distance and at the distance of Virgo, with efliciencles of e : l0-2 and I0-a.

(e) Coalescence of compact binaries (tteuton stars attd btack holes)

Since a large fraction of all stars
remnants of stellar evolution mav

- - \ J +
-20

close binary systems, the dead
a significant number of binary

are tn
contain

Fig. 9.5. The gravitational wave form produced by the gravitational collapse
of an axisymmetric rotating star to produce a Kerr black hole, as computed
by Piran and Stark (1986) using numericat relativity techniques. The star
and the black hoie it forms bothhave J/Mz=a/M =0.63 (where J is angular
momelrtum and M is mass). The dashed cun'e is a fit, to the *ave form, of a
superposition of the *aves from rhe two mosr slo*{1' damped guadrupolar
normal modes of a non-rotating hole u'ith nrass If, i* -Real{lr .-iorr4
Are-x"ztt wirh o,: (0-r'74-0.0E9i)'-l{,cor='o-348 -0 27ar)',!.f. The firring
ampiitudes ?tc A, = -0.9 - t. It, A z : 0.9 + l -4i. Thus, these rrvo modes are

roughly equally excited by the collapse.
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sYstemsrvhosecomponentsareneutronstarsorb lackho|es.andarec lose
:il;; ;;;;;;be driven into coalescence bJ' sravitational radiation

reaction in a time t"s, ,iron the age of the unii'erse. The binary pulsar

PSRlg l3+l6 isancxampieofsuchas-Ysteg] ; i t rv i l lcoalEsce3.5x lOul .ears
tt";;;o".t';*o 

bodies in a compact binarv spiral togethtt:.tl-L'^-llt periodic

gravitational waves with a frequency ih"t "t"ps uprvard toward a

maximum, 
$la)

f^r*=LkHz for neutron stars'

10 kHz
f^*=gp;for holes with the larger having mass M'' (41b)

ThewaveformduringthenearlyNervtonianpartofthefrequencysweep,
f 4f^.*,is easily comiuted from the quadrupole formalism (Section 9'3'7)'

The post_N"*to*"n'"orrections to this ."aveform rvill become rnore and

more important as tr;;* toward /","..; thel'are givenin-tu:::*t and Will

(19.76);see also Gaf,tso.,, fviatiui<'lnlnA Pltukhov (1980)- Ultimately' near

/.",, higher-order co$ections or fuli non-linear relatlvit'v are needed to gei

the wave for- ,"u'o"Jity ut"o*'"ty'-The f-tnal' coalescence stage will be

especially int.r.,tin! *Jcompl"x inthe.case of a neutron-star binary' and

may be quite sensitive to the masses' of the two stars; xnd 35 rvith

suPernovae' we n'right not .undersiand 
reliabl'"- rvhai to expect until

gravitational-wave 
*obstrt'ations 

shorv us' For a first' preliminar;'

theoretical effort at uolt"t""aing' see CfaLf a:rd Eardlel' 
:t7.":'' 

For black

holes, by contrasr, ""*.ri."r ,.tliiuiry is l:kely to gir'eus, rvirhin the next

five years or so, a o.iuil"J^na highly reliable picrure of the hnai coalescence

and the wave forms it produces, including ihe dependel"" :n 
the hoie's

masses a,nd angula, *o*"nr". cor^rparison of rhe predicted rvave forgts

with obsen'.a oot'-'oiU constitute the strongest test ever of general

relativity.ffhewaveformsfortheastrophl.sicalil'unlikelycasesofhead.on
collisions of trvo iaentical non-rotating holes or neutron stars have already

beenevaluatedbynumericalrelativity;se:Smarr' lg77aforblackhoies'
.nJ Aifa"o and Shapiro' 1984 for neulron stars')

Because the binary system spends far more time in the early' low-

frequency part of theiweep than-in the later' high-frequency part or in the

final coalescence, unJ Ut"u"te planned gravity rvave detectors have less

amptitude noir. "rio*'l'equ"ntits'-i- 1d Ht'.ii=11i].11'-/o 100 Hz (ci'

Fig. 9.4), it wili be easier for detectors to see the Newtonian regime of rhe

sweePthanthepost.Newtonianregimeorrhefrnalcoal:scence_exceptin
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lz -:211+ cos: t)1y r)(nMf )j cos(2zft),
h ,: +4 cos r(1r,jr)(z.l|f)i sin(2nft).

Sr(f ): z. for f <-f,.
By Fourier-transforming the wave forns (42), squaring.

over the source orientation angle l, rve obtain

(16.l'+iF" l') :+ (':\' t i.-.
12 \r , '  F i tM.S1"

the case of black-hole binaries wirh .,Iy', - 100-1000 M. or M tZl06 M et(Fig. 9-a)- In the Newtonian regime- if rve orient rhe potariLrion axes "]. oni
e],' along the major and nrinor axes of rhe projection of thc orbitar plane on
the sky, then the wave form rvill be

@2a)
(42b)

Here it is assumed thar the orbit is circular because radiation reaction lons
ago will have forced circularization (peters and Mathews, 1963); r is th!
angle of inclination of the orbit to the line of sight; M and. pare. the total and
reduced masses

M:Mr+M2,  p :NI  , Iu I  2 , !M; @2c)
and f, the frequency of the waves (equal to twice the orbital frequency), is
given as a funcrion of time by (MTW equation (36.171)

"  r I s  r  I  l j
t : - l - - -  |' n 1256 pM" (r.-t)f '

The mosr promising cietectors for coalescing neutron-star binaries and
low-mass black-hole binaries are beam .detecrors in the planned multi-
kilometer LIGos. As we shall see in Seciion 9.5-3(e), a beam detector can be
operated in several differenr optica! configurarions- The opdmum
configuration for searching for coale_scing binaiies is likely ro be one with
Iiglzt recycling, for which the specrral density of shot noise (rhe <iominanr
noise above some 'seismic cutoff frequency.f,) will have the form

(42d)

S^(.f):constx/*[l +(.f,,_fJzf et -f >.f,. (3a)
Here fn is a 'knee frequency' rvhich the experirnsnters can adjust by
changing the reflectivities of certain mirrors in their detectors: see equation
(117c). and Fig.9.l3 belorv, and associated discussion. The constant in
equation (43a) is independent of the choice of fr- At frequencies below the'seismic cutoffd seismic noise is Iiker-v to come on very strong: accordingry,
we shall make the approximation

(43b)

and averaging

(44)

By inserting this source strengrh (44) and the detector noise (43) into
equation (30) and maximizing rhe resulting sirenal-ro-noise rario wirh
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respect to the knee frequenc5'1f*, rve find that the experimenter u'iJl do bcst to

choose

.fi: r-44f,. (45)

For smalier choices of /* there is not a u'ide enough freguency band between

the seismic cutoffand the knee to take optimal adrantage of the broad-band

nature of the signal- For iarger values of /* the experirnenter loses because
the height Sr(/) of the 'noise floor' at -f,<fSfx (equation (a3a)) is
proportional to /*- With this choice of knee, equations (3ia) and (43H4i)

give for the characteristic frequency /" :0.909fx. Below (equation (i25a)) we

shall characteize the sensitivites of beam detectors in full scale LIGOs,
when searching for bursts, by the noise amplitude /zo at tlze knee; and,
correspondingly, we here shall set /" (which after all is somewhat arbitrary)

to /* rather than 0.909/*:

f":fv: l -44.f"- a $6a)
Equations (3lb) and (43){45) then give for the characteristic amplitude of
the waves from inspiraling binaries

1,. : s 237 t y: : 4. t x to -, = ( #)t(#Xf99 
M t" 

Xif )- ro|", \Me/ \,vol \ r /\ 
(46b)

The characteristic amplitude ( 6b) is enhanced over the actual rrns \f,'ale

strength (hl(t")+hz,(r")): the rl'aves have at the time t: f. when they srveep

through frequency f - enhanced by very nearly the square root of the

number of periods, n:(f'/i)t= r,:(5i96n)(M/p)(nMf")-4, that the
binary spends 

'in 
the vicinity oi the frequency -f". This J"=

280t/M d-!1u1u "1-IU"/l0oHz)-i enhancement corresponds to the
enhancement in effective signal that the experimenters will achieve by
optimal signal processing in their search for these frequency-srveeping
bursts.

From a study of the waveform (a2) using broad-band detectors at several
widely spaced locations on the earth, one can deduce the following
information: (i) the direction to the source (rr'hich comes from phase
differences in the signal at different detecto$ in different locations); (ii) the
inclination of the orbit to the line of sight (rvhich comes from the amplitude-t
in the trvo different polarization moclEs); (!!j)the direction the slars ii:ove ir
their orbit (which comes from the = or - sign in equation (a2b)); 1iv) the
combination(p3M21i of the reduced and toial masses; and (v) the di-siance r
to the source. If the mass combination QiMzf is g 1.5M", one can be
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fairly sure the binary was made of neurron stars; if it is much larger. one can
be fairly sure that at least one of rhe bodies u,as a massive black hole.

Especially intriguin-e is rhe possibilitl ' (Schurz. l986bl rhat, in the case of
neutron stars the coalescencc ri'ili produce electromagnetic emjssion (e.g.
due to an explosiorr of the less massive star, BUnnikov et a1.,1984) that is
strong enough to be derected ar earth and therebl' to pin dou'n the source's
Iocation with far higher precision than can be obtained from the
gravitational waves. In this case, a redshifr rvill probably be obtainable from
optical obsen'ations; and that redshift togerher with thegravitational-wave-
determined distance r will give a value for the Hubble constint. Schutz
(1986b), from a detailed study ofthe expected noisein future beam detectors,
concludes that theprospects are good thereby to obrain a significantly better
value for the Hubble constant than rve norv hare. Even in the absence of
electromagnetic signals from the coalescence, it may prove possible by
statistical means to determine the Hubble constanr using combined data for
a number of coalescences; seE Schutz (1986b) for details.

Clark, van den Heuvel anC Sutantyo (1979) have estimated, from
Deutron-star observations in our own galaxy, that to see three coalescences
of neutron-star binaries per year one must look out to a distance of
1001:30 Mpc, where the quoted uncerrainties are at the 90/" confidence
level. Correspondingly, in Fig. 9.4 are shon'n the characteristic amplitude
and frequency, for a range of values of the seismic cutoff f, and
corresponding values of f": l-44f,.prodriced by the coalesceace of trvo 1.4
solar mass neutron stars at 100 Mpc (estimated evsnt rate about three per
year) and at j the Hubble distance (event rate abour ten per day). Because
much has been learned observationalll' about the statistics of neutron-star
binaries since these estimates of event rates \vere made, a careful restudy of
the estimates is much needed.

As Fig. 9.4 shows, future earth based b--am detectors may be able to see
black-hole coalescences throughout the universe, so long as the more
massive of the two holes does not exceed 1000 Mo/(l +z), where z is the
hole's cbsmological redshift. The coalescence rate for black-hole binaries of
a few solar masses could be of order thar for neutron-star biaaries (a few per
year at 100 Mpc), or might weli be far lower. Particularly intriguing is a
scenario, suggested as very plausible by Shapiro and Teukolsky (1985) and
Quinlan and Shapiro (1987), in rvhich a iaige fraciion of galaciic nuclei
create, at some phase of iheir evolution. a dense ciuster of neutron stars and
small-mass black holes *'hich - on a tinnescale of only a ferv years - form
tight binaries that coalesce, with the coalesced holes then forming new ti_eht
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binaries that coalcsce, ... until the ciuster goes unstable and cotlapscs to

form a single large hole. This scenario suggests that in typical years the carth

might be hit by a nunrber of spiraling wave bursts from coalescing binaries of

."-,,", 3Mo_i000 M, at the Hubble distance, z- i. Also intriguing but

much less liliely is a scJnario discussed b,' Bond and Carr (1984) in *'hich a

sizable fraction of the mass of the universe is in black-hole binaries rvith

masses - 100-1000 M "forwhich the coalescence rzlte could be several per

year in the local group of galaxies (distance - 1 Mpc)'

One or more black hole binaries of any mass up to - 108 M " might have

formed in the nuclei of a reasonable fraction of all galaxies during the past

life of the universe, leading to event rates Z t/yar out to the Hubble

distance (cf. Fig. I of Rees, 1983) - or they might never form- There is

actually observational evidence for supeimassive black-hole binaries

formea uy the coalescence of galactic nuclei (Begelman, Blandford and Rees,

1gg0; Rees, 1983); but the rate of such eYents probably does not exceed 1[5

years out to the Hubbte distance (Rees' 1983)'

(f) The fall oJ stars and snll holes into supermasstue holes

The supermassive (M rz10s Mo) black holes thought to inhabit the nuclei

of galaxies might ,ypi"aly gro*;'by accredon on timescales as short as I08

y*-rr; ,"., "-g. Section A-O Lf Blandford and Thorne (1979)' When such a

irol" gro*, Lrg., thaa 10e Me, normal stars can pass near or plunge

throu-eh its horizon lvithout being tom apart tidally, and the number of stars

that so scatter or plunge could w'ell be of order one Per year or more (e'g'

Dymnikova,Popov"ndZ"ntrova,lg82)'Forsmallersupermassiveholes'
scattering or plunging normal stars rvill be tidaliy disrupted, reducing the

strength of th-eiilu"u".; but the reduction $'ill not be great, at least in the

case of radial infall, unless the hole is belorv 106 /tr/o (Naliamura and Sasaki'

1981;Haugan,ShapiroandWasserman,lg82)'Foranyhole'neutronstars
and satellite holes can scatter or plunge through without enough disruption

to strongly suppress their radiaiion; but the event rate (per supermassive'

hole) will typically be well below one per year'

The wave forms emitted when a star or small hole is scattered by or

plunges into a supermassive hole have been evaluated rvith high precision

,rrinf p"rtrrrbation formalisms; see, e.g. Detrveiler and Szedenits (1979),

Kojir,:a and Nakamura (1984a). The characteristic freqirency and arnplitude

for typical (non-head-on) impact parameters are

f "=#,: to-" Hr(10'M"). (47a)
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M ' ,, ( M, \/to ;uoc\o'=T::2x lo-"(tr:l(T), s7b)
where M, is the.mass of the rarge hore- -01, is that of the infaring body, andro - I0 Mpc might giue a reasoriaute er"nt rare since rhere are _ ro0 garaxiesas massive as or more massive than our own inside this distance, incrudingM87 for which obser'ation"t a",o i=-*.r, " cenrrar brack hoie ofmass M, _4x lae Mo (se]:: s.:.r.4 "i-crrlprer g). These h, and f" areplotted inFig- 9 -a for severar interesting r.,s oiou.urrreters. It is conceivabre that such

isf: 
bursrs wiri be s"rn bv-bean, ilr..,o* in space,.if and when thev are

(g) Chenshed betiefs

ffiXT",lTij:?:ff *:::ll::. 
"ncenain is our erect romagneticary

reryrikervthatwhengravitationai;-.""r,:::t:"1rfittt":*l;'H:;T:
predominantry from sources rve have noi thought of or we hareunderesrimated; and ir seems quir. p;r:iure thar th- r;;;";iil be srrongerthan the above esrimates ,ug;;.-'---

In light of this, it is interesliig io ast the foilowing question: How stronocould be rhe srrongesr bursrs tt rt ,trit. *1e-anh ";-.il;hree times peryear rvithout viorating our'cherish.a f.ti.rr'abour rter; otphysics anathe universe? Zjmmermann and Thon:e (19E0) har.e snurngrated a set ofcherished beriefs, incruding (i) ,rto, g.r.ror reiativitl.is corre.cr, (ii) that we donot rive in a specia! t,nr or pru.J in-ii. universe. (iii) thar rhere are no
r"J:ffi:ffil:rdial 

bursts, (iv) that no singre, *h.;;;.;diating object
we re. n o r b ea m ed il'T:::lrj H 13 "il:,,.J,r, J.I:il? :Til* 1H,Tcherished beriefs they have derived rhe upper limir on the 3/year burststrength which is shown in Fig- g.4.Thatrimit courd actuary be achiered atfrequencies / - 30 Hz by an uitit-iy tui not imprausibre scenario in which aIar-ge fraction of the mass of the univlerse w?s cycred, rong ago, through a pre-galactic popuration of rnassi'e tr";r i";;;ration III. stars), reaving much ofthe universe's mass in compact ui""r"'ryr,rms thar inhabit the halos ofgalaxies' If the mean rifetime of rh;t;;;;;., againsr spiraring together andcoalescing is of orcler the age of rhe ,;;r;;.- rhen such coalescL.n._es i. lhehalo of our own lvlilky il"y g"l"*-',. ""rla give bursts r" .rr. frequencydomain -f >30 Hz at the cheriJred uriiJl.rer. For further discussion seeZimmermann and Thorne (19g0), and Bond and Carr (19g4).
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While this scenario is unlikely, it is not totally implausible, and it scrt'es to

remind us that our best estimates of the waves bathing the earth could be

grossly pessimistic.

9.4-2 Periodic sources

(a) Characterization of the wates fronz periodic sources and the noise in a

Detector searching for tlzem

The gravitational waves from a periodic source rvill be characterized by a

discrete set of frequencies, and the waves at a given frequency rvill typically

be right-hand or left-hand elliptically polarized; i.e- for some suitable choice

of polarization axes ?,.,?y,, they will have the form (similar to that of a

decaying binary, equation (42), but with constant frequency)

h*(t):ho, cosltft, h '(t): aho* sinZtfl (48)

If one rvishes to quantify in a precise and standard mannerall the propert:es

of these waves, includin-e the orientations of the 'preferred' x' and 1"

polarization axes, one mi*eht best do so using'stokes Parameters'analogous

to those used in electromagnetic theory (Section 15 of Chandrasekhar,

1950). However, in this chapter rve shall be concerned only rvirh the

frequencies / of the waves, and at a given cmitted frequency, rvith a suitably

defined characteristic amplitude /r. and a corresponding noise ampiituCe lr,,

in a detector searchin-g for the waves.

As an aid in defining /r" and hn. consider the following situation (analog oi

tbat for burst sources in Section 9.4. 1(a)) : a theorist telis us the frequency /,

the phase, and the amplitudes &o - (r, p, r) and ho' (2, F, r) to be expected from

a specific model for a source, with orientation angles, 4 p and distance r.

Suppose, further, that this type of source is distributed randomly

throughout the universe and that the mean number of sources inside the

distance ro is no. What, then, will be (on average) the signal-to-noise ratio for

the noth brightest source that a detector, broad-band or narrow, will see in a

search (at known frequency and phase) lasting a time f? By virtue of

equations Q7) and by analogy with equation (33) for bursr sources, the

answer turns out to be

Here

s h ,- -=-
A ' -h " ( / ) '

h"=(2i3)\ lh"*G, F,ro)lt  + in", (, ,  f ,  t .) i ' ) l

(4e)

(50)
t 

1*ith (..-) denoting an average over r and p) is the characteristic amplitude

i:-C-T.:ijTj:.F".'F
-:*r...:::f. 

_!:1j

1:':r.]if;rr-:=
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of the periodic source (analog oi (3lb) for a burst source), and

, , r,- LS^(f )' ifrn"\t)=m:,lrw, (51)

is the noise amplitude. (-fhe /:. of equation (50) is (i): larger than one naively

would expecr from equation (27). This factor (€)l is an approxirnate

correction for the fact that the angle averages in 5/N should not be over

squares but, rather, over squares associated u'ith the rOtatiOn of the earth

during data collection, then over (squares)i covering the rest of the sky and

the orientation of the source, followed by a * po$er after averaging; cf. the

discussion preceding equation (30).) Correspondingly' if experimenters wish

tobe g}ftconfident of having seen that noth brightest source after $ year of

search, then s/N musr exceed 1-655 - 1.7 - (Gaussian probability

distribution), and &" must exceed

,  . - ,  r -7
ht!y,:t-lh,:qffi[sr(,f)x 10-? Hz]l if f nd phaso are known'

(sh)
In the case that theory and electromagnetic observation have failed to tell us

in advance the phase and frequency of the source, except to within Af,the

experimenters must try - f /Lf values of the frequency, and correspondingly

the Gaussian statistics of the noise w-ill produce

htty,=lztn(f /tf)Jro^tfl:W[srLo x l0-? Hz1]

if / is known only to within Lf -f- (52b)

Fig. 9.6 shows /r., fcr several postulated t1'pes of source (to be discussed in

the following subsections). and correspondingly ftr,", with / and the phase

known, for several types of detsctors (to be discussed in Section 9.5 below)-

h) Rotatfug neutron stars

A rotating neutron star (e.g. a pulsar) rvill emit gravitational lvaves at several

frequencies as a result of deviations from symmetr!'around its rotation axis

(deviations from 'axisymmetry'). The larger are those deviations and the

more rapidly they rotate, the stron,ger wili be the radiation.

Deviations from axisyrnmetry could arise in selerai lvays: (i) The star's

solid crust (rveli-established) or a solid core (not so well established) couid

support deforinations that are residual remnants of the star's past history-a

histor)'that might be quite complex, including star quakes iir rvhich the crust

or core cracks and deforms in much the manner of the soiid earth in an

earthquake; for detailed discussions see, e.g. Pandharipande. Pines and
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l-rg.9.6. The characrerisric amplirudes ir. {equation (-50}} a;d frcguencies / of sar':s from

sr.rcnrl Foslulair-d pr.rr?r/rc sourccs (thin curv'es), and the sensltivilies /rr.*, of several existin-e

:rnd plann*d detectors (thick curves and circles) (ir.,r,is the anp!itud.: l:. of lhe weakest source

<ic'rectable wirh 901:, conildence in a {- yr= l0? s integra-tion if the frlquencl'aad phase oithc

source are knorsn in adrance; equation (52a))- The sources shown in the high-frequencl

region, /l l0 Hz, are all special cases of rotating, nonaxis;;mrnetric neutron stars (Scction

9.4.2(b)). The steeply sloping dotted lines labeted NS Ro:ation refer to rigidly rotating

neutron stars uith moment of inertiai /-: l0'5 g "t-t' and rrith various ellipticities a and

dlsrances r tabeted on the lin:s (equation (55)). The sources in the low-frequencl' region,

f S0.lHzareatl binary stars,.stems in ourgalaxy (Section 9.42(c)1: several specific,known

binaries, *'hich are indicated by name (p Sco, V Pup, . . .); the strongest six spectrai lines from

the famous binary pulsar PSRlgl3 + 16; and the e$imated strcngths of the suongest white'

dward ('lVD') and neutroo-star ('NS') binaries in our galaxl'. The detectors arc discussed in

detail in tbe indicated subsections of Section 9-5.

\-{'r+.. 
-__._.*_11:]_

'53 gi x"
-,'-i;;:'-"*".*.,. 

i_ar,

//..
/^;

!:atr. lt'
ai x1 ,i{

. . :  5F
. r -  cv .

\ i6;;"-'
\ 

':t:]'

. ! : . - - - - - - - - - - /
tsF tl){ ' b6- - b.. !::



I

K- S. Thorne

Smith {19761and references rherein. In old pulsars that har.e been spun up
by accretion to near-millisecond roration rates, theory and observational
data su-ggest that tire crust and core are quite rvell annealed into a nearl-v
axisymmetric shape (Alpar anc Pines. 1985): but in neutron stars thar are
only tens or hundreds or thousands of years old. ir might well be otherwise
(e-g. Zimmerrnann, 1978). (ii) The star's internal ma_eneric field, if sufficiently
strong, could produce sufhcient magnetic pressure to distort the star
significantly (Zimmermann, 1978; Gal'tsov. Tsvetkov and Tsirulev, 1984).
However. 'sufficiently strong'means, in the case. e.g., of the Crab Puisar, ten
times stronger than the srar's measured surface field. (iii) If the star is
rotating more rapidly than a critical rotation period, P*,=0.7-1.7ms
(which depends on the star's structure and its temperature-dependeat
viscosity), then an instability driven by gravitational radiation reaction
('chandrasekhar ( 1 970)-Friedman-Schu tz' ( 1978 ), or'cFS' instability) wilr
create and maintain significantly strong hydrody'namic rvaves in the star's
surface layers and mantle, propa-earing in the opposite direction to the srar's
rotation: and these wiii radiare strongly. For derailed discussions see
Wagoner (1984), Linciblom (i986, i987), Friedman, Ipser and parker
(1986), Schutz (1987), Cutler and Lindblom (1987).

At present we are extremely ignorant of the degree of aslmmetry in
rotating neutron stars, and accordingiy we are ignorant of the strengths of
the periodic waves to be expected from them. Pessimists u,ill note that there
is no observational evidence in any obsen'ed pulsar for sufficient non-
axisymmetry to produce inteiestin-ely srrong waves. pessimisrs rvill point,
especially, to the extremely small slou,dolvn rate of the i.6ms pulsar
PSRI937+21, rvhich implies such *eak radiation reaction that the
characteristic amplitude at earth cannor exceed I x l0--3? (Fig. 9.6), and the
star's non-axisymmetric ellipticiti ' cannot exceed -3 x 10-e.

optimists will also point to PsRl937+21 and some orher miilisecond
pulsars, and note a reasonably iikel-v scenario for their origin (van den
Heuvel, 1984; Wagoner, 1984): that rhey'rvere spun up long ago by accrerion
from a binary companion until the-v hit the cFS instability, that they
remained just beyond rhe instabiiity point forarvhile, rvith the spinup torque
of accretion being counterbalanced by gravitational radiation reaction, and
that the accretion stopped lon,e ago Iealing the stars plenty of time to anneal
and settle down into their presenrll' observed. highiy' axisvmnretric states.
Givs: the exireme observarional iiificulty oi finding by erectromagnetic
mea::s evidence for rapid neutron-star rotation (see, e.g., Section IV of
Reynolds and Stinebring (i98a)for searches in the radio), it may rvelr be that
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there are a number of accreting neutron stars in our galaxl. norv in the CFS
regime, radiating strong -sravitational rvaves. For such a star the energy
being radiated in gravitational rvaves and that being radiarecj as accrction-
induced X-rays rvill both be proponiona! to the accretion rare; anrj
consequently the characteristic amplirude of thegravirational waves ar earth
will beproportional to the square root of the X-ray flux arriving ar earth, F*:

(53)

(Wagoner, 1984). The frequen cy f of thew.aves rvill be /: 15 /enR) where R
is the star's radius, I:3 or 4 or 5 is the spherical-harmonic order of the
hydrodynamic wave, and a; is the pattem speed of the rvave as seen in the
inertial frame of distant observers. The X-ray frux F*= l0-s erg cm-2 s-t
is $ that of sco X-1, the brightest quasi-steady rour"" in the sky and jtself a
candidate for a cFS-unstable object. As Fi_e. 9.6 shorvs, stars u,ith X-ray
fluxes as low as mL= Sco X-l could be interesringly rl?ong sources of
gravitational rvaves. In such a star rhe density waves in rhe surface layers
should modulate the emitted X-ra1.s, but rhe sensitirities of past X-ra.v
telescopes have been too poor to derect such rapid and g,eak modulations.
There is an interesting proposal (wood et al.- 1986) for a ne\\', more sensitive
X-ray telescope designed to search for such modularions in Sco X- I and
other, weaker X-ray sources. Such a relescope, operated in coordination
with gravitational-rvave detectors- might one day give a rvealth of new
information about neutron stars.

Even the most rapidly rotating of neurron stars rvill be smaller than a
reduced wavelength of its ernitted gravitational rvaves and rhus can be
described rvith reasonable accuracy by a slow-motion formalism (Ipser,
l97l). If the emitter is cFS density waves, the mulripoles involr,ed are /:3,
4, or 5- If the emitter is solidiy supported or nragnetic-field supported
deformations, the waves should be largely quadrupola r, I:2- Let us focus
Dow on the latter case, i.e. on a star n'ith roration period large enou*eh that
the cFS instability does not act. Althou_eh gravity inside the star is
significantly non-Newtonian, one can still define for the star a moment-of-
inertia tensor.I.lr eQual to the ratio of its angular momentum to its angular
velocity (both being vectors defined in the u.eak-gravit.v region rvell outside
the star: see Thorne and Grirsel. I98j). if rhe .star rotates ebout a p:-incipal
axis of this moment-of-inertia lensor. i.e. il ' its angular mornenturn and
angular velocity are parallel, then ir will not precess, and (assuming a
rotation period sufficiently long that it is CFS stable). its gravitarional rvaves
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will be emitted at twice the rotation frequency. From the quadrupole variant
of the slow-motion formalism we can then compute that the waves will have
the standard periodic form of equarion (48,y with amplitudes

t a''r- Y')(r'f)2hu-=2(1+cos2 ,L ; - ,

ho,:4 "or rC/o;-  / i )@f)z .
r

Here l is the angle between the neutron star's rotation axis and the line of
sight from the earth, and 1/rrand;/r.r. are the components of the star's
quadrupole moment along the principal axes in its equatorial plane. The
characteristic amplitude of these waves (equation (50)) is

. ^ .1,2\r el.fz / I=, \iJ_\tf to kp"\1'.:8o'(1s-s/ T:i3 x t0-zoe(.ffi1tfr", 
f r ).

(ss)
where r* is the moment of inertia of the star about its rotation axis (so
-ilurtf)t is its rotationai energl.'), and

^-trr- fr i":-l-

is its 'gravitational ellipticity'in the equatorial plane. Alt neuiron stars for
wh:ch masses have been measured have M near r-4M "; and depending on
the equation of state these masses coirespond to 3 x lb* g cm2 5 frr 5 3 x
l0ot g cm2- The likely 'arues of the eilipticity e are far less crear.

The obsened slow-down rates of rhe Crab (f:90 Hz, r:2 kpc), Vela
t i :22H2, r :500 pc),  and PSRl937 +21 (f  :  l .2SkHz,r:5 kpc) pulsars,
if due to gravitational radiation reacrion (possibre but not likely).
cor respondtoe=6x l0 -4 ,4x  l0 -3 .and 3x  10-e  respec t ive ly ;and to&.=
8x l0-2s, 3x l0-2a, and lx 10-: t .  Zimmermann ( i97g) argues that
reasonable values for the crab and vela are e-3x 10-6 and 3x IO-s
corresponding to hr-4x 10-2? and 2x10-26- Alpar and pines (1935)
suggest reasonable values for PSR 1937 + 21 (which is old and well annealed)
in the ftnge €-4 x l0-1o-i x l0- t 1 correspondin_e to h"- lx l0-28-

Blandford (1984)points our rhar, if there is a population of young pulsars
(not yet discovered) that are spinning dorvn by gravitational radiation
reaction on a spin-down timescale zoo, tiren (i) the nearest rvill be at a
distance r-Ro(z"y'zoru)l (assumed (:cv) is the mean time beiween
births of these pulsars in ourgalaxy and Ro is the radius of the galaxy's disk;

(54)

(56)
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(ii) the flux of -gravitational-rvave energ)' at eanh from the nsarest such

pul sar G bLilQr,f 12 h!, will be eq ual to fI r,(nf )2' t or,J{ 4nr21- r ; and (i ii) as a

consequence, the characteristic amplitude of the waves from the nearest one

will be

, f+ r= li f+ /,, l! .^-,,(10'years\!t.=LjffiJ =L;F6J -r r xto-"t'- ;;- 
-/ ' (s7)

independently of its frequency and ellipticitl'-

Fig. 9.6 shows values of &" and / corresponding to some of the above

possibilities
If the star does not rotate about a principal axis of its moment of inertia,

then it will precess. When one idealizes the star's interior ts rigid, then

although the interiorgravity is significantly non-Newtonian, the precession

is still described by the classic equations of Euler (see Thorne and Grirsel,

1983, for a proof); and thE resulting lvaves will have a form that typically will

entail significant spectral components at three frequencies: rrv-tce the

rotation frequency, and the rotation frequency plus and minus the

piecession freguency (Zimmermann, 1980; Zimmermann and Szedenits'
-lg7g).In 

reality, pliability'of the neutron-star material rvill cause si-en!ficant

der"iations from rigid rotation; but these three frequencies ma1' still be

dominant. If the star is idealized as a fluid body deformed by'the pressure of

an off-axis internal magnetic field, then the star does not precess and the

radiation is emitted at the rotation frequency and twice the rotation

frequency (Gal'tsov, Tsvetkov and Tsirulev, 1984)-

If and rvhen gravitational waves fiom rotating neuilon stars are detected,

they may carry a wealth of information about th3 star's structure and

dynamics in the amplitudes and relative phasilgs of their various spectral

components.- Especially interesting may be the evolution of the various

spectral components after a star quake; together rvith electromagnetic

timing of the post-quake rotation, these may give us nerv insights into the

coupling of the solid crust or core to the fluid manrle

(c) Binary stars

Ordinary binarl'star systems are the most reliably understood of all sources

of gravitational uaves. From the measured mass and orbital Parameters of a

binary and its estimated distance. one can cornpule rvith confiCence the

details of its rvaves. Unfortunaiel-v. ordinarl' bineries nave oroiral pariods no

shorter than about an hour and, correspondingiJ', gravitational-w'ave

frequencies ,f S tO 
- I Hz. The shortest knorvn biaary of all is a white-drvarf/
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neutron-star system with orbital period I I minutes and gravitational-wave
frequency _f -3x l0-3 Hz (priedhorsky. Stella and Whire, 19g6). Because
of seismic noise, detectors in earth laborator.ies cannot hope to see waves of
such low frequency. Hou.ever, beam detectors in space, tentativel,v planned
for the turn of the century. should see them with relative ease (cf. Section
9.5.5(b) below).

Detailed formulas for the rvaves from a binary star, including the effects of
the eccentricity and inclinarion of its oibit. have been derived from the
quadrupole formalism by Peters and Marhervs ( I 963) and Watrlquisi dgAT.
see also wagoner and will (1976),and Gal'tsov, Matiukhin and petukhov
(1980) for post-Newtonian corrections. By virtue of the eccentricity of the
orbit, waves will be emitted in equally spaced 'spectral lines' at twice the
orbital frequenry and harmonics thereof. For ecceotricity eJ0.2 the line at
f :2f"* is dominant; for e-0.5 the lines at f/f"*-2 through 8 are all
strong;fore-0.7 thelinesat f/f*=4 rhrough 20 areall strong. in therow-
eccentricity case eS02 the waves have the form (42) with y:Zy.,s, which
corresponds to a cha.-acteristic amplitude (equation (50))

/ r \ i
&":8( +l 'L,. l"tty1i-  

\ t ) /  r '

:8.7 x ,o-,,/_L\fil)tf_r00 p"\/ J__)i-s ' ' ^ rv  
\%/ \%/ \  '  /Uo= lz / '

(s8)

rvhere ir is the reduced mass and Jlf rhe total mass of the system. This
amplitude is plotted in Fi,e. 9.6 for a few of the mosr strongly radiating
know'n binaries. For lists of the most srrongly radiaring bjnaries and their
characteristics see Braginsky (1965) and Douglass and Braginsky (rg7g)-

wirite-dwarf and neutron-star binaries should also be important emitters
- and they should extend to higher frequencies than ordinary binaries; but
there is a paucity of observational dara on them and rhe example of shortest
known period has / only 3 x 10-3 Hz (see above). From the data that do
exist (e.g. Iben and Tutukov, 1984), Lipunov and postnov (19g6), Lipunov,
Postnov and Prokhoror'(1987), and Hils et al. (L987) have estimated the
characteristic amplitudes of the strongest white-drvarf and neutron-star
binaries; see Fig. 9.6. For a very derailed treatment of the white-dwarf case
see Evans, Iben and Smarr (1987). The highesr frequency to be expected. for
any white-dwarf binary in our gaiax,"- is 0.06 Hz since mass transfer from the
iess massive star to rhe more rnassive be_eins at or befoie this frequency; the
highest for any neutron-srar binary is 0.007 Hz since any binary of higher
frequency than this would coalesce in a time less than the mean interval
between coalescences, - 10a years.



Gravitational radiation reaction plays an important role in driving the

etolution of close binary systems: see Pacz-1'nski and Sienkiervicz (l9ti i) for

detai ls.
9.4-3 Stochastic sourc'es

(al Characteri:atiott of stochastic graritutittnQl v'ares

It is useful to think about stochastic gravitational waves in terms of

traveling-wave nonnal modes of the gravitational field. As with the

electromagnetic field, there are two modes (because of trvo polarization

states) for each volume (2rh)3 in phase space: and correspondingly, one can

easily show, the energy density per unit logarithmic interval of frequency

divided by the critical energy density p".t- 10-8 ergcm-3 to close the

universe is

G rufi tut iottu| rutliut iott 3ei- 
*-

(60)

(se1

Here fr is the average number of quanta !n all modes rvith frequencies of

order /. Belorv rve shall see that Qctr(,f) is likely to be llO-ta at all

frequencies of interest, and correspondingll' the mean ttumber of quanta in

each mode is likely to be 11020 - so large that a classical treatment is in

order.
In TT coordinates the metric perturbation due to stochastic gravitational

w'aves, evaluated at any chosen location .ri. rviil be a sum over contributions
of all the modes of the field

/rp(r, x'i:f ftll*tr. x'1.
A

Here the index K labels modes of the field. For stochastic gravitational
waves, the rvate lield &fln associated with mode K can be regarded as a
'random process'(i.e- a stochastically fluctuating function of time t); and the
total field hf at location xd is the sum o\-er all of the modes' random
processes.

The field of a chosen mode K can be expressed as

/r[*:;7^1s, --t)"r[, (6i)

rvhere ft^(r) is its scatar rvave function and af, is its constant polarization
vector, so normalized that efyef*:2 in Cartesian coordinates; cf. equation
(7c). Then lr^ is a scalar random process in tirne (at fixed.ri)and its statistical
properties can be characierized by a spectiai density Sr^(,f)-

I shall assume that the modes are defined in such a rvsy that there is no
significant correlation between their s'ave fields &[n. As a result, rvhen one
averages the stress-energy tensor (9) of the rvaves at xi over a sufiiciently
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long time, all cross-terrns betu'een different modes gel $'ashed out and one

obtains for the time-averaged spec-ific intensitl' /7 at location .ri

(62)

Here E denotes ene rgy, Adenotes area, f) denotes solid angle, and the sum is

over all modes K with propagation directions in the infinltesimal solid angle

AO. The total energy jer unit logarithmic inter'al (used in defining Ac*Lf)

above) can be exprissed in terms of the specitlc intensity in the standard way

dE |  ^  -n f t
r)crv (,f )p.,;, : at:?r7 

: 
J f 

I t da : L t s o;, (63)

where the integral is over the entire sphere and the sum is over all modes.

As for burst and periodic waves, so also for stochastic, rve shall introduce

a single characteristic amplitude fi" that is tied to a specific experimental

situaiion: the experimenters use trvo idendcal gravitv-u'a'e receivers

(broad-band or narrow), separated by a distance <2=ci'2rf' to search for

isorropic, stochastic rvaves in the neighborhood of frequencl'I The search is

performed by a standard technique (Bendat, 19-i8; Section 9 of Drever,

ieSf1, the outputs, ftr(r) and hr(t) of detectors i and 2 are passed through

identical filters whicii admit only Fourier comPonents in a bandrvidth

Af S f centered on frequencies t.f, The filtered outputs u', (r) and rct(l) are

then multiplied together and inregrated for a time i to gei a single number

i:li1=, *r1r1rur1iy. This number u,ill consist of a signal due to the identical

stochastic backgrounds contained in;ur(r) and u'2(t), and a Gaussian noise

d u e t o t h e i n d e p e n d e n t n o i s e s i n t h e t \ 1 ' o d e t e c i o r s ( e a c h w i t h t h e s a m e
spectral density 3r1n). Ir turns out (e.g. Chaprer 7 of Bendat 1958) that the

ratio of the signal to the rooi-m€anlsquare noise is

F:m' 
(64)

where

r,"tn = [I /s,.ml] :f + ir, onlt: [ # oo*tnr.,*li
L 7 -  J  L T J J '  J  L 7 ' J -  J

:1.3x 1s-*(-g----i(*)r"oo,L0li (65)
\ t . z *  l 0 - s e r g c m - " /  \  J  / -

is the characteiistic amplitude of the isotropic. siochastic ri'a\.es- and

r t- t.(/,f , (66)h"u):#.ffi
is the characteristic noise amplitude of the det3ctors' (Noie: p"i'"1'7 x
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l 0 -8  e rgcm- ' ' : (H" / l00km s- t  Mpc- t ) :  where  Ho is  the  Hubb le

constant.) correspondingly. if the experimenlers $'ish to be 90 i''; confident

of having seen the stochastic background during a search of duration i: i

year, the Gaussian probability distribution for 5':\ requires SiN : 1'7'

u'hich iit turn means that ll. must exceed the noise level

l, a,,(.f) : r.7 .h "(f) : 2,(#=) 
t 
+g

(6t'1

The characteristic aqrplitudes h" of various possible stochastic sources,

and the noise levels hr,r, of various detectors 25s 5hsrvn in Fig" 9'7 '

(b) Binary stars

So many binary stars in our galaxy and in other galaxies radiate in the

frequency rqion /€ 0.03 Hzthat they should superpose to produce a strong

stochastic background. Lipunov and Postnov (1986)' Lipunov, Postnov

and Prokhorov (1987) and Hils et at- (1987) have made careful calcrrlations

of thecharacteristic amplitude of this srochastic background as a function of

frequency; the results of Hils et al.arcshown in Fig. 9.7 fot the contribution

of our own gaiaxy (which should be concentrated in the galactic p!ane)- The

contributions of all other galaxies (rvhich should be isotropic) should be

down from those of our own galaxy b} (&")o,n",/([.]u,-9'15'

The binary stochastic background in Fig' 9'? is broken up into

contributions from various types of binaries. Those shown as solid curves

(unevolved binaries, wuMa stars (tirst discussed by lvlironovskii' 1966)'

and cataclysrnic variables (rvhite-drvarf,/normal-star systems)) are rather

frrmly based on optical studies of the statistics of these types of stars' and

thus are rather reliable. Those shorvn dashed (close white-drvarf binaries (see

Evans, Iben and Smarr, 1987, and the above references), and neutron-stal

binaries) are based on so little obsen'ational data and so much theory that

they are highiy uncertain.

The binary background presents a serious potential obstacle to searches

for other kinds of waves in the frequency band 0.03 HzS f S 10 
- s Hz where

space-based beam detectors rvill opeiate. A broad-band burst can beseen

"toua this background only if it has l"bur,, ) &. b"ckground - which means' e'g''

tbat a tM, stai falling into a supeEnassive black hole in the Virgo cluster

will not be discernible unless the hole's mass is M <3 x 10s M" (cf- Figs- 9'4

and 9.7). A periodic source can be seen. after an integration time f, only if it

has h"o"no.,.> (-fi)-ih.u".:.::ound - which means' e'g', that if the ciose rvhite-

dwarf binaries are as nura.rou, as esiimateci, the binaries i Boo and SS Cyg

will be discernible only after integration times of ?>10?s. For further

discussion see Evans, Iben and Smarr (19S7) and Hils et al. (1987)'
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Fig. 9.7. The characrerisric amplirudes l. {cquarion (65)) anrj frcquencics /
of waves {rom screral postulared stodtustit. sources (tbin curvcs), antJ the
sensitivities 1..r, ofscveral c.xisrlng and planned derecrors (thick curvcs ancl
circles) (4r,". is the amplitudc of ihe s:eal:esr source lhar can be dcrccted s.irh
90,'i confidence in a .l yr= It)'s ;nregraiion). The vcry rhin diagonal tines
indicate valucs of l. corre.sponding t(r constant Ocw(/)=(gravity rvave
energy jn band$.idrh Al-:j I (enersv lo close the universe if
Ho = 100 km s 

- I l\{pc 
- I 

). The so,lrces shorvn as solid curves (background
from rzrious types of binar.r. srars in our ealax.v: Section 9.43(c) are rather
firm prcdicrions. The sources shown a-s dashed and dotted cunes are much
less firm; see Sections 9.4.3(cHi for d,iscussion of specific ,orr"i. No,
shown are primordial.r,raves from lhe bi_s-bang (S:crion.i.-j.(d)). rvhich could
have Q61y as large as I or as -srnali as I0-t: or less according to various
plausible scenarios - but rvhich are timired by observations as discussed in
Section 9.5.6. The detectors ai: discussed in detait in the indicated

S--r F. sge. 3Ji6t I-i'"',
I
t"
I-'l'""
I.1'"

J,o''
I

I
J'""
I

J'"'"l'"^
I
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f'"'
i
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sr:bsecdons of Section 9-5.
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(c) Populution III sturs

If there was a pre-galactic population of massive srars ('Population III

stars'; Carr, 1986), the violeni events thar terminared theirlives (supemovae

and collapse to black holes) might have produ:"d:::li*ional u'aves that

we today would see as isotropic and stochastic' Whereas existing binary

stars are a firm ,our"" of stochastic background, these Population III stars

are a highly ,p*ut"tiu. one' Carr (1980) has derived an upper limit on the

characteristi" a*ptituJe ii"t "oufA harle been produced by the deaths of

suchs tarsunderanyreasonab lescenar to ; i t i sshowninF ig .9 .T(upper
shortdashedcurve)atongwiththemaximumcharacteristicamplitudethat
cou ldcomef romthe, t *n"n"o f theses tars i f theybecameblack-ho le
binaries that decay by radiation reaction on a timesc4le r61v=10to years

(Bond and Carr, 1984)'

(d) Primordial grat;itational waues

Photons coming from the big bang last scattered off matter at a

cosmological redshift z- 1000 *'hen the universe was roughly one million

years old; and neutrinos last scattered 4t z- l0to when ir was about 0'1s

old. An order_of-ma;G calculadon shorvs that gravitons' b;' contrast,

lastscatteredatroughlythePlanckt ime,i .e.durin-ethef irst10-.3seconds
when spacerirn" .uur-quonti'ea and tll.laws of ph'vsics u'ere exceedingly

different from today (Section 7'2 of Zel'dovich and Novikov' 1983)' (An

unlikely exception occuls if, at the epoch rvhen the waves' reduced

wavelengthrvas,Z-(horizonsize),muchoftheuniverse'senergydensityrvas
in relativisti. purti"ro *iih mean free paths of order 7; then non-negligible

absorption ,rr", o..*,'i." virrt"i"c (iggz)-) Thus, in studf ing primordial

gravitational rvaves i*"tt' created in the big-bang)' one usually can ignore

iheir subsequent interactions with matter'

Not so for theiruufr"qu.o, interactions with the background spacetlme

curvatureoftUeuninerr. .Crir t . i ruk( i974' !975a'b'1977)hasshownthat '
as the primordial perturbations that give rise to present-day wav-es 'come

inside the cosmologi.J rroriron, - and arso before they enrer the horizon -

they can be parametJliiol "-prined by their inreracrion with the dynamical

backgroundspa"et i*" tu*"*" ' inothert t 'ords' theycantr iggerfurther
graviton creation. ro irri, way exceedingiy small iniiial fluciuations can be

ampli{ied into an interesringl-v- strong stochasiic background roday'

Just how much stochasric-uactground is produced depenrls crucialil' on

ill-understooa "rp""i, of the initiaisingulariil'ancl on the eqrration-of-state-
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dependent and vacuum-dcpendcnt expansion rate in the very early universe.

Some othenvise plausible models produce so much, Qc"'(/') ) l, as to be in

violenl conflict rvith the observed current state of the universe (e.-e. p. 621 of

Zel'dovich and Novikov. 1983). Orher, equalll ' plausible models can

produce so little, Qc.u(,/)<10-t', thai there is no hope of detecting the

waves in the foieseeable future.
In currently fashionable inflationary models of the universe vacuum

fluctuations which initially are smaller than the hgrizon (7.<AB:

(background radius of cun'ature)) are driven outside the horizon (i>Qs)by

the inflationary expansion. While outside the horizon, they a5e 'frozen'with

constant amplitude [- Much later, after inflation ends, non-inflationary

expansion brings them back inside the horizon. The number of quanta in

each mode before entering and after leaving the horizon is

"_W0,lo"o,(#)_i%, .
where the lirst factor is the rvaves' energy densit-v, the second is the volume

occupied by each mode, and the third is li(energy of one graviton). Before

entering the horizon n=j; so the above relation says that upon leaving it

n -n i'ro'" -!aro'"
"out - "m!ct 

Zcn::r 2 n,nt ,t

where a is the expansion factor of the universe. Thus. the epoch of amplitude

freezing is actually an epoch of parametric ampliiication (stimulated

creation of new gravitons); and the total number of gravitons created

depends on the total amount of expansion that occurs while the waves are

outside the horizon. (There rvill be additional parametric amplification as

the rvaves emerge from the horizon, i- Q",but in inflationary models that is

generally small compared to the amplihcation during freezing, I*4".)The

total amount of inllationary expansion difiers from one inflationary model

to another; and correspondingly, the modeis can give Qc*v as large as

unity or flo* too small ( < i0 
- t o) for there to be hope of detecting the waves-

For discussions of the influence of the equation of state in the early

universe on the sPectrurn of the amplified wavg5, see Grishchuk ( 1977) and

Fig. 4 of Grishchuk and Polnarev (1980). For calculations of the rvaves

produced by specific infiationary scenarios see Starobinsky (1979),

Rubakov, Sazhin and Veryaskin (1982). Abbc.ii and Wise (1984), Haliirveli

and Harvking (1985), Mijic, Morris and Suen (1985) and references therein.

Because the range of possibie strengths of primordial rvaves is so great, rve
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do not bother to shorv,it in Fig. 9.7 - aside from indicating the values of fi.

corresponding to various values of Qcrv(/)'

(e) Phase transitions

Duringtheearlyexpansionoftheuniverse,theremayhavebeenf irst-order
phaseiransitions associated with QCD interactions and with Electroweak

inte:actions. In each of these phase transitions the original phase would be

supercooled, by the cosmological espansion, below the 
.equilibrium

temperature of the new phase. Bubbles of the ne$'phase would then nucleate

at isolated locations and expand at near-light velocity uptil they have

compressed the original phase enough for the two phases to coexist in

equiiibrium. As Witten tig84t has pointed out, and Hogan (1986) has

aialyzed in detail, this 'cavitation' should have produced gravitational

$'aves in two ways: (i) directly from expanding bubbles and the subsequent

sound waves they generate, and (ii) subsequently from the inhomogeneities

associated with the two co-existin-s phases (large-scale density

inhomogeneities and corresponding inhomo-eeneities in the Hubble

expans ionra te) .Theresu l t inggrar . i ta t iona l rvavesshou ldpossessa
spectrum that peaks at ruavelengths r+'hich rvere of order the horizon size

when the cavitation occurred. Ttrose rvavelengthscorrespond to frequencies

today f^u-(2 x l0-? Hz)(kT/IGeV), rvhere T is the temperature of the

phase iiansitiorr. Hogan's (1gg6) predicted specrra, shown in Fig. 9.7, thus

peak at f* .*-Zx 1018H2 (Qcp' r- l00Mev) and f*"*-}x 10-5Hz

1et."tro*""n, T- 100 Gev)- The ,f 
*i shaPe of the sPecfa at frequencies

'.f 
> f^.,is a hrm prediction, but the shape /-t ^t f < f."* is not (it could well

t. j:;*t,n p> 1).The amplitude shown is a reasonable upper limit, unless

,rr" prr""",onsition is unusually catastrophic with ven strong supercooling'

(f) Cosmic strings

Long before the QcD and Electroweak phase transitions - i.e. nearer the

initial singularity - there may have been a phase transition associated with

the grand-unifred interactions, and that transition ma-v have created cosmic

strings - one-dimensional 
'defects' in the l'asuum with mass per unit length

estimated to be p-10-6 and with tension equal to mass per unit length

@el'dovich, 1980; vilenkin, 1981a). As the universe's horizon expands to

uncover the stochastic inhomogeneities in a string's shape' those

inhomogeneities should begin to vibrate rvith speecs up to the speec of li-uht'

By self-intersection of the siring, closed loops should form; and those loops

could have acted as seeds for the condensation of *ealaxies and galaxy
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clusters (Zel'dovich, 1980; Vilenkin, l98la; Turok and Brandenberger,
1986; Sato, 1987)-

An unavoidable byproduct of this model ior galaxy formation is huge
amounts of stochastic gravitational waves produced by the vibrations of the
closeC loops (Vilenkin, l98lb). Deiailed calculations by Vachaspati and
Vilenkin (1985) (confirming eariier, less accurate calculations by many
others) predict that, if the strings are not superconciucting (for the
superconducting case see Ostriker et aI-, 7986),

oa*00-to-'(#)t rorari J>rc-"*( , )
(68)

(For the spectrum at lower frequencies see Hogan and Rees, 1984.) If pr is far
Iess than I0-5 (i.e. if gravity-wave observations constrain Qorr(/) to be
<10-t), then the non-superconducting cosmic-string theory of galaxy
formation will face severe diffrculties. Fig.9-7 shows the predicted waves
(68). From that diagram and the corresponding discussionsln Section 9.5 it
is clear that several different obsen'ational techniques hav'e the prospect of
placing cosmic string theory in jeopardy - or, hopefully, of discovering
string-produced waves. flhe apparent disproof of Ocru - 10 - ? coming from
S"-scale anisotropy of the cosmic microrvave radiation (Fig. 9.7 and Section
9.5.5(c)) does not in fact constrain cosmic strings, since this observational
limit is sensitive only to waves that were present and had (reduced
wavelength; - ftorizon size) at the epoch of recombinalion - before the
strngs that produce this wavelength began to vibrate and radiate.)

9.5 Detection of gravitational rvaves

9-5-I Metlzods of analyzing gradturiottal v,a,*e detectors

When analyzing the performance of a gravitational rvave detector, it is
important to pay attention to the size L of the detector compared with a
reduced wavelength 2 of the waves it seeks.

It L<i then the detector can be contained entirely in the proper reference
frame of its center, and the analysis can be performed using non-relativistic
concepts augmented by the quadrupolar gravity-rvase force field (3), (5). if
one prefers, of course, one instead can analyze the detector in TT
coordinates using general relativistic concepts and the spacetime metric (8).
The two analyses are suaranteed to give the sarne predictions for the
detecior's performance, unless errors aie macie. Horvever, eirors are much
rnore likely in the fi analysis than in the proper-reference-frame analysis,
because ourphysical intuition about hos'experimental apparatus behaves is

-'F-t,::-'':ii--j:l
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Thus, for small detectors'

Gr avil tt t i onal r atliut i <t tt

L<i, the proper-reference-frame analysis is

proper-relcrence-frame based rather than fi-coordinate based' As an

example. we intuitiveiy o""nt thar if a microsart *l]l l-:-:igid' its rvalls

rvill reside at fixed coordinate locations 'xi' This renrains true in the

detector.sproPerreierenceframe(asideiromfracr ionalchangesoforder
(L2i j : lh,whicharetrulynegl igiblei f thedetector issmal landwhichthe
proper-reference-frame "nAylit lg"ores)' But it is not true in TT coordinates;

there the coordinate locafitns of a rigid rvall are disturbed by fractional

amounts of order I?, which are crucial to analyses of microrvave-cavity-based

much to be Preferred
For large O"t""ton, L>L,one cannot introduce a proper reference frame

that covers the entire detector' Such detectors can onty be analyzed using

general relativistic concepts in fi coordinates (usuallr- the best) or in some

ither suitable coordinate system (rarely as good)' 
o

ruro,..mo,, n", o".neotu:'#::iil:::;::':":":?," anv orher tvpe or

gravity-wavedetector-Weber'soriginaldetectorsrversoftheresonant-bar

ilp.t uff but one of the first-generation (pre-1977) earth-based detectors

w e r e o f t h i s t y p e ; a n d e i g h t o i t t , " r v o r l d . s t l v e l v e r e s e a r c h g r o u p s n o w
building and operating earth-based detectors are $'orking rvith bars' of the

current bar efforts thre-e are in the united States (ihe universitl' of Maryland

(Weber, 1985), Stanfoli University (Boughn er aI'' 1982; Michelson' 1983)

andLouisianaStateUniversi ty(Hamil tonetat. .L986j) ; twoareinEurope
( theUnivers i tyo fRomewi th i tsde tec tors i tedatCERN(Amald ie ta I . ,
1984) and Moscow University (Braginsky' 19831): and three are in the Far

East (TheUnivers i tyo fWesternAust ra l ia inPer th (B la i r '1983) 'Tokyo
Univers i ty (Owaeta l . , l986)andGuangzhou 'Ch ina(Huera I . . l986) ) .The
improvementsinresonant-barsensitivitiessincelVeber'sfirstdetectorhave.
been a factor of ,oogUy 200 in amplitude' corresponding to 4O000 in

energy; and significant further improvements are y'et to come'

(a\ Hort' a resonant'bar detector rvorks

Schematical ly(Fig.9.E) 'aresonant.bardetecrorconsistsofalarge.heavv.
sol idbarwlrosernechanicaiosci l iat ionsaiei ]r j renol.gral . i ia: :onalrvaves.a
transducerthatconvertsinformationaboutthebar.sosci l lat ionsintoan
e iec i r i ca ls igna l ,anampt iner fo r thee lec t r i ca is igna l ,andarecord ing



system. The transducer and ampiifier together are sometimes called the
sensor.

The transducer typically is mounred on one end of the bar (though other
mountings are sometimes usedl, and it produces an output volta_ee or
current proportional to the displacement x(l,p of the bar's end from
equiiibrium. Although x(r) is a sum of conrributions from all the - l02e
normal modes of the bai, the transducer's output is filtered by the amplifier
so that only the contribution of the bar's fundamental normal mode is
passed on through. This is accomplished by a band-pass lilter centered on
the frequency /o of the fundamental mode, with bandwidth A,f somewhat
smaller than the difference f ,-fo between the bar's fundamental and its
first harmonic. Thus, in effect, it is the fundamenral mode of the barthat acts
as the gravity-rvave detector; and all the other normal modes are almost
irrelevant.

Since the fundamental mode involves the relative in and out motion of the
bar's left and right ends rvith just one node (at the bar's center), it
corresponds to a standing sound wave with war.elength tw'ice the length of
the bar. Correspondingly, the bar's length must be

L=tu,/fo, (69)
where u" is the speed of sound in the bar. Tlpicat Solid materials have
longitudinal sound speeds of order 5 km s 

- I ; astrophysics sug-gests (Section
9-4j that I kHz is a reasonable frequency to search for -qravitational rvaves:
and correspondingly the lengths ofrypical resonant bar detectors are abour
2 m and their masses are several tonnes. Notice that equation (69) gives for
the ratio of the length of rhe bar to the reduced rvavelength of the

Fig- 9.8. Schematic diagram of a resonant-bar detector for gravilational
' rvaves. The angles (0, 6, {t) characrerizing rhe propagation and polarizaiion

directions of lhe *aves relarive to rhe detector are a specializatioo of the
angles (8, g, ry') shown in Fig. 92.
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gravitational waves, i: c/2nfo,

L/ i=t t t t , /c-5 x l0-s.
Thisjustifies, with high accuracy, the use of a Newronian-ranguage. proper-
reference-frame viewpoint in analyses of bar detectors, I shall adopr rhar
vieupoint in this chapter.

The contribution of the fundamental mode to the displacement x(l) of the
bar's end can be expressed in the standard harmonic-oscilator form

(70)

where

is the mode's complex amplitude and fois its eigenfrequency. It is actually
the quantity x(l) that the sensor monitors. To the exrent that one can ignore
forces from the fundamental mode's environment (e.g. very weak coupling
to the other modes), only gravitational wav'es rvill produce time changes of
x(r)- when waves hit, they drive X(r) to evotve in a complica?ed, time-
dependent w'ay,and that evolution in principle can be deconvolved to reveal

'some details of the waveform nTO.
unfortunately, noise in the sensor is typically. so severe that to control it

the experimenter must use a bandwidth Arf thar is far smaller than the
frequency,fo (typically Af /fo-0.01in preseni detectors). Correspondingly,
the sensor averages X(l) for a time i-ULJ rhat is long compared to the
period P o : 1 / f o of the gravi tarional waves belng sought. before passing x(r)
on to the recording system. This means that for t1-picalgravitational-ryave
bursts (e.g. from supernovae), which have du:ations of onry a few times po,
all that can be monitored is the total change ax in the complex amplitude
from before the wave arrives until after it has passed. only uncommonly
long bursts, those lasting for more than fo/L.f- 100 cycles, can be
monitored in greater detail. In the future. hox'ever, there is hope of bringing
the sensor noise under better conrrol and thereby opening up the bandwidth
to a'f -0.2fo to permit detailed monitonng of much shorrer bursts
(Michelson and Taber, 1984). (For a description of several firsr-generation
broad-band bars see Figure 2 of Drever, 1977 and associated text, and
references therein.)

(b) The sensitiuity of bar detectors to slzort Dururs

A bar detector couples to the field (equation {26)l
h ( t ) :p  *19 ,  Q, r l t lh * ( t ;4  p1+F, (9 ,0 , . , ! )h , ( t ;  \  g ) ,  (73)

where, if the bar is axially symmetric and the direction (g. g) and

ni.,;"i+
tgli'j l'j
3lvr.-.-;...ii

x0) : Real[X(r) e-;2"r'1-

X(t): Y t aiY,

(71)

{72)
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polarization angle {t are dc'fined as in Fig. 9.g, the bcam-pattern ractors are
Fr :sin: 0 cos2r!, F, :sin2 0 sin2t. (74)

(see chapter 37 of MT\4' for the key eremenrs of a derivarion.) we shail
presume, throughout this subsection, that ir(r) is a burst of such short
duration Al5z: rlaf that the optimat rva).to search forit is ro measure the
mean square chan*ge laxf 

: it produces in the fundamental mode's comptex.
amplitude. In this case the -generat formula (29) for the ratio s2/N, oi,rr.
burst's squared si-gnal to the mean-sguareGaussian noise in the detectorcan
be reduced to the simpre form (see, e.g-, Giffard, r976; pailotino and pizeila,
1981; Michelson and Taber, l9g4)

Here /< is Boltzrnann's constant, f, is a .noise temperature' which
characterizes the overail noise in the detector, and M.rris an .effective mass,
associated with the fundamenral mode, so defined tiat lv olXl2(btfs),2 is
the total energy in the mode rvhen it is vibrating witrr coniptei ampritude x.
(since x is actuaily the amplirude of motion of the end of the bar, for a bar
that has uniform cross-section and is rong compared to its diameter, the
eJfective mass is Mor:te+ "*2)M where y is the poisson ratio of the bar,s
material and M is the bar's mass.)

Because the net wave-induced chan-ee AX in comprex ampritude is
lndependent of the mode's initial complex ampritude. the numerator of
equation (75) is the energi: that the wa'e would have deposired in the mode if
the mode had been initiaily unexcited. This deposited energy can
conveniently be expresseci in terms of the cross-section oo(f) thatthe mode
would present to the rvave if the wa'e had hit it from an optimat direction
(broadside, a:n/2\and wirh an oprimar poraization(+ mtoe with /:g;-

s2 ,Mn{zr,fdiLxlz
NZ KT, (7s)

fz .  -

,ttt {t(2rfo)zi4xl':Jo ; -f ifUy".(.f) df. (76)

Here fi"(/; is the Fourier rransform o! h@(equation (73)), and foran optimat
direction and polarization (;i2)fzldoit rvould be the-energy per unir area
per unit frequency (f >0) carried by the wal'es. Because o.1fl isextremery
sharply peaked around the resonant frequenry /o (Section'ii.s orMTw),
we ca,n rewrite (16) and, rhence (75) in rhe form

( i i \

This is a special narrow-band-derector r.ersion of the general equation (29)

S l  -  f --F:;r ro'iF(r,\i''*g
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for arbitrary derectors. Correspondingly. equation (30.1 for the strongesr
burst seen, on average, at the same rate as bursts occur inside the distance to
our source, becomes

5 :  ^  3 n '  .  r r r \ . / r . r j o " d /
F=;it:4f -V') l '+ia-. (Jo,: , , .  *, kr^ , (78)

rvhere, for the F* and F , of (74),
A

(F '*) :  (F? )  : : :  0.267 .

Equation (78) motivates us to define

h.-- F),f o<lE * udtf + li;, Lfo) l')i
as the characteristic amplitude of the burst (analog of (-jib) for broad-band
detectors) and

405

(7e)

(80)

c (81)

as the dercctor's characteristic noise amplitude (analog of (32) for a broad-' 
band detector). Correspondingly, the characreristic amplitude h"= h3,r,that
a source must have to be detectable with 90 7; confidence in a search lasting t
year is

h3 , " ,=5h - . r . l [9  -  / t4  
]t r " = r r L F W J

:2.ox,o-,,[#'. ,ra
For a broad-band burst that is peaked near rhe detector's resonant

frequency -fo (so the /" of equation (3 ia) is approximately /o) and that lasts
for a time.not much lon_ger than At: llfo.the narrow-band characteristic
amplitude (80) will be roughly equal to the broad-band characteristic
amplitude (31b). For such bursts, and onl1.'for such bursts, it makes sense to
plot a bar detector's narrow-band hr,,, on rhe same graph (Fig. 9.4) as a
broad-band detector's h.rr,- Inspiraling binaries do not belong to this class
of bursts, so their detection by bars must be discussed separately from Fig.
9.4.

(c) I{o;v to optinti:e tlw sensitiuities o-f bur ,ietectors

Equation (82) shows that to optimize the sensitivity of a bar derecror to
short, broad-band bursts, one must achieve rhe largest possible frequency'-

,"=ff#I*,L?P.,I

*iJ;':i:: i.:.:'
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integrated cross section J o.df and the smallest possible noise temperarure
7".

The integrated cross section ! o,,d-f can be computed by analyzing the
response of the bar's fundamentai mode ro rhe force field (5) procluced by a
sinusoidal wave rvith oprimal direcrion and. polaizarion, and by then
integrating over the w'ave's frequency. See N4Trv Box 3j .4 for details. For a
cylindrical bar with length L somervhar grearer than radius R (the usual
situation), the result depends only on the bar's mass &r and internal sound
velocity "^,:(E/p)! u,ith E:(Young's modulus) and p=(density)(paik and
Wagoner, 1976):

Fr
T.

(83)

(Here 'is thb Poisson ratio of the bar's material, and only the leading shape-
dependeni corrections are given.) Thus, ir is desirable to build detectors that
are as massive and have as high sound speed as possibie-

The noise ternperature e is determined by a combjnation of noise in the
sensor and thermal noise in the bar-

The thermal noise in the bar is caused by weak coupling of the bar's
fundamental mode to its environment - its - l0:e other modes, the wire or
cable or prongs that suspend the bar, and the residual gas in the vacuum
chamber (Braginsky, Mitrofanov and panor., l9g5)- If, as is normal, this
environment is thermalized at some physical temperature ?"0 (subscript .b'
for bar or for thermal bath). then these couplings cause the mode's
amplitude to execure a randorn rvalk (Brownian motion) in the domain
lXlSX,n corresponding to an energy A.?-o:

(84)

The fluctuation-dissipation theorem states that the timescale on which tbis
random walk produces changes of order x,. is the same as the timescale
r* =Q/nfoforlarge-amplitude vibrations to be damped frictionalty. (Here e
is the quality factor of the mode's iarge-amplitude osci!lations: rhe nuinber
of radians of osciliation required for rhe energy ro damp by a factor e.)
consequently, the mean square Brownian change in the mode's amplitude

[," ot:*ry[r +ir,(l -2r(rR/\, +...]

*,n=lffiJ

: r.6 x lo-z' cm2 rrf#)(=-t-)'
U0'kg/ \5kms- ' , /  

'
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during the sensor's avera-Qing time i: I Arf is

corresponding to

lAx,hl2:x? *=*:^t#

lM,o1zr,7 o12f A x* 1 z : "+ 
*

(86)

The details of the sensor nolse depend on a variety of factors, including:

the detailed structure of the transducer (for a review of many transducer

structures see Section 4.1.5 of Amaldi and Pizella, lg79), the strength of

couplingofthetransducertothebar(characterizedbyadimensionless
"ouptioi constant p that is roughly equal to the number of cycles of

oscillation required for all the funJamental mode's energy to be fed into the

t ransducer) ; the impedancemismatchbetweenthetransducerandthe
amplifier; the noise temPerature I of the- amplifier (con;11ed to an

equivalent noise temperature (folf)f, at the bar's irequet'cy .fo if the

amplifier oPentes ", u difrr.nt frequency /" than tire bar); and the sensor

bandwidthA/.Althoughthedetai lsvaryfromonesensortoanolher(sea'
e-g.,Weiss,i-gZg;pattotinoandPizella, lg80;Blair '1983:Michelsonand
Taber, 1984), the spirit of the details is captured by the following

approximate expressi,on for the mean square change lA-X..nrorlt that the

"*i"ri*"ntrr rvould infer from the sensor's outpur if (i) only the sensor noise

.*"r" pr.rrnt, (ii) back-action forces of the sensor on the bar rvere negligible

(see subsection (f) belorv), and (iii) impedances were properly matched:

tM 'f(27,f o)2lAX,-,o,1' =ry x
(87t

The ium of lM.ff(2nf s)'[Axon,o,1t (equation 87)) and '\M "77(2rf)2lax"l'

(equation (g6)) is rir. *"-un'rqu"i. nois. N2 rhat apPears in the denominator

of equation (75); i.e., by deinition, the detector's noise energy k[ is this

*nr.Ifth.experimenterschoosetoolargeabandwidthA|thenthesensor
noise(87)willbecomeinordinatelylarge.producingalargeT"andmasking
the gravity-wave signal. If they choose too small a bandwidth, then the bar's

thermal noise (86) will become inordinatel."- large. There is an optirnal

bandwidth,typically^f-|oHzinpresentdetectors(correspondingtothe
averaging til!]i t-o.t s) at ivhich roughi-v- half rhe noise is from the sensor

and half is from tnermai morion of rhe bar. when thc bandrvidth !s chos:n

optimally these two noise sources together produce a detector noise
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temperature

, =l!'. (r &\T (88)' "=LVO\' �" i lJ
In practice, the experirnenters choose a bar early in their experiments,

thereby fixing the inreg rated cross section ! o , df; and they then struggle for

many years to develop a sensor and its coupling to the bar' and a thermally

cold environment, that will minimize the noise temperature T". Maximizing

I o.df is achieved by maximizing the bar's mass and its velocity of sound

(and, to a small extent, optimizing its shape subject to other experimental

constraints such as available cryostats.) Minimizing f is achieved

according to equation (88) by (i) maximizing the fundamental mode's

quality factor Q 6.e. minimizing its coupling to the rest of the world), (ii)

cooling the bar to as low a physical temperature I as possible' (iii)

maximizing the strengh p of couplin-e of the transducer to the bar, (iv) using

an amplifier with as low a 'noise number' kT"lPnU.l as possible (the

Heisenberg uncertainry principle limits the noise number to be ) 1; Weber,

1959; Heffne r,1962;Caves, i982). and (r')struggling to get good impedance

matching of the transducerand amplifier (a requirement for equation (88) to

be valid).

(d) Parameters of first- and second-generation bar detectors

The first-generation bar detectors (pre-1977) were all made of aluminum,

weighed roughly 1.5 tonnes, and had fo-1.6 kHz and Q-10s; they all

operated at room temperature, l'b=300K; and most used piezo-electric

transducers - i.e. crystals glued to the bar which produce small voltages

when squeezed. For most the coupling of the transducer to the bar rvas

rveak, P35IO-4:but those in Britain achieved strong couplin-e, p=0j and

hence wide bandwidth Af /fo- 1 at the price of reducing the bar's Q from

?-lot to Q-20a0. The best amplifiers that could be impedance matched

to the piezo-electric transducers had rather large noise numbers. For these

first-generation bars the integrated cross-sections were' J oodf =

2x lO-21cm2 Hz,and thelowest detectornoisetemperatureswere 4-4 K

corresponding to a rninimum detectable burst amplitude with t year of

obsenation ht,r,=3x 10-16. Despite great effort in the early 70s by

excellent experimenters, there lvas great room for imprOvement. (For a

thorough review of the first-generation experi;'nents see Amaldi and Pizelia-

1979; for other reviews, see Drever. 197i. Tyson and Gillard, 1978 and

Weber, 1986.)
In moving into the second generation. almost ali the groups cooled their

bars to liquid helium temperatures (rb: I'5J K rather than -300 K)'
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Ser,eral of rhe groups (Maryland, Stanford. LSU) constructed massive bars

@t =z_s tonnis; from a new alloy of alun:inum thar the Tokyo group

discovered has a Q l0 rimes higher than rhe old one (5 x 107 vs 5 x 106 at

i 0 " K t e m p e r a t u r e ; S u z u k i ' T s u b o n o a n d H i r a k a r r . a ' 1 9 7 8 ) . P e r t h a n d
Moscow,bycont ras t ,chosetouseexot icbarnra ter ia ls .Per thuseda l .5
tonne Niobium bar with Q:2x 108, while Moscow initially used a 10 kg

sapphire bar with Q:4xioe, and later when diflicultl.with cracking of the

oppr , i ' .occur red 'Moscowswi tchedtoa l0kgs i l i concrys ta lbar rv i th
g:Z*10e - silicon and sapphire because of their very large Qs' an

advantage bought at the price of low mass'

Inthesecondgenerationeachofthegroupsdeemphasizedpiezo-electric
transducers and developed some variant of one or another of two new

transducer concepts: 
-Mor"o*, 

LSU, Perth and Tokyo developed

parametric transd..ucers in which the barls tibrations with frequency
'fo- 

103 Hz modulate the capacitance in a micro*'ave cavity (or rf circuit),

thereby moving microwave photons from the frequency f'-8" Hz' al

which the ca'ity is driven, into side bands at f : fr+ fo, at rvhich the

zmpiifier m'-asures the signat. The number of photons rnoved is

p r o p o r t i o n a l t o t h e a m p l i t u d e o f v i b r a t i o n o f t h e b a r . S r a n f o r d a n d
Maryland developed r-esonant tarzsducers in s'hich a mechanical

diaphragm,*i thamechanicalresonantfrequencl.verynearlythatofthe
bar,s fundamentai mode, is attached to the bar's end. The vibration energf is

quickly transferred back and forth betrveen the bar and the diaphragm, with

ihe diaphragm's displacement amplitude amplified over that of the bar by

t"."r*--nlo.,1-Jiuut mass)/(diaphragm mass)]l' Thc vibrating

hi"pii*--tit'moAuUles the inductance of a superconducting circuit' and a

sQi;ro-(srperconducting quantum inrerference derice) amplilier is used to

monitor the current in the circuit. Rome developed a similar resonant

transducer with the diaphragm replaced by a toad stool which rvas one plate

of a capacitor and rvith a FET transducer used to read out oscillations of the

toad stool's voltage.

Atpresent ( la te1986)Stan ford ,RomeandLSUarea l lon thea i rw i th
systems that have ,"ron"n, frequencies /o = 900 Hz' cross-sections J !'df =
g ,; 8)x 10-21 cm21z, and noise temperatures 4=(0'0t-0'04)K'

C o r r e s p o n d i n g l y t h e w e a k e s t b u r s t t h e l , c a n c l e t e c t r v i t h - ! y e a r o f
obsenatjon i! ft37,,i 1.0 x l0- t 7. Maryland and Perth are both likely to be

on rhe air rvith similar characteristics beiore rhis book is p:rblishc'd: and all

five groups are hoping to Push their noise levels rjorvn to /13,', - 2 x l0- 16

witrrin ie"eral y"u* by further srraightfonvard refinements. The

Guangzhou group, havin! only entered the field very recently. is still at

l \.:

:19
x f

it.

: i r
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room temperature, but with a sensitivity &3 -",l 1.6 x l0- I6, trvo times better
than that of any of the first-generation room-temperature bars (Hu el
a/. 1986). The Moscorv group u'irh its small silicon and sapphire bars
operates at a much higher frequenci'than any of the othergroups, -fo=
8 kFiz; by the time this book is published they rvill likely be on the air rvith
hzt:,- 4 x i0- t ?- The Tokyo group, on the other hand, has chosen a much
lower frequency than the others, fo=6AHzandis now operating a narro\l'-
band search for periodic waves from the Crab pulsar (see below). Tbese
sensitivities are shorvn in F!9, 9.4, along w'ith those of other kinds of
detectors- For details ofthe present detector configurations and near-term
plans, see the gravitational-wave articles in the proceedings of recent
conferences (Ruflini, ed., 1986; MacCallum, ed., 1987)_

(e) Sensitiuies of bar d.etectors to periodic and stochastic waues

Although I have discussed the derectors' performances entirely in the
context of searching for short bursts of gravitational waves, bar detectors
can be used also to search for period.ic gravitational waves and a stochastic
background at frequencies wirhin the bandwidth A.,f of their sensors-

In a search for periodic gravitational waves, the experimenters will
typically use a bar with eigenfrequency /o slightly different from the
expected frequency / of the waves. The rvaves then will drive the
funda:nental mode's complex amplirude X into oscillations with the beat
frequency .f --fo. In searchin_e for these oscillations the experimenters
integrate for a long time; and correspondingly they can turn down the
coupling strength p of the transducer to the bar, and.rbr narrorv the
bandividth A,f, until the sensor's noise becomes negiigible compared to the
thermal noise of the bar (see, e.g., N.fichelson and Taber, 198i, 1984). Ghe
maximurn resulting bandwidth with rhepresent Stanford derectorwould be
Af -0-5 Hz). lVhen this is done, the -general formulas of Section 9.4.2(a) are
valid, with Sr(/) the spectral densitl. of the bar's thermal noise, converred
into an equivalent gravity-wave spectral density

4kT Is,(/):d=?- (8e)
J  uout  foQ '

and with the bearn-factor averages having rhe ralues (79). In particular, the
detector's characteristic nois: amplitude (equation (51)) is'

.  f . - o . t L  1  1 J," :Lt- ' ; i r{df 
| frJ,

(e0)

and the brightest source that can be seen with 9}7"confidence is 7:J vear of
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integratton ts

-^_," (  4  \ i / r0- : '  cm2 HzYf  t000 Ht \ i f  t0 ' \ i
I r3 !y , :1 .7hn:JP "  io-" [ t  

K ) \ -@l  \T ) \T )
(9 l)

The Tokyo group is currently carrying out a search ior gravitational.

waves frorn the Crab pulsar using the above technique (Owa et al-,1986)'

Theft 74kg, cryogenically cooled antenna has 0:2'7x 10?, To:4 6'

fo:60 Hz, and J o.df -2.2x 10-27 cm2 Hz (so low because for

noncylindrical antennas with frequency /e lowered b-r' special shaping,

Io.df eft; Hirakawa et al., L976). Correspoadinglrv it'has }r,,,-

i* tO-tt. No other present bars are optimized for periodic rvaves, since

rhere are no known sources in their frequencJ'bands ( - 900H2 and - 8 kHz)-

However, with the technology of present burst-optimized bars it should be

possible to achieve the thermal-noiselimited sensitivity (91) with ?u:4 K,

\ o^ df =8 x 10 - 2r c;rr.z Hz, /o - 900 Hz, and Q =5 x 106 corresfbnding to

h",-*.=4x 10-2s (Sranford, LSU, Rorre' Maryland.l: and 7i:4K'
'Fiat=zx 10-23 c$f Hz, fo=8kpz' and Q-2x lge corresponding ro

hrr^,=!-4x10-zs (Moscow). See Fig- 9.6--ilvt.n 
searching for stochastic background it is desirable to open up the

bandwidth A,f until the sensor noise becomes almost as large as the bar's

therrr^al noise (A/-0-5Hzfor the present Stanford bar)' with St(/) then

given (approximately) by the thermal-noise spectral densit-r'(equadon (89))'

lU" ,rois" "mplitude &n and the 9}/o-conficence {-year sensiti'r'ity ft3,,*, for

stochastic background become (equations (56) and (67))

(e2)

. (e3)

This ir3,*, is shown in Fig. 9.7 fot the pararneters of 1987 bar technology

(those liuen in the last paragraph, plus Af = L Hz). For details of searches

for stochastic background that were carried out using first-generation bar

derectors, see Hough et aI. (1975) and Hirakawa and Narihara (1975). For

discussions of sensitivity that are more detailed and sophisticated than the

above sketch, see Hirakawa, owa and Iso (1985), \Yeiss (1979) and

references therein.

(f) Quantunt limit and quantlnT non-deinolitioiz

Quantum mechanics constrains the sensitivity that can be achieved by bar
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detectors using the present kinds of sensors: the fundamental mode of a bar,

being highly decoupled from the rest of the world, can be regarded as a

simple harmonic oscillator with mass M ,*and angular frequency rc�o:2vfo.

As such, it is subject to the laws of quanlum mechanics for oscjjiators: its
generalized position x and n'romenlum p must be regarded as hermitian

opexators that fait to commute, [", p]:ii; and, correspondingly, ihe real

and imaginary parts of its complex arnplitude,

x r:x "o, "r"r_(ffi)rin ,0,,

x, : *sin oor - (*)cos e)o!,

are non-commuting hermitian operators with commutator

lXr, XrJ:'#;

From this commutation relation we infer, via the Heisenberg unceftainty
principle, an absolute limit on the variances of Xr and X, in an1'- quantum
mechanical state (Thorne et a1.,1978):

. 1 1
Lxt Lx 2> Lwn"h-

The principles of quantum mechanics guarantee that one can never measure

X, and X, simultaneousll'with a precision thar violates this uncertainty
principle. In f;act, it turns out (Car,es, 1982; Yamamoto and Haus, i986) that

even the most ideal of measuring systens rvlll introduce additional noise

equal to (96), thereby producin-e a lower bound

(%)

(es)

(e6)

(e7)h
AXtAXz> 

M"r , r r "

on the products of the rms noise in the measured values of Xt and Xr.
The sensors used in the present generation of bar detectors measure X,

and X2 simultaneously ivith equal accuracies; and, correspondingly, in

searches for short bursts they are subject to the 'standard quantum limit'
(Braginsky and Vorontsov, 1974: Giffard, 1976)

/ . \

Tn : ! trl ",,a3 [(ax, ) 
t + (4x r ) :j I 7 ] *.t o i k: -1. 8 x t o t * (-r *rt. )

(e8)
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Notice that rhis standard quantum limit places the severe constrarnt

h,y,z^ 4_,0_,"(#)1'.;;# ",), (ee)

on the detector's burst sensitivity (82). It is fairll' Iikell'' though far from

certain, that the strongest kilohertz-freguency bursts striking the earth three

times per year have characteristic amplitudes h. < l0- 2o (see Section 9'a-1);

and, ctrrespondingly, it may turn out to be crucial for bar detectors of the

future to circumvent the standard quantum limit i98)' (99)'

The uncertainty principle (96) suggests a promising method for

circumventing the standard quantum limit (Thorne et aI-,1978; Braginsky,

Vorontsov and Khalili , t978): one should devise a new kind of sensor that

measures X, with high accuracy, rvhile givin-e up accuracy on Xr' Such

sensors, called 'back-action-evading sensors' (a special case of'quantum

non-demolition sensors'), are now under development in a number of

laboratories (Braginsky, 1983; Bocko and Johnson, 1984; Oelfke' 1983;

Blair, 1982); and they may make possible bar sensitirities in the 1990s that

wjll beat the standard quantum Iimit by modest factors. For a detailed

revierv of quantum non-demolition measurements - i.e. measurements that

do not change the quantum state of the system being measured - see caves

(1e83).
Altirough a back-action-evading sensor gives up accurac)'on one of the

wave's two quadrature comPonents, that accuracy can be regained by

looking at the same wave w'ith two different derectors: on one detector, u ith

complex amplitude X:Xt+iXr,measure X, rvith high accuracy and X2

with poor; on the other, rvith complex arrplitude Y = Yr +i)'r, measure Y2

with high accuracy and Y, with poor. From X, infer the derailed evolution

of one of the wave's two quadrature componenls; from J/2 infer the

evolution of the other. In this way. in principle, the quantum mechanical

properties of the detector can be compietely circumvented and the only

conitraints of principle on the accuracy of measurernint are associated w'ith

quantization of the waves themselves. For further discussion and details see

tle revie*s by Caves et at- (198o); Caves (1983); Braginsky. Vorontsov and

Thorne (1980).

It is worth noting that a back-action-evasion measurement, ideally

performed, should drive the bar's fundamental mode into a'squeezed state'

iHollenhors t- 1979). Squeezed states have been studied extensivell- in recent

years in the context of quantum optics (s:e- e'g' Schumaker, 1986; zrnC

Walls, 1983); and rve shali return to them in Section 9'5'3(f) belorv rvhen

discussing beam detectors-
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(g) Looking tox,artl the future
It may be that bar detectors in the distant future rvill find their greatest
applications at much lower frequencies than are now common: at lower
frequencies the bar can be much longer and more rnassive, and
correspondingiy more sensitive; and good bandwidth, Lf -fo'will
correspond to a longer averaging time and thus will be easier to achiere. For
discussion, see Michelson (1986).

Although individual bar detectors in the foreseeable future will be limited
to moderately small bandwidths Lfif 50.2, and rherefore will be able to
acquire only very Iimited informarion abour the wave forn: trf;G) of a
gravity-wave burst, once waves are being detected in profusion it may be
possible cheaply to replicate the derectors with a variety of sizes and hence a
variety of fundamental-mode freguencies, thereby creating a'xylophone' of
networked detectors with a large overall bandwidrh (Michelson and Taber,
1984).

9-5.3 Beam detectors

(a) A brief history of beam-detecrcr research

The germ of the idea cif a laser-interferometer gravitational-wave detector
('beam detector') can be found in Pirani (1956); but - so far as I am arvare -
the first explicit suggestion of such a detector rvas made by Gerrsenshtein
and Pustovoit (1962). In the mid-1960s Joseph webei, unaivare of the
Gertsenshtein-Pustovoit work, reinvented the idea but left ir lying in hjs
laboratory notebook unpublished and unpursued. In 1970 Rainer lVeiss at
MIT, unaware of Gertsenshtein-Pusrovoir or \lteber, reinvented the idea
and carried out a detailed design and feasibility srud1, (weiss, 1972) inrvhich
many of the techniques now being used were conceived- unfortunately,
weiss was unable to obtain funding to push fonvard with a significant
experimental effort.

Robert Forward at Hughes Research Laboratories in Malibu, ealifomia,
having learned the concept of the beam detector from rveber (his former
thesis advisor), was motivated indirectly by weiss in l97l to consrruct a
prototype detector with funding from Hughes. By l97z Fonvard and his
colleagues at Hughes were operating the world's first prototype beam
detector - an instrument that demonstrated the idea could realll. rvork, and
that rvas remarkabiy sensitive considering the moclest :ffort put inio ir:
[Sr(fl]l=2x 10-16 Hz-l between 2500 Hz and 2j000 Hz, corresponding
to hr,r,* I x 10-13 for 2500 Hz bursrs (Moss, Miller and Fonvard , l97l;
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Forward and Moss, 1972;Fow;ard, 1978;. Re-erettabll'. Fonvard could not

obtaiu funds to move from this first prototype to a more sophisticated

instrument; so his project rvas shut down.

With the completion of the first generarion of bar detectors in 1975' each

experimental group that decided to stay in the f: 'ld looked carefully at a

variety of possibilities for sensitivity improven:-'1t. \Vhile most grouPs

decided to stick with bars, two switched to bearn detectors: Munich,led by

H. Billing, and Glasgow, led by Ronald Drever with Jim Hough second in

command. The Munich group was strongly influenced by a proposal to

develop beam detectors that Weiss had submirted to NSF, and that NSF

had refused to fund; and so Munich pushed fonvard (Winkler, t977) along

the lines that Weiss had hoped to follow, usin-g a Micbelson interferometer

design (see below). The Glasgow group first built a small Michelson

interferometer @rever et aI.,1977), then switchedin 19"77 to a new Fabry'-

Perot design invented by Drever @rever et al-,1980)'

In 1979 Caltech managed to attract Drever awa.v from Glasgo5 (part-

time at first, full-time later), leaving Hough as the Glasgow leader' At

caltech Drever started up a beam-detector project; and NSF, finally

recognizing that beam detectors were worth funding, agreed to support both

Weiss at MIT to develop his original idea of a Nfichelson system and Drever

at caltech to develop his Fabry'-perot system. lvlore recently, in 1983. Alain

Brillet initiated a beam-detector ellort in Orsay, France (Brillet and

Tourrenc, 1983; Brillet, 1985).

Munich, Glasgow, caltech and MiT atl norv have rvorking beam

detectors with amplitude sensitivities -2000 times better than that of

Forward's first prototype but - 5 times worse than the best bars. These

detectors are small-scale (1J0 m) prototypes for the fuil-scale (several

kilometer) beam derectors that will be required for real success. Design and

costing studies are norv underway for the full-scale systems (called 'Laser

Interferometer Gravity Wave Observatories'or LIGOs); for details of these

studies, see Linsay et aI. (1983), Drever et al. (1985). N{aischber-ser et al-

(1985), Winkler er a/. (1986), Hough et al. (1986). There is hope that full-'

scale LIGOs wili be constructed in the late 1980s and early 1990s and will be

operating in the mid- to late-1990s with sensitivities in the region rvhere

gravity waves are exPected.

(b) JloN' a beemt cletector u'orks

The current and planned beam deteciors are designed to opente al

frequencies belorn 10 kHz because astrophysicai arguments suggest that the

ii::r;1,:--::i'1iLg

h

ti
fii
fi
fl
fi
la

ri
Ti
l , r
t , :9l
t':
lil

li
lti

i:;'i:'li:';.r;ffi
<il r-t



4t6 K. S. Thonte

waves will be weak above this frequency (see page 158 of Thorne, 1978); and

they have their best sensitivities at frequencies below I kHz

Correspondingly, the waves theJ' seek all have reduced wavelengths

1> Skmand most have 2 > 50 km. Since the planned detectors all have sizes

I ( 4 km, the condition I, ( 2 for use of a 'proper-reference-frame analysis' is

satislied, though only marginally in extreme cases. I shall use such an

analysis in the discussion beiow. For an outline of the alternative, TT

analysis, see, e-g., Exercise 3'7.6 of MTW.
A beam derccbr consists of one or more receiuers that are operated

simultaneously, with cross-correlated outputs - the cross-correlation, as

usual, being the key to removing spurious, non-Gaussian noise- A simple

version of a Michelson-type receiver is shown in Fig- 9.9, three-

dimensionally in part (a) and as seen from above in part (b). (Ignore for the

moment the propagation and polarization pieces of part (a).) The receiver
consists of three masses which hang on wires from overhead supPorts and

swing like pendula. The masses are arranged at the ends and corner of a

right-angle L. When a gravitational wave propagates vertically through the

receiver with polarization axes along the L ('+' polarization), its

Fig. 9.9. Schematic diagram of a Micheison-tr-Pe beam receioer fot

gravitational waves (part (D)). and of the waves' propagation and

polarization angles {9, @, p) relative to the receiver (Part (ah cf- Fig. 92).

85Atv lSPi-  iTTIR-
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quadrupolar forcc field (5) pushes together the masses on one arm of the L
rvhile pushing aparr rhe masses on the other arm. In the next half-cycle of rhe
$'ave, the directions of the pushes are reversed. Since the rvaves being sought
have frequencies / far above the I Hz sw'ingin-e frequenci. of rhe p:ndula, the
pendular restoring forces have no opportunity to make themseives fett: the
masses respond to the gravity-rvave pushes as though they were free. With
the origin of the proper reference frame placed on the central mass, the
central mass is left unaflected rvhile the end masses oscillate longitudinally
with displacements

4t7

(equation (6)). Here I, is the (approximately equal) length of each arm.
Correspondingly, there is an oscillation in the difference i(4 of the arm
Iengths, 6l(t): 6x(t) - |y(t), given by

6l(t):17*1s17.
It is straightforward to show that in the more general case of a rvave rvhich
impinges from a direction (0, g) on the sky rvith polarization axes rotated at
an angle ry' relative to the constant-@ plane (FiS. 9.9{a)), the difference in arm
lengths I oscillates as

6l(t):61117,
rvhere &(r) has the standard form (26)

h( t ) :p*16,Q,{ r )h*( r ;2 ,  p)+F.(0,0, ( , )hr ( r ;  r , f ) .  (103)
with beam-pattern factors (cf. Fonvard, 1978; Rudenko and Sazhin, 1980;
Estabrook, 1985; Schutz and Tinto, 1987)

(104a)

(104b)
The difference of arm lengths l(t) is monitored by Michelson

interferometry: a beam splitter and two mirrors are attached ro the corner
mass as shown in Fig. 9.9(b),and one mirror is attached to each end mass. A
laser beam shines through a hole in the corner mass and onto the beam
splitter, which directs half the beam toward each end mass. The mirrors on
the end masses reflect the beams back toward the corner-rnass mirrors.
which in turn reflect the beams back to the end masses. which reflect the
beams back through holes in the corner-mass mirrors and onro the beam

6x(t):!Lh*(t) for mass on x axis,

6y(t): -LrLh*(t) for mass on y a:iis

F *(0, Q, t) : -IQ+ cos2 0) cos 2g cos Zrlt - cos g sin 2@ sin 2ry',

F, (e, 6, il : iQ+ cos2 0) cos 2Q sin 2{t + cos g sin 2(t cos Alt -

(100a)

(r00b)

a
( r0 l )

(r02)
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.splitter where they are recombined. part of the recombined beam goes out
one side of the beam splitter torrard the laser (ignore for now the .recycling
mirror'in (b), it is absent in the simple version of the receiverbeing discusseJ
here); the other part of the recombined beam _eoes out the other side tow.ard
a photodetector. oscillations in the arm-rength differen ce 6l(t) produce
oscillations in the relarive phases of rhe recombining light, and thence
oscillations in the fraction of the lighr which goes ro the photoderecror
versus that which goes back torvard the laser. The photodetector, by
monitoring the oscillations in received intensirJ', in effect is monitoring thl
oscillations d/(r) of arm-length difference and rhence the gravity-wave
oscillations /z(r).

In practice the laser beams are made to bounce back and forth in the arms
not just twice as shown in Fig- g.g(b),but rather a large number of round-
trip times B, making I distinct spots on eacb end mirror. In the simple case
that the gravity-wave-induced a rm-length differenc e 6 t : lft does n ot change
much during these many round trips (see subsection (e) belorv for the case of
large change), the bouncing light beam will build up during its B trips a rotal
phase delay

o*:r# Th
where i,: );"/2n is the reduced rvavelength of the light (Z;: Q.Og ig microns
for the light from the argon ion lasers currenrl,v being used j- This phase delay
can be monirored, by the photodetector, with a precision AO: l/(Nrry)i,
where N, is the total number of photons rhar rhe laser puts out during rhe
time f over which the phorodetecror inrensitl. is averaged , and q is the
photon counting efiiciency of the phorodeiector (ri-0.44.9). lVhen
searching for a gravity-wave burst with characteristic frequency /, it is
optimal to average the photodetector intensiiy for half a gravit-"--waue
period, i = 1/2f; and correspondingly the phase delay can be inferred with a
photon-counting-noise (.shot-noise') precision

ro.n.,:dF=(ffi),

(105)

(106)

rvhere -lo is the taser ourput power. By comparin_e equations (105) and (106)
we obtain a rough estimate of the amplirude of a gravity-rrave burst that
produces a signal of the same strength as the rms shot noise
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. fzt',"2- f lit"n'=LT,l ffi)
- so l km / Z. 1l/rO rvaus\i/ .f \i= 7 2 x  1 0 - 2 t ' i - t -  l t - -  n  -  r .  ( 1 0 7 t

B L \o.os2 pn/ \ Io,1 I \loo0 Hzl
This formula and these numbers give some indication of the potential

sensitivities of beam receivers.
Fabrl'-ps16t beam receivers have essentially the same potential

sensitivities as Michelson receivers. Fig. 9.10 shows a Fabry'-psrot receivar

viewed from above. Here, by contrast with Fig- 9.9, the cornermass has been

broken into three separate pieces, one carrying each mirror and one carrying

the beam splitter. This breaking up of the corner mass, initiated in Munich,

reduces spurious forces on the mirrors; since 1985 it has been standard in all

beam receivers.In the Fabry-Perot system of Fig. 9.10 each arm is operated

as a resona1t Fabry-Perot cavity: Iight from the laser is split at thg beam

splitter and enters the two cavities through the backs of the corner *asses'

partially traasmitting rniirors. The two anns a1e arranged to have

eqiritib;um lengths very nearly equal to a half-integral multiple of the

wavelength 2ni, of the laser light. Consequently, the entering light hnds

itself in resonance wjth a mode of each cavity; and it gets resonantly

Fig. 9.10. Schematic dia-eram 
.of 

a Fabry-Perct-r)'pe beam receiuer foi

gravttatlonal waves.
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trapped in the cavity, buirding up to high inrensity before exiting backtoward the beam splitter.
slight changes in the lcngth of each carity drive the cavity srightry offresonance and thereby produce sharp chan-ees in the phase or .he exiting

Iight' Consequentll, rvhen the exiting lighr beams from the two calitiesrecombine at the beam spritter, their reiative phase is highry sensitive toslight modulations di of the rrvo cavities' Ien-sth oi]r"on"" i; ;;correspondingry rhe intensity of righr onro the photodetector is highrysensitive to d/. If the cornermirrors ha'e a probability for renectlng p#;;1
47 and a transmission probabirity 1- eq(and no ,."r,.ring;, "nd if the endmirrors reflect much more efiicientry, then this F";,#;;; sensitivity isdescribed by the same formuras (tosHtoz) as for a Micherson receiver, withthe number of round-trips -B in each Mictretson arm r"d;;, a/e - @s):

B - 4/(t-ad. (108)
It is also possibre (and, in fact, is current practice) to operate a Fabry-perotreceiver in an arternative mode rvhere, instead of recombining andinterfering the b';ams, the raser's frequency is locked to the ei-senfrequency ofone ann and the difference berween the lasert frequency ind that of theother arm is the gravity-wave signar; see. e-g- Hough er ar. (1gg3)or Spero(1986a) for details. This mode of operation is technicaily easier than beamrecombination, but the ease is bought ar theprice of some debilitation in theultimately achievable shor noise.

(c) /Voise in beam d.etectors
Photon shot noise is but one of many noise sources that prague beamdetectors' Almost arways, thus far, the oiher noise sources are so strong thatthe effects of shot noise are lost amidsr them. Typicaily the experimentersstruggle for a rong time to reduce the other noisessufficientry that shot noiseshows up; then they improve the shor noise somervhat by increasing thelaser power; then they, begin a rong struggJe once again with the other noisesources. In this way the overali gravitl.lyaye amplitude noise at kilohertzfrequencies has been reduced auing trre period 19g0-g6 by a factor - 1000(t06-fold improvement in energy nlir.;.-
Among the most serious of the othei noise sources are the fororving:amplitude and phase fluctuations in the raser cutput: imperfect matching ofthe la'ser beam into the Fabry-peror cai'iiies or the rvlicheison mirror sy-srem(iinperfections in beam direction,'beam shape, and bearn waverength);imperfect matching of the rvave fronts of the recombining beams at the beam
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splitter; fluctuations in the index of refraction of the gas inside the arms

(even though the arrns are inside vacuum pipes' residual gas can cause

problems); scattering of light from one part of the optical system into

another; thermal ooit (ttt"t*al vibrations) in the end and- corner masses

and in the wires that suspend them; imperfect aiignment of the mirrors; and

seismicandacousticnoisefromtheoutsideworld'whichcausevibrationsof
thewiresfromwhich'h"*"""'hang'Almostalloftheseeffectsproducea
displacement noise';;;;i; ina"i""atnt of the arm length L; and'

correspondingly' their effects on gravity-wave ampiitude sensitivities scale

as h e. LlL.ltis this scali:ag that rootivates the move from short prototypes

to long LIGOs-
A beam receiver is intrinsically broad band : its output, the intensity of the

light into the photodetector /06(r), is averaged.(by.lil*ii:]:ler the shortest

timescale, i-10-os, that gravity waves are likely to contain' and then is

recorded for future analysis. The future analysis can include searc[ing in the

data for signals or'"1ii"q"encies f Slli-104 Hz' and for signals with

. complicated time orptJ"itts that embody a broad range of frequencies'

Correspondingly,abeamreceiver'snetnoisedepen<isonthefrequency/at
which one studies the recorded output'

lvlore specilicatty, tfie noise (excluding non-Gaussian' spurious events

whichareremovedby.coinciden,op.,".'onoftwoindependentreceir'ers)is
characterizea uy tu.'rp*tt"i density S'(/) of the outpu-t-inferred armlength

difference /; or, equally rvell, by the spectral density St!{) ",f]T gravity rvave

h(f (equation tfOl)l' gt*tt tit-" "1t1 of the gravity wave on the arm-

length difference is'i1t1':g'(r)' s'('f) is also called the spectral density of

strain, and these two spectral densities are related by

G ra t:it ttt ional r udiati orz
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It is Sr(/) or its square root' or Sr(/) or its square root' that experimenters

generally quote when discussing the overall performance of their beam

detectors.
In Sections 9.4-1O), 9' 'z@)and 9'4'3(a) 1vs dgrived expressions in terms

of Sr(/) for the -ini*ut-^mplitude signal ft''" that can be detected w'ith

90/o conhdence in "-J y""t'torct' using a detector composed of trvo

identical cross-correl"t"a '""iutrs' Those expressions invol'e averagT ::er

thereceiver'sbeann-patternfactors'FortheL-shapeCbeamreceiveisofFigs'
9.9 and 9.10, with beam-pattern factors (10a)' the appropriate at'erages are

(lo9)

(r  10)
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and, correspondingly,

h36,Lf):1l[[Sr(t)]i for bursts (equation (34)).

hsry,(f):3.8[sr(.f) x t0-7 Hz]3

( l  I  l )

for periodic wal'es (equation (52a)), (112)
/  a r  \ - 1h'r,,(f) : d.s(6fuJ l.fs,(.f Di

for stochastic waves (equation (67)). (113)

Here in the bursr equation the numerical facror in equation (34) has been
taken to be 5 corresponding to a characterjstic frequency f"-l}Hz to
l}a Hz - the largest band that earth-based receivers are rikery ever to
operate in; and in the periodic equation it is assumed that the frequency and
phase are known in advance (equation (52a) rather than (52b)). Expressions
(ltlHl13) are the bases of the beam-detector noise amprirudes shown in
Figs. 9-4, 9.6 and 9.7-

when the two receivers that make up a detector do not rie in the same
plane (because of curvature of the earth betw-een them) or do not have their
arms parallel, their joint sensitivity' is somewhar debilitated. Detailed
analyses of this have been carried out by whitcomb and Saulson (19ga) and
by Schutz and Tinto (1986).

(d) The noise in the present prototj,pes

At present the IvIIT group is developing Michelson receivers using a
prototypewith l: 1.5 m; the Munich -sroup is developing Michelsons using
l:30 m (Shoemaker et al-,1986); the Glasgow.-group is der.eloping Fabry--
Perot receivers using r: l0 m; and the caltech group is deveroping Fabry-
Perots using L:40 m. Although the arm lengths and optics of rhese four
prototypes are very different, rheir displacement sensirivities are roughly the
same - and have been so throughout the past six years. during rvhich all have
improved roughly in step by about three orders of magnitude. Throughout
these improvements Munich has mainrained a sli_eht (factor 2.or 3 in
amplitude) lead over the other groups. (Note added in proof- since this was
written Glasgow has forged ahead of Munich by a facror 3 in displacement
sensitivity, making them equal in ir sensitivity.) Fig. 9-11 shows the spectral
density 

-of 
strain noise for the iVlunich prorotype as of Febru ary 1986

(Schilling. 1986). The noise is due, predonninanriy- ro seismic noise
(inadequate isolation) below 250 Hz, probabl-v seisnic noise berrveen 250
and 1000 Hz, photon shot nojse between 1000 and 6000 Hz, and thermal



noise in the mirrors and pockels cells above 6000 Hz. In Figs' 9 '4,9 '6 and 9 '7

(upper right) are sho*n the sensitivities /rs,r, (e9uat111s (111F(t 13)) for the

Munich and caltech prorotypes in 1986 lsirriUing, 1986; Spero, 1986b) and

GlasgorvinearlylgST.Asanil lustrationofthesensit ivityProgress,Fig.9.4
also-sho*shr , r , forbursts in theMunichandCal techPrototypesafew
months after each was first turned on (1980 and 1983)'

(e) Spectral density of shot noise for simple' recycling and resonating

receiuers

InthepresentPrototypesitisadvantageoustostorethelightinthearns'as
long as possible, ,i,.r;y building up the lar-eest possible plut" shift and

gravity_wav" s"nsifiuit; cr. trr" g-=dependence in equations (105) and (107)-

However, in a kilomeier-scalE LIGO one easily can store the light longer

than half a gravity-wave period' i'e' for more than B:75(l km/t)x

(1000 Hz//) round-trip traverses of an arm' Such long storase is self-

defearing: the phase shift built up so laboriously during the first h-alf-p?riod

of t\e wave gets removed duringihe second half-period because h(t) reverses

sign.
This shows up clearly in the spectrar densities of shot noise sr(/) for the

idealized Michelson and Fabry'-Perot receivers of Figs' 9'9 and 9'10 (still

without the 'recycling mi,,or'' in place)' Assuming as above that the

Michelson mirrors haie negligible losses during B round trips in each arm,

andtheFabry-Perot"nd*i,,o,shavenegligibleriansmissioncomparedto
the corner mirrors

Gratit ational radiatiorz

l - 8 e 4 1 - 4 g = 4 ! B

+ t) ,

423

(114)

(cf .equat ion(108)), thespectraldensit iesofshotnoiseare(ciGrirseleta/. '

Fig. 9.1l. 'square root of spectral densit,v of noise tS'Lfl]] plone'd against

frequency / for the Munich lvlichelson-type beam C'tector lvith 30 m arms'

as of February 1986'
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1983; Meers, 1983; Brillet and Meers, 1987)

1 + (ZzBLf ;c)2 for Fabry-Perot (l i5a)

(1 r5b)

These spectral densities are shown in Fig.9.12 as a function of ZBLflc:
(light storage time)7'(gravity-wave period), rvith (gravity-wave period): 17.;r
held fixed. When (storage time)/(period) < I the two receivers have the same
shol noise, and that shot noise improves rvith increasing storage time as

Sr("f).c (storage time)-2. When (storage time)/(period)i1 the Fabry-
Perot shot noise stops improving, rvhile rhe Michelson shot noise undbrgoes
a series of oscillations with minima equal to the Fabry-Perot shot noise.
Note that the minima of the Michelson oscillations occur rvhen 2BLf lc-
(light-storage time)/(gravity-wave period):Q.s, 1.5, 2.5,-.-, w'hile their

Fig. 9.12. The improvement of photon ihot noise with increasing number of

bounces of lighr in a slmple beam receiv:;. The receive; is of the Fabrl-Perot
(Fig.9.l0) or Michelson (Fig. 9.9) type with recycliag mirrors absent, with

l-AE<l-Ac=4/Binthe Fabry-Perot case and lvith B round tripsin each

arm in the Michelson case. Piotted vertically is spectral density of shot noise

in units proponional to /3 bur independ:nt of rhe ligbt-storage rimeZBLlc-

Piotted horizonratly is (light-storage time)i(-grat'it).wavepenodl=QBLic)f-

The Fabry-Peroi shot noise is given b1' the solid curve (equation ( I l5a)); the

Michelson by lhe dasbed cun'e (equation (l I5b)).
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maxima (Sr: z-) occur when the li*cht is stored for an intcgral ntlmbcr of

gravity-rvave periods. This is just what we rvould expect from tlre fact iltal

ft(r) reverses sign ei'ery half-period, thereby removing during a second half-

period the signal put onto the lighl durin-e a first half-period. In the Fabrl -

Perot receiver there are no oscillatiotts of So(/) because different photons

experience different storage times - i.e. because of the probabjlistic nature of

the reflectivity rnc.
Drever (1983) has devised a method for improving the sensitivity of either

a Michelson or a Fabry-Perot when mirror reflectivities permit storing light

for much longer than a hallperiod. The basic idea is to extract the light after

a hzrlf-period, when further storage is self-defeating, and then reinse( it into

the cavity along with and in phase with new laser light- More specifically, for

the Michelson of Fig. 9-g(b),one adjusts the relative arm lengths so that very

little of the recombined light emerges from the beam splitter toward the

photodiode where the gravity-wave signal is read out (a mode of

operation that optimizes the sensitivity, it turns out)- Then most of the

recombined light emer-ees torvard the laser: and 'rerycling rnirrclrr' ore

iri-*rted to direct that emergent light back into the beain splitter along rvith

fresh laser light. For the Fabry-Perot of Fig. 9.10 the same effect is achieved

with a single recyclin*s mirror.
Asan aid in quantifying the recycling-induced improvement in shot noise,

consider the (realistic) situation in rvhich the technology of mirror coatings

limits the mirror reflectivities to some maximum value Q^"* (0.9999 at

present; perhaps 0.99999 a few years froin norv).It obviousl,r- is optimal to

place at the end of each arrn a mirror ri'ith this marimum. so JIE:!I^"*'

Consider, for concreteness, the Fabry-Perot receiver of Fig. 9.10. If the

corner mirrOrs are chosen also to have the masimum reflectirity, 2g: i!r?;,

then essentially all the unused lighr leaks out the end mirrors and norhin-s is

gained by recycling. In this case of a simple, non-recycling Fabry-Perot with

Qc:2e-.2*,,. the spectral density of shot noise is (cf. Gtirsel et a|., 1983;

Meers, t983; Briliet and Meers, 1987)

(1 l6a)

}

E

R

where 
s'('f):s'[l +(f iil=f'

" _Zhci., (L-_%\=
I n 4 \ 2 L /

h.e " rc-zs ( t" \!i r00 w'ir1r -.,,tr\('r rm\-l::L 
t*F-io-dffi,,- )\ ,", )\ ro-'/t I /J'

(1 r6b)
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( l  l6c )

(Note that, because so much light is lost out the end mirrors, this noise is
worse than the ecZ,.ee ljmit of equation (ll5a) _ worse by a factor 4 ar
frequencies _f > f"and by a facror 16 at f <f".) This non-recycled ('simple')
Fabry-Perot noise is shown as a solid cun'e in Fig. 9.13.

An experimenter who wishes to improve on this noise level by recycling
must choose a frequen% fxlfo near which the noise level is to be
minimized. The minimal noise level near f:f* rvill then be achieved by
settine

7-Qq:87'Atr/g, (r17a)
so the effective storage time in each arm is 2BL/c:8Lc-t/(t-ec):
(nfr)-r:(l/zt)x (period of a gravity wave wirh the optimal frequency /*).
Midmal noise aiso requires a special choice for the reflecrivity e^ of the
recycling mirror (Fig. 9.10)

r.:W:2.1H,(#)e)

1 .^  4Q-aE)
I  -  J T | R = - .

lL - ltc)

s^rn:*s"[r*(*)]

(117b)

with these choices of reflectivity, the light-recycling Fabry-Perot receiver of
Fig.9.10 has shot noise (cf. Gfirsel et a!.,1983; Meers, 1983; Brillet and
Meers, 1987)

(i17c)

This noise is depicted in Fig. 9.13 for rrvo choices of fi (dashed cun es). Note
that this noise has a 'knee'at the frequency ,(; for this reason /* is called the
knee frequmcy. Note further rhar recycling produces an overall
improvement in S1(/), at frequencies,f :,fk, b1. a facror f"i2-f*relatile ro a
non-recycled Fabry-Perot with equal reflecdvities for corner and end
mirrors (equations (116)) and an improvemenr by 2f, f*relative to the very
best non-recycled Fabry'-Perot - one rvith i -Qor,,:I-gr4I-ec4
SnLfr/c (equation (1 15a)). This improvement at f Z -fxis boueht at the price
of worsened noise at f S Uxf"/2)1. Note further that the improrcment factor,
over an optimal non-recycled Fabr)-Perot at /]/*. is

s!*ro'a 2f" I -2e.

Sf f i ia :  ^ :  I4c,
which is l/(the mean nuinber of times tha: ri:e llght can be recycled before ji
is lost by leakage through the high-reflecriviry end mirrors). This is just what
physical intuiiion should suggest.

(1  18)



For the recycled Michelson receiver of Fig' 9'9' recycling produces

essentially the same Sr(/) as for the Fabry-Peror of Fig' 9'10 at frequencies

f S fv.However, aUou"ii'" tnee frequency the recycled Michelson exhibits a

Fig. 9.13. Spectrat density of shot noise icr Fabrl-Peror 6gan rccgivers

operated in -.a'io* opiL"l coofigundons- The r enicalaid no:t-:1L*'*

arc botb togadti'-i"' The solidkrve is for a simple Fabry-Perot with all

mirrors -cornt'"ol "ni- ft"viog the maximum achietable refl*tivity' 4 g=

Ee= L-uleqoations (ifO))' fi'" dashed curves are for a Fabry-Perot with

light recyciing ttqt'"tlon tfiZc))' in which tbecnd mirors have the maximum

achievable retiectivity 4s:2^-'thecomer mirrors are adjusted to producr "

the desired rttt f*q"*t U,, "nO /"' for the two curves sbo*n; equation

(11?a)1' ana tue rfif,ring mtttt it"i:*tta to minimize thenoiseat the knee

freguency t"q""'J"iir-zu))' The dotted curves are for a Fabry-Perot with

ligbt resonatine ("d""" ii r9c); Fig' 9la) in which the end mirrors have the

maximum achievabte reftectivity 4 p: 4 ^-, thecomer mirrors are adjusteca

to produce the uoi"o '"'on"nif'"q"ency for gravity waves ffi' and fi' for

.. the two cun'es shou:r; equarion (l l9a)); and the reqcling mirror is adjusted

to minimize the noise al the resonant frequenqu (eguaiion ( I 19b))'
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sequdnce ofnoise peaks and troughs analogous to those for a non-recycled
Michelson (equation (115b) and Fig. 9.12).

Of all optical configurations yet invented. recl'cling is the best rvhen one is
searching for broad-band gralitational rvaves (rvaves with Arril).
However, when one is searching for narrow-band waves (waves with A/<t
e-g. the periociic waves from a pulsar), recycling gives worse noise than a
configuration called light resonaring (invented by Drever, i983), which is
shown in Fig. 9.14. As usuat, the method is conceptually simplest in the
Michelson case but is described by the simplest formulas in the Fabry'-Perot
case.

The basic idea, as shown for a Michelson in FiS.9.A(a),'is to store the
Iight in an ann for one half-cycle of the graviry--wave frequency of interest /*
(i.e. for B:c/4feL round trips); then, instead of extracting it through the
beam splitter and reinjecting it, simply move it into the other arm using a
high-reflectivity, Fabry-Perot-type mirror - i.e. exchange the light between
the arms. Then during the next half-cycle, with arms interchanged and the
sign of the gravity wave rerersed. each piece of light rvill experience a phase
shift in the same direction as during the first half-cycle. At the end of the
second half-cycle, interchange the light in the two arms, and repeat as many
times as mirror losses will permit. The arrows in Fig. 9.L @) show the light,
as a result of these exchanges, circulating around the interfero:leter in a
clockwise direction, but there is an equal amount of light circulating in a
counterclockwise direction. The light circulating one way experiences a
continual increase in ohase shift throuehout its circulation: the lisht

Fig. 9.14. Schematic diagrarns of optica! configurations that could be used

for resonatins tisht in ":::l:::;l;::1i::,xr,:r1-Psrot-tvpe (D) beam
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,ircuiating oppositely experiences a continual decrease in phase shift; and

hese oppositely circulating beams, upon re-emerging through the back of

he Fabry-Perot-type mirror and recombining at the beam splitter, produce

. rnuch enhanced interference signal in the photodetector.

For the Fabry-Perot receiver of Fig. 9.14(b) a single 'resonating mirror',

lenoted #p, produces the resonant interchange of the light betu'een the two

rrms: the lengths of the cavities are so adjusted as to Produce in each cavity a

esonance at a frequenc! f.very near the laser frequency; the reflectivities

8g of the corner mirrors, and the path lengths between them and the

esonating mirror, are then so adjusted as to produce two resonant modes of

he coupled cavities at light frequencies f,tfxlT - which requires

l-8":4v27*1r' (1 19a)

he laser frequency is then adjusted so that it drives the mode at f,-f*12;
urd the gravity waves with frequenc! fs.,by wiggling the end mirrors, then

rpconvert photons into the mode at f,+f*/2. In order to maximir the

esulting gravity-wave-induced signal at the photodetector, the reflectivity

?x of the resonating mirror must be adjusted to

t-et*:/ffi:r1 (ileb)
Mith these optimizatibns the spectral density of shot noise near /* is (ci.

iflrsel et a1.,1983; \{eers, 1983; Vinet, 1986; Brillet and Meers,1987)
f  /  r - r  \ 2 1

S n ( f ) = "  l ' ' l J - J R l  I=as"[l.ltf,) 
J 

for l/-/sl <.f.. (ilec)

\s is seen in Fig. 9.13 (dotted curves), this represents an enofinous

mprovement in noise over either a simple Fabry-Perot or a recycling
:abry-Perot. lfowever, this improvement is bought at the price of an
'nonnous narrow-banding of the receiver resPonse: at frequencies f -f*12

md f *4*the noise is comparable to that in a simple Fabry-Perot; and at
r4fc/2 and f V2f* it is far worse.

For an optimally configured, resonating Michelson the sensitivy near

esonance, lf -f"l (f , is similar to that of a Fabry'-ps1ot (equation (1 19c)).

Neither recycling nor resonating is potentially useful in present

)rototypes because present mirror reflectivities limit the protot)'pes to short

;torage times- However, in the planned full-scale LIGOs where 100-fold

onger arms permit 1OO-fold *sriaier storage times- recycling and resonating

roth give promise of substantiai improvements in beam-detector
;ensitivities. The first attempts to implement recl'cling on a prototyPe were
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carried out by the Munich group in 1986. rvirh moderate success.
Resonating has not yet been attempted.

(f) Qrcntum limit, qtantttm non-demolitiort, and sqtteezetl uacuttm

A beam receiver is similar to a 'Heisenberg microscope', in which a photon is
used to measure the position of a particle. The analog of the Heisenberg
photon is the laser beam and the analogs of the Heisenberg particle are the
end and corner masses- Just as the Heisenber*e photon kicks the particle it is
trying to measure thereby enforcing the Heisenberg uncertainty piinciple,
AxAplh/2., so fluctuations in the beam's light pressure kick the end and
corner masses thereby enforcing a quanrum limit on the sensitivity'of the
beam receiver. As I shall discuss below, these quantum fluctuations have
their ultimate source in the vacuum fluctuations of quantum
electrodynamics (Caves, 1980, 1981)-

Caves (1987b) has used Feynman path-integral techniques (Caves, 1986,
1987a) to derive a pseudospectral density of displacement noise that
characterizes the quantum limit of any harmonic oscillator (such as a beam
receiver's swinging masses) rvhen it is srudied at frequencies high above the
resonant frequency.fo,using techniques that produce tbe minimum possible
noise:

s,(fl:*,
m\lv] )-

sr(fl:#.

(r20)

where n is the oscillator's mass and x is its displacernent from equilibrium.
For a beam receiver, whose srvinging masses have resonant frequencies
.fo- lIJz far below the region of interest, this pseudospectral density for
their displacements can be translared inro a pseudospectral density for the
gravity-rvave field /r(r) that one reads off the receiver's output:

(12r)

Here each of the masses on which a mirror is attached is assumed to have the
same mass n. This pseudospectral density can be used, in the same manner
as an ordinary classical spectral density (subsection (c) above), to compure
the standard quantum limit on the performance of a beam detector in
various situations-

As for a bar detector, so also for a beam detector. there should be methods
of circurnventing this standard quanturl lirnit. Unfoin:narely nobody has
yet found a remotely practical way of doing so. except in one special case:
Unruh (1982) has invented a method, which Caves'path-integral formalism
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says shoutcl rvork (Caves' 198?b)' for beatin-e the srandard quanrum limit

when performing a narrorr.-band measur.ri"nt of periodic gravitational

waves. The key idt" (*;;; *"' in"ented independently and earlier in the

classical domain by Gordienko' Gusev and Rudenko' L971) is to place a

spring bclween otn *i"o' "nd 'h"-T:.Panion mass-T^t::t:n it rides'

thereby turning the mirror and cornpanion into a two-mode system' By

setting the ratio of tbe spring frequency over the gravity-*zve frequency

equal to the square 'oo' of tf'-t mais of the big companloo :":1the 
mass of

the littte mirror, oo" *o ior"e the laser UeJs fluctuating light pressure to

act on tbe motion of the blg mass and not the mirror' while the

interferometer reads out the mirror's motion' The result is an improved

immunity of the ,o"il"' to Heisenberg's quantum noise over a narrow

frequencyband.Whilethisschemeiscleverandconceptuallysatisfactory'
whether it can be implemented in a practical Y"ttt-1t^-1ot 

yet clear'

Although, for broai-band measurements with be2m rcggivers' there as yet

is no known way of U""Jtg the standard quantum limit' Caves (1981) has

invented a crever ,"i*" 
-fo, 

getting closer to the quantum limit when

inadequate i"rff po*t' L"' 'i" 'f'ot noi'" to exceed it' The key 1e Q3ves'

idea ishis discoverytbattheultimatesource of tht Oh?l"l-tlot noise and the

fluctuating raaiation-fressure noise is not' ̂ s people previously thought'

fluctuations in the,".i, *0"t. Rather, it is fluctuations in the quantum-

electrodyna*i. u"*o* ,t"i, (,rr..uum fluctuations') that enter the beam

spiitter at right-angtei to ti,e incoming laser light and superpose on the laser

light as it t oo, to*"rJiir" r*o arms- As cau.-, h"' shown, by 'squeezing the

vacuum,(i.e.reducingthevacuumflo.to"tio,,,inthecos[(ct_x)lzJpartof
the light while nc#ft;JJ.i;-iit tiolltt- i,itlz-'f p^\j achievable in

principle uy senanft-tr;";; t$oush "'potnpta' "onlinear medium)'

one can reduce the b.eam receiver's shot noise at thl expense of increasing the

fluctuations in its light-pressure noise' The net result is the same as if one

were using a laser "iLLr'* power: ;n ii" typical.case' lYt" 
the actual

power is too ro* tJp""iii"titti"uing th^e quantum limit' one improves the

sensitivity and moves toward the quantum limit'

Recently caves trgii.llr", "l"cidated ii. "tri*"t. sensitivities achievable

whenonecombineshissqueezed-vaqrumtechnique'''.I'=]:.'.cyclingand
resonating. He finds thaibecause, in a resonating system, noise associated

with iosses in the end mirrors is as important on resonance as vacuum

fluctuations enrering the beam splitter, squ:ezing of rhe vacuum is not

useful. By contrastil;; combined with }ilhr 
.t":ltitlgl-t::eezed-vacuum

techniques ""o ,"du"* Sr(-f), ovet a broad band of frequencies A/ ? /' to S'
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or to the quantum limit, rvhichever is larger:

f . 2hc7, (I-er\
l J o : ' - \ T )

s,(-f):max 
1 ,i".,
I m(2nf )2Lz

Squeezed states of light have been produced by experimenters recently
(Slusher et al-,1985;Wu er a/-, 1986), triggerin_e great excirement in the field
of non-linear quantum optics. This achievement has rriggered an effort by
the Munich group to impiement Caves'squeezed-vacuum technique - an
eflort that is likely to zucceed within the next few years.

(g) Anticipated. sensitiuities of full-scale LIGO receiters

The present Munich burst sensitivity hr,r,=4 x I0- I ? at f - 1000 Hz, rvhen
scaled from the protorype arm length of 30 m to the planned Munich LIGo
arm length of 3 km, would become 14,r,,=4x 10-1e. Although scaling up is
not straightforward (mirror diameters must be increased a factor ten, for
example), the experimenters are quite confident of doing somewhat better
than this scaled-up number by the early r990s when the first LIGos start
operating.

The upper thick, dashed cun'es in Figs. 9.4,9.6 and 9.7 (earrier in this
chapter) show possible burst, periodic and stochastic sensitivities (based on
a $-year search time and 901confidence levels), for a first generation of
detectors in.the full-scale LIGos. These curv'es correspond, at frequencies
above -500 Hz, to receivers that are shot-noise-limited, without recycling or
resonating, with Argon-ion laser lighr,Z..:Q-Q818 pm, rvith (laser power) x
(photodetector efliciency):/o{:10lV, and rvith light storage times of a
half-gravity-wave period or longer, so [cf. equation (il5) and Fig. 9-12]

ys^gr11t:l?42,-fg)'l':e.4xt / r \
L to4  \ c / J  

o - ' \ 2 * ' -1 ( .#J '023a)

and, correspondingly (equarions (1 I lHli3))

(122)

(123b)

for periodic sources, (123c)

hry,:u(f,s,;!:s " ro-"(-6fu,)t for bursts,

l7sty,:3.8(S,, x 10-? Hz)i:2.9 t lO-tt(ffih;)



( i23c)

:1.1x to-tt(#) '  for srochastic sources, (123c)

where ihe search for stochastic vraves is presumed to use a bandwidth A-f :f.
Below -500 Hz it is presumed that seismic noise debilitates the
performance of these first-generation LIGO receivers.

During the years following the first gravitl-wave searches in the LIGOs,
the experimenters plan to run a sequence of detectors rvith ever improving
sensitivities, pushing the sensitivities ever downward, and improving the
seismic isolation so the detectors can operate at ever decreasing minimum
frequencies. A reasonable goal by the end ofthe I990s is to approach the
Iower-most thick-dashed curyes in Figs. 9.4, 9.6 an.d 9.7- These curves
correspond to aduanced detectors with the following characteriStics:

l:(arm length):{ lqrn,
. i.:0-0818 pm (Argon-ion laser light),

.Io4: (laser power) x (photodetector sensitivity): t00 W,
Q E: Q r*r: (maximum mirror reflectivity) : 0.9999,
rn: (mirror mass): 1000 kg,

photon shot noise dominant at I00 HzS./S 10r Hz,
quantum-limit noise dominant at i0Hz(fS l00 Hz,
seismic noise dominanr at f { L0 Hz (124)

It is presumed that light recycling is used for burst searches, with the knee
frequency adjusted to equal the frequency of interest, so the photon shot
noise (equations (i11), (117c1and (l16b,c) ivith 7r:f,)is

h 3 r y, :l I (i s,, )i : I I (s . f ,2 / f ")I : r rl'& \t -=% 
f :1''ot - 'L 

t"n L "" 
J

/  .  \  - .
I t \ .

t t,,,:a-5\rg+Hz) Lrs')r

: 1-3 x 1o-"(#) ror bursts;

h3 , r , : 3 .8 (4So  x  l o - 'Hzy i - t . t l T  - x  I 0 - ;
L  to4

:2- lx  10-38 for  per iodic  waves,

(r25a)

and it is presumed that li-ehr resonating is used for periodic and stochastic
searches, with the resonant frequency adjusted to equal the frequency of
interest, so the photon shot noise (equations (l i2), (113), (119c) and (1t6b.c)
with /n:/) is

"'J(+)
(l2sb)

t



K. S- Thorne

n,,,,: a.s(ft) -' ror"/,' : r tP tJ|F: e)' x ro-' HzJ
: 5'2xto-,,(#)t for stochastic rva'es. (125c)

Here it is assumed that the stochastic search is restricted to the narrow
bandwidth Af:-f" over which the resonating receiver has good
performance. The quantumJimit noise, which exceeds these shot noise
levels at /S 100 Hz, is given by (equations (12t) and (ll lHl13)

rtz,u,: rtl 14!-T: ,., " 1e-rr(J00ffi)* for bursts, (126a)..styr --Lor 
mLr f J

h,,,,:3.8f3#*;"1'
:4.4xro-rfW) for periodic waves,

r,,,,, : +.sfffi] -F rro,]u
:,'(+)'(#)'w(ry)l
:1.5 x tO-rr(-!9OO 

Ht)t 
for stochastic rvar.es.

(126b)

(r26c)

Here for stochastic waves sqs is the quantum-limit spectral density
(equation (121)), and the chosen bandwidth A.,f:/"(SqL/So)! is that which
makes shot noise (equation (119c) integrared over Af with f <A/</*)
equal to { the quantum noise and minimizes their sum. At frequencies
fs-to Hz, seismic noise is presurned to strongl-v- debilitate the receiver
performances (cf. Saulson, 1984).

Figs. 9.4, 9.6 and 9-7 show, together rvith the above receiver sensitivities,
the characteristic strengths of the gravity \ ?1'es from a variety of sources
that were discussed in section 9.4 above, and the present and projected
sensitivities of other kinds of derectors. As these diagrams suggesr, the
prospects for successful detection of gravity rvaves rvith the planned LlGos
are high: at the sensitivities of the 'advanced detectors' one could see the
coalescence of neutron-star binaries at I the Hubble distance where the
event rate is estimated to be seveiai per cay, the coalescence of lOMo black-
hole binaries ihroughout the universe, supernovae in our galaxy if they put
out 10-eM" of energy near 1000 Hz frequency and in the virgo cruster if
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they put out I 0 - I 14 u' m i I I i s:'""1 t'::'.'";TilTJ:J:ffi ::;t::T: i I
":,"',:#u$:::,"#-::::iT:::$';-'"':i'*'n*'-':"'assma'as
Sr$5 that of Sco *- '' ^tO " "oJastic bactg'o""i "t f -30 Hz rvith Q6o' as

smatt as 10-ro- r, t""*-'i'oJy to T:'rt"i'""f 
t""sitivities are more than

adequatero,"'"""'15;;'+ttY1L.1:"T:,::Xi.t'I-Filjtii1
fs.;5,til;'5:? J:T:Tff::J:ffi"'o t?'"' 4's 6and e 7)

(h) ldeas for other types of beam detectors

The Michel.oo "nu 
jabry-perot configurations' on. which almost all

experimental *o'tt io o"i"i""""ussed' il;;;;; onlv-possible tvpes oi

beam receivers' A J;;;; of otht" hlT;;t; conceived of'bt have not

beenpursuea'"ieo'i'l"r'vl's;;;:';!:::^Ti"1*.:*":d"?d=TJr:'":'.;G
**:*:ruru'S:':H"'J'"Ji'll=1;;iii"i""andrcPJrated'some
of these other confrgurations migh' tt: 

+; 
;;t'"t" io a LIGotThese other

configuratioo'i"troJt 
(l) I freou731 ''inh 

interferometer ot Michelso'n

with oterlappng u,i;,. r;n"J' "i.}a rv!i,'' igel), in which the light beam tn

each arm is roaa" to 'iift in frequencl' *ii t""i't tound-trip Pa'ss' so that the

beams of successivt;;;;t"t ouerlap ""tl J*t;;;t not inierfere rvith each

other; such an *ffi";;;t' " o"'n"n'I"'rtni"rtato" ::: 
s'ith smaii'

Fabry-Peror-ri," ;;;;;" tiil Acti:e i'i'i?no*"T @'^l::' et at'' r98r;

Brillet .na ro""*"liisll h which "n "ti*" *tdium (atoms orrnolecules

with transitio''' nol' tit'iJ"*"*' "f tht;;;";iigtto tttiats-in the arms (or

ann-theremighi;;;i;""t)-ofti'einterferometer'(iii)Spectroscoptc
dercctorsCN""t'ii#' n^iti- ana Sminrov' 1978;'Brillet and Tourrenc'

1983; Borde et at'' t98'3)' in rvhich l":::;;;"opv it used to monitor the

frequency si'ifts proaut"a Uy the graviiational waves'

rutnougt' '' o;-"-ton t":: lt:"T;l;ff::;:.:::iJt:ffiff iii
;"HT:[il'H::"rH'^,,::]i'::= 

-"-: ;; ;"'* and spectroscopic

detectors lo ot "'iii"n'i"rl y less promi'i"-Jtg ill" and Tourrenc' 1 9 8 3) ; and

thefrequency.taggeddetectorhas"",,='i""""|o,so"oinsuflicientdepthto
u"orur" a tentative verdict'

9'5'4 Oilter ryPes of earth-laboratorj: detectors

lnaddit iontobardetectorsandbeamdetectors'anumberofothertypesof' 
gr"uityt*'uu" at'"J*-" 'i^t "oura opJ'^te in an earth-bound laboratory
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have been conceived ol Atrhough none of these has tooked sufliciently
promising to justify substantial experimental eJiort, some are question
marks (because the-v have not been pursued far enou-gh for a clear verdict)
rather than discards- Because I ha'e not lookeci ar mosr of them in enough
detail, I shall not venture to sorr out the question marks from the total
rejects.

(a) Electromag neticull 1- co u pletl tl et ec tors
one type of transducerused on bar detectors (e-,e. b-v the Moscow and perth
groups) is a re-entrant microwave-cavity resonator whose capacitance is
modulated by the bar's vibrations (Section I0 of Braginsky, Ir{itrofanov and
Panov, 1985; Blair, 1983). There is an obvious similarity of this to a Fabry-
Perot beam receiver in which each arm is an optical cavity with length
modulated by themotions of the swinging masses- In fact, one can imagine a
continuous seguence ofdetector configurations that leads from one to the
other, by splitting the bar into pieces and gradually moving them apart, with
the microwave cavity gradually being distorted and expanded untit it
becomes the optical cavity of the Fabry-peror (Caves, lgTg).

This argument leads to the recognition that bar detectors and beam
detectors are but two examples of a large class of possible
'electromagnetically 

coupled detectors', in rvhich _eravitational waves drive
the motions of masses, and electromagnetic fields measure those motions;
or, when the detector gets larger than a reduced uar.elength, gravity waves
drive vibrations of both the elecrromagnetic fields and the masses, which are
coupled together.

other earthlaboratory-scale electromagnerically coupled con-
figurations, besides resonant bars and optical beams. thar have been
considered theorerically and show sonne promise bur have not been pursued
in a serious experimental way, inclu<le: (i) Iarge microwave cavities in which
wall motion, driven by gravitational waves rvith zll, upconverts
microwave quanta from one mode ro anorher mode of slightly higher
frequency (Pegoraro, Picasso and Radicati, l97g; caves, L979); (ii) optical
or microwave cavities with Ls i, intended for detection of high-frequency
waves /) 104 Hz,in which the gravitational rvaves interact directly w-ith the
resonating electromagnetic field to move quanra from one mode into
another, or interact directly with a DC elecric or rnagneric field to create
quanta at the gravitv-rva'e frequencl'(Braginskl' et al.. 1973); (ii i) as a
specilic, rnuch studied example of such a caviry: an optical or microwave
ring resonator in which circularly polarized gravitarional waves
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propagating orthogonal to the resonator plane resonate rvith the circulating

electromagnetic field' producing a linearly -erowing lhle shift iir the lleld'

This schem.' p.opo,ti by Bralinsky and Menskii (1971)' was incorrectly

analyzed by them unA Uy ntt (go* 37 '6 of ivITW) - a source of some

embarrassment-My""o'-*" ' inthinkinglcouldcorerthedetectorrvi tha
single proper reference frame, when its diame:er L is larger than the reduced

wavelength 2 of the gravitationai waves it sees' My incorrect conclusion' and

thatofBraginskyandMenski i (1971)wasaquadrat ical lygrowingphase
shift, A@@ xh(ct/1)(ctl7'")' The correct conclusion (Linet and Tourrenc'

1975) is a linearly gio*iog phase shift' AO e'h(ctlL'J' which makes this

scheme no better io pio"lpi" than a standard beam detector' WARNING:

Theliteratureisfullofsimilarlyincorrectanalysesoftheva.riousdetectors
described in this,*,iir, g.s.a;llrry "o optical caviry filled with an isotropic

medium, o, "o optiJ fiber' in-which gravity-wave-produced. strains induce

opticaleffectssrrchasbirefringence(Iacopinietal' '1979;Vinet'1985);(v)
detectors using the Mossbauer effect (Kauffman' 1970)'

For a general review of electromagnetically coupled detectors' see

Grishchuk (1983), and for general analyses of them' see Tourrenc and

Grossiord (Lg74),Tourrenc irgZg) and Teissier du Cros (1985)'

Analysesofsuchdet--ctorssomedmesproducewildlyoreropt imist ic
conclusionsbecausetheyoverlookthemundaneissueofthermalnoiseinthe
mechanicalpartsofthedetector(e.g.thewallsofan€lectromagneticcavity).
Foranexampleofanana lys is thar r loes take thermalno ise in toaccount
properly, see Caves (1979)'

(b) Superfluiil interferometers arzd superconducdng circuits

A n a n d a n ( 1 9 8 1 ) , C h i a o ( 1 9 8 2 ) a n d A n a n d a n a n d C h i a o ( 1 9 8 2 ) h a v e
suggested that :/ it is possible to construct a superfluid weak link' analogous

to the superconductiig weat link (Josephson junction) on which SQUiDS

a r e b a s e d , t h e n s u c h a l i n k c o u l d f o r m t h e b a s i s f o r a s u p e r f l u i d r i n g
interferometer that would be sensitive to gravitational *aves'

Unfortunately, such weak links do not yet exist' Schrader (1984) and

independently Anandan (1985, 1985) have su-egested a gravity-wave

detectorbasedonthedirectinteractionbetrv.eenthegravitalionalrvaveand
themagneticfieldinsuperconductingsolenoids,withtheresuitingcuFent
change monitored bY a SQUID'

9-5.5 Low-freque'lcy detectors (10-10-t Ht)

As one goes to lower and lower frequencies it becomes harder and harder to
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isolare a gravity-wave detector in an earth-boudd laboratory from seismic

and acoustic vibrations and from fluctuating gravity gradients due to

people, animals. trucks. etc. Ultimatell '- some*'here around 10 Hz. isolation

will become impossibll, 'difficult (se:. e.g., Saulson, 19841. Thus, to operate in

the .low-frequency region' 10Hz>f7i0-5Hz will require pritting

detectors in space, or using normal modes of the earth or the sun as the

detectors.
A number of space-borne or earth- or sun-normal-mode detectors have

been conceived offor operarion at lorv frequencies; and several have been

constructed and have produced interesiing limits on cosmic gravitational

waves. In this section I shall describe these briefly-

(a) Doppler tracking of spacecrafr

At periods between a few minutes and a few hours the best present gravity

wave detector is the doppler tracking of spacecraft. .
In doppler tracking a highly stable clock on earth ('master oscillator') is

used to control the frequency of a monochromatic radio wave, which is

transmittEd from earth to the spacecraft- This 'uplink' radio wave is received

by the spacecraft and 'transpondeC'back to the earth; i.e- the uplink wave is

used by the spacecraft to control, in a phase-coherent rvay, the frequency of

the 'downlink' radio wave that it transmits back to earth. lVhen the down

link radio rvave is received at earth, its frequency is compared with that of

the master oscillator; and from that comparison a doppler shift is read out-

When gravitational radiation slveeps through the solar system - most

interestingly with a reduced rvavelength of order the earth-spacecraft

distance so it must be analyzed bl fi rnethods - it peiturbs the earth, the

spacecraft, and the propagating radio wave. The net result is to produce

fluctuations in the measured doppler shift with magnitude fu/v-hf;. Fach

feature in the gravitational waveforrn ftf;(r) shows up three times in the

doppler shift, in a manner that can be r:garded as due to interaction of the

radio wave with the gravity rvat e at the events of emission from earth,

transponding by spacecraft, and reception at earth (Estabrook and

Wahlquist, 1975). This triplet structure can be used to help distinguish the

effects of the gravitational rvave from noise in the doppler data.

The use of doppler data for -srar-itv-rtave searches rvas first proposed by

Bra-einsky' and Gertsenshtein (196:). and rvas first pursu:d rvith preexisting

data by Anderson ( 1971). The respc;rse oidoppler tracking to a graviiy rvave

was worked out by Davies (L974) for special cases and by Fstabrook and

Wahlquist (1975) for the general case. Experimental feasibility and noise
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thresholds n'ere first discussed b-v- wahlquist et al. (lg7j). Experimenral
results have been obtained rvith the Viking spacecraft (Armstron,e er ril.,
1979),the Voyager spacecraft (Hellings er ul..l9|l). pioneer l0 (Anclerson
et al-,1984), and Pioneer 1l (Armsrrong er al.. 1987). A future experiment
will entail coordinated obsen'ations with the Galileo and Ulysses spacecrafr
(Estabrook, 1987).

In all past experiments the most serious noise source rvas fluctuations jn
the interplanetary plasma (solar wind), which cause fluctuarions in the
dispersion of the radio waves and thence llucruations in the doppier shift.
These fluctuations have limited the sensitivity'under optimal circumsrances
to UShf)]i-J y 19-ta in the band l0-a HzSfStO-r gz Fortunarely,
dispersion in an ionized plasma becomes less serious rvhen one moves to
higher radio-wave frequencies - a move that is also desired to produce
higher bit rates for inforrnation transfer between rhe spacecraft and earth.
Some future spacecraft, including the Galileo mission, rvill use X-band radio
signals (10 GHz frequency) on both the uprink and the downlink, ?arher
than s-band QGuzl up and X-band do*'n as in rhe past; and
correspondingly their gravity-wave sensitiviries should improve to
[/Sr(t]]-3x l0-rs. In facr, on such spacecraft the ionized-plasma
dispersion will be sufiiciently lorv that fluctuario.ns in dispersion due to rvater
!?por in the earth's atmosphere may become the most serious noise source
(Armstrong and sramek, 1982). plans for monitoring tbe rvarer vapor as a
means of reducin-g this noise are being developed (Resch et al., l9g4). in the
more distant future, doppler tracking may be improved by using dual-
frequency X-band/K-band (30 GHz) tracking ro reduce and monitor rhe
ionized plasma dispersion. b.v- installing a highl;- stable clock on board the
spacecraft (smarr et a!-, 1983) and/or by moving the earth-based antenna
into earth orbit. These irnprovements mighr ultimately produce [fS^(f )]i as
low as l0-17 (Btabrook, I9B7).

Figs. 9.4, 9.6 and 9.7 show the sensitivities ft.. )., corresponding to these
noise levels (equations (34), (5Za) and (67) w.ith Arf :/).

At frequencies /-3Hz,far above the regime 10-:-10-4Hz of norrnal
doppler tracking, but below the re_gime of earth-based detecrors, one might
hope to use doppler tracking of spacecraft in earth orbit (distances
-c/af-25000km). The best such spacecrafr are those of the Gtobal
Positioning system (GPS). unfortunatell-, e..,en with the best projected
improvements of the GPS rve cannor anricipate [JsrLf)], better rhan
- 10-14 corresponding to a burst sensitivity fr j r.,- 10-t3; see Fig. 9.4 and
see Hansen, Chiu and Chao (i9S6) for a derailed srudv.

G rudt u t i ottu I rutl iu t i <trt
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(b) Beam deteuors in space

Several conceptual designs for optical beam detectors in sPace were

suggested by weiss er ul. (1976) and are discussed in weiss (1979). More

recently Faller and Bender (I98lr, Bender et al' (1984) and Faller et aI'

( l9s5) have been carrying our a derailed design and feasibility study for such

detectors; and it is possible they will fly sometime around the turn of the

century. As now conceived (Faller er al-, 1985), such a detector might consist

of three 'dra*q-free' satellites, one at the corner and trvo at the ends of an L'

The satellites might be in the same solar orbit as the earth-moon system, but

far from the earth and moon; and their arm Iength might b'.1- I million

km- Each satellite might carry its own 100 mw laser, with the end lasers

phase locked to the light that arrives from the conrer ]aser. With 50 cm

di"rn.t", telescopes on each sateliite to focus the laser beams, this could

result in a one-pass (B:1) Michelson interferometer system with shot-

noise-limited sensitiviiy [sr(-f)]l= t9-zo gt-1 over the range l0-r Hz]

f ;-I0-4H2. Above tb- t Hz the sensitivity would be degraded

b"oor" of too-long an ann length {L> Z)' Below L}-a Hz stochastic non-

gravitational forces might degrade the sensitivity- This projected sensitivity

translates into the "*plitud.l"vels h3^, (equations (34),{52a) and (67) with

Lf : f) shown in Figs. 9.4, 9 -6 and 9 -7 -

(c) Earth's normal modes

Forward et aI- (1961) and weber (Ig67j pioneered the use of the earth's

quadrupolar n ormai modes as'resonant-bar' -eravity-wave detectors' M ore

recently Boughn and Kuhn (1984) have given a careful forrnulation of the

method for inferring, from earth-normal-mode observations,limits on any

stochastic gravitational rvaves thai n:ight be exciting the earth' Using their

method on data from the IDA sei-r:'nic netrvork, Boughn and Kuhn (1987)

have derived a slightly stronger limit on stochastic back-eround than the

early Weber (1967) limit: rhey find Q61i'(/)S 1 at f--A3l mHz (Fig' 9'7)'

They expect, furrher, that a larger amount of data may permit this limit to be

lowered to Q6*u'S0.i.

(d) Sun's normal modes

v/algate (1983) stimulated people to think about the sun's quadrupoiar

normal modes as gravity-rvave detectors, when he speculated (falsely; see,

e.g., Kuhn and Bcugh, 1984, ancl .{nderson et aI-, 1984) that an observ:d

mode was being excited by monochromatic gravitational rvaves from the

binary star Geminga.
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Boughn and Kuhn (1984) have carried out a detailed analysis of the
gravity-rvave implications of obsened solar pulsations. From the data of
Isaac (l95l) on low-order p- and g-modds thel'find Qor*.(/)S 100 ar f=
3 x I0-a FIz; and they argue that better observational dan ma1' produce
orders of magnitude improvement, bringing Qct"(f) rvell belorv unity.

(e) Yibretions of blocks of the earth's crust

Braginsky et aI- (1985) have recently pointed out that blocks of the earth's
crust with sizes 50 km S L 5 70 km could function as resonant-bar detectors
for waves of frequency f -0.03 Hz. They propose monitoring such a block
with an array of seismic stations and cross-correlatin-q the data to pull out
the seismic motions associated with the block's quadrupolar modes. Their
calculations suggest a possible sensitivity Lfstnl!-zx 10- r7

corresponding to hr$-2x 10-16 for bursts. 
o

. ({) Skyhook

Braginsky and Thorne (1985) have suggested an earth-orbiting 'skyhook'

gravity-wave detector that would operate in the 0-14.01Hz region rvith
sensitivity USr(,0]l - g x l0 

- r ?, which is much better than present or near-
future doppler tracking and roughly comparable to that hoped for from
blocks of the earth's crust (see Figs. 9.4, 9.6 and 9.7). The skyhook would
consist of two masses, one on each end of a long thin cable rvith a sprin_e at its
center. As it orbits the earth, the cable rvould be stretched radially by the
earth's tidal gravitational field. Gravitational rvaves would pull the masses
apart and push them to-sether in an oscillatory fashion; their motion would
be transmjtted to the spring by the cable; and a sensor rvould nronitor the
spring's resulting motion.

If it ever flies, the skyhook's role will be ro provide, rvith a simple and
inexpensive device, a moderate-sensitivity coverage of the 0.1-O.01Hz
region during the epoch before far more sensitive beam detectors are b'uilt
and installed in space.

9.5.6 Very-low-frequency detectors (frequencies below 10-s Hz)

At frequencies beiow about i0 
- 5 Hz the onl1' sourc3s of gravitational lvaves

are probably stochastic background frorn the early universe (Sections
9.4-3(d,e$); and the best detectors invoh'e use of distant astronomical
'bodies.
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(a) Pulsar riming

Remarkably good limits on veryJow-frequency gravitational waves have

come from the timing of pulsars ffaylor, 1987). The basic idea for pulsar

timing as a gravity-rvave detector (Sazhin, 1978; Detrveiier, 1979) is this: the

rotation of the pulsar's underlying neutroD star is a highly stable clock, and

pulsar timing compares that clock's ticking rate r*'ith the ticking of the very

best atomic clocks in earth-bound labcratories- When gravity waves sweep

over the pulsar, they atfect the ticking rate of the pulsar's clock relative to

clocks etsewhere in the universe, including earth; and those effects show up

as fluctuationi in the pulsar timing data- Similarly, whe,n gravity waves

sweep over the earth, they afiect the ticking rates of all our clocks relative to

those elsewhere in the universe; and those effects show up in pulsar timing.

To the extent, then, that the pulsar timing data arc free of fluctuations, one

can infer that gravity waves of a given strength are not sweeping over either

the pulsar or the earth. (See Blandford, Narayan and Romani, 1984, for a

discussion of how to extract the gravity-wave informarion from the timing

data and the pitfails one encounters in doing so.) If liuctuations are seen in

the timing data and are actualiy due to gravity waves sweeping over the

pulsar, we probably will never be able to confirm that the source is gravity

waves rather than lluctuations in.the neutron star's rotation. Horvever, if

fluctuations are seen and are due tO gravity waves sweeping over the earth,

we might be able to learn their cause and stud;"' the ryaves' direction of

propagation, polarization and rvave form by sirnultaneously timing several

pulsars on different parts of the sk1'.

In response to theSazhin-Detweileridea, Hellings and Downs (1983) and

Romani and Taylor (1983) used timing data on four especially quiet pulsars

(which Downs and Reichley (1983) had tracked for over a decade w'ith the

Goldstone antenna of NASA's deep space tracking network) to place a

limit Oo*(/)S 1x t0-s17i0-8 Hz)a (907" confidence) on ary stochastic

background in the frequency range 4x 10-eS,fS l0-t Hz; Bertotti, Carr

and Rees (1983) used data from Helfand et al. (1980) to obtain a similar

limit.
Intrinsic noise in all the pulsars used in these analyses would have made it

difijcult to improve on these limits at frxed frequencl'(though, by further

observations the region covered could have been extended to iower

frequencies; the lowest being oi orde: li(total time since the measurements

began)). Fortunately, rvhile these anaiy'ses rvere in proces-s, they were Put out

of business by the discovery (Backer et aI., L982) of a puisar far quierer than

any previously known: the millisecond pulsar PSR 1937+21. From three
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years of 1937 +2ltiming data taken with the Arecibo radio telescope' Davis

et at. (1985) and Taylor (19871have norv placed the limit

/  r  \ 4
oa*Lf)( t " t0-t(10+Hr) for f ?f^;n: l0-E Hz (r27)

on an]' isotropic stochastic background: see Fig' 9'7'

This levet of sensitivity is so good that funher Progress at fixed frequency

is limited by the long-term frequency stability of the world's best atomic

clocks. Thus, unless clocks improve, we can expect the coeflicient in (127) to

improve at best as r-1, while the lower frequeocy limit fi;o decreases as t- r

producing Ac*Lf",r,) e.t-s (with r:0 in 1982)- Ultimately, when clocks

have improved by one or two orders of rnagnitude, noise due.to interstellar

scintillation may become a problern (Armstrong, 1984).

Recently two other quiet, fast pulsars PSR 1855 +09 and PSR 1953 + 29

have been discovered (Segelstein et a1.,1986). Together with PSR1937 +21

and others that we can hope for, they may one day form a network for

gravitational-wave searches and observaiions. Such a netwgrk rvould

alleviate probiems with interstetlar scintillations and atomic clock

fluctuations.

b) The timing of orbital motions

A gravitational wave with period long compared to observation times will

produce a gradual secular change in the relative ticking rates of clocks in and

tut of the wave: cblat-(f /2nJh,where / is the gravity-rvave frequency,lz is

its amplitude, and 6 is the ticking rate of the clock in the rvave as monitored

Uy any clock that is outside of the wave. For stochastic rvaves this gives

6f a - [Oc*Lfl]t( 101 o yr) - t. Because the physicai torques on pulsars are so

1*ge arbl;>(tOloyr)-l), pulsars cannot be useful in searches for waves

with periods longer than the observatioa time. However (Mashhoon, Catr

and Hu, ig3 f ; genotti, Carr and Rees, 1983), the orbit of the binary pulsar is

sucb a good clock, with such a well-understood slow down, that it can be

beat against earth-based clocks to give interesting limits on waves w'ith

frequeicies 10-8 HzSlS 10-t, Hz. CIhe low-frequency limit, 10-r3 Hz,

corresponds tci waves with I of order the disrance between the earth and the

pulsar.) The most recent observational data from weisberg and Taylor

(1984) give the limit
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Orbital rnotions are also useful as detectors of waves u,ith frequencies / of
order the orbital frequency. The orbiring bodies respond ro such *zyes in
the same manner as does a resonanr-bar detector. (Aiter ail, the orbit is, in a
sense, nothing but a two-dimensionar osciilaror.) The idea of usin_e a runar
or planeary or binary-star orbit in this rvay as a sravity-wave detector has
been proposed or discussed b1' Braginsky and Gertsenshte in (1967),

l:d:tton 
(197l), Bertotti (1973), Rudenko (1975) and many orhers.

Mashhoon, carr and Hu (r9gl) argue rhar viking dopprer data on the
relative orbits of Jvlars and Earrh prace a rimiioo*i,f)s0.I ar f=3 x I0- 8 Hz (period of one year), and rtat raser ranging a"r" on the moon,s
orbit - which now give Ac*(fl.;l0 _ have the potential in some years ro
give Qo*f)-<0-l ar f -3 x r0-7 Hz (period of one monrh).
(c) Anisotropies tn the temperature of the cosmic microw.aoe radiation
Large-scale (quadrupotar) anisotropies in the cosmic micro*ave radiation
would beproduced by gravitational ruves in the vjcinity of the earth today(sachs and wotfe, 1967; Dautcourt, 1969). present obsenarionar limits on
such anisotropies imply Q61y( fls to-611sx 10-t8 Hz)z for any f, even
,fS i/(Hubbie time) (Grishchuk and Ze|dovich, tj|lq. Smalr-scare
anisotropies (angurar scares of order 5 degrees) wourd have been produced
by gravitational waves during the epoch of plasma recombination, when the
microwave radiation we now see last interacted with matter_ The iimit from
these is remarkably good: ecr*Lf) s r0- r 3 in a narrow frequency window at
f=10-toHz (carr, 1980; ze|d,ovich and Novikov, t9g3; starobinsky,
1985); but this limit is much less firrril'based than others. It presumes *e
understand thoroughly the propagatioa of the cosmic microwave radiation
during recombination and from the epoch of recombination to the present.
Note: this limit does not constrain \,r,aves from cosmic strings or any other
source that emitted most of its lvaves larer than the epoch of iecombination;
see Traschen, Turok and Brandenberger (rggd) foritre effects of strings on
the microwave anisotropy.

(d) Other astonomical obsercations
In addition to the timing of pursars and of orbitar motions, and microwave
anisotropies, severar other astronomicar observations can be used as probes
of low-frequency gravitadonar uaves: (i) the obserred pelocities of garaxies
and clusters of galaxies,i-e- de'iations from the Hubble flow (Rees, r971;
Burke, 1975; Dautcg:rr ,  1977).  Thes: give ecrui . , r)S ( f , ,3xl0-r7)? for
10-11 Hz5fS 10-'s Hz (carr, i9g0). (ii) pecuttiarittes rn primordiar
rutcleosynthesfs, produced by the influence of gravitationar wave energ]- onthe expansion rate of the universe dunng nucreosr.nthesis (the .first three
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minures') (schvartzman, 1969). These produce a limit oco'{,f)510-' at

./.-Io-roHz, which is not fully firmly based because it presumes \re

it orougi,ty understand conditions in the first ferv minutes of the uniterse'

Nore that this limit is irrelevant for $'aves er:ritted since the epoch of

nucleosynthesis.
FOr detailed reviews and references on these and other 'astronOmical

detecrors' of gravity n'aves, see Dautcou rt (1914),Chapter 17 of Zel'dovich

and Novikov (1983), and Section 4 of Car (1980)'

9.6 Conclusion

As I look back over this review of gravitational rvaves, I am struck by the

enorrnous changes in our theoretical understanding - or at least in

theoretical fashion -that have occurred over the past 5, l0 and 15 years; and

I am impressed even more by the progress that experimenters have made in

the quest to invent, design and build detectors of erer greatel sen-silvity'

Thai the quest ultimately will succeed seems almost assured. The onll'

question is when, and with how much further effort. Five years a-so Jerr-v

Ostriker and I made a bet, to wit:

lYhereas both Jereminh P. Ostriker and Kfp S. Tlzorne belieue tlrut

Einstein's equations are Palid

And both are conuinced that these equations pretlict tlze existence of

gradtational waves

And both are confident that Nature vill protide v'hat physical [aw'

preCicts

And both haue faith that scientisrs can ultinzately obserre whatel:er

Narure does supplY

NecerthelesS,they differ onthe likel-v strengths of natural so!{rces and ott

the probability of a near-future and rcrifiable deteaion'

Thereforetheyagreetowageronecaseofgoodredwine(JPotosupply
F r m c h w i n e , K s T t o s u p p l y C a l i f o r n i a ) o n t h e d e t e c t i o n o f
extraterrestrial grauitational waves before the next M illenniwn (J anuary

1'2000).KsTMnsthewagerifatleasttwoexperimentalgroupsobsert,e
phmomenawhtchtheyagreearegrauitationalwaues.Ifnot'JPowins.

Signed and olJiciallY sealed

r/ris sil.-rh day o.f l/a-r' 1981

Jeremiulz P. Ostiker

. KiP S' Thorne

I expect to win - but I won't guarantee ii '

[:
!t
, i

t:

:
t:
il

I

!,
I
t'
t,
I

i

f
lli
f,

F

fi
I
I

;:

i

l



Acknowledgments

For helpful commenti on the manuscript of this chaprer I thank Thibault
Damour, Ron Drever, John Armstrong, Peter Bender, Jiii Bicak, David
Blair, Roger Biandford, Herman Bondi, Carlton Caves, Frank Estabrook,
Charles Evans, Sam Finn, Craig Hogan, Jim Hough, Ed Leaver, Brian
Meers, Roger Romani, David Schoemaker, Dan Stinebring, and Kimio
Tsubono.

References

Abbott, L. and Wise, M. (1984)- NuclearP&1sics g,244, !Al.
Alpar, M. A. and Pines, D. (1985). Nature,314,3y-
Amaldi, E. and Pizella, G. (1979). ln Relativitl., Quanra, atd. Cosmology in rhe

Da.elowent of the Scientific Thoughr of Einstein, Volume 1, 9.
Analdi, E., Coccia, E., Cosmelli, C., Ogawa, Y., Pizzelia, G., Rapagnani, p., Ricci, F.,

Bonifazi, P., Castellano, M. G., Vannaroni, G., Bronzoni, F-. Carelli, p., Foglietti, V-,
Cavallari, G., Habel, R., Modena, I. and Patlorrioo, G. V- (1994). JI i*uot:o Cimento,
7C, 339.

Anandan, J. (1981). Physical Reuio^ Letrers,47,463.
Aoandan, J. (1985)- Physics Letters, f05A,280.
Anandan,J. (1985)- In Ruffini, ed. (1985).
Anandan, J- and Chiao, R. Y. (1982). General Relativity and, Gradtation, 14, 515.
Anderson, A. J. (1971). Nature,229,547-
Anderson, J. D., Arnstrong, J. 1V., Esrabrook, F. B., Hellings, R. W-, Lau', E. K. and

Wahlquist, H. D. (1984)- Nature,30& 158.
Anderson, J. L. and Hobill, D. $;. (f986). ln Dynamical Spacetimes and. Stnzerical

Relativitl'- ed. J. M. Centrella, p. 389. Cambridge Unisersity Press.
Anderson, J. L-, Kates, R. E., Kegeles, L. S. and l\ladonna, R. G- (t9S2). plzl.sical

Reuiat D,2i 2038.
Armstrong, J. W. (1984). Nature. W, 52i.
Armstrong, J. W., Esrabrook, F. B. and lVahlquisr, H. D. (198?). lsrrorrl:,nsical Joumal

(in press).
Armstrong. J. W. and Sramek, R- A. (1982). Ratlio Science, 17, liig.
Armstrong, J. w., woo, R. and Btabrook, F. B. {1979). Astroph':sical Journal,23a, s7o.
Ashtekar, A. (1983). In Denrelle and Piran, eds. (1983), p. 421.
Asbtekar, A. (1984). ln General Relativity and Gradtation, ed. B. Bertotti et al., p. 37.

Reidel: Dordrecht.
Backer, D. C., Kulkarni, S. R-, Heilis, C., Davis, j\.1. M. and Gros, W. \f . (1982).

Nature,300, 615.
Bagaev, S. N., Chebotaev, V. P., Dychkov, A. S. and Golciort, \'. G. (l9Si). Appiied

Plrlsics, 2i 161.
Bardeen,J. M. and Press, lV. H. (1973). Journa! of ltlathematical physics,14,7.
Bardeen, J. M. and Piran, T. (1983)- P/r-rsics Reports,96,:05.
Begelrnan, M. C., Blandford, R. D. and Rees. M. -I. (1980i. Naturt.287, 307.
Bendsr, P. L.. Falier, J. E., I{a11. J. L., tlils, D. and Vincenr, M. .{. (1984j. Absrracr for

F ifth I nt ernat iorui La ser Ra ng ing I n st nt n en i a t i o n l4/o r k sh o p ; H erstmonceaux, I 0-14
September, 1984.



G r ut: i t a ti oti.ul ra d i n t i on
t  t qt+.+1

eoulirn, S. P. and Kuhn, J. R. (le^8]]' P."p:t: Tt?3t":t-":
ffiil:i. i,.. i,-,r#;,;.'i;.. ctd;rd.'R p., Hoire;rhorsr. J. N., N,tapores. E. R-.

D  -  / l o Q t l  l c t s a a h t

ir-.ill". n.;.,;;;J;"", p. F.. paik. H. J. and raber. R. c. (tes2). Asrrophl''ricat

IJcntl:rr.. l. S. {195s}. Prirtc' iplcs tnul "lpplicttt io'ts ( 'f Rt:ndQm 5t2;;3 7/1c'11r1 ' Wile!':

\c.5 \ ' trfk.

IJcrrtrrri- B. { l97l}. Astrophl'sit'ul Letters' t1-5 I 
- -

f r " r , " r i ' ; . B . . C a r r - B . J ' a n d ' R e e s ' M ' i ' ( t 9 8 3 ) ' M o n t h t ; ' J o r f c e s o f t h e R o y t !
-l s1 rt nrttrtic d I Socrcr.r'- 20\ 915'

Bcrhc. Fl. t1936t. ln nioniign$-in lvlodern ,4'srroph-r'slcs' eds' S' L' Shapiro and S' A'

Tcukolsk;-. P. 45. \\tiieY: New York'

si.i 
j. (tisi). rro.""aings of the Ro.val Society of lanilon A'302'201'-

Bicak.J.(1985).InGalaxi-es,r4xisymmaricS;'srerns'andRelati t i t ;- 'ed'M'A'H'
lUacCatlum. Cambridge University Press'

Biek. J.. Hoenselaers. c. and Schmidr, B. G. (1983). Proceedings of the Ro-r'al societ-r'

of London.4,39O'4l l '
Blair. D. (t982). Phlsr'cs Letters A,91, 197 '

il;;;.;. b. triarl.-rn Deruelle and Piran (les3)' p' 33e'
Blanchet, L. (198?a). rro"i;ng' of the Ro'val Soiety of London A' 409' 383'

Blanchet, L- (1987b). Paper in prcparadon'

Blancher, L. and Damour, T' (1984)' P/r.rsics Letters' tO{A' 62'

Blanchet, L. and Damour, T. (19g6). philosophical rrarsactions of the Rolal socisr-r' (in

press).
Blandford, g. gt. (19?9). In Smarr, ed' (1979)' p' t9l'

Biandford, R- D- (1934)- Private communication'

Brandford, R. D., Narayan, R. and Romani, R. w. (r9g4). Journal of Astrophlsics arul

' 
Astronotny,5' 369-

tslandford, R. D. and Thorne' K. S' (19?9). |n General Relaticit.v: An Einxein Cantenary
-- 

S*rrr-,eds. S. W- Hawking and W' Israel' Cambridge University Press'

Btinnikov, S. I., Novikov.l- i', pt"todchikova' T' V' ani Polnarev' A' G' (1984)'

Sodet AstronomY Letters, l0' 177'

Bocko. IvI. F. and Johnson, W' W' (tSS*)' P/r-rsical Reriar '{' 30' 2ti-i'

Bond.J .R 'andCar r '8 .J . ( !984) . t . Ion th ly . \o ' i ce . (o f i l teRova lAs t ronomica lSoc ie t l , '
207. 585.

Bondi, H. (195?). t \ar lre, l79, 1072'

Bondi, H. (1950). Nature' 186' Sf's'

Bond i 'H . ,P i ran i ,F .A .E.andRob inson. l . (1959} .Proceed ingsof theRo.va !Soc ie t l .o f
Lottt ion A.251,519-

Bondi. H., san der Burg. N{. G. J. and N,tctzner. A. \\. K. (|962). Proceetlings oJ the

Ro.ral Societl' of London A,269.21'

Boonor'w.B.(1959).PhilosophicalTransactionsoftheRoya|Socier; ' .of l-ondonA'25| '

tJ"?, *. J. aod Haugan, M. P' (1981)' /srroplr-rsics aad Space Space Science' 7& 20-'

Bontz, R. J. and Price, R. H' (1979)' Asrrophysical Journal' 228' 560'

Borde. C. J., Sharma, J'. Tourrenc. P' and Damour' T' (1983)' Journal ile Physique-

Lettres,4, L983.
Bou*ehn, S. p. ana Kuhn, J- R. (1984)' Asrrophlsical Journal'286' 387'

Hffi
il$
IH
$li
ili
u  ! 1
! : l '

! i i

!i I
tr I
i t i
iit

t l
I t
r '
t.

l
F

t.
!:
ii
I
f :
[:
[:
t:
li
t:
|:.
tf

ii
ii

I
I
lr

Journu! .261,  L19.

Braginsky, V- B. (i965)- tispekhi Fi--icAesliililr Far*' 86' 433'

S*ii"tky, r'. f. iUA:t- In Deruetle and Pirsn (1981)' p' 387'

Braginsky, v. B. and Gerrseishrein, i\.1. E. (lg5?). soriar PJr-rsics - JETP lerrers. 5. ls?'

iiit:'l:';sti-i:!.,I'r:J;$



449 - 
K. S. Th'orn/

Braginsky, V. B. and Grishchuk. L. P. (t9S5). Zhurnal Eksperimentalnoi i Teoreticheskoi
Fiziki,89, ?44. English translarioD: Soricr pi-tsics - JET?,6\ 427.

Braginsky, \'. B. and Menskii, IU. B. il9? l ). Sitier PhSsics - JET7 Letters, 13, 4l7.
Braginsky, V. B- and Nazarenko, V. S. (t9?l). ln prcceetlbrys ctf the Conference on

Experintenta! Tests oJ Grutitutionul Theories, Noz-ember Il-13, 1970. Caldornia
Institute of Technologl'. ed. R. w. Da'ies. Jer propulsion Laboraroiy Tcchnical
M emorandum, 33-499 : pasadena. Califomia.

Braginsky. V. B., Grishchuk, L. p.. Doroshkerich, A. G.. Zet'dovich, ya. 8., Novikov,
I. D. and Sazhin. M. V. (1973). Sorfsr pri.rsics -JETp.3g, g65.

Braginsky, V.8., Gusev, A. V., Ir,litrofanor. V. P.. Rudenko, \r. N. and yakimov, V. N-
(1985). Uspekhi Fi=icheskikh Nauk, t47, 1D.-

Braginsk.v, V. B-, Mirrofanov, lf. p. and panor'. V. I. {1985). S-lsrazs with Snall
Dissipation. Universiry of Chicago press: Chicago.

Braginsky, V. B. and Thorne, K. S. (1985). Nature,3l6, 610.
Braginsky, V. B. and Thorne, K. S. (198?). liarure (in press).
Braginsky, V. B. and Voronrsov, Yu. I. (197a)- Sooiet physics-tispekhi, 17, ffi.
Braginsky, V. B-, Vorontsov, Yu. I. and Khalili, F. ya. (197g). Sovia physics - JET7

I*tters,27, 276-
Braginsky, V. 8., Vorontsov, yu. I. and Thorne, K. S. (1930). Science,ZOg, y7.
BriU, D. R. and Hartle, J. B. (1964). pi-rs- Reu. B, t39-Z7t-
Brillet, A. (1985). Arnalx d.e physique, lO,21.g-
Brillet, A. and Meers, B. (198?). paper in prepararion.
Brillet, A. and Tourreac, P- (1983). In Deruelle and piran (1983).
Burke, W. L- (1969). Unpublished ph.D. rhesis. Calrecb.
Burke, W. L. (1975). Asrrophysical Journal,196,329.
Burke, w. L. (1979)- rn Isolatetl Gra$tating slsrelrs in Gmera! Relafirit1,, ed. J. Ehlers,

p. 220. North Holland: Amsrerdam.
Carr, B. J. (1980). Astonomt' and Asrrophi.sics, 89, d.
carr' B- J. (1985)- rn Inner spuceiouter Space, ed,. E. w. Kolb, university of chicago

Press: Chica_eo.
Caner, B. and Quinrana,H. (1977). phl.sicul Retiev, D.16, 292g.
Caves, C. M. (1978). Prirare communjcarion.
Caves, C. M. (1979). Pi.rsjcs Lerters,8OB, j23.
Caves, C. M. (1980). P&-rsica/ Retiew Letters,45, 75.
Caves, C. M. (1981). Pl.rsica/ Rerierr.D. 23, 1693.
Caves, C. M. (1932). Physical Reciex. D,26, 1817.
caves,-c- M- (1983). Fotudations of Quanturn !\Ieclanics, ed. S. Kamefuchi et al-,p. I95-

Physical Sociery ofJapan: Tokyo.
Caves, C- M. (1985). Physical Reciew D,33, 1643.
Caves, C. M. (1987a). Physical Reaiew D,35, 18t5.
caves, c- N. (I987b). ln Quantunz Measurement and. chaos, ed. E. R. pike. plenum: Ne*

York.
Caves. C. M. (1987c). Paper in preparatioa.
caves' C' M., Thome, K. s., Drever, R. lv. p-, Sandberg, v. D. and Zimmermann. M.

(1980). Reuiaus of Modern p/r-rsrcs, 52.341.
chandrasekhar, S. (1950). Radiative Transfer. oxford universir-y press: London:
Chandrasekhar, S. (1970). Pft-rsrcai Rer.iev.s Leirers. 2.1. 6l i.
chandrasekhar. S. (197i). Proceedings of ti:e Rotul sociar.r. of Lontion,{,3t3,2s9.
Chandrasekhar, S. (1983). The Mathematical Titeory of Black Jioles. O.rford Universiry

Press: Oxford.



:=
ri.
Fr
+"
3

E

- :

i,,

ir'

Fi'
)a
F.r:
*:

Fv
*-.-
e "

*
&{

a

i

!:: -
a. '

*..
&
l
i.
:.

.:
?i.

;

:
i.
a

4,.
I

F._

{
I
a '

(

i.

E

)tj

tt

x

L..
t
n

€
/

Grarit a t io nrt I rud ia t ion

(-handrasckhar. S. and Dd$'citer. S. L. ( I975). Proceetlings oJ the Rot.l Sacieil t|f

Ltnulon. ?+1, 441.

Chandrasekhar. S. and Dr.r\rciler. S. L. (1976). Proceedings oJ the Royul Society ql'

lnntlon l. 350' 165.

Chandrasekhar. S. and Esposito, F. ?. (1970). Astrophi'sical Jourral, 160' 153.

Chandiarsekhar. S. and Friedman, J. L- (19721- Astrctphysical Journa!- 176'i15.

chandrasekhar, s. and Friedrnan, J. L. (1973). Astrophysical J ournc!, I 81, 48 l.

Chandrasekhar, S. and Xanthopoulos, B. C. (1986). Proceeding1s of the Ro1.:al Society of

London,408, 175-

Chiao, R. Y. (1982). Physical Reaier B,2i 1655-

Chrisrodoulou, D. and Schmidr, B. G. (1979)- Commun. LIarh. Phys-' 6& 275.

Chrzanowski, P. L- (1975). Physical Raiew D, 11,2042-

Clark, J. P- A., van den lleuvel, E. P. J. and Sutantyo. W- (1979). Astonomy antl

Astrophl'sbs,7\ 120.

Clark, J. P. A. and Eardtey, D. M. (1977). Asrrophysical Journal' 2l5' 315.

Cohen, J- M. and Kegeles, L. S. (1975). Plrysics Lerrers,s4-f 5-

Cole, J. D. (t96S). Perturbation Methods in Applied lvlathenatics. Blaisdell: Waltham,

Mass-
Crowley, R. J. and Thorne, K. S. (1977). Astroph-vsical Journal.2l5,521-

cunningbam, c- T., Price, R. H- and Moncrief, v. (1979). Asrroph-vsical Journal.23!r.

870.
Cutler, C. and Lindblom, L. (1987). Astrophysical Journal (in Press).
Cyraaski, J. F- and Lubkin, E. (197at. Annals of Plr.rsrcs, 87' 20-i-

Damour, T. (1983). Ia Deruetle and Piran (1983). p- 59.

Damour, T. (1936). ln Proceedings of tlze Fourth Marcel Grossnan Meeting on the

Recmt Deuelopments of Gazeral Relatbir-v-,ed. R. Ruflini. Nonh Holland: Amsterdam

Damour, T. (1987). ln Graaitation in Astrophl'sics, eds. B- Carter and J. B- Hartle'

Plenum: New York.
Damour, T. and Denrelle, N. (1986). Annales Instittct I!enri Poincart (Ph1'sique

Thiorique),4,263.
Dautcourt, G. (1959). Monrhly Norices of the Royal .Asrronomtcal Societl', I4{,255.

Dautcoun, G. (1974). ln Confrontation of Cowttlogicu! Theories r:trh Obsertattoral

Data.Proc*dings of IAU Symposium 53, ed- iVI. S. Lon-eair, p- 399- Reidel:

Dordrecht.
Dautcoun, G. (1977). Asrronomische Nachrichten,298, 81.

Davies, R. W. (1974). ln Colloque ll,1aernotionuttx C.fRS I'o. 22A.'Ondes er Radiutions

Graaitationelles'- Institut Henri Poincar6: Paris, p. 33.

Davis, Ir{. M., Taytor, J. H-, Weisberg, J. Ir{. and Backer, D. C. (1985). A'ature.3l5,
y7.

De Logi. W- K. and Kovacs, S- J. (1977). Physical Rerien' D,16'2331-

Deruelte, N. and Piran, T. (1983). Grauiradonal Radiadon. North Holland: Amsterdam.

de Sabbata, V. and Weber, J- eds. (19771. Topics in Theoretica! anti Experimmtul

Grauitution Pfi ;sics. Plenum : London.
Derweiler, S- L. (1975). Astrophy'sicol Journal,l9T' 20i'

Detweiler, S- L. (t977)- Proceedings of rhe Roval Society of London l' 351. 381-

Detweiler, S. L. (1978). Astrophysical Journal,225,687.
Detre'ei lcr.  S. L. (1979). Astro?h)'sicul Jounral.2-11. 11C0.
Dctweiler, S. L. (1980). Astrophl'sical Journa!.239' 292.

Detweiter, S. L. and lpser, J. R. (1973). Astrophysical Journa!,185.585.
Detweiler, S. L. and Lindblom, L. (1985). Astrophl'sical Journal'292' 12-



- 
450 K. S. Thorne

Detweiler. S. L. and Szedenirs. E. (lg7g). Astroplivsical Jouinal.23l,Zil.
DeWirr, B. S. (1967a). phys. Ret.., t60, i l l j .
DeWirr, B. S. (1967r). pi_rs. Rer.. 162.1239.
Douglass, D. H. and Braginsky. v. B. il9791. ln General Relatiz-itv- an Einstein
_centenury Sur'e-u, eds. S. rv. Harvking anc \\'. israer. carnbridle Universiry press.
Downs, G- s. and Reichley. p. e. irsa:i. Astrophvsica! Journar suppremenr series,53,

169.
. Drever, 

l.y.P- (1977)-euarterll.Journal oJ the Roya! Astr6r26alga1 Society,lg,9.
Drever, 

l. W. P. (1983)- In Deruelte and piran (19g3). p. 321.
Drever, R. W. P., Hough, J., Edelsrein, W., pugh, -t. R. ana jUanin, W. (1971). In

GT.qxita:ione sperimeatate,ed- B. Benorri, p. 365. Accademia xaz:onate dei Lincei:
Rome-

Drever, R. W- P-, Ford, G- lv{-, Hough, J., Kerr, I., Munley, A. J., pugh, J. R-,
Robenson, N. A. and ward, H. (1990). proceedings of tie Ntnti Iniernational
conference on Genqal Relatioity and Gravitation, ed. L. Schmutzer, p.265. VEB
Deutscher Verlag der Wissenschaften: Berlin.

Drever' R- w. P- and weiss, R. (1993). unpubrished work reported brieriy in Appendix
B.2(cJ of Drever et al. (t985).

Drerrer, R. W. P., Vy'eiss, R., Linsay, p. S., Saulson, p. R-, Spero, R. and Schutz, B. F.(1985)- A Detailed Engineering Design Study and Deveiojmeni and resring of
components for a Laser Interferornerer Gravirational wave observatory. caltrch:
Pasadena, califomia, and Mrr: cambridge. Massachusetts (unpubiished).

Dymnikova, I. G., Popov, A. K. and Zenrsova, A. S. (19g2). exiphysXs and Space
Science,8s, 231-

Dyson, F. J. (1969). Asrrophyical Jounal, lS5, S2g.
?r9t"y, D. M- (1983). In Deruelte and piran {1983). p. 257.
F-ardley, D. M., Lee, D. L. and Lightman, a. f- 1tSZi). physical Reuian D, & 330g.
Eardley, D. M., Lee, D. L., Lighrman, A. p., Wagoner, R. V. and Will, C. M. (1973)-

Ph1'sical Redew l*trers,30, gS4.
&l-dington' A. s. (1924)- The Mathqmticar rheory of Reratitity,2nd edn, cambridge

University Press; see especially supplemenran- note g.
Edelstein, L. A. and Vjsbv.eshwara, C. V. {lS;Oj. phlsical Reciew D, l, 3514.
Ehlers'J. and Kundr, w. (1962). ln Grauitatioz: An Introdxcrion to Current Research,ed..

L- Witten. lViley: New york.
Ehlers, J., Rosenblum, A-, Gordberg, J. N. and Havas, p. (1976)- Astrophysica! Journa!

Letyers,208, L77.
Einstein' A. (1916)- Prauss. Akad. wiss. Berlin- sitzungsberichte der physikarisch-

mathematischar Kiasse, p. 6gg.
Einstein, A. (19t8). Preuss. Akad. Iaiss. Berlin, sirzungsberichte d.er phTsikarisch-

mathematischen K/asse, p. 154.
Einstein, A- and Rosen, N. (1935). Journal of the Franklin Insritute,223,43.
Epstein, R. and Wagoner, R. V. (1975). Astroph-vsica! Journa!,197,71t.
Esposito, F. P. (l97la). Astrophl.sica! Jottrnai.165, lO5.
Esposito, F. P. (l97lr). Astrophysical Journal- f5g,495.
Estabrook, F. B. (1985). Gmera! Relatidty anrj Gratinrion, 17,719.
Esrabrook, F. B. (1982). Acta Astronautjca (!n press).
Btabrook, F. B. a:rd Wahlquisi, H. D. i lg75).'Oenert,! Rejar:r. jr.r, and Grutit4tion,6, r_i9.
Evans, C. R. (1984). PhD rhe.sis. Univ:rsii1.of T:xas at Ausrin. unpublished.
Evans, c- R. (1986). ln Dynamica! spacerimes ced, riurnericar Reratiuity.ed. J. M.

Centrella, p. 3. Cambridge Universiry press.



45t
Gradtationa! radiation

Evans. C. R. and Abrahams, A. M- (1987)' Ph1'sicul Rerierr' D (in prepa:a:ion)'

Evans, c. R., Iben, t. "nJ s."r., L. (1987). Astroph,sical Journul. subrnitted'

Falier. J. E. and Bendet' p' i'ii's8il' eu'iratt for the International Conference on

Prccision Mros,'"o"nti oud i'ndo^*ul Constanrs' 8-12 June 1931'

Faller, J. E., Bender' p' i', n"fr' J' L" Hils' ?' lno 
vincent' M' A' (1935)' In

ProceedingsoftheColloquium,KilometricopticatArrossinSpace.,Car-eese(Corsica)
23-5 Ocober 1984' ESA SP-226'

Feynman, R. P- ( 1963)' i"f,- yi;''i'o Polonica' v4' 697 : also published in Proceedings of

the 1962 Warsw C^fJ*;i" ii, fn"ory of Gradtation PWN-Editions Scientiiiques

de Pologne: lVarsaw (1954)'

Finn, L. S. (1985). von'ii] io'il:es of the Royal-Astronomical Society'zzL 393'

Fock, V. A. (1959)- ,,*i'l "t-ii"'i"n^" aid Gradtation' Section 87' Pergamon:

London.
ror*iia, R- L. (1978)- Phvsical Reciew D'y.'?79'

Forward, R. L. and r.r"*, 6. e- t 1972\. Bunetin of the Amrican phyncal society,l7'

,"tl"jr'i'i. L.,zipov,D-, weber, J', Smjtb'-S' and Benioff' H' (t961)' !(ature' 189' 473'

Friedrran, J. L., Ipser, l- i...iJi"rt"r, r. itgss). Astrophysical Jotnul,304' l15'

Friedman, J. L- and Schutz, S' f' (f91!91' A,strophvsical-Ji"oal (I*tters)' 199' Ll57'

Friedmaq, J. L- aud S"i,"o, B' F' i1975b)' '4strophlsical Journal'^200'^2}L

Friedman, J. L- and s"nti i' i' irs?81' 'asroSlrsrcal Journal'L2\281'

Futamase, T. and Scirutz,i' f' (tSgl)' f"rtical Rzriett; D'28'2363'

Gal'tsov, D. V-, Matiukiit' e' L' -i pt*fnoy' v' I (1980)' P':r'srcs Leners'77L38i'

Gal'tsov, D. v., Twetk; ii;. ;i'i*t"" l' x' f rds+i' So$et Phvsics - J ETP' 59'

axk,R-, Held, A. and penrose, R. (1g?3). Journar of ltlathennticar pr-rsics, 14, 974.

C""-**i,*", f"f . E- (1962)' Souier Phvsics --JETP' 14' 84'

Gensenshtein, M- E- "oiio't*oit' 1i' 1' 1tr62)' So::ier PJr'rsics - JETP' 16' 433'

Gilden, D. L. and sir"pir",l. i. lota)- ltrroonyical Joumal,z87,723'

aii;, R. P- (1976). Fhvstcat Review D'14'2478.'

Gomez, R.,Isaacson, R';:;i;iG' r' s.. 1n9 
winicour' J' (19s6)' rn D'tnamicdl

Spacetimes ora tl'-'"*oi n"'to'iitiy'ed' J' M' Centreila' p' 236' Canbridge Unircrsity

olrtotJ;., N. v-, Gusev, A' v' anc Rudenko' v' N' (1977)' vestnik Moskotskoro

Uniuersirera, 18,48'
CJrf,"f,ufi', L- P. (1974)- Souier Phvsics - JETP' 40' 409'

Cltft"irtt, L.P. (1975a)' Lettere aI Nuoao Cimento' 12' 6Q'

ctiiitii"r, r. p. irszsai' Sou'ier Pirlsics - JETP.' 40' 409'

Grishcbuk, t.y- ttgt'li'i"^"t' o7in" Ney- !or-\.Acaden:- 
of Sciences'302" 439'

Grishcbuk, I-. r. (rss:1. i;ir"rrrai"gs of the Ntnih Internatlonal conference on General

Relariuity ona c,ooxotiln;;' ;- sJi'-utot' C"mbrid-ee University Press'

Grishchuk, L. p. and rii"ir.", l.- c. (rssoi. ln.Genercr Relatiriry and Gradtation,
-lof. 

Z, "a. a- Haa, p' 393' Plenum: New York'

Grisbchuk, L. P. and z.ii""trt, i". B. (1978)' 5o uiez As*onom-' - AJ'2L 125'

Giirsel, Y., Linsay, "-' i"toit, i'-ip"t' R'"!to'eiss' R' and Whitcomb' S' (i983)'

Unpublished Caltech,'MiT manuscript'

Gusev, A. V. and n'',d'nno' V' X' (fSiOi' Radiorckhnika i Electronika' 3' 1865'

Haensel, P., Zdunik, l' U ""a Sci"ef"r' R' (1985)' Astonomy and Astrophysic's' 150'

251.
Halliwelt, J. J. and Hawking' S. w. (1985). Phs.sical Rerjerv. D,3|, 1777.

t

I
I
P

i.
,

t
I
t

!l



452 K. S. Thonte

Halpern. L. E. and Desbrandes, R. (19591. .lnnales Institttt Henri Poincuri,9, -?09.
Hamil lon, W. O., Xu. ts.-X.. Solomonson. N.. ! !ann..{.  G. and Sibley. A. 0986).

Performance of the LSU Tuned Bar Graviuiional Wai-e Derecror. Unpublished
technical memorandum, Lou isiana Starc Uni.,.ersir-v.

Hansen. P. lll.. Chiu. Y. T. ancl Chao. C.-C. t i986). Aerospac: Repon No. ATR-
86(8{21)-2. The Acrospace Corporarion: El Seguncio. CA-

Harvking. S. W. (l9S5t. Pi;.rsic..s Lerters.lS0ts- j-19.
Haugan. M. P., Shapiro. S. L. anci Wasscrman, l. (Ig82l. .lstrophlsicu! Jourrti,257,

265.

Heffner, ll. (1962). Proceetlings of the IRE.50, l6Of"
Helfand, D. FI., Ta-vlor, J. H.. Backus, R. R. and Cordes, J. !1. (i980). Astrophysical

Journul.237,206.
Hellings. R. W. and Downs. G. S. (t983). Astrophl.sical Journs! (Leners),Zei,ylg-
Hellings. R. W-. Callahan, P. S., Anderson, J- D- and Moffett,.4.. T. (l9Sl). phl.sica!

Rerierv D,23,814-
Hils, D. L-, Bender, P-, Falier, J- E. and Webbink, R. F. (t9871. papcr in prepararion.
Hirakawa, H. and Narihara, K. (1975). Physical Reciev Letters.3i 330.
Hirakawa, H., Narihara, K. and Fujimoro, M.-K- (1976). Journa! of the Physical Society

of Japan,4l, 1093.
Hirakawa, H-, b*'", S. and Iso, K. (1935). Joumal of the Physicul Soc?ty of Japan, 5i4,

1270.
Hogan, C. J. (1986). Ivlonrhl-r.Iorices of the Royal .Astronomke! Socir,r1..2l8, 629.
Hogan, C- J. and Rees, M. i. (1984). Nature,3ll, 109.
Hollenhorst, J. N. (1979). Ph1'sical Reuiew D,19, 1669.
Hough, J., Meers, B. J., Newron, G. P., Roben-<on, N. A., Ward, H., Schurz, B. F. and

Drerer, R. W. P. (1985). A Brirish Long Baseline Gravirarional Wave Observatory,
unpublished report submitred by Glasgow Universir-v ro rhe SERC.

Hough, J., Pugh, J. R., Bland, R. and Drevcr, R. \1'- P- (1975). !iuture,254,498.
Hough, J., Drever, R. W. P., lvlunley, A. J., Lee, S--A., Spero, R-, Whircomb, S. E.,

Pugh, J., Newton, G.. Meers, 8., Brooks, E. and Guisel, y. (1983). In euanum
Optics. Expaimmtal Gradty, and Meusurement Theorv, eds. P. lvfeystre and M. O-
Scully, p.515. Plenum: Nerv York.

Hu, B. L. (1978). Pft-rsr'ca/ Rerierr D. 18, 969.
Hu Enke, Guan Tongren, Yu Bo, Tang lVengxi, Chen Shusen. Zbeng Q,ingzhang,

Michelsoo, P. F-, Moskowitz, B. E., McAshan, Il. S.. Fairbaak, W. M- and Bassan,
M. (1985). Chinese Pi.rsics Letters No. li-11, l-

Iacopini, E., Picasso, E., Pegoraro, F. and Radicari, L. -4.. (19791. pllsic.s Leuers,73A.
140.

Iben, I. and Tutukov, A. V. (1984). Astrophl-sical Journal Supplements, if,335.
Ipser, J. R. (1971). Astrophl'sica! Journal,166, 175.
Ipser, J. R. (1986). Privare communicarion.
Ipser, J. R. and Managaa, R. A" (1981)- Astrophysica! Journal.282" 287-
Ipser, J. R. and Thorne, K. S- (t97i). Astropht'sica! Journal,18l. 181.
Isaac, G. R. (1981). Solar Physics,T4-43.
Isaacson, R. A. (1958a). Physical Ret;iav,156, 1253.
Isaacson, R. A. (1958b). Phl.sical Reuieru, 166, 1272.
Issacscrn. R. A.. lVcliing.J. S. rni Wi;ricr.rur. J. (1983). istitnui oj'I!atinnatlta! Plrlsic-r.

21,1821.
Isaacson, R. A., Welling, J. S. and \Vinicour. J. (1984). Physicat Renat, Letters.53, t8?0.
Kalka, P. (1977). In de Sabbara and Weber (i97?). p. 161.
Kahn, K. and Penrose, R. (I97i).  Nature,229, 185.



Grutittttionul rutliation

Kaufmann. w' J' ( l97O)' Nnftrrc,' 227' 15'l '

Kellerntan, K' I' and tnt"'lt' iiSSj l' Serendipittttts Discoreries in Ratlio zl'srnrnrrnt'r"

N ationar Ruai o ast ron l'i'".oll,"*;;1' el 
rH);'y;:, ;Til::'. .7 t, 1 s'

Kojima. Y- and Nakamura' T' (1984rl)' l*gntt-"!, ii'*,ri:r*rPlri:sics.'72' a9+'
iliffi : v. "n J r*u-ura r'-( resabL P : :! :::.::,,:!";;,;;;;i. zrt. zsz -
ii;il. i.'-r- "na rhon:e' K' s' (l?ill a':::::!.::;; i,,n"t'.224.52-
il;;]. i.l. "na Thorne' K' s' (1e78)' Asrropn;:st

3;5i *:*'.'li'Ht: ; U:?i;.fl 
* 
{'t*#':r t N auka : M o scow ( Engr ish

translation of a later;;;"il; i'it"a rn"i'f i1 riaat' Addison-weslev:

#$:ff :ffi ;11?'l'11;ins'�oa:T::"10"::nl':fflJ:?;ft11.-
Molecular Physics -ft;;;J RelativitY' and ""'e"Jytit of the Q-uasi'Noimal

Modes of Kerr "'""n i'i'"'' ""ptiri'r"i ntp Jttlt'ijiiversitv of uuh: salt Lake

CitY-
Leaver, E. W. (19864) ' Proceedings of the Royal^Socierl- of London A'40\285'

;;,;.w. irgasbi' Phvsical Reoiew D'+3Y'

Lirshit4 E. M. (1e45)' "liiiii'iiti'*^':'::: i Teoretictzeskoi Fi:iki' 16' s87'

Lindblom, L' (1985)''estrophvsical. furnat, !3t,t+6
Lioouto,o, L- (1981. *tripivsicat Journal lt" oTr:.rlr,, 

Journar. 53. 7J.
;il;i;;: L. and Detweiter' S' L' (1e83)' z{'vrop '

L'inet, B. (1984)' Generai i"i"tiJi )" d G'ratitation' 16' S9 '

Linet, B. and rourrenc,';.t*t Z"y!:.: Jylnat o/ Pirrsrio' s{' I139'

Linsay, P-, saulson' p"'iu"i*' n' *d whitcomb' i' fiss;i' A Srudv'of a' Long Baseline

Gravitational w"tt 'to*ia System; '1Rot nd"*d for The National Sciencc

Foundation' r'rrr : drnf iage"M ass"chusetts' (un Pubiished )'

Lipunov, v. M' and ""1t""''"' n' tixot Sori.it ist'onomt Letters' In press"

Lioonou, v. f'f ', po'tnoi i''o' -i'*t"Lh1rol' X' (1937)' Papcr in preparatton'

L""rnoo., v. E and *r]";*;,'i;- n- trszsl' soti'i il'lctt - JETP'40' ?87'

rriac€atium, *' o' t'' J' t'biii' i"*.,an?::i ;;'i;"'h Inrernaionat conference on

]ftl,l*,'n::"::ir;*:;:ffi f 
'.*,';il1.';;';;;ilturhemu'�icutPrrlsic's'

30, 153.
Macedo- P' G' and Nelson' A' H' (1983)'?ft'nicrrl Rerlex'D' 28' 23S2- *

Maischberger' *'' *J;:;li- J'r'\iilig' n" s"i'-n"pp' L- shoemake::3' "no

winkler, *- t""l''fiffi i;; ; ilu;ines g'otttn Laser-Interferomerers zu r

Messungto" co"it"tiot'*=iren' Max-ptaotl=i"'J" Jtt Quantenoptik : Munich

(unPublished)'
Mashhoon, B', qT:.8'r' and Hu' B' I(l?tl. ::;7:::;:+ji:?;git;'::''L'
ffi;;#.;, Dewitr-Morette' c" Nelson' g

r:,T3: i: ll'i'T?trer, F.r (Ie84) l,l',.,1 11,::,?,1?"ii,1t
Meers, B. (1e83)' "toiititiJpio tire;i1'1r-iiversit-r of Glassow'

Michelson, t' t' ttti'l' i'""i"*tut -d liT: 
(1983)' p' a55'

Michelson, p' f' trSSii' irtl"itur Redg."D"t4'2966'

Micbelson. p. r. uno,?"i.,l*' c. i 'n'' l. 1o.,,),i"i.r .:.lo!iel Pl:.',.sfc.s..52.4j1j.

Michelson' P' F' and;il;: 
'i' 

i' i'ss*l--r"tsic'i:J Iig:'isrf D' 29' 2i+e'

Mijic' M-, Morris, *t 
'"""T't"""' 

*'i-a' irs8e)' Phusical Ra'ian' D'3J.'2934'

My[[: ::jt;i ;I, $t:? :a ::: s;""ry t] i,';. ;T o,,,, i,,,, i o n w H F rce m an &
Co-: San Francisco' Cited in text as IUTW'



454 K.,S. T-!1qry1e

Moncriel V - (1914). Annuls of P/r.r:sir.s. 88. -r:-r.
Moss. G. E., Miller, L. R. and For*'ard. R. L. { 197 I }. Applitt! Optics. 10. 2495.
Miller, E. (19E2). Astronomv and Astropltsic.s. tl4. 53.
Mfrlier, E. (1984). ln Problerns of Colhpse rnul \umerical Relrrrjrir.r'. eds. D. Bancel and

M. Signore, p. 271. Reidel: Dordrechi.
Nakamura. T. (1983). In Deruelle and Pinn t 1983).
Nakamura, T. (1986). ln Grafitatiotttt! Collapse and Rela;it'irt', eds. H. Sato and

T. Nakarnura, p. 295. World Scienrific: Singapore
Nakamura, T. and Sasak!- i!,1. ( l98l ). P/r.1sr'cs Letters, 1068. 69.
Nesterikhin, Y. E., Rautian, S. G. and Smirnor,. G. l. (1978). Sotiet Physics - JETP,48,

l .

Newman, E. T- and Penrose, R. (1965). Phl.sical Reriar. Letters- f5,211.
Newman, E. T. and Tod, K. P. (1980). lo General Relatirity .tnd Gradtation, Volume 2.

ed- A. Held, p. 1. Plenum: New York.
Nutku, Y. and Halil, M. (1977). Ph;*sical Re!'r'a'' Letters,39, 1379.
Oelfke, 1V. C. (1983). ln Quantum Optics, Expaimental Gratitation and ilIeasuremmt

Theory, eds. P- Meystre and N{. O. Scully, p. 387- Plenum: Nerv York.
Ostriker, J. P., Thompson, C. and Witten, E. (1986). Pftlsrics Lerters, Bt80, 231.
Oua, S., Fujimoto, M.-K., Hirakawa, H., Morimoto, K., Suzuki, T. and Tsubono, K.

(1986). In Proceedings of Fourth Marce! Grossman Meeting on Recent Deuelopments of
Gmeral Relatiuity, ed. R. Ruffrni. North Holland: Amsrerdam. a

Paczynski, B. and Sienkiervicz, R. (1981). Astrophisical Journal (l-erters).24&L27.
Paik, H. J. and Wagoner, R. V, (1976). Physica! Reliets D,11.2691.
Pandharipande, V- R., Pjnes, D. and Smith, R. A. (1975t. Astophysical Journul,2g8,

550.
Pallotino, G. V. and Pizella. G. (t981)- Nuorc Cimmt44C, 237.
Papadopoulos, D. and Esposito, F. P- (t9S5). Astrophl.sicel Journal,2S2,330.
Papapettou, A. (1952). Compres Rendus Acad. Sci- Pans.255, 1j78.
Papapetrou, A. (1971). Annales Insritut Henri Poincara,14,19.
Papapetrou, A- (1977)- In deSabbata and Weber ( 1977), p. 83.
Pegoraro,F.,Picasso,E.andRadicari .J.(197S). Journal of Ph':sicsA. l l ,  1949.
Penrose, R. (1953a). Ph_rsical Retien Letters. 10. 66-
Penrose. R. (i96-3b). Relaririr.r, Groups and Topuiogl., eds. C. DeWitr and B. DeIVitt,

p. 565. Gordon and Breach: Nerv York.
Peres, A. (1960)- Nuoto Cinentct- 15, 35J.
Petcrs, P. C. (1964). Phy'sical Reric'r'., t36, Bi22.l.
Peters, P. C. and Mathews, J. (1963). Phtsical Rezieru- t3l, 435.
Piran, T. (1983). in Deruelle aad Pjran (t9831, p. 203.
Piran, T. and Stark, R. F. (t9S6). ln Dynatnica! Spacetimes and Sumerical Relotirity, ed.

J. M. Centrella, p. 40. Cambridge Universirl' Press.
Pirani, F. A. E. (1955). Acta Physica Polonica.l5, 389.
Pirani, F. A. E. (1957). Physical Raiew, tO5, 1089.
Pirani, F. A. E. (1964). ln Lecrures on Generu! Re!atir:it1.. eds. A- Traurman. F. A. E.

Pirani and H. Bondi. Prentice-Hall: Englervocd Cliffs. NJ.
Porv'er, E. A. and Wheeler, J. A. (1957). Reriervs o-f Modern P&_r:sics, 29, 480.
Press, W. H. (1971). Astrophl.sica! Journal (Lerrers), I70. LI05.
Press, W. H- (1977). Physical Rerierr' D, 15, 965.
Press. \1'. Ii- (1979). Genera! Re/ari:ir.r' u*! Grtr;:srion. 11. 10-i.
Price. R. H. (1972a). Physical Reriew D,5,2419.
Price, R. H. {1972b). Physical Rerierl D, i 2439.
Price, R. H. and Thorne, K. S. (1969). Astrophysical Journal, tSS. 163.



G rur it f i  ionul rud ia t iort

\ \ . . .5 tc l la .L .andWhi te .N 'E . . ln te rna t iona lAs t ronomica lUn ionCi rcu la r .

\r,. i lJ-. 3x '\u3ust. l9116'
( )uinl:rn. G. and Shapiro. S' L' (1987)' Astrophl'sical Journc!' in press'

il;;;:R.. ;;;;"i". S.. Ctine, T. L.. Kazanas. D. and \leszaros. P. (te80). Nature,

21i7. l::.
x..*-.*i. i. llgll). ltlonthll- Notkesof the Rorat Astronomical socierl'. 154, 187.

ii.-. rr. i. {198-1). In Deruelle and Piran (1983)' p' 297'

;;;. i and wheeler. J. A' (tss7)' Ph1'sica! R"'-'?' 108' 1063'

;;. ;. ii.. Hon-o' D. E- and Napier, P' G' (t98at' Radio science' t9' 411'

n.r".'r,fr. S. P. aJ Stinebring, O' h' (tSg-al' Iv|-il.lisecond Pulsers' National Radio

.\r,ronot1' Observatory: Green Bank' West Virginia'

Rrrrnani. R. W- and Taylor, J. H- (1983)' Astrophysica! lownal (Lettts)'265"L35'

nor"n. X. ( t9i?). Pifsiir alische Zeitschift Sowjanion' l\ 366'

Rubakov.V..Sazhin,M.C.andVeryaskin'A-(1982)'PftlsicsLetters'1158'.189'
Rudcnko. V. N- (1975). Sovier Astronomy - AJ'19'270'

nua.nlo. V. N- and Sazhin' M. V' (1980)' Koantocaya Eleknonika'!'2W'

n"r-i 'R.ed.(1986).ProceedingsoftheFourthlularce!GrossmanMeetingonRecent
Derektpntmts of General Relatiuit-v' North Holland: Arnsrerdam'

Rullrni. R. and wheeler, l. e- (tsu tl. h proceedings of the confermce on space Plrlsics.

European Space Research Organization: Paris' p- 45'

Sechs. R. K. (1962). Proceedingi of the Royal Society of Londgn '{' ?i0' tOi'

Sechs. R, K. (1963). h nelat;in-,-''Groups anil Topologv' eds' C' DeWitt and B' DeWitt'

\-

i.
'lti

4'

Sj1

t,;
s
a'

tp,
-

a.
1 :

(
r
ts
f
t

-
v.
er
B.
F

E:

i

! '

! .

i .

p. 511. Gordon and Breach: Nerv York'

S-.tr. n. K. and Wolfe' A. M. (19571' Asrrophlsical Jourr'al'147'73-

S""n.. R. A. and Shapiro' S. L- (19?E)' Astrophysica! Jourxal' 221' 286'

S:renz. R. A. and Shapiro, S- L. (1979)' Astrophysical Jourr'al'229' lrc1 '

S:rcnz. R. A. and Shapiro, S. L- (t9Sl)' Astrophysical Jourr'al' 24J' 1033'

Sesaki. !r{. (1984). In Probl"*s if Coitoptl- aid Nunerica! Relaticiry' eds' D' Bancel and

il1. Signore; p- 203- Reidel: Dordrechr'
sesaki. !u. and Nakamura, T- (1982). Progress of Theore*cal Phlsics, 67' 178E.

S.rro- H. (1957). Paper in Press-
Srulson. p. tt9E4). Pir-rsical Review D,30,732'
S:rulstrn. P. (1934). Ph1'sical Ret;iev; D,n,732'
S:rzhin. \1 . V. (1978). Sodet Astronomy - AJ,2\36'
*ahmidt. B. G. (1979). ln Isolated Gravitating S-rsreras, ed' J' Ehlers' p' l1' North

llolhnC: Amsterdam.
Sshn:idr. B. G- t1986). Gravitational Radiarion Near Spaiiat and Null Infioity' preprint'

S.-hilling. R. ( 1985). Private comnrunication-
li-hcrr'maker. D-. Winkler, W-, Maischberger, K', Rudiger' A'' Schillin-e' R' and Schnupp'

L. ( l9E6). ln Rufiini, ed. (1986).
Schrader, R. (t984). Phlstics Letters 8,1438.,421'

*hrarnm. D. N. and Arnett, W. D- (1975). Astrophysical Journal,19& 529'

Schumakcr. B. L. (1986). Phl'sics Reporrs' l3i 3tS'

r-hurnaker. B. L. and Thorne, rc. s. trssi). Monthty Norices of the Royal Astronomical

Socier.r'. 203, 151 .
9'hutz. B. F. (1972). Astroph-rsical Journal Supplement Sen-es,2{, 343'

Schutz, B- F. (1986a). In ieiariu;r1', Supersynmett', and Cosmology' ed' O' Bressan'

\1. Cas:aeniio and v. Hamit-t ,  p. 3. World Scienri i ic: Singaoore'

Schuiz. B. F. (1985b). Nature,323,310.
Schutz- B. F- (1986c). ln D)'namical Spacetimes and !';umerical Relativir't' ed' J' Centrelia'

o. .1-16. Cambridge University Press.



* 456 K:S- Tttortia

Schutz. ts. F. (1987)- ln Grariturion r,rr lsrropli.rrics. eds. B. Carrsr and J. Hartle.
Plenum: New York.

Schurz, B. F- and Tinto, M. (19871- itf onthl_r .\orices of the Roya! Astronomical Sociery,
2U. t3t.

Schvananan, V. F. (1969). S<;rier pl-rric.s - JETp L$rers,9, 184.
Segclstein, D- J., Rawley, L. A.. Srinebring, D. R.. Fruchter, A. S. and Taylor, J. H.

(1986). Inrzre, 322. 7 14.
Shapiro, S. L. and Teukolsky, S. A. (1985). ..l.trropl.lsical Journa! (Letters).29\Lqt. .
Slusher. R. E-, Hollberg, L. W.. Yurke. 8., !\Ierrz. J. C. and Vall:;.. J. F. (1985). Physical

Retiew Letters, 55 2409.
Smarr, L. (1977aJ. Annuls of rie /\en York Acudeml. qf Sciences,3tt?" 569.
Smarr. L. (1977b). Physicul Retiew D,15' 2069.
Smarr, L-. ed. (1979). Sources of Grutitcuional Ro,liation. Cambrid_ee University Prcss.
Smarr, L. and York, J. W. (1978). Physical Ra-ieu. D. 17,2529.
Smarr, L-, Vessot, R. F. C., Lundquist, C. A., D:cher. R- and Piran, T. (1983).

General Relatiuity and Grat;itation, 15, 129.
Spero, R. (1986a)- In Ruflini, ed. (1986).
Spero, R- (1986b). Privare communicarion.
Stark. R. F. and Piran, T. (1985). Phl,sical Reriev Letters,si 89i and 56, 97.
Stark, R. F. and Pirao, T. (1986). ln Proceedings of the Fourth ltlarcel Gtssman

Meeting on Recent Da;elopments of Gmeral Relatirit-v-, ed. R. Ruffrni (in press).
Starobinsky, A. A- (1979). Souiet Phys'tcs - J ETP Lezrers.30, 682-

. Starobinsky, A. A. (1985). Sourer Asrronomy Letters, ll, 133.
Stewart, J- M. and Friedrich, H. (1983). Proceedings of the Royal Sociay oJ London A,

9 ,427.

Suzuki, T., Tsubono, K. and Hirakawa, H. (19781. P/i_rsrcs Letters A,67, 10.
Sullivan, W. T. (1982). C/cssrtcs in Rarlio Astronom;:- Reidel: Dordiecht.
Sullivan. W. T. (1984). The Earl-v Years of Ratlio Astrottom_t. Cambridge University

Press.
Szekeres, P. (1971). Annals of P&_rsrcs,6i. 599.
Tarnmann, G. A- (1981). ln Supernouae: A Surcer of Current Research, ed. M. J. Rees

and R. J- Stoneharn, p. 371. Reidel: Dordrechr.
Tayfor, J. H. (1987). ln Gmeral Relatit:ity ant! Gra-:itarion, ed. jV..l,. H- N.lacCalium.

Carnbridge Uaiversiry Press (in press).
Teissier du Cros, F. (1985). Annales tle Physique. I0,263.
Ta11or. J.'FI. (1987). ln Proceetlings of Eletmth lxernariona! Conference on General

Relatic-ity and Gravitarion. Cancbridge Unilersirl. Press (in press).
Teukolsky, S. A. (1972). Pitysical Refiev Letters. 29, I I14.
Teukolsky. S. A. (1973). Astrophysica! Journa!,18-i. 6j5.
Teukolsky, S. A. and Press. W. H. (1974). Astroph.:sica! Journal,193,443.
Thome, K. S. (1969a). Asrrophl.sical Joumal, !58. i.
Thorne. K. S. (1959b). Astrophl.sica! Journal,15& 997.
Thorne, K. S. (1972). ltt Magic lVithour Magic: John Arclzibaltl li'heeler. Appendix A,

p. 243. W. H. Freeman: San Francisco
Thorne, K. S. (1977). In de Sabbara and Weber {1977). p. t .
Thorne, K. S. (1978). In Theorericul Principles in .:.srropi.rsics anar Re/arilir.:'. eds. N. R.

Lcbovitz, W. H. Reid anci P. O. \':rndsrr.oor-i. p. l{9. Unir.ersitl. of Chic-a_uo Pr:ss:
Chicago.

Thorne, K. S- (1980a). Rer..iex.s of Modern Pi:-r..sics. 52. 2S5.
. Thorne, K. S. (1980b). Rer,ierrs of Modern Pfi_rsics. 5\299.' 

Thorne, K. S. (1983). Chaprer I of Derueile and Pi;an (1953).
Thorne. K. S. (1985). ln Nonlinear Phenonrcna irr Pirsics. sd. F. Claro, o. lS0. Sprinec'r-

Verlag: Berl in.

Un
(

Va

1'h
Th

(
l n

I

Th
I

Th

Th
Th

Ti;
l o

To'
Tr:
Ts'
Tu
Tu
l u
T! ,

I

t '3t

\:il
vi l
vir
vir
Vi:
\1':

I
W:
$:
\\'i

\\':
(

t\':
I

1\':
W:
lV;

l
W:
\ i :
\Vr
\\r
l l l

W t

\Yr



Gra, t'i t cttionct l r ct di tt t iott

'rhtrmc. K. S. ancl Br:rginsky. v. B. (1976)' Astropht'siccil Journal !ry'-':':l' 
204' Ll'

'I'hrrrnc. K. S- and Campolattaro' A' (1967)' Astiop'hvsicu! Journu!' 149' -591: and l52

ttlr-". K. S-. Cat"'s. C' M'. Sanctber-e' V' D" Zimmermann' M' and Drcver' R' w' P'

{ l9?9}. In Smarr ( tg79l' P' 49'

Thorne. K. S-. Drerer. n' iv i" C"t"'' C' N'l'' Zimmermann' \'1' ancl Saridberg' v' o'

( l97S). Pir.t'sical Reriew Letters' 40' 667 '

Thorne. K. S- and coJ,i-llsgl).'ttorttzty r\arices oJ the Ro;*al Astronomlcal socier-r"

205. 809.
Thorne. K. S' and Kovacs' S' J' (1975)' Astrophysic<tl Journa!' 200' 245'

Thorne. K. S., Price, n- H. til ftf"cdonald' D' M'' eds' (1986)' Black Holes: The

M embrane P aradigm'ia" Uoit=^itl Presl; 1\ew 
Haves' Connecticut'

fiolt. F- J- (1930). Phvsical Reuiat D'2\2929'

iil;;;;.,;.' tigial. cii"t-Relattxrttl and Gravitation'g' r23 and l4l'

i;;;;;;;P- and crossiord, J'-L' (:riq' Nuooo cintmro' l9B' 105'

Trascben, J-, Turok, N- ."d s'"oi*uog"r' R' (isgg)' Physical Re$ew D' u4' 919'

;;;;,k*;v. p- (p8a)- sooiet Asrronomv - AJ'zg3%'

Turner, M. and Wagoner, R' V' (1979)' ln Smarr (1979)' p' 383' '-

;;;;. pt. aoa *ttl c- il'lrszil' AsvoPhvsicat Journal'220' ttQT'

Turok, N- and gona*L.;;n" i' trsdel Ph'vsica! Rrr;,iav D'33'2175'

Tyson. J. A. and Cift-i, il i.llStSl- Annual [s1'lsns oJ Asrronontv anil Astrophl'sics'

"if;iji; G- (19s2)- unpublished *'ork reponed ar NAT. Advanced Studl' Institute

on dralnitatonal Radiaiion, Les Houches, France. June 1982.

vJ"rp",i, T- and Vilenkin, i' trSes)' Physicat Reriew D' 3l' '3052'

van den Heuvel, e. p- iiisbal' in n"vnor-at and Stinebring' ed' ( l98a)'

vir"ii.in, A. (t9-8ral. Physical Reuiers D,?l'2082'

Vilenkin, n. i tSS rb). P&-rsics Letters. 10{*a1 ;"
Vinet, J. Y. (1985). Annala de Ph-vsique' ry' :?:'
vii"t, l. v. irgaei. Journal de Phvsique'47' 93:.'
viri*"., E.'T. (1982)- Astrophvsical Jotttnal' 257' 456'

lvagoner, R. v. (1977)' li d'rni'ito'ione Sperilnmiale' ed' B' Bertotti' Accademia

Nazionale dei Lincei: Rome'
Wagoner, R. V. (1984). )4strophvsical Journal'27& 315'

Wagoner, R. V- and wiiiC' ftn (1976)' Astrophysical Journu,I'210'764'

W"tf qtio, lt -' O. ( t S gl-' Gl *n nl' ReIa r it-it'v- and G r a d t atiorr (in press)'

lYahlquist, n- p., *oJ.*"' i' b'' gttabiook' F' B' and Thorne' K' S' (1977)' In

GradtazioneSperimmtale,ed.B.Bertotti 'p.335.AccademiaNazionaledeiLincei:

**}lI!*, L. A. and Zubakov, V' D' (1962)' Extraction of Signals from Noise' Prentice-

Hall: London.
Wald, R- M- (1973)- Jottnal of Mathematical Pft'lsics' 14' l45i'

Walgate, R. (19S3). Nature,30i 665'

Walker, M- (1983). tn Relariuisr;c Astrophysics and Cosmologr' eds' X' Fustero and

E. Verdaguer. World Scientiiic: Singapore'

Walker, M. and Wiff, i. irl. itSSO). Z'.*riopl, J,sica[ Journctl (Letrcrs),24/..L129'

Walls, D. F. (1933). Naiure,306' 141'

Weber, J. (1959). nurill*t ot-Uo'{e'n Pt''rs;cs' 31' 68t (see especially Section V)'

Weber, J- (1960)- Ph-vsical Reuieru' l17' 306'

Weber,l. ifSel. Phvstcal Reuien' Lefiers' 1!'19E'
W"U.r,.I. irgOgi. Ph,ysical Reuiau Letters'22" 1302'

weber, J. (1gs5). b rr*ritngs of the sir Arthur Edtlingron centenary s1'*nposium'

Yolume3-Graai tat ionalRodi t* ionant lRekt t ic i ty 'eas. : .WeberandT.M.Karade,
p. l. World Scientihc: SingaPore'



458 K. S. Thorne

Weber, J. and Wheeler, J. A. (19571. Rer:ieu:s of Ilodern physics,Zg, SOg.
Weyl, H. (1922). Space-Time-Matter. Merhuen: London.
lVeisberg, J. M. and Taylor. l. H- (lglt/;. physica! Re,:iev; Leuers. 52. 134g.
Weiss, R- (1972). Quarrerly Progress Report o.f the Research Labor.ttor! of Hectronics of

the Massachrselrs /nsrilure of Technolog.r. lO5, :a.
Weiss, R. (1978). In Sozrces of Gradtarionul Ratiitttiott,ed. L. Smarr, p.

University Press.
Weiss, R. (1979).In Smarr (1979).p.7.
Weiss, R., Bender, P. L., Misner, C. \\,. and pound. R. V. (1926). Reporr al the Sub-

Panel on Relaticity and Gravitation, Mu:agement and operations working Group for
Shuttle Astronomy. NASA: Washington. DC.

$restpfahl, K. (1985). Fonschritte der Physik,33,4l7-
Wheeler, J. A- (1955). Physiral Reuien, gZ, 5tt.
Wheeler, J. A- (1962)- Geomerrod.ynamics. Academic press: New york.
Wheeler, J- A. (1964). ln Relatixity, Groups, and Topology, eds. C- DeWirr and

B. DeWitt. Gordon and Breach: New york.
whitcomb, S. and Saulson, P. (1984). unpublished rcsearch at caltech and MIT; a few

of the restilts are given in Fig. E.3 of Drever, Weiss er af. (19E5)-
wiener, N. (1949). The Exrrapolation, Interpolation and smoothing of stationary Time

Sqies with Engineaing Applications. Wiley: New York-
Will, C. M. (1986). Canadian Journa! of physics, &, l4o.
Wilson, J. R. (1974). Physical Review Letters,32, 849.
winkler, w. (1977). ln Gradtazione sperimentale, ed. B- Bertoni. Academia Nazionale

dei Liacei: Rome-
Winkler, W., Maischberger, K., Rridiger, A., Schjling, R., Schnupp, L. and

Shoemaker, D. (1986). In Rufhni, ed. (19S6).
Witten, E. (i984). Physical Ret;iew D,3A,272-
Wood, K. S., Michelson, P. F-, Boyntoo, p., yearian, M. R., Gursky, H., Friedman, H.

and Dieter, J. (1985)- A Proposal to NASA for an x-Ray Large Array (xLA) for the
NASA Space Station. Stanford: Palo Alto, California.

Wood, L., Zimmerrrann, G-, Nukolls, J. and Chapline, G. (1971). Billetin of the
American Physical Society, 16, 609.

llbosley, S. E- aod Weaver, T. A. (1986). Annucl Reuiars of Astronomy and
Astrophysics , U, 205 .

Wu, L.-A., Kimble, H. J., Hall, J. L. and Wu, IL (1986). phlsrcal Reviat Letters,ST,
t<rn

Yamamoto, Y. and Haus, H. A. (1986). Reuierrs of Modern plr1sics,5g, 100i.
York, J. W. (1983). Io Deruelle and Piran (l983l. p. li5.
Yurtsever, U. (1986). Abstracts of Contribured Papers, IIth Internatiorul Conference on

General Relattu:ity and Grauiration, Stockholm, Sweden, 6-12 July, 19g6, p. 2g7:
University of Srockholm : Stockholm.

Yurtsever, U. (1987a). Phl.sical Reuiew D, submirted.
Yurtsever, U. (1987b). Paper in prepararion.
Zel'dovich, Ya. B. (1980). Ivlonthly Norbes of rhe Royal Astronomical society,1g2,663.
Zel'dovich, Ya. B. ard Novikov, I. D. (19s3). Relatitistic Astrophl.sics vor.2. The

structure and Evolution of the universe. Universit-r. of chicago press: chicagc.
Zhang, X.-H. ( 1985). Phy sical Reujerv D, 34, 99 t.
Zerilli, F. J. (i970). Physical Reu*iel D,Z,?I4t.
Zimmermann, M. (1978). N ature, 27 l, 521.
Zirnmermann, M. (1980). Physical Reuierr D, 21, S9I.
Zimmermann, M. and Sze.lenits, E. (19791. phy.sical Reney; D,ZO,35l.
Zimmerman, M. and Thorne, K. S. (1980). In E-c5a1s in General Relaticiry, ed. F. J.

Tipler, p. 139. Academic Press: New York.





R E r

SCNLT MEASUREMENTS

:--_
j r  __

,i,r:.l..li,t;.i 
i: ,

-liir':i): I:-ir,t,::
;*i.it:'.Y,



trlustrationoiolesrj.e.llt!"&"rt""J:g;"t"ff 1*;
meter Gravitational'Wave t

iiEciriori,i"'*"1.""""1"-',"i,f lj::.*l[1"#:[83
located at widelYdisPerseo s

ffft; ;;i"' i"'detect gravitational waves emanartng

from collisions ol black holes and neulron slars' See

;; ilil;pecial section in this issue ot !cjen91

iocuses on large scale measurements; see- the Editorial

;T;:il;t ;i" sr g' [lllustration: Ruth Sofair Kerler!

il
; i
ri

i i

LIGO:TheLaserlnterferometer
Grivitational-Wave Observatory
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David Snoe-niaf<ei, Lit" Sievers' Robert !'. ppero'
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ThegoaloftheLaserlnter|erometerGravitationa|.Waveobservatory(LlGo)Projectisto
detectandstudyastropnysicalgrav i tat ional .waves"nd""data{ tomthemforresearch
in ohvsics and asrronomi.lioo-*rirr support studies concerning the nature and nonlinear

dvnamics of gravity. tn"trtr'ritir", "i6["t nofes. anO the eqluation of.state of nuclear

matter. tt will also ,""ru-* in" r"rr"r, birth rates, collisions, and distributions of black

holes and neutron ,,"r" 
:.-tn"-unJ"ire anO probe t'he cores of supernovae and the very

earlv universe. The tecnioiogfior LICO.l11b-"-"n developed during the past 20 years'

construction wil oegin in isgi. and unoerthe present schedule, LIGO's gravitational-wave

searches will begin in 1998'

#;th.s;r"" ."rnbgt: cl ihe LIGO Science

i,*t.g Otoro- A. Abramouci'.w.�-111n?"i !Cii'

Einstcin's gcncr:rl rclativiry theory de-

scribcs graviry as due to. a curvaturc ol

soacc-t inle ( l) .  Whcn the curvaturc ts

,^lcJ, i, produccs rhe fanriliar Nervtonian

tt*ity iL'., g"vcrns (hc solar systenr' Vhcn

rhc curyaturc is strong, ho*ucvcr' it should

;;i; in a radicallv diffcrcnt' highlv non-

iin.it t"ot. According to gencral.rclativiry'

,'i. ,,onli^."tiry crcarcs black holes (cuwa-

ture produccs curvature rvirhout thc aid of

;;; ;;;;tt sovcrns thcir structurc' and

i"iat',rt. i ' . lcthcr against disruption (2) '

i;fi';-;i*t" holc, ihc curvaturc slrould

"ot'tlin""Av amplifi irsclf ro prociucc a

soacc-tintc'singulariry (2)' arrd nc?l s-omc

, 1. e; r ; ;;!' 1! ̂""-:.: ['J' :T" :i:ri i:;:the curvature to evolvl

Vtl.., o" object's curvaturc varies rapidly

i i" t- .-"-or" '  bccausc of pulsations' col l i -

l?  ̂ PRIL  1992

t*tp;il1t#ft:;"ft ;su ""iff '
i:::iir"s;li,::li:E''11:i';:Tl{"'!:i3?,H,
.[riGooi"ro.v. Pasadena' cA 91 109' D' Shoemaker

il;;-w"i;;';,e ar lhe Massachusetts Inslitute ol

ie-nnorogy. camb(idge. MA 02129'
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tu.-^ntc curvarurc ripplcs (gravitational .uou"r)-"'*io rrom the force paitcmsof the periods ranging from many hours to lcss

-rna,'-- ., - rgh the universe .uou.r, LIGO can allorv researchers co infer chan I nrs. LIGO is designcd co detcct only
t". . ."1 rhat Propagate tnrot

:i,'fj[:H:ij[T;;{..-.fr 
in.r*prin,of ,t'. err"i,oJr rpin.to, 7). From rhe differ' thosc signals rvith oscillation pcrioJs fastcr

,_viry,s quanrunr-nrccn",.,,."i p".ci.l., ,h" "na. in rririral' rinres oi elcctronragnctic' rhan about 100 ms; slorvcr oscillations arc

6.- ,.^^ :rn,J gravirarionll-rvavc_bursrs fronr thc difrcult to,dctcc.t with Earth'ba::! 
]y:t"j]lt

iol'l?l'a.r.r,orio. of gr.viry is arnrosr .".t. ?iir.i'."cnr, LlGo-can allorv rc' bccruse of lorv-frcqucncy background tlis'
I  n r )  v - - - " r . " - ; '  -  

;  
"

"nrircly rhcorcrrcar and u.r,ar,..l. Gravira- ,"oran..r'-,o infer the diffcrcnce in thc turbanccs' Fortunatcly, many potcntill

ion:rl .",rrrc. na,vc, ncv,cl bccn obscrvcd spcejs-of gravirational wavcs and right-a soqrlcs havc osciilarion pcriuJs rvitrrirr

it,"1t1.t**'[i'];i?':i.'"0."Tffi,t1',t i:H::;';r",]',1:.*J":'",."t,t::,JT,""i lL?F;",r,":.,?n'l#li;r ,lJ',1i"'?,",'lli;
lron s(ar ':l ,'-',''-l-::..:::::: ^:;;;l i;t-'--' 

' 
nrasscs, supcrnovac corcs, and the big bang-

li ri ,f'.v cxist and carry cncrgy a'ay fronr (7) '

Linnry srars ar rnc rare pr";i;;;l Ly g.r,.rrl Thc shapes of a- gravirational rvave's Onc can best apprcciatc LIGO's potcrr-

Iillil#'1,ii i;;;-;;iy ;L;;;"rioriat c,,i- o'.irioiion' tii, '*u"foi*r; scc Fig- l) carry tial for nrajor contributions !o astronomv bv

,tencc for rnc nonlrncarr"y- orlp,r..-,int" deta.ired informacion abour irs souice, infor- rccalling rhc hisrory of radio astrononry

].rvrturc is rhc obscrvation of riny pertur- marion rhat LlGo rvill cxrract for usc in (12)- Bcforc iansky's discovcry of cosrrric

;:illi';f'il;;;;: ,il -c"_:,i: 
lls *1,.:.::":::l:,,T:.:,:il1:':;,:h;"1;:; liL;."u*,lii," ;il,.1?i';,,1ft ,i,Tl,"lli.,,.t1

?iil",lifl':"''Ull;t".;iili;! il1lt; gi: f"I"T*1"'':::i*""':::T":::i :i:l:i"Ti"i'"1[lXl J:'*f"',f.].' 
scc"rcd

;ich v.ricry or ,,,,,.,,,,.,.",^ffi;; lg :.fF "t]fl. ..lr.l:.,.,y"':,":::,:,:.*:;* :::,T#X.iI]"il'"Tl i:1fi:::,:1,:f,:"JJ
:':1'.:':t':'T","1".'".i,li'i,"ftii"""-r..I"* 

:uir."t r.'or"" signarurc, a signarurc rhat qvolving stars. Radio w:rvcs rL'volutionircJ

rvirh orlrcr no.rrncrilv"tn"' Mu'"o"t'' ltl$ ili:1".,t":l'^:fj:t:l:f.t* l::: ll:::lX 
t*;:::::*i::'illfiT;il:?:

rv i th  o r l rc r  no l l l t l l c i l r  )Y5 l

r l t h o u g S r s ( r o n o r r r c r s n " u . l - ? o u n J r * o ' i h o l c s s p a c c ' t i n ' . g " o - t t r y ( 8 , 9 ) ; b y c o m ' l c n r s i d c : p u l s a r s ' q u a s r r s ' a c t i v c g a l a c r i c
circun.sr:rnrrlr cvrdcncc ,u, ,1.r.-"*ir,.,.rc. o7 paring ch"r m"p airh g"nc.ral rehti,riry't nucrci, and jcts rh:rt powcr hugc inrcrgallc'

bhck Sorcs irnd ili(roprrysrcist, inuok" thcn, prcdiirions, rescarchcrs- will rcst highly tic clouds of magncti:cd plasnra'

ge hclp cxplair, .r,ru,,un,,.,tl-obs.'r'..rations, lt""fi."ot orp".,, of gcneral rclativiry' thc Thc r:rdio rcvolutio. wls spcctlculat

grgctronrirgncrrc ,"ori.r.on h", no( ycr .tou.io*, from colliiing black holes, ruhcn bccausc rhc informarion carricd by radic

broughr ro Eirrth a clca., uncqui'ocal sig- .onrp"r.a ro rhose from lup"rconrputcr sim' ]v:r1cs -is so diffcrcnt fror' that carricd b1

narurc sayiug 
.,1 cor.c rronr a black holcl" ulations, rvill give insighi into rhc poorly lighr. Light, with its subnricronrctc! w:rvc'

an,J thc obscrvario.s t.,ru. no, L.cn abl" io unclcrsroocl .,o-nlin.o, Jynanrics of jrauiry lcngrh, is cnrirtcd nrostly by rhcrnr:rlly cx'

bcuscrl  to rcsri l .yo[rhc prcdictcd propcr- ( lo). Thc rvavcfornrs fronr colt idin! ncu' ci tcd atonrs i tr  thc atnrosphcrcs of st:rrs

. - ..r r.r...r. h..r,,{ (ron srars or fronr ncurron srars bcin-g torn radio rvavcs, rvith thcir tcn nrillion-foltJ at
n c )  v .  v r . . s ^  ' r \ " ! r '

LIGO offcrs arr opporruniry ro brirrg apart by rhc tidal graviry of conrpa,',ion largc wavclcngchs, arc cnrirrcJ nrostly b1

no.lirrcrrr gra'iry, rrr".rr-i.,.,i"], ,u.,,1' rhl biack holcs nruy ,crJol thc mass-raiius rc' higlr'cncrgy clcctrons spir.ling in thc nrag'

; ; ; ; ; . ;  "r in"i ,  rrc,. ,r  isolrr i ,rn as rhc- lar ion for  ̂ curron stars, rvhich irr rurn rvi l l  nct ic 6clds of puls:rrs, qurrsxrs, or jcts'

orct ici l l  cons(rucrs ..(r r .r .  confrorrrrr io. givc infornration abour r l ' rc cquarion,f sr irrc This dif fcrcncc bcrwcctr l ight rrrt l  rrrt l i t

::;i 
-;-il;i;,-;o 

r-rco 
'.rn- 

'.,ifo ,n", lf nucl"a, nratccr (l l). 
;J,1,::X;"i":1,'r"J:t-ffi:'.:li:i'::,:T:il;
rational rvavcs- Elcctronrngnctic astrttnonlt

Fis. 1. An exampre of wavefofm :-,-..-,.3"T'o:""i:",e."1'=:o-', :t"-1i1 
t]:l"'l'::::.'l::il::;::1::iT:f::":::

n']:u"..l":.':,"^:*::lffiniA^^/\l/]As,4r-(i.:|':"1,:.:::],.|::il.],:*:l::fll.:J..:]j'.l;I
,-n.y.",.y. Each sravi. l- _.- ,.,,rrrtlfllll n!o/}o/\fl/l l.4fr-Adh' p'*ir..a *orrur,,rigly bv c.ohcrcrrt,,!;lli l  'a" 

- 
intormarion I . . i l |  

' ' l '^V 
^V ̂ V ̂ \ f ^u 

- 
^u ̂1.' onrs, or nrolcculcs; gravitatiorml N:rvcs :rr.

rarional wave has two | .. ' .4;,,,, 'r ' t l l l l l l l l l l l l l l l l l l l  
'w v v 

"Io' '-b.r mori11ns of hugc :ntoutrts of nr:tss<:it lrc'�vave'orms dmenson r lll\IlilllftfiilllililililflfllltlflililililililiiiiiiHHl '-+-r-l Fr--r-lh- :lrT:1J1i.".*,fH'ill'i,i'i'lil:less functions of lime ;

Waveform

ilme

l ess func t ionsof l ime; l l | l l l | l l l | l | l i l l l l | l l l l l l l | l | l i l l l | l i l l l | i | i | i l | i u |mHi | , ! rY � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �ca'ed h'(r) and h*(r) ;lullltJffllfflllltl{lllliillllilliliiillfl "H-ifil !-rH" ij:ii*] ];:lk,:i:]lL?::'"Ti"*:The specific wavelorms
shown here (30) are r ""l l l l i l l  

Dependenceont.tore=0: ;;;;; l  ;;.rd "".tr"ng"i rhrough:rl l fornr
f rom the lasl  lerv min '  I  , l l  rmnth '  2c6sr - - - - - -  17\lrom tne lasl lelv | | r i l  r '

ures or seconds or rhe I 
ll 

i'.o !31 = :ry- u,',.1 an,ount, of intcrrrcring nt:rttcr (7).

spiratingtogetherof a | '==,' '  AmP(n.) |+cos<t Conrparcd ro clccrroi.ag.ctic tclc

compact binary system 
'l'ime 

scopcs, LICO it scrrsi(ivc to vcry diffcrcn

(one made ol tvro-black holes, two neutron stars. or a bJack hole and a neutron t,"t). 
:L::l:lI9 aspccrs of rhc univcrsc. Elccrrorrr:rgrrcti

hese waveforms, LIGO can allow researchers to determine (30) the binary's distance ttoT:aitli: 
,.i"r.up", study such things as stcll:rr artrrt:

ffi[i:::il[:,r':""::';il*:l'flilili5l1l',lf'i"':':iliii,1;"5'l::i^TiJ""']l'i",'3:""1H: 'pn.''i intcrsicrrar g" "i"r dust' arrcr 'ri
eccentricity e, LlGo wi1 measure the shapes ot rne indr-uiduat wavelorm or"irlationl;'""or-e in" Iujd]ol 

gas: LlCo is inscnsitivc t. thcst

shapes shown on the upper right. For rhe determinarion of r (when e = 0 for peo"gog-illitpililvl' LIGO will scck u'avcs fro'r thc 6rrnl irrsPin

LIGO rviil measure the ratio of the amplitudes, h, and h*: iee tne formula in tne bwer rlgnt. rire and ctlalcscencc of binrry blrrck holcs :rrr

oarameters r. rr. 3nd M determine (i) the waveforms' abiOlute amplitudes as they sweep past ? ncutron stars, rhc rapidly spinnirlg corcs (

ffi"#:;1,';; ,,')'"uyrii--,,''': "no-1i1 rhe number of cyclesr_= f z(d/dr)-' that.th:-:?::r::T: supcrrrovuc, arrd rhc firsc frrctiorr of rr sct

spend njar treqJency 1.. n t (p.Mn lsrjj'. From lr!-o ?nd n. LIGO can be used to determine t and ond of rhc big bung ( l4) : ro tlrcsc. clcctrt-[M;;. 
f ,in oirt"o, "iA lrom iate-time post-New,tonian facets ol lhe wavelorm (3t ) (notshown hetel n*rgncr ic tr:lcsc,pcs luvc lirtlc or tr(, sc!rs

or rhe |requency at vrhich lhe inspital terminales or both. LIGO can be used to deduce,lhe ':1':1"i 
riuiry.

;:1,:ll*::i#!?;Il;lfii':"|'1i:ff:[1Tj':"#.::'i.fl""["':il"f":'#:J:l?"?: ." :':: 
diffcrcnces pro'Jucc bo'�h uncc'

compticated rvaveforms trom the final coltision or tidat disruption of the black hot", orl,"rtion rt"rr. tainty and Srcirt cxpcctittions' lr is h:rrrl t

I t  is  lhese f inal  re lat iv is t ic .  co[ is ion,  and disrupl ion vravelorms that  v/ i l l  or ing utGO rne most prcdiCr,  f ror t r  our prcsct l !  c lcctrot l t l lgr tct i '

in terest ing inrormar ion.  
Lurn>rurr '  e"u v ' 'vP'v"  

b i rscd k.owlcdgc,  jusr  l r , rv  sctrs i t ivc t lc t t ' '
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rors in LIGO nrust bc co dctcct thcir 6rst

t"i".t, Sra oncc LIGO sccs rvaves' it rvill

biinu i.,fo*t"tion about thc univcrsc that

-* fi"t. little hopc of gaining in any othcr

w:ry. LlGp wil l  tcach us-about thc univcrsc

oir,r.rttgiv gravitating objects, strch as thc

nrasscs. 
-bii,h 

.,"t, and spatial distributions

of bt'lrck hole and neutron star binaries in

ih" dir,"rr, utlivcrsc, and pcrhaps abour thc

slrapcs of rapidly spinning nctrtrotr.stlrs itr

our olvn g"i"*y, th" tp.crtunt of "cosnric

r"ingt," "-t'ta ,n" 6rst fraction of a second of

ihe Jniuctsek cxpansion (14)'  LIGO nrav

well bring surpriscs thar rival thosc ofradio

astronomy.

Laser lnterferometer
G ravitational-Wave Detectors

Accordilrg to gcncral relativiry theory' cv-

cry freely ntouing parciclc (callcd a tcst

oarticlc) irnt cls thtough space'tinrc alorrg a

gcoi lcslc, a path rhat- is thc analog ol a

irraighr l ine in curved:pacc' Just as rhc

.u*irur" of Earrh's surfacc pushcs Earth's

lincs of conslant lorrgitudc (its gcodcsics)

rogcthcr '5 6ng 6avcls fronr rhc cqualor

ro.Iurlr.l thc North or South Polc, so also thc

curyilturc of splrcc'tirle pushcs nciglrboring

spacc-tinrc gcodcsics togcrhcr or apart and

tit"r"by p.,ri,., t"tr p'.rrticlcs rrroving alorrg

rhc gco.icsics togcthcr or:rpart ( l) '

litl," cutuat*c is thar of :r grlrvit:rtiorral

rv:rvc, tltct't tlrc tcst pirrriclcs' rchtivc nro-

ri.r,, is a sr,rnr of ccltrtributiorrs f16111 (rvo

tlifcrcrrt pohri:atiolrs (Fig' 2), cach rvith its

txvn tinrc-cvolving u'avcforrlr: lr*(t) arrd

Jr*(r).  This rclat ivc rrrot ion of tcst plrt iclcs

is-thc fotrrrdation for sevcrltl diffcrcnt rypcs

of gravitirtion:rl-rv:tvc dctcctors ( l3' l5) '

n,oit notably bar dcrccrors (16) and lascr

intcrfcronrctcr dctcctors (irrrerfcronrcrcrs

fo r  shor t )  (17) .

An itrtcrfcrometcr dctcctor uscs totlr tcst

rrrasscs hung by rvircs nclr thc vcrtex ancl

cn.ls of o,r;L" 1Fig.3). Thc scparation-L'

bctrvccn thc trvo test nlasscs along thc 6rst

arnr is ncnrly the samc as thrt (L2) aiong thc

sccond arnl, Lt : Lz = L' At frcqucncics

:rbovc their pcndular srving frcquency

(rbout I llz), ihc tcst mirsscs nrovc frccly

lr,,.i=o,rt"lly. A gr:rviraritrrr:ll rv:'tvc (of thc

:urDronri:ttc pclltrri:ariorr) irrcitlcrrt pcrpctr-

.liiul"t ,o tlic planc of tlrc irrtcrfcrorrlctcr

oushcs the nrasses back and forth rclacivc co

. '"ch othcr. srretchirrg onc arlrr rvhi lc

scrrrcc: i trg rhc othcr, antl  thcrcby changing

tl'," "rn',-I"ngth diffcrcncc AL = Lr - L2' For

othcr tlirccrions of incidcncc, thc fractional

.lillcr,:ncc in'.rrn'r lcngth c:rtrsccl by thc rvave,

AUL, is ctltr:rl to :r lincar conrbirration of thc

nvo p<:l:triz'.ttiorr rvirvcforrrrs ( I 3),

A I  / r ' l
: : :  =  F*h*(r )  + F" [* ( r )  = h(r )  ( l )

L

Thc cocff icicnrs F* ancl F* rre of ordcr

Fig. 2. A general'relatMstic
oravitational wave Propa'
iating in the z direction
squeezes and sttelches the
separalion o[ lest Parlicles
in a plane Perpendicular to
the z ar<is. The wave acts
bv a combination ol its tv,o
oolarizations: + ("Plus")

3:i#:li:$r"i".\5ji"ojn,"res roserher arong rhe x direcron and pushes rr'em aoan aroln *,!
direction when h.(t) it poiirJe "tiJ it t".'"t.Et the lorces when h'(t) is negative: x fct"lll
potarizalion pushes and puu!'i"tr p"ru"les. as determinect by lhe sign of lt'(/ )' at 4y angtes ttoq'fri

xand yar(es. I
i
I

uniry and depend on the dircction ro thc

source and thc oricntation of the detcctor' .

Wc cal l  h(r) the gravirarional-wavc strain

char acts on thc dctcctor '  Notice that thc

iclativc nrotion of thc test nasses caused by

in. *ou. is proportional ro their initial

separalion, on" of thc fundamcntal frcts

rhat drives rhc dcsign of LIGO'

Laser inrcrfcronrctry is uscd to monitor

AL, and thence the gravitational-rvave

strain lrG) = LLIL' In LIGO's 6rst inrer-

ferometcrs, the incerfcrometry (18) rvill be-

pcrfornred as follows (Fig' 3): Onc face ot

loch tert mass is polishcd and coarcd to

iorrr, " ni1vo1 rvirh high reflcctivity' low

transnrissi.rity, and vcry lorv scatrering and

"Lrurp,io.t. flt. ,,uo nrirrors along cach

"r"i iotnl n Frrbry-Pcrot rcsonln! optical
"cavity," rvhiclr givcs thc cffcct of having

thc l ighr tr tvcrsc thc arnr nr:rny t inlcs' A

l"scr 6cnnr shiucs orrro a bc:rnl splittcr itt

lhc vcrtcx of r lrc L, and thc spl i t tcr dirccts

h'r l f  of t l rc l ighc along cach arnr, cxcit irrg

,h" ,tuo Fadry-Pctot clvicics' Thc cnd

nrirror of cacir cavity has nruch lorvcr

transnrissiviry rharr thc nrirror near thc

vcr(cx, so l ighr fronr cach cxciccd cavity

cxirs chrougli  i ts vertex nrirror and back

torvrrd chc bcirnr spl i t tcr '  Thc spl i trcr is

acljustcd to rcconrbinc thc trvo rcturning

i"on* to thar nros! of thc rccombined

light rcturns lo.vard thc lascr and a ciny

port ion propagatcs torvard thc photodctcc'

Whcn a gravitational rvavc changcs tlrc

lcngrh L1 oi L, of onc of chc cavir ies' i r

,iigi,tv shiftt tlic caviry's rcsonant frequcrr-

.u-rclaiiu" to rhc Llscr frcqucncy and thcre-

bv chentcs thc phasc of thc l ight in t l tc

calricv and rhc phasc of thc lighr that- exits

from'the caviry toward rhc beam spl ir tcr '

Bccause thc rv:tvc affects thc two arnrs

aiff.t".,fv, it shifts thc rclarivc phascs of

rhc I ight exit ing gt ls lrvo cavit ies and thcre-

bv alicrs theii intcrfcrencc at thc bcanr

sol i t tcr,  causing a sl ight change in thc

intcnsiry at thc phorodctccror '  This changc

in photodctr:ctor signal is proportional to

al ir),  and thcncc to thc gravitat ional-

rvave strain h(t)-
The phorodctcccor signal is highly scn-

sir ivc to lr(r),  as thc fol lorving ordcr-ol-

Laser !

Photodiode :

Fig. 3. A schematic view ol a LIGO inlertso[ i
eler. I

magnituclc calculation 5h.on's. Thc rchrirl i
phasc changc bcrrvccn (hc lrgnl entr:rging i
fronr rhc trvo cavitics is

A L h L :
A ( l ) - [ J T = B T  0 )

rvhcrc )r is thc light's rvavclcngth and Bi1

thc rncun ntttnbcr of t inrcs thc l ighr :

bourrccs back :rrrd forth in thc cavitis I
bcforc cxir irrg (proport i trnal to thc crvi '  i
rics' 6ncssc) . Thc phasc changc Atlr sxn b( I

monitorcd at thc photodctcctor output

rvirh a prccision that is l inr i tcd by phoron

shot noisc, rhat is, by randonrrrcss in thc ,

arr ival t inrcs of thc photons; thc l imit i r  '

6q> - t/vfi, rvhcrc N is thc nunrbcr o[ '

photous incidcnt on thc bcanl spl i t tu '

i"*.u ,f't. tinrc (roughly a gravitational' I

rrarc-pcriod) that thc photodctcctorssig'  i

nal is tcing intcgratcd. Corrcspondingly,r '

gravitat ional-rvavc strain that rvould givca

iignal of thc slnrc magnirudc as that o[thc

mcasurcmcnt f luctuarions is

r l  I  . . ,
h", i , ,=IEff i  p,

Acru'.rlly, A<l> is proportional to B andh";"

iroroporiio.,ol to l/D only if thc mcan light

,,orrj. tinrc in thc cavities, BLlc' is les

ii""T"f f "f a gravitational-'vavc pcriod (r'

spcc.l of ligh{; if B is madc largcr, thcrcir

no furthcr inrprovcnlcnt of [".,," For,csam'

plc, thc l imit is B : 400' assuming lw-nr

lr",r., ond an :rrnt lcrrgth L = q knt' Ci]tn,

thc qul l i ry of rhc LIOO mirrors, only l%01

rhe phorons rvi l l  bc losr to scattcr ing rno

absoiption in the 400 bounces, so alnrostatt

of rhe stored light rvill cxit back toward tht:

ittir. ff',it ligh-r rvill bc rccvclcd (18) brcl



o Tesl mass

raised inlo the air lock and the
gale valve can be closed lo per-
r�nit modiiications v/ithout interfer-
ing wilh lhe main vacuum or wilh
other in ler feromelers.

Q Iest mass chamber ffype
@ Test mass chamber (fife
, Beam solitler
@ Beam sblitter chamber
r Laser and input ootics
- Output optici

grarion tinrc. Correspondingly, for rhc
ab,ovs pnran'rsters the minimunr dcrcctablc
rvave has a srrength (Eq. 3)

, 10.5 r.*\ / I \',",,^- 
\lG,-i lu*/
( -L\  : ,0- , ,
\ !2  x  t0zo /

As sho.vn bclow in Fig. 10, rhis scnsiriviry

should bc suficicnt for the dcreccion of
largc numbers of gravitarional-rvavc sourccs
and rhc use of rhese sources for a rich
progr:lm ofphysics and asrrononry rcscarch.

Scvcral orhcr optical conFgurariors arc
possiblc for rhc inrcrfcronrcrcr arrd nray bc
uscd in futurc LIGO dc(ccrors (19). For
cxamplc, by inscrr ing a l ighr-rccycl ing nrir-
ror bcrwccn rhc bcrnr splittcr and rhc pho-
todetccror, onc can grcutly improvc rlrc
intcrfcronrcrcr's sensiriviry in a harrow frc-
qucncy band, rvhilc dcgrading it oursidc
thar band (20).

LIGO

LIGO wil l  bc a faci l iq- opcn ro thc narionel
communiry and capablc of housing nrarry
succcssivc gencrations of interfcronretcrs
wich a varicry of oprical dcsigns. Thc prin.
cipal fcatures of LIGO arc dictatcd by rhc
following considcrarions:

l) Each inrcrfcronrctcrk rcsr rrrassc:
nrust bc houscd in :r vacuunr to avoid
bufltting by air nrolcculcs. Thc oprical parl.
nrusr also bc. in vacuum to prcycn! flucrua.
t ions in rhc numbcr of air nrolcculcs in rht
bclnr from clusing fluctuatiorrs in tlrt
l ight 's phasc. Thc nrosr scnsit ivc LIGC
inrcrfcronrctcrs wil l  rcquirc a vrrcuunl o
l0-e torr.

2) An intcrfcronrcrcr 's scnsir iviry ir tr .
provcs as ics arnr lcngrh L is incrclscd
Achicving scnsir ivi t ics adcclu:rrc f irr  rh.
cxpcctcd rvavcs (Fig. l0 bclorv) rcquirc
arrrrs scvcr:r l  ki lonrctcrs in lcngch. LIGC
h:rs bccn dcsi;;ncd rvirh 4-knr-lorrg xnns.

l)  Thc vacuunl pipc runrr ing bcrwccr
rhc tcsr masscs of clch arnr rvitl ,lravc :
dianrctcr of I .2 nr so rhlr i r  c:tn : lccolnnlo
datc nrult iplc dctccrors as rvcl l  as luxi l i i rr
lascr bcarns rcquircd in s<lnrc ldvanccr.l clc
tccrors (21).

4) To Frnrly distir:guish rcrl gruvira
Iional rvavcs fronr "non-Gaussian" 

bursts c
instrunrcrrral and cnvironrncnt:rl noisc, tlr
outpu(s of intsrfcromctcrs at rrvo rvidcl
scparatcd sitcs rvill havc to bc corrclatr:tl
Thrcc intcrfcromcrcrs rvill bc uscd: a singl
4-knr inrcrfcronrc(cr nt onc sitc and trv
intcrfcronrcrcrs, 4 and 2 knr long. slurr irr
rhc sanrc v.tcuunl sysccnr (22) ar rhc orlrc
sirc. I f ,  instc:rd, LIOO rvcrc to lr . .rvc only
single vacuum systcnr at a singlc sitc, nois
bursrs would prob:rbly prcvenr i ts inrcrfc:
onrctcri fronr rccordirrg itny rncurrirrgfi
dlrrir whuts<lcvcr.

5) Each inrcrfcrr.rnrctcr's tcsr nl:rssr
nrust bc susl>cndcd fronr vibrariorr isclllrio
systcrrrs thar prorcct thcnr fronr scisnric ;rn
acoustic vibrat ions, arrd t lrc tcst rrr: tssc
vircuunl chambcrs nrusr bc largc cnotrglr r
housc thcsc isolarion sysrcms.

6) Bcforc cnrcring thc inrcrfcronrcrc
t irc l lscr l ighc nrusc bc conti ir ionccl in
vuricry t : f  wlys: i t  nrust [ :c frcqucrrcy-sr:r l .

inro lhc intcrfcronrctcr by a high-rcflccciv-

i-  mirror placcd at the locacion nrarked R

in'f ig. : .  
( fhis nrrkes rhc cnrire irrrerfer-

^n arar " singlc rcsonant caviry rvi th amrs

ihr, rr. subcavitics.) Thc tocal porver avail-

.blc in rhc inrerfcronrcrcr for nraking rhc

ir.rrur.n.nt rvi l l  thcn be -100 t inrcs as

,rcrr as rhc lascr's output power. For a lascr

Sutgrr.of 60 W, chis tuclns that N : 2 x

1g:d photons arc irrciclcnr on thc bcanr

spl i trcr during r l0-nrs photodetcctor intc-

(4)

I
krn

km

I

2

2

{ \
I '

2)

- Laser beam

Site 1

Fig. 4. Schematic layout o[ the initial LIGO facilities. For each inlerferomeler. the laser beam is
conditioned in an input optics chain before it reaches the beam splitter. Atter passing through the
beam splitter. Ihe beams enter the chambers containing lhe test masses, where they are directed
into a 2-km or 4-km interferomeler cavily. Afler leaving the cavily. the beams, no,rr back in the test
mass chambers, ate directed back to the beam splitter and then into an output optics chain that
lerminates with the photodetector. Al site 1. all etements ol the 4-krn interteromeler lie along the two
arms. whereas the beam splittet and inpul and output optics chains for the 2-km inlerferometer lie
belwcen lhe lwo arms.

Fig.5. An artist's conception of a
rype I LIGO test mass chamber
(see the symbols in Figs.4 and 6).
lhat is, the vacuum syslem mod.
ule that houses an inlerferome-
ter's lest masses. The vertical cyl-
inder serves as an air lock that
can be opened to lhe outside
lronr above or. with a horizontal
gate valve at its base, opened to
lhe main vacuum pipe below. The
large assemblage in the air lock is
a passive vibration isolation sys-
tem (a cascaded stack ol me-
chanical lilters consisting of
masses ancl elastomer springs).
kom which are susoended the
lest rnass and a sleering mirror
lhat dellects the lighl beam lrom
the beam splitter to the test mass
and back. The upper laser beam
is an auxiliary f,at ronitors-tn; F-
separation betr.reen lest mass f i)
suspension points. so teedback l / t l l
can maintain a fixed separation. i.; lf
thereby helping rvith vibrarion iso- 

-i 
I l 

'
lation (27). The passive vibrarion / /\ \
isolat ion system and i ts suspend- ,  B
cd tesl n)ass and mirror can be

i - . i Q ^ t ! : \ . - : :



l izcd, phasc-modulatcd, ampli tudc-scabi-
li:rd- and sn:rriallv -sh;rocd to congrol vari-
ous spurious noisc sourccs- This condition'
ing rcquircs a long input optics chain
houscd in spccial vacuum chambcrs. A
similar outpur optics chain nrust bc placcd
bctwccn thc intcrfcromctcr and thc photo-
dctcctor.

Figurc 4 shorvs a schcmatic layouc of
LIGOi trvo silcs. At sitc I thc two intcr-
fcromctcrs (onc 4 km, thc othcr 2 km) are
intcrlcavcd in such a way that cithcr can bc
rcnrovcd from thc vacuum systcm withouc
intcrfcring with thc othcr and without
brcaliing thc main vacuum. Figurc 5 shorvs
horv tl'ris capabiliry is dcsigncd in thc vac-
utrm chanrbcrs housing thc tcst masscs.

Thc two LIGO facilitics and thcir 6rst
thrcc-intcrfcromctcr dctcctor systcm wil l  bc
constructcd from 1992 through 1996 at a
cost of -$200 million. Subscqucnt dcrcctor
systcms will cost scvcral million dollars
cach. Thc LIGO projcct is implcmcntcd by
thc "LIGO tcam," a group of scicntisr and
cnginccrs at thc California Institutc of
Tcchnology (Calccch) and thc Massachu-
sctts inscitutc of Tcchnology, and impor-
tant conrributions arc coming from groups
at orhcr inst irurions, including the Univcr-
siry of Colorado, Stanford Univcrsiry, and
Syracusc Univcrsiry, arrd from industry.

LICO's init ial  conhgurarion is thc min-
imum that can housc a thrcc-intcrfcromc-
tcr dctcctor systcm capablc of dctcct ing
thc prcdicted wavcs and monitoring onc of
thcir two wavcforms. This init ial  con6g-
uration has bccn dcsigned to pcrmit an
upgradc (prcsumably aftcr gravitat ional
wavcs havc bccn detcctcd) into thc con-
fguration shown in Fig. 6. Thc upgradcd
LIGO can housc thrce indcpcndcnr dcccc-
tor sys(cms rhat opcratc simultancously.
Thcse dctcctor systcms might bc in dif fcr-
cnt stagcs of dcvclopmcnt or might bc
optimizcd for diffcrcnr rypes of gravitation-
al wavcforms, for example, broadband
bursts from black holc collisions or mono-
chromatic wavcs from pulsars in some
choscn narrow-frcquency band. From timc
to t imc onc of rhc detector systcms can be
removed and a nc,u one can bc inserted in
its placc, with minimal intcrference with
thc othcr two systcms.

Evcn in this upgradcd form, LIGO by
isclf  wi l l  not bc ablc to cxtrac! al l  of the
information from a gravitational wave [thc
dircction to i[s source and the two wave-
forms h*(l)  and h"(r)1. Ful l  extract ion wil l
requirc combining rhe oucputs of intcrfcr-
omctcrs at three or morc widely scparated
sites, and for all-sky covcrage there must bc
at lcast four sitcs (23). LIGO wil l  rcly on
orhcr narions to provide the third and
fourth sitcs of the nctwork. Vigorous efforts
toward doing so arc under way in Europe
(15) and are bcing init iared in Japan and

Site t

Flg. 6. Schematic tayout ol the LIGO facilities after a possible tuture upgrade. Site I accomm66a,*
three 4-krn and three 2-km interferomelers without inlerference. and site 2 accommodates lfufi
4-krn inlederometers.

;J;
I

, *l'
I

Austral ia (15). The angular rcsolut ion of
this intcrnational network will rangc fronl a
fcw arc minules co a fcrv degrecs, dcpcnding
on rhc shapcs of thc waveforms and the
signal-to-noisc ratio (2-l). This is compara-
blc to thc rcsolutions of radio tclcscopcs in
abour 1950, rvhcn thc 6rsr optical idcnci6-
carions of radio sourccs wcrc bcing madc.

LIGO Interferometers and
Their Noise

Thc noisc in any intcrfcromcter is of trvo
rypcs: Gaussian (noisc wirh a Gaussian
probabil i ry disrr ibution) and non-Gausian.
Bccausc of thc Gaussian distribution's cx-
trcmcly fast falloff rvith incrcasing noisc
anrplitudc, Gaussian noisc is cxcccdingly
unlikcly to producc noise bursts largcr than
a fcrv standard dcviarions. By conrrast,
intcrfcromcrcrs can show largc, non-Gaus-
sian noisc bursts scveral timcs pcr hour duc.

l o -18

ro'15

1oi6

to'17

I o'za

C
r a l 9  l J

1o'a

to'?r

for cxamplc, to suddcn strain rclcascs in 15a
rvircs that suspcnd rhc lcsr nrasscs. Thc onl"
surc way ro rcmovc such non-Gaussili
noise in a LIGO dcrcctor systcm is g,
corrclarirrg rhc outprrts of,thc systcm's thrcc
intcrfcronrctcrs. Oncc rhis is donc, 6i
sysrem's scnsitiviry rvill bc govcrncd by rhc
rcnraining, Gaussian noisc.

Thc Gaussian noisc is characrcrizcd !y,
spccrum li(/; dcfincd as follows. an int.n
fcromcrcr's output consisrs of thc truc grilv.
i tat ional-wavc srrain h(r) (Eq. l)  plus rhc
Gaussian noisc A^.;,.(t)l h (f ) is thc squarc
root of thc porvcr spcctral dcnsiry of h*,*61
ar frcqucncy f. Whcn thc intcrfcromctcr
mcasurcs a gravitational-rvavc burst (sush
as from an inspiraling black holc binary;
that has a strain amplitudc hn-n, a charac-
rcristic (mcan) frcqucncy/., and a duration
of n cyclcs, thc mcasurcmcnc, obeincd
rvith optimal 6ltcr tcchniqucs, rvill havc the
signal-ro-noisc rat io (13)

s ,.,.
(5)

N 4...

rvhcre

h. - hn-o \6 (6)

is callcd thc rvavc's characteristic amoli.
tudc, and

t ̂ "= 1ft811.1 (7)

is the interfcrometcr's roo! mcan square
(rms) noise for a onc-cyclc-long burst at thc
source's charactcristic frequency 1. Q4l.
[Equarions 6 and 7 can be regarded as an
aooroxinratc dc6nidon of the interferomc-
tci 's noisc rp..trr- l i1;1,;

Thc LICO rcam has dcvclopcd tcntativc
design parametcrs for the 6rst LICO intcr-
feromctcrs. (-lhe design will not be finalizcd
unri l  1993.) A guiding phi losophy for this
design is that it should use only cuncnt
technology. Thesc 6rst intcrfcromcters are
expectcd ro havc a Caussian noise spcctrum
h (/) dcpicted by thc upper sol id curvc in

c
-
elo{8

N
?

r o'z5i
/(Hz)

Fig. 7. The expected total noise in each ol
LIGO'S first 4-km interterometers (upper solid
curve) and in a more advanced interferometer
(lower solid curve). The dashed curves show
various contributions to the first interteromeler's
noise.
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Fig. 7. Thc individual conrriburions to rhis

nJir., thotun as dashcd curvcs' arisc fronr

,hc follorving sourccs:' 
l) Bclorv -?0 Hz, thc tocal noise (up-

ncr solid curvc) will bc dominatcd by "scis-

l1ic noisc".(ground vibrat ions duc to the

scisnric bacliground, to man'madc sourccs

.rch "r traffic on roads or railroads, or to

.uind forccs coupled co thc ground by crees

and bui ldings), which is transmitced to thc

rcst masscs through their suspcnsions. Thc

,.r, ntorr.t will bc procccted from such

noisc by a passive scismic isolation sysrem

fig. 5) and thc 6nal pcndulum suspcnsion.

ihc scisnric noisc limit is vcry stccp bccarrsc

such a vibration isolation systcm loscs irs

cfrccrivcncss ac low frcqucncics.
2) Bcnvccn -70 and -200 Hz, thc

noisc is prcdominatcly due to off-rcso-

nancc, thcrnral ly induccd vibrat ions ofthc

Fig. 8. A photograph of lhe 40-m prototype inlerferometer at Callech.

'-tesr masscs and-thcir suspcnsions: Thcsc--
thermal vibrations will produce thc noisc
shorvn  in  F ig .7 ,  assunr ing  l0 -kg  tcs t
nrasses and a lOi qual i ty factor for thcir
pcndulum suspensions.

J) Abovc -200 H:, photon shot noisc
rvill dominatc. This is the cypc of noisc

. discusscd in thc text prcccding Eq. l. Thc
curvc shorvn in Fig. 7 is bascd on thc
assumprions of 2 W of cffective lascr porvcr

lcomparablc to thar of existing argon ion
lascrs or to frcqucncy-doublcd ncodymi-
um:ytrriunr-aluminum-gamct (Nd:YAG)
lascrs that arc bcing developcd by thc LIGO
tcamt Stanford collaboratorsl, nrirrors rvi rh
a fractional power loss of 5 x l0-5 pcr
reflcction (which has bccn dcmonstratcd in
smallcr nrirrors, but not yct in thc 20-cnr
sizc rcquircd for LICO), and a factor of J0
gairr in cffective lascr powcr by light rccy-

500 1000 5000
/(Hz)
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-''clin g {conrparable-rrith whathas bccntcm-
onstrarcd in intcrfcromctcrs with 6xcd rnir-
rors (25)1.

A rrunrbcr ofothcr noise sourccs nrusr bc
corrtrollcd; all arc cxpcctcd to bc lcss inr-
porrnnt rhan thcsc thrcc.

Throughout LICO: opcration, its intcr-
fcronrcrcrs rvill bc continually improvcd.
Jhq lervcr solid curvc of Fig. 7 dcpicts thc
noisc in a candidate ncxt-gcncration ad-
vanccd intcrfcromctcr. Cfhc tcchnology
and rcchrriqucs for this and othcr advanccd
intcrfcronrctcrs arc now undcr dcvclop-
nrcnr.) This advanccd inrcrfcronrctcr's
rroisc rcductit>n woultl lrc largcly achicvctl
in rhrcc rvays: (i) To rcducc thc photon
shot noisc, thc cffccrivc lascr powcr would
bc incrcascd to 60 W:rnd thc nrirror losscs
rvould bc inrprovcd to pcrmit rccycling rlrc
l ighc 100 rathcr than J0 t imcs. (Ihc rcsult-
ing rnrs shot no-isc, h^, = {i(f) :rr / =

100 H:. is l0-",  in accord with thc cst i-
matc in Eq. 4.) ( i i )  To rcducc thc pcndu-
lunr suspcrrsions' thcrnral vibrirtions, thcir
qualiry factor would bc incrcascd from l0?
ro lOe by.a changc in thcir nratcrial arrtl
gconrcrry! and thc scs( nrasscs *'ould bc
incrcascd from l0 to 1000 kg. (iii) To
rcducc thc scismic vibnrions, thc isolation
stack rvould bc upgradcd, and an activc
isolation systcrn (26, 27) nright bc usccl.

Prototype I nterferometer
Development

Thc dcsigrrs of thc 6rst and advanccd LIGO
intcrfcronrctcrs and thc conFdcncc that
rhcir cxpcctcd noisc lcvcls can bc achicvcd
arc thc rcsult  of cxtcnsivc cxpcrimcrlts car-
ricd otrc ovcr thc past dccadc irr thc LIGO
tcan'r's laboratorics and clscrvhcrc. Thcsc
expcrinrcnts havc scparatcly tcstcd various
pcrformancc rcquircments and intcrfcromc-
rer components. The prcdictcd pcrfor-
mance of LIGO intcrfcromctcrs mtrst bc
picced rogerhcr from thcsc individual cx-
pcriments without any uniFcd dcmonstra-
tion, bccause laboratory-scale intcrfcron'rc-
rcrs are signi6cantly diffcrcnr fronr 4-knr
LIGO intcrferomctcrsJiffcrcnt bccausc
various noise sourccs scalc diffcrcntly with
increasing arm lcngth and changing frc-
qucncy.

Onc of the key instrumcns bcing uscd
in thc devclopmcnt and tcsting of compo-
nents and tcchniqucs for full-scale LICO
interferomctcrs is a 40-m pro(orypc at Cal-
tcch (Fig. 8). Expcriments with this proto-
rypc (28) havc ccstcd a varicry of intcrfcr-
omcccr componcnts and a widc rangc of
their pcrformancc measurcs; Fig. 9 shows
measurcmcn(s of displaccment noisc,
dL(l). 1tL(f) is rhe squarc roor of thc
powcr spccrral dcnsiry of AL and is rclatccl
t o h ( / )  b v

Ftg. 9. The displacement noise
achieved by 40-m prototype inter-
leromelers at various times in the
past, and comparison with the
estimated displacement noise in
the first LIGO interferometers (see
Fig, 7 and Eq. 8). The lines ol
constanl h,^s wete cornputed
from Eqs. 7 and I with the prolo-
type arm lenglh. L = 40 m (or. in
parentheses, the LIGO afm
l e n g t h . L = 4 k m ) .

1 o'12

1 o ' l {

{

3 r

1 o'17
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Flg. 10. ComParison berween the

expected. rms noise 4-" In

LIGO'S lirst and advanced detec-

lor svstems and the characteristic
ampiitude h. of gravitational'
wave bursls lrom sevefal hypoth-

esized sources. NS. neutron star:

BH. black hole.

scood and that rhc LIGO noisc o*,,^
nrancc goals of Fig. 7 can bc tchi*u^".1'

Hoscvcr, a 6naI dcnlonsrrat ion o; ' ! '
:rspccts of thc LIGO dctcctors' pg,1qr'
nl incc nrrst arvait  thc 1996 instr l tat;si":

the 6rsc dctcctor systcnr in thc ful l* l f i

LIGO faci l i t ics.

Comparison of LIGO Sensitivitie.
with Estimated Wave Strenghi

LIGO s 6rst dctcctor sysrcnr nright scq "o,.
icrttionll r,;:tvcs, rnd thc rd"anccd dctci*'.

discusscd abovc arc highly l ikcly 1ol
rhenr. Succcss will probably contc bctru*

rhc Grst-dctcctor lcvcl and thc rdvq,.'i
'  

lcvcl,  rhar is, a fcrv yclrs aftcr LICOgo'

into opcration.
This prcclicrion is bascd largcly on 15,

bcsr undcrstood of rhc 6ypothcsi:cd sorrrl.'
cs: rhc' 6nl l ,  nr inutc-lotrg inspir:r l  of a n*.
tron stilr binary. iJccausc thc lO'knr's;1r1

s(ars arc 100 knr apart rvhcn LIGO is nq,
scnsitivc to rhcnt, tlrcy arc no( yct (cirino

cach ochcr aparr, and thc dcrai ls of 16i
rvavc crrrission arc undcrstoo,l ( Ij, i0, ;11.
Thc unccrtainry in 3h(: wavcs' strcnglh
'.rriscs solcly fronr thc unccrtain distanct6

rlrc ncurcst sttch sourccs. Thc obscrv4

srarisrics of birr:rry rlctttrotl st:rrs in otlr o,*
gal:rxy, cxtr:rpolatcd to inclurl^c d-ist:rnt gd

ixics, giuc a bcst cst inrarc ( j2'  j i )  ofZS

Vlpc (650 nri l l ion l ighr ycars) for thc dis
rlncc to ruhich LICO nrust looli to scc thrq

ncutrotl st'.rr inspirals l)cr ycxr' Ftrrthcr:rnal'

ysis (i2) of thc trnccrt:rinrics in thc drn

givcs nt ' t  " t t l t racottscrvarivc uppcr l i rrr i i 'of

iCCO rrap. irtr.l :tn "optinristic lorvcr linril"

o f  -23  Mpc.
Figurc I0 shor*s thc chrlrrctcristic anrpli

tudcJ,. (Eq. 6) of thc rvrvr's fronr ncunon

srar binarics ac rltcsc rhrcc rJisranccs (j'i).

Tlrc rvavcs srvccp rvith tirlc fronl lol ftt'

quctrcy to high. that is, fronr lcft to rightin

Fig. l0 (scc rvavcfornr in Fig' l ) '  As thc'

fr"-quc,tcy incrcascs, thc rvavcs' anrplitudr:

h., , , , , .  i , ,crc;tscs; l torvcvcr, thc nurlrbcr.o[

..j.!*t r, = f Qfftli- 
' spc,',! tt.',,t c:rch fr*

qucncy f tlccrcascs, and thc charactcristic

unrplitudc lt. : lt.',',,Vti (s'hich dctcnrrinu

rhc sigrral'to'noisc iati.l) tJccrcascs slight\

(scc clashccl arrorvs in Fig' l0)' (Thc-vcni'

c"l "rru.u, llorrg rhc bottcrttr of Fig' l0 nr:rr\

rhc rcrrutitting tinrcs, I nrin :ttrd I s, urrtil

thc 6rral n"u,ror, strr coi l is ion, antl  thc

cl isratrccs, 100 knr arrd 20 knr, bcrs'ccn tht

scrrs.)
Figurc l0 l t l lo.vs l t  colnpnrison ol thcsc

si lnrl  srrclrgths rvirh thc cxpccrct l  Iroiscit t

rh-" 6rst l t tr t l  ' . t . lv:t trcc. l  LICO t lctcctors'  lht

Iowcr cttrvc.>f caclt  plr ir  is rhc rt t ts t ' t t>isc/tn'

(Eq. 7) ir t  cach 4'krrr i rrrcrfcrot lrctL'r ' . i$

cotrrputcd front thc noisc cJtilrriltcs ()t l'lg'

7. Thc uppcr curvc in cach pir ir  is tht

scnsit ivirY ro bursts'

| q 1 1  =  l l [ . , , , ,  ( 9 )

Scc Eqs. I  l rrrd 7' l  Thc bortont spccrrttnr in

Fig. 9 is rhc prrrttrrypc's .lisPl;lccltrcrrt Pcr'
l i rnrr,r,rcc i tr  Nttvcnrbcr 199I '  Lorrg'tcrm

prorotypc progrcss is shos'tr by :r colrlpari'

,.r,', ,uiil', iit. l"''tu"ry l954 spcctiunr, arrd

rccctr( shtlrtcr tcrttr pr(r!:rcss is sht>rvn by a

coru1'urisort rvi th thc Ocrobcr 1990 spcc-

rrunr. Alstr shtxvtr is thc t l ispl lrccrr lctrt  troisc

cspcctctl in LIGO's firsr 4-knr irrrcrlironrc'

(crs.
Thc 199 I sl)cctrtrrlr slrorvs "t rruntbcr of

pclks sul lcr irul)oscrl  ()11 a snroorh brck'

iru,, , tJ. S.,, t tc of ghc [erv-frcclucrrcy pcrrks

iir. .lu" to inrpcrfcct iotrs i tr clcctnrnrcchnr:'

ic'.rl scrvos, :rncl thc largcst pcaks 'lr higlrcr

lrcqucncy ltrc .lttc to rncch:tnicll rcsotl"lllccs

in iut ir t tcrnlct l i l r tc rclcrcncc c:rvity '  Al l  of

thcsc pclrks cirn bc 1g1119vcd rvith furrhcr

*vork, icaving only pc:rks cluc to thc'rnr"rlly

cxcitcrl vitrr:rtitlrl:rl nltxlcs tlf thc tcsr nrass-

cs' strspcttsiott rvircs (tlrc clusrcrs of pcaks

, ' , . .r  i0, 500, rnd 650 Hr'  Evcn in i ts

prcsctlt st'.ttc, tl'rc spcctrunr's b:rsclinc lcvcl,

rrt:t thc pc:rks, is thc nrorc irccur'ltc ntcilsurc

of rhc t lctccttrr 's displaccrncnt scrlsi t iviry,

lrcc:tusc rlilrr()w lrcltks clrtr bc liltcrctl our irl

rhc .lirtn irrrlrlysis rvitl'r nlininllrl loss in sig-

t'r..r I .
Thc b'.rsclirrc noisc is tluc to a ntrrubcr of

rlillcrcnt s()trrcc.s- Ar high lrctlucncics

(ubovc - I  kl- lz),  rhc rroisc is t lonri t tatct l  by

slxrr r ' , .r isc :rrt t l  is consistcrrt  rvi t l r  thc lcvcl

rrrcclicrctl tor rhc ctrrrcnt hscr porvcr ittrcl

i ,rr .r f"r. , , t t . t" ,  opriclr l  con6gtrr irr iolr '  Ar

vcry l trrv l ict l trcrtcics ( l tclorv - I  20 l iz),  t l rc

obss'rvc. l  Iroisc is t l t lc to grouttr l  vibrat iolrs

rh'.rr couplc throtrgh rhc suspcrrsions to rhc

tcst nl i lsscs. Thc lcvcl of rhis noisc conrpo-

ncnt is 5ssl lgrvit l t t  higlrcr rh:rrr thc LIGO

;.1t1:r l ,  i t ' t  1:: tr t  [rcctrt lsc t : f  rhc {rotrrrt l  vi trr lr-

rion lcvcl in rhc Calrcch laboratory. rvhich

is a f:tctor of l0 highcr rh:rn nrclrsurctl lctcls

lut rcnrotc sitcs nlorc rcprcscntativc of prob'

nblc LICO sircs- In thc intcrmccliltc tc-

rr ion, thc noisc spcctrunt contains contr ibu'

ii.r,rs fro,,t a truntbcr ofsourccs' rhc rclativc

irrrport:rrrcc of rvhich vrrics rvith fictlur:trcy'

In ir.lJition to scisrnic noisc lttrcl sllrc troisc,

rhcrc lrc signi6carrt contributions frorn

thcrnurl noiscj irncl fronr scattcrctl light thrrt

rccontbitrcs atrd irltcrfcrcs rvith thc nllirr

lirscr bcanr. All of thcsc noisc sourccs can

bc rcduccd rvith furthcr worlt. For cs:rnrplc,

rhc lcvcl of noisc cluc to scattcrcd light is

highly clcpcndcnc on the dctai lcd con6gura'

,io],'r r'if rfrc intcrfcronrctcr; bccausc of spacc

consrr:titrts rvithitr its currctrt vilctrtrltl

chanrbcr, rhc 40-nr protoryPc docs not con'

rain nrlrrry of thc ntcasurcs planncd for thc

6rst LICO intcrfcronrctcrs ro control scirt-

tcrcrl  l ighr.
Expcrinrcnrs pcrformcd on thc 40-nr

Drotorypc irncl othcr spccial prrrposc sctuPs

it.u. (i) tcstcd :rttd conhrnrcd thc phoron

shr:r n<lisc fornrtrh usctl to prc'dict thc noisc

sl)cctr: t  of '  LICO itrrcrfcrotnctcrs; ( i i )  tcstcrl

rirc forrnuln for rl'rc noisc fronl rcsitlu:rl gas

arrt{ conhrnrc.l thc vacuunr rccluircnrcnt in

thc bcanr tubcs; ( i i i )  dcnronsrrarcd rhc cf-

fcctivc porvcr ctrluttrccnrct'tt tittc to rccy-

cl irrg irr a Fabry-Pcrot intcrfcronrctcr (25);

rrrcl (iv) allorvc't{ thc dcvclopmcrrr of a

r"c[,,',i.1r',c fbr lascr stabilization (29) and

ucri6cci rhat sufFcicnt frc. lucncy strr l l i l i ry

carr lrc irclr icvct l  l i rr  rhc 6rst LiGO intcrfcr-

ontc tcr5.
Trkcrr togctl ' rcr,  rhcse scparatc cxperi-

nrcnrs, lntl othcrs pcrfornrcd in orhcr l';rb-

orl l tory faci l i t ics, givc' trs corr6clcncc that

rhc [u, ' td,rnrc,rr i t l  Ir t>isc so(trccs l trc urrt lcr '
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Llu.-if it arrivcs only r.rrely, fronr a ran- namics of space-time curvaturc (10); (ii) that LIGO rvill never see onc. Ho*crr"r.

6lnl direccion, rvirh an rrbitrary polariza- from rheinspiral of asmall holc inroa largc therc is an obscrvarional hinr of ,tro,,j

116p, and at -r rrndonr, unpredic-table hole: a demiled, partial nrap of rhc largc asynrmcrry in rhc rcccnr disco'rcry of :i
,int.-in ordc.r for us to bc highly confiderrt holc's curvature (8, 9); (iii) fronr thc tidal ncurron star thar secms (o have becn cjccr-
,h,rc ir it not duc to- Gaussian noisc (35). llf disruption of a ncutron star by irs conrpan- cd ar l/lO0th of rhc spccd of lighr froni thc
,h. n.u,ton srars' 6nal collision produccs a iorr black holc: lhe ncutron star's radius ccnrcr of its supcrnova cxplosion (42).

,rrong .nougll burst of gamma rays for (rvhich, conrbined rvich irs nrcasurcd mass, This discussion of nonaxisynrnrcrric su-
i .r .c, ion.at Earth ( j6), then the ganrnra rvi l lgivcinformarionabourthccquarionof pcrnovac, wirh al l  ics " i fs" and "nrighrs,"

[ur56 rvi l l  dict l tc thc t ine at rvhich ro starc of nuclcar matccr); and ( iv) fronr rhc i l lusrratcs rhc cnornrous unccrrainrici  r6ur
.xp..c th. gravitacional-wavc bursr, and collision of trvo ncutron srarsr thcir colli- plaguc cstinrarcs of rhc gravitarional rvavcs

,5. ruru.t can thcn _bc identi6ed wich con- sional dynanrics and. perhaps thcir radii. For from most astrophysical 
-objccrs. 

The grcat-

fd.n""o, h" : h5s/3, that is, a factor of J trvo nculron sars, the collisional rvavcfornr esr hopc for rcsolving thc unccrtaintics is rc
5sl6rv thc uppcr curvc in each pair.l rvill be concenrated at frequencies of 500 scarch for che rvavss, ancl, whcn rficy arc

Figure l0 shorvs thar LIGOI 6rst dctec' to 1000 Hz, rvhcre rhe derectors' phoron found, to srudy rheir *ou"iornrr.
g6s5 rvill be abour good enough to dcrect shor noise is scvere; so studying rhc colli-

rhrcc ncutron star inspiral evenb per ycar at sion will requirc speciali:cd detectors rvirh

rhc 
"optirrr isr ic" lcvcl,  and the advanced cnhlnccd high-frequcncy scnsir ivicy (and

dcrcctors rvill bc about good enough at rhe conscquenrly rcduced low-frequcncy pcrfor-
,,ulcraconscrvativc" lcvel. Most likcly, the nrancc). For binaries conmining rrvo black

firsr dctccrion rvill bc sonrervhcre in bc- holcs more massive than abour ten suns, by

'  Conclusions

Thc 6scal ycar 1992 Narional Scicncc
Foundation budgcr contains thc 6rsr por.
rion of LIGO's -$200-million consrrucrion
cosc. The sclccrion of thc two LICO sircs ir
now enlcring its 6nal sragc, and rhc siccl
should bc in hand and rhc consrrucrior.
begun at thc 6rst si te by thc cnd of 1992. l :
futurc funding is grantcd ar thc planncc
ratc, construction ar thc rwo sircs wil l  bt
complctcd in 1995 and 1996, thc faci l i r ic:
rvill havc bccn chcckcd our arrd bcgur
opcratiorr by thc cnd o( 1997, and thc 6rsr
dctcctor systcnr wil l  bc opcrarional in 1998.

This firsr dctcctor systcrn nrry discovcr
gravirat iorral wavcs. I f  nor, cxpcrinrcnrcr:
rvill prcss forward rvirh dctccror intprovc.
nrcnc (for which dcvclopnrcnr is l l rcat l l
undcr rvay), lcading rorvard LIGO's :rtl
varrccd dctcctor goals. Thcsc inrprovcnrcrrt ;
arc cxpccrcd to lcad ro thc dctcct ion o
rvavcs fronr rnany sourccs cach yc:rr. Tlrt
scicnri f ic communiry can t lrcn bcgin rt
harvcst thc riclr infornrarion carricd by rlrr
rvavc's, and an upgrade of LIGO can nrakc i
possiblc for scvcral rcscarch groups sinrulra
ncously to opcra(c scvcral diffcrcnt dcrccto
systcnrs, cach optimizcd for a diffcrcnt ryp,
of astrophysical sourcc.

Note added in ptof: Whilc this p:rpcr wit
irr  prcss, thc Narional Scicncc Foundarior
sclccrcd thc rrvo LIGO sites fronr lnrong ll
proposals. The sclecrcd sircs arc Livingstorr
Louisiana, and Hanford, Washingron.
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!rvecn.
Thc 6rst dcrcction can be used for rvave-

fornr studics (Fig. l), even if ir barely

cxcecds thc detectors' burst sensitiviry fi5s,

bccause i5o is far above the interferonrcrers'

rms noisc (j5). Each factor of 2 sensitiviry

iilprovcnrcnt thcrcaftcr not only rvill im-
provc rl'rc accuracics of rvavcform srudics,

t,,r also rvill incrcasc thc rarc of obscrved

signals by a lactor 2J = E, bccause thc evcnt

rlrc sc:tlcs rvitlr r'oluntc, that is, is propor-

tiorrirl to /r111'. Corrcspondingly, if rhrcc
. ncurron sr'.rr inspiruls occur crch ycar at 200

lvlpc (t l tc bcst cst inr:rtc), rhcn thc rntc rvi l l

bc..rbout onc cvcnt cvcry 2 co 3 drys in thc
advancccl rlctcctor s)-s(cnr.

Figurc l0 also shorvs, l t  200 Mpc l thc
bcsr currcnt cstinrirtc frrr horv far LIGO
nrusr look to scc thrcc such cvcnts pcr ycar
(j2, i3)1, (hc rvavcs fronr a rrcutron srar
spir ' .r l ing into onc - lLsolar nrass black
holc arrd fronr truo -lo-solar mrss black
hoics spiral ing togcthcr. Alrhough thc
three-pcr-ycar distancc for thcse sources is
nruch lcss cerrain rhan that for ncurron srar
binarics, thc rvavcs at a givcn disrance are
srrongcr-so srrong, in facr, that thc ad-
vancc.l dctcctor systcm could sce rhc inspi-
nl of black holc binarics throughour rhe
univcrsc (our to cosmological disr:rnces,
rvlrcrc thc cvcnr rarc should bc -10,000

rinrcs as high as thar ar rhc bcst-csrinrarc.
distrncc of 200 Mpc, or scvcral cvcn!s pcr
hour ) .

Figurc I shows hor*' LIGO can allo.v
rcscarchcrs ro infcr, fronr rhc inspiral rvavc-
fornrs, thc dctai ls of rhc binary's orbirs arrd
thc nrasscs of i ts black holcs or ncurron
sr' .rrs. ln r lrc lasr sccond of rhc binary's l i fc,
irs irrspir:rl rv:rvcfornrs graclually givc rviry ro
col l isional, nrcrgcr, or t idal-disruprion
rv' lvcfornrs (dcpcnding on rhc narurc o[rhe
binary), from rvhich onc can cxrracr funda-
nrcnral physics-( i)  from thc 6nal col l is ion
of conrprrablc-nrass holcs: dctai ls of rhe

J J Z

contrast, the 6nal rvaveform may bc ar low
enough frequcncics for srudy rvirh rhc
broadband, advanced derccrors of Fig. I0.

Of course, coalescing binaries arc no!
the only potcntial gravitarional-wavc sourc-
es for LIGO. There are orhers (14): rotar-
ing, sl ighrly nonaxisymmerric ncurron
stars; collapsing srellar corcs (as for cxam-
plc, in supcrnovac); stochastic rvavcs from
vibrating cosmic srrings and fronr tlrc big
bang; and, of coursc, roral ly uncxpccrcd
rypcs of sourccs. Horvcvcr, thcsc orhcr
sourccs arc al l  unccrrain in rvavc srrcngth,
cvclrt  r i l tc, or both.

Onc cxarrrplc is a nonlxisynrnrclric su-
pcrnova. Typc ll supernov:lc arc kno.vn ro
bc triggcrcd by thc collapsc of a star's corc
ro fonn a nculron scar (37). If chc collapsc
is axial ly symrrrctr ic, rhcn thc grlvi tarional
rvavcs cnrirtcd will bc roo rtcak to derccr
bcyond our galaxy and the Magcllanic
Clouds ( i8). On thc othcr hand, i f  t l rc corc
is spinning sulhcicn.cly fasr, thcn ccntr i fugal
forccs may halr its collapse at radii of
sevcral hundrcd kilonrctcrs, and an insra-
bi l i ry rhen nrighr [bur rhcory has nor yc!
confirmcd rhis (i9)l drivc thc flarrcncd,
spinning corc inro a nonaxisymnrctr iC
shapc, so i t  runblcs l ikc a footbal l  rurning
cnd over cnd and emirs srrong gravicarional
rvaves. If ir is thc gravirarional rravcs, and
not hydrodynanric rvlvcs, that carry off
nrost of thc corc's cxccss angular nlonrcn-
tum, thcreby permirr ing i t  ro shrink to
neurron star si :c (-10 knt),  and i f  l0o/o of
rype II supcrnovac are triggcrcd by such
collapses, rhen rhe disrance to rvhich onc
nrust look to scc rhree such cvents ocr vcar
is -30 Mpc (10) and thc
rough[y that shorvn irr Fig.
ing rhe fracrion of rypc Il

rvavc srrcngth is
l 0  ( 4 1 ) .  R c d u c -
supcrnovac th.at

undcrgo such col lapses by a
0.01o/o) rvould incrcase the

rhousand (co
distance onc

musr look to 300 Mpc. Ir may rvcl l  bc rhar
such nona.r isymmetric supcrnovacncvcr
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1. ET:N,@UCTI([{ A{D OVER\IIIET'

1.1 lhe nature of these lectr'3es

lhese leea:res are aa introduction to aad a progress report oa the effort to

btir:1g gfavicational-nave tbeory inco a fo::u suitable for astrophysical sardies -

E forn fos r:se i.a tbe firture, stren rraves have beeo detected aEd are being i.:r,ter-

oteted,. I trill uot desc=ibe all aspects of this effort. Several of che most i.o-

ootr,asx aspects rill be covered by other lectrrsers., elsewbere i-u, tbis voluoe;

ifrese inclnde the cqutatioo of saves frsa nodels of specific astrophysical sor:r-

ces (tectures of Eardtey); the ggahnigues of nr:roerical rele,tivity - ou:r oaly rray

of coryuti^ng Ea\rcs fron bigh-speed,l strong-gsarrity, Large-a41itude scrurees (J.ee-

t:rtxes bf yort and Piran); aad a firl1 analysis of radia,cion reaction and otber rel-
acivisEic effects iD bilaty systeus srrcb as ghg linatT pulsar - ou.r sole source
cac.a'y of quaacitative obserrational data oa the eff,ects of gravitarioaal saves
(leearres of Danour).

Uy ona lechrres tlilI prorride a sort of framework for tbose of, Eardley, York
asd Piran, and Datsur: I sbal1 preseBt the oatberatical deseriptioa of gravica-
cional $aves is a foa suitable for astroPhysical applicatioas ($2); I shall de-
seribe a rrasiety of netiods f,or eoryutiag tbe gtavitatiosal rraves e-rcted by
asco,phFical sources (03); I sball d,eseribe netbods fo= aaalyzing the propagatioa
of raves froo tbei.r sources, thro€h our 1uryy uaivesse, to earth ($a); .wi I
sball describe oetbods of anzl.yzr'rg the interactioa of gEaritational waves with
eercb-based asd solar-sFtea-based deEectors ($t*). Eere asd there ia uy lectures
I shall skecch desivatious of ttre aetb,ods of g.ualysis a"nd of the fo:::nrlas present-
ed; brrt is oost plaees I sba1l siryIy refer the reades to derivalioos elsewtrere ig
the licesatr:re etn/ ox pose the derirratioas as e*e=ei,ses for tlre reader.

1.2 lfhac is a gavitational lrave?

A grawitatioaal trsve is a rlpple i.e, the eurvaarre of spacetiioe, rrhich prspa-
gates rrith tbe speed of ligbt (ftg. 1). Irl tbe real r:siverse grawitational raves
prspagate oa the back of a large-ecele, slowly eh-nging spaeecioe cur\taarae cteat-
ed by the uaivessers luup5z, cosroological distributi,os of Eattsr. Ibe backgrornd
cureia'gure is characterized,, eaailua.Dtitatively, by aro leagtb scales

o - /radir:s of currratr:re \- ltypieal co4oneat Raai6 6f ficm-n F= = 
\o=- inekgrouari spaeetioe/= it.*or of bleicgrouDE-iii locat Lorestz frauel ,

u - (Lzboaoge-eic-v scale of\ = /io'gth scale oo rtricb\ . o.-- \inckgrorrad eurvaarse I 
- 

\Rag76. we=ies J 
- "' ( 1 . 1 )

,.d the grawitacioual naves are cbasaetetized by oue lengtb scale

* = (HH=.EHiT*"t) E f x (n=""lesetb r)' (1 .2 )

L<--+ ?tr\
=  +  ^ - , ; g ^ ^

lig. 1 A her:sistic eobed.d.i-ng diagram for tbe deeoryositioa of cu:nte spaeetime
inco a backg=otrad spaeetiroe ph:s gravit€,tional $E!ves.
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L - ftLze of\ - /rarit's of tegim, i:rsirie shieh -&e s=esr-"o"=gy f\
\ sgurce ,/ \ aEd all biaek-bole bsrisogs are co,Cained ) t

=o = (=m::':#..)' (*fl:i"";::"- i"),
h = (redr:ced ralvelengtb of the yranrcg

r, = (inner radius of locaI rave zoae)

rO = (anter radius of local rarre zone)

Co-espoadiag to these _lesgcb scales, I sball d,irrtde space arsund a source ia,ro
the follorrtng regious (Frg.2):
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a \
a \

a \
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(Of cor:rse *t 11 8!d e aae Eot preeisely defiaed; tbey depecd on onets ehoi.ce ̂ .
coordisates or referesce frane. But io tlpical astrophysical situarions t5"i""l
prefa=ed fraoes - e.g. tbe "as;lqltotic rest fraset' of the source of the j;avsl qe
'the l'rncan local rest frase" of aearby galr=lesi oad ihese peait k, 4, aaa e .l S
defined witb adequate Plecisioa for astroptryt*q"l discussioa.) The,-s-eparariol-^0t
spaeetine currzrtuae iato a b3ckgro"n'l p"rt S5y'7 6 aad a rrave part n[p7 o u"r"ou..
critically oa tbe inequaliry

h  < < { . 11r)
?he trawes are the part rJ'ot rraries on the lengtbscale )r; tbe baekgrousd is tbe
part tbat varLes o tbe scale 4; the sepasatioa is irpossible if k - { See !ig.
use 1.

Ia coostnrctiag tbe cbeory of gravitational liraves.oue c;ryieally e<po".l. gg.
eqnations of general relacivLEy itr polrets "f il*, e k/e. Ia- Ehe real r:aiv"t""-
these a'cFalsioss constituce perarrbatioa theotT of tbe baclcground spacetine (ti".^
lecarres 4s6l rh:3 of Yvoaae Choquet). Is aa. idealized r:o,ivegse coasistiag of a-.'
sousce su:=suaded by vaaarm (so that {= t - d,ist-''ce to.Souree) these g:<parsioqs

:o*t:F9e 
rras5r4ltotic alalyses of. spaceti8e structrr8e near firture ri.oelilce i8f\.

ity tr" ( leetures of ![arti.a, Ealker).

1-5 Regionn of space aror:nd a souree of eravitatiopal lraves

shall cr'-qacterize any Source of grawitational !fiar€g, 5an.i{rrrnEicatively,
follolrisg leogtb scales as rceasuaed i.s tb,e sor:rcet s ';asSnge-otie resr frar€,,

I
by the

anfggg4),

(see belon).
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Fig. 2 Regions of spaee aror:sd a source of gsavitational lraves.



I{eak-field near zoBe:

Induetioa zoue?

Local l'ave Zotre:

Sonree: I S Lt

ty?ically does aot exist if L >> 10 U,

L

L

r I < r < ! O

(  1 . 7 )

(  1.s)

Di5rtn! Eiave ZOEe: fO ( f'

Attbough Figrrse 2 suggests tbe leagthscale ordesiag L < 10 U < k/10, ao such or-
deai.g rrill be assuoed in tbese lectr:res. Thus, we raigbt bave h ) L a.sd M
("slowaotiou souree"), or h ( L and il (high-ftequency !ilElves froa scme snall
piece of a big sosace; reak field trear zoEe does aot exist), or h - L or l{; aad
we uigbt bave L ) M or perhaps L - !1.

At tadius r outside tbe source (r > L) tne backgrouod eunratuse due to tbe
sqrace bas leagthscales

, " = { t t / r ) *  t  4 . " } x . ( r . 6 )

Cotsequeatly, the dyaanic.rlly changiag paat of tbe c.u:irattre caa be regarded as
"garritatioual naves" (i.". has h <<2) only i.a tbe "rrave zone" r ) k. I split
tbe save zoEe rrp i.E,to trro pagcs, the local $ave zoDe ard tbe diseast wave zoEet
so as to f,aeilitate a eleas, separatioa of nro sadhsnatical probl.-": the genera-
cio'a of saves by tbe sotrrce, agd the propagatio of tbose Eaves through the 1uryy,
real 'siverse to eartb' tbe local tlait "oit (rt 5 r 5 16) rr!11 ser'e as a rnacch-
ing tegioa for the trro problens: the tbeotT of-mve geoEsatioa rrill corter the
1ocal $iilre zsue ald all regions i.Eterios to iti the tbeorT of rrave propagatioa
s'il1 ewes tbe local.EErve zsDe and iEs exterisr.

To facllitate the uatcb,ing I sba11 eboose 11 a.nd rO & su.h a na::ner tbat
cbrangbout the 1oca1 rave zoue tie baekgrormd eurvature catr be igaored o"d tbe
backgsousd uetrte aan glss be apgroxi.uated as tbat of fl.e,t Uinkotvsicii spaeetime.
More specifically, gfug i+rnar edge of tbe local lrave zone (rr) is the location at
vb.ich oBe cxr nore of tbe follorriag effects becoues isportasEt (l) trhe sanres
cease to be sraves asd becme a Dear-zoae field, !.e., r becooes 5h; (ii) the
grarritacioual pull of the sousceproduees a significant red sbiftr i.e., r be-
cotres - 4L - (Scbrrarzscr';1d radius of souree); (iif) the beclcgrousd curnature pro-
dueed by cbe sqry:ce 4igtoEts tbe.rrerre f,rosts a.od backscagtens tbe trawes sigai+!-
caatly, !.e., (;/}f)L/2 becsnoc S X; (ill) rhe or,rr,e= liqits of the sou:Ree itself
are encqrstered, i.e., r becmes 5.L - (size of souree). Thus, tbe iuaer edge of
tbe local $Eilre zme is ginea by

rr - c x tna:E I kral, (}ftz) A3 ,17 ,

= ( sooe suitable anraber \b -\large 
eoqared to rmity./'

!!re outer ed,ge of the local lriave zoue !., I tlre locatios at which oae qr
oore of tbe follorris.g effects becmes i.qorcEat: (i) a sigaificaat phase shift
has bees. produeed by tbe trygli-t graviratioqal field of the scrulee, !.e., (lf/h) x
hz(r/r) is ao longer ( r; 

'(il)-ttre 
baekgror:od cusvature due co nearby trasses qr

dr:e t6 tbe exte:nal usiverse pertr:rbs the propagatioa of the saves, i.e., r is oo
loager << Au = (Uaetgrould radir:s of currrature of r:aiverse). Thus, tlre ouEea
edge of tbe local save zooe is giveo by



a --o cil[rrena(Veul, 3't t1''

- | scoe suitable srabe- \ -
F '7 = 

fr"tg" e4ared co unicY 7

of cgr:rse, rre reguire thac or5 ].arge-nrrgbers o,'9-,.7 be adjr:st?d "? that rhe thick.

sess of cUe focai;; """. is v$ Large """p"""i to eh! reduced ravelength:

1 t  o ;
t . - r l > > k '  .  

' - ' -

I aeoop lexs ia ra t i oas the loca t i oao fcbe loca l ! ' avezcEen iE t r tgo tbeobv i .
or$r. consider, fat ryLe, ? treuEro8 gcar PasEing vetJ Beaa a sip"ttt"""ive black

hole. The ttdal pull of tbe hole sets cire o"o**-"tar isgo oscillatioa' and the

scarts oseillacions produce Fao1tatiooal tra'es il;*tJ(rSzS)i Tu-oel (fSzz;1'

If che hole is Large ea@Ebr * ifarJ."' ilt far enough fro it' Elrere 'oay ex'"t

a local lrave zotle asound the star 'frich does sot "f"o "i"fose 'tbe escire hole' 0f

gE1gr:r/g iBretesr - because *" i=i;ti.si11-be troduced -F th" ease wirere the

star is very. Dear tbe bole r"d ;;;i;-L soaff "ii''eh (!ah S foO Mo) co produee

large-r,nplit'de oscillatioot, ant;;;P;t:?-disrr:pi cbe"stat' r:r Ehis case'

before rbe rraves caB escaP. tb' tift-il" of the stErB' tbey get perarrbed by rbe

backgrorad ";ort" it-.L Uofe]ooe--ot tbeg coosia"" tU" toiitt scar-hole

systeE as tbe son:Bce, ana cosstrrl,ct a tocal ttave zoBe tbst su:=ou!d^s theo both'

. t ' . * . f * *

Enerclse 1. Coos'isee yoraselE tbat f,or all -astropbysical scnxrces orcept tbe

big-baug siagulari6-(".S. ,-t* .oe ne't-on-ser/iLacl-uore scn:tce of ghe ,.asc

p a s a g r a p h ) c ' r g r " , " a l c a s b e s o c h o s e s a s E o n a i e c o a a i c i o s ( t ' 9 ) c n r e '

Sect lon,2of tbeseleeasesr iud l .seusstheprogagaci" " : Igrav i ta t ional
rirves frm tbe local rave zoae 1*'L- E*:I=;:*ff**: ffif,'t"H::
E:f.HrT*ffit"8:JHJ; .r gJ*r".r*"r .aves, i.Ecludi's 6eir PtoPa-

gacioa lsto the local stave zo'e ;; E"y-*- Ut t"ttU"a oBto the iropagacioo

rheo.y of seccio;,-;- ;;"i;" t *iH-aGiir"s rbe 
-ttececsion 

of g-,vaezcioaal lraves

orr eartb and io che solas gFteo'

My aotaCioa ard eossescioas are tbose of Misaer' *..'-a'gd 
littreeler (1973)

(eited beseefortJrE ,Ed;i;- I ;-s"""""T.?d ;# (-- c- 1); Greek iodices

:aEge ftouo ro 3 (tioe r"a ="-..Jr;;"- 
tai"o-e=- l to 3 (spaee oely); tbe

aec=i.e sigeaa:re is +2i le = U-ti-tirfrf) is-tie-Ufnicoltskii oetric; eogZ.' d

€::r,, Er3€ tbe spacetloe 8sE-"p"."-i.oi-cioit" tessqRs lritb e915 > o !'B a =a$B='

lriifi-oriesred basis; and tle sig!' of che B'iesass' B'iccit Eiiftei'n' asd stress-

esetry telsors are givea trY

R%ro - f aur, 
- f rr ru+ 

"IT' - "Ir' : Rd = ***rg '

(1 .e1

(r .10)

G 6 = R o a - t " t e - 8 r T * r T o o > o

!firch of the vielryoist esbodied ill chese lec-a:res I have ad'opted or developed

sisee 19?2 vbes !!isoes, I{beeler J r "Glered_}tlw. Boweves, .91oo of the nest as-

pecrs of rEy vierpoint.r. "oo*i; t ty'1T5,+:" rlt*-*'(tlor:ae 19??) *d'/ot

i.s a reeegr Rerrierrs of Eod.,.o gd;t" ;;i"1" tfno="t-fieo"; eitea heneeforth as

,R}{F, ).



2. TEE PROPAGANOI G CRAIIITATIONAL IdAVES

2.1 Gravitational saves in netric theories of Eravitv:
uescrlDtt oB ElD'd DroDaEat:.on sDeecl

Gravitatiooal waves are Bot uaique to Eissteiats theory of gravity. They
nqrst exist ill ary theory trideh i.ueotTorates sooe sct of local Loreata j'arTssiancg
iBto its gravitational 1anr. llaay such tbeories bave beea inveatedl see, e. g. r
Will (1982) tE e:arples a''d refere'ces.

Anoo,g the alteraative theories of gravity there is a ride class - the so-
called 'roetric theories" - sbose nembers are so sisilar to gerrelal relacivity tbat
a diseussim of tbeir grawitational rilaves briags ch,e uaves of Eiusteints tbeory
i"aco cleasea Perspeetive. Thrs, I shall i.Eitiate uy diseussion of rave propaga-
gioa witii.u cbe frasework of as asbitratT necric tbeorT, asd then shall speeialize
co Einstei.ut s general relatirrity.

A netric theoty of. grarrity is a theotT (i) ig whicb gravity is characterized,
at least -ia_ part, by a 4-di.rneasional, syuetric spaeetioe netrie gna of signau:re
+2i azd. (ii) ia tlbicb tbe gi-trstein equivalenee pri.aciple is sacisff,ed - i.;., all
tle aoagrarricacioua,l lass of physics calce oa thei.r sco"dard speeial relacirristie
for:as i.u tbe 1ocal Loregtz frases of gaa (aside frso faniliar co4licacions ofItcnwacrrre eoupliagf'; ehapter 15 of !Cf)-.

Exalples of uecric tbeories are: general relatiwity [g^" fo the sole gravi-
tatioual field]i tbe Dicke-B-"ss-Jordaa tbeory (e.g., Dicke-186b) lcoecai.os-a sca-
lar gravitatioual field o iB addition to ghA; tralter getre&ates o via a er:srred-
spaeeii.oe t:ave equaciou; tben o atd tbe oaFrer joiatiy ga;Derare C^A \ria Eiasceln-
ti&e fie'ld eqt:atioosl; -''d Roso-rs (1975) tbeoay J" "l;ietric" tiHotT rrith a flae
liEai. Trca b addicios to the physical se=ic g".q; tbe Eatter geDe=aral g^.q v:.a a
fl'ai-sPaceaine *E1vg =tralioa sbose cirasaeterisrlcs ase aul1 li-es of 16jl- see
WiIl (1982) f,ox fuicler deroilsr refererces, aad othes o-o,:Fles.

Ihe Eiasteia equivaleoce priaciple g:raralltees thas i.o, any netric theorT, as
in geaeral relativity, freely fapiDg test partieles anrve aloag geodesics of g;s,
"|d tb.t tbe seperatioa vector f betrrees arc aearby rest parcici"s (separari"tk
h) i-s gove::aed by tbe eqr:atI'oa of geodesic deviatisa:

DT/ a.ra * R%zo.'F gt ub = o . (2. ia)

Eere uc is the L-veloelty of oae of the test p€rrcicles; " is paopes cj.oe neasr:red
by that particle;

oega1a"2 = (toru ,f);rJ (a. rt;

is the relative aceeleration of tbe partieles; ald Rco-^ is the Rienann cur:rrature
tensqr associated witb gig. lhsoughout Sections A ('rZ+; propagarioo) a:ld S (rave
geueratiou) t sUtl use feoaesic aeviatioo rnrl gls Riesala tensor to .hotaeterize
the ghysical eff.cts of gravitational sarles. osly in seccioa L (lrave deceerion)
will I discuss otber pbysical effeets of rraves.

or"...r"ff"Riemans 
teDsot %ezg eostains Erro p€rrts: background cu=taa:se and rrave

u- *3]u* # lu '
As d,iscussed i.a Of.a ns]6 varies oa a 1oug leagthscaLeg-r while psl^ varies on a
sbort lengthseale k. FoGequently, tf by ( ) rre denore an a.reragi5ier spacec;-e
regions sooelthat Larger ghan ft bu,t ureb soaller tha'�1! ("3ri11-Ha::tle average"l

Roez (2 .2 )



Exerci.se 35.14 of !Cfl), tbeo ?e ca!, rrite

-g]. =- (*oer) , #u = R€z! - (Roer) ' ( 2  z - t

Sisilarly we ca.B defise the baekgrouad oetric, of which -g]t is che Rien'n. !eD-

sor, by

# '=< 'o> ' (2.sb)

[For a discussioa of delicacies $bich require the use of "steady eoordi-oaEes" i.u,
rhe averag+ng of g.* see Lsaaeson (1968), or oore briefly $35.13 of!trfl.]

ta general relativi!5r rnd is the Dicke-Brans-J66'rl:n theory gravicational
lraves propagacing tbrougb. vacuuE are govo:aed by the rrave eguatiou

R $ l o l u , { l t ' o '

wherees ia Rosesr s theorT ctr,ey are goneraed by

*Slu,u, r'rtr'- o \ 6 . D , l

Eere "l" d"oot"s csvariant derivative vith respees to-.gff1 rhile "r" denoEas co-
vaai€.Bt deri'native ritb respect co tbe flat natslc l'llt'.' these eqnations iry1y
rh-c is general relacivlcy arld i! Dicke-3raas-Jor&B cheoqT gravLtational waves
prcpag3te tbrorgb vacua ricb preelsely the speed of ligltr, cgJ ' c6o, but ia
Rose.'s thew5r cbey propagace wich a dif,feresc speedr cq| f cAn. As a rotrgh nrle
of thnub, sheaever a cheorlr of gravity possesseg."pr!'c gemecrS/' sudr as a f,lat
auxiliary netric (ml, ifZ.S), ls ril1 have .m I egli often rhes tbere is no
prior geooetr:r, cfi - cn{.

rriEfi-preeisioa e4erineots to test ccfit - eg4 rrill be possible if aad rtren
eleetrmagnetic ranres aod gravitatioDal rarrcs arC obserned froo ortbursts is tbe
sae distant souage. For oe-F1e, f,or a superBova is the Virgo eluster of galax-
ies (abort 4 x 10/ 11gbt 5zears f,ros eartb; distance at rbicb several sr4tetnort:re
are seea each year) one eaa bope to diseover the light outbr:rst vith,ia oae day (of
rerarried gina) afrer the *plosioa is crlggered by grawitational eollapse. If
gravitacional uaves fro tbe collapse are obserrred, tbes a test is possible sicb
p=eeisioa

la. l  l "er- ta{ l  _ t  t r  = 1x i3-rol?l 
' 

l---r ,rr x 10, Jzr
(2 .6 )

Aearally, tbese already .-r'e!! staong obss:vational wid,ence that gravitation-
al raves do aot PsoPagBCe nsre sloltly rhrn liglt. If Cbey didr thea h,igh-energr
eosmic rays rith speeds v is, tb.e sa!,ge cr:r ( v € cey rould eait gravitational
Cerenhov rad,iacioo verT effJ'eieatly ald ;r6rr1d be sl&rea quldcly by gravicatioual
radiation reaetioa to v' cr=t. Si.ece eosoic raF ate aearally decected rith v as
large as cglX(f-fO-fS;, e6f"eresunably is no snaller thaa this. (for further de-
Eails aad f,or a diser:ssios of rhetber rre really rndersta-.| grarritacional Cerenksv
rad.iatioa is altq:aarive theories of g3arriry see Caves (f98O); also earlier work
by Aichelbr:rg, Ecker, and $s3! (1971).

2.2 Plane rraves oa a flat backgrouud i.s rnetric tbeories lrith eGF = ellt

Ees.cefortb I sball restrict atteatioo eitber to necrie theories chat have
cgJ - e* atrrays (e.g.;'general relativity asd Dicke-Braas-Jordaa)i otr for theor-

(a.:*)



ies like Rosests, Eo regions of sgaeeti.se rhere c67 happcnc to equal cgr.

IB this sectiou and the nFx! several, I sball oake a firrtber restricrion to
spaeetioe regions of size <( E (but >> h). !r sueh regious wich good ace:racy I
c''r igBore ttre culvaarre of the backgroundl i.e., I caa aad will iatroduce gtlUaf
I.oreltz frames of che backgrotmd oecric, ia shieh

' o ( D / = t
o^A 'l^A '

w w
( 2 . 7 )

Far frcnu cbeir source grarricatione,l rraves will have vave fronts r:ith rad,ii of
currftrfirre lerge cqared to h, i.e., they vill be,[oeally plane froared. !hus,
rrtb good accuracy r caa a-d shall apprs:d.aat" 45/s 

- R.a.,E as preci.sei.y piane
==:sr:d; 

= Ry eo-eat1y_o;i.eari-g uy spari,al .ie6-l sirfri"ratce-the rlavls propa-
gate in the t' - z directioa. Siaee they propagBte rrirh che speed of ligbrl dre
lraves are tbea fi:setions of c - z:

Roezo - R*r6(t-z) ' 1c, .4  )

Ibs rn:l)':sis of such waves in arbitrarT roetsic tbeories of gravity, as de-
scribe_d belor, is__due ro Eardley, Lee, Ligh*'.., I{agoaer, asd will (rs75), clre6
hesceforth as ELIHI|. For greater decail iee Eardl"y, t=ll, a.od Lighr--a (igzS).

Becan:se the Rienann teDsqr of any netric theotT is derivable froa a oetric
gc3, ii ursi salisfy tbe B''-nchi. irieEtities R^a1.,8._.1 - O. For tbe plaae-wave
B'ienaas tenl er (2.8) so a f1e,t background (2.ij"xbL-ioca1 cotrre!,r of rhe BiaD,cbi
idearities is

Rdl€ro - o =  Rd l2 -  o

" o F l 5 r o - B o g l o r 3 ' o = *€r - -Roslo ' (2. s)
* 6 2 5 1 0 - R o g a o r s = o : a P - - P-ca -d20 '

Recalli-g tbe pair-wise spoecry Ruve I Rnauv we see froa (2.9) chat any pusely
spatial pair of iadiees (L2 a= 15 Sr-Eg) ei,-tEir rrao.ishes oa ca^a be eornrerred iBro
a space-tine pair (1O or 20 or 30). t!i5 neane thar tbe six ouantiries

Bi.o5e(.-") - R5oio ft-z) (2 .10 )

ale a eqlece set of iadepe-deat coslpoaents of or:r pLaae-rrave Rienann tensos.
A11 otber coo+)oueBts of Rienaan a-q b€ e*pressed algluraieally iu teras of tbese.

In a ge'eral -etrie theorT of gravity these six quantities represent sr:s in-
depe''reat degsees of freedoa of tbe gsavi.tatioual fieid - i.e., six iadepend.eat
polasf-agioos of a gravitational save.

Iu the speeial co.e of geoeral relativlty a \rzlcuuB gravitational yave u:st
bave rraaish,iag Rieci 3sncag

R f r r - R o u - = o (2. u)

(eiasteia field eqr:ations). on,e.-. shor eosi.ly that this reduees the ar.:nber ofindgpeodeat degrees of freedm frm six to &ro:

R.qo - -R 
rqo .nd Royo = R,cr:o ' (2 .L2)



Exe=cise 2. Sbqr tlac tire B{';chi ideacitiEa fo" a plaiie €dve oa a fIaE 
--

uack@@fy equarions (2.9) asd thac they, ia arra, guarantee that Rioio ate

a colplete set of independeat co4oaests of Che Rieoann tensor. 
rvJv

Exercise 5. Sbos tbat cbe nacrxra Eiastein field. equatioos (2. 11) reduee t5s

isaep-eoaen-t prane-save co-Foue!,ts of Riesano' to (2-12).

2.2.2 Local isertial frages (side resarks)

Is the neat sectioa I shall use geodesi-c deviatioa to elueidate the physical

Dature of the si.x grarrity-Have polariaations. But as a fotmdatioa for tbat dis-

c'ssioa I rrst firsc aecrnel you of tbe oatlreqatieal and physical deta,ils of, local

ine=ri.aI franes (LIf); seer e.g.r $0e.gr 11-6, asd l3-5 of lttrll-

Phpically an LE. irr tbe EloEest tbisg co a global rnerti.al fraoe that a.o e:r-
pee+-onter c-'' colsttruct. the central build;.g block of in IJf is a tteeLy fall-
ing test partiele ("fidr:cial partic,le"), Ehich carries lrith itseL:E three orthogon-

ally poiuciag g1:'oscqpes. t�he eqlerineater attaches a Caraesi.a! coordisate grid

to the Frr€cspes. Becanse of spaeeci.rae cutttEttuae, this grid c-"n'ot be precisely

Castesias; but derria.tioEs froaa Cartesioa scructure ean be made secoad order in tbe

spatial distaace r froa the fidr:cial partiele:

86 - n6 + o{=2 a*r*) . (2 .13 )

( 1 :

aaJ/axz - -R5o16 ab . (4. il*)

It ts chis',eqreriaenterrs vrErsioa' of geodesic devi.atisa to wbich I shal1 appeal
io diser.rssing gravitatioEal tlBV€so

Exereise lr. Sbon that ts aa IJF sith netrie (2. 13) the fidr:cial partigle (at

r e s t E @ t i : ' 1 c i g i ' n ) c o v e s a 1 o a g a g e o d e s i e . . S b o g r f i r r t l r e r c b a g i f g J - x J
is the separatioa vector betrrees tbe fidueia,l test partiele and asotbea. Eesc Part-
iele, tJre eguatioa. of geodeslc deviatioa (Z.tt) Ekes oa tbe fo:=q (2.1tr).

Exercise 5. Oae reelizatio of aa I.IF is a "Feasi a,ma1 eoordi.sate systed'
oOrainea Uy lettiag the spaeial coordirate ares be spaeelike geodesics Ebat sart
out aloag the disections of the t&ree SEoseopes. Sbos thot is such a eoordinace
slrsteo

Fra as experlestal vierpotat tbe deta.ils of cbe o(r2 \,r,-) co:=ectims oftes

are r:airyorgult. tbose eorreclioas aetually prodnee geoEi5ie devia.tion, if oae

calculates geodesies dJ.reccly frm g^.; but geodesic de.rriatioa is uore cleasly de'

scribed as rhe effect of &,u^a is sbigeodesic deviacioa.equacioa (?.La), ubieh
aor- =eads 5or a rese pEl=riiiE-"t sp.ti:,1 locasiou rJ' 3J - (separacioa !=o,o,:itiu-

ci.al test pasticle) aad, as altra5zs ia geodesic def"i€,tiou, tl"itb velocity ld:lJ/dtl

I

t

t
a

I
!
I

i

ds2 ' -ar21r+ *or*='=t)dt2 - 
* br*=t =tdrd*j

1*(6ij - 3 *rrrr*! *t)a*iarJ.

For details see, e.g., 913.6 of !tlt{.

(2 .  15)



Exercise 5. Sbon tbat i11 tbe de Donder gauge of $5.1-3 belstr and in tbe

vacu:tB of geaeral rel^acivity a ratheqatical realization of, an IJF is

.;e = -;;tri. n;;;tatr);;2 I5 t,r,-';%;d*j
(2. 15 )

+6r, (1 - %ror.=l *t)ar.ial .

(Note: neither ttris nc (2.15) requ!.:res aty assurygi?l-?f a plane-wave Rienann

iensor. ) For detai.ls see, e.g., g;*f. asd Tbotae (1983)'

(z. tz)

S
\ +

coasider a clogd of test particles su-ouading a ces:ral, fiducial test Part-

iele. lnitially the eloud resides i! flat spaeetine, all its Partieles are aC

rest vith respect to eacir otber, ald iCs shape is preeisely-spherical rith radius

a. lhea a grarritational sarre hits and defo=us tbe cloud' lbe defo:=afions can be

anar:rzea ,otg the eqr:atiou of geodesic deviatiou oaly if the eloud is s'all cct'-

pr""i-Co tbe iabonogiDeity scal! of the Rienann tensor, a q4 k' Assr:oe this Co be

ih. "."", aod a-'lyle tne-cloudrs defo::uatious i.n tbe IJF of che fiducial part-

icle:

a2l.1axz = -Rjoro(r)=k

g"re J(c) is the loeation, in tbe IJF, of sme specifie tes: Pa:tiele at tise ti

.oA-nl^r-^'(X-.4 j.s erral'ated aC tbe f,id'cial particlets locatloa (xryrz) - O'

c""";fEfl't-l;, ald rirb the help of Figrrre 5, the six indepe-dest polasiza-

tiogs of tbe vave (firrther details itr EUM):

f
t l
t '

l--->
! z

€>
z i z

, ,7..:
LT l y

s

Rzozo Qo'o Rzoyo

\
l'-'>

/r, x

TZx

t
I
\

T O
Rxoxo = Ryoyo Rxoxo=-RYoYo Rxoyo = Ryoxo

Fig. 3. lhe defo::roations of a spbese of test partieles prodrrced-by gravitaCioual

ltaves viclr each of six golarizatioss. As tbe save oscillates, tbe sphere

i""ii,a) first gets deforzed ia rJre rnaaner shona dashed; siren i'n tbe

rnaF"re:r shorn doCted.

LO

'f'v



R=O"O Produees defo::uatims

f  = o, f = o, Z= -n"o*2.

As R-o.o(t) altsnaceiy oscillates uegative aad posicive this oqanris and tireu
soueEiEi the sphere longicudiaallv (i.e., aloag tbe direccion of lrave propasar
G R o ; ( i )
squeEiEi the sphere loagicud;"ally (i.e., aloag tbe direccion of lrave propagari.o,r
z), wbile leaviag ics tra.osvqrse caoss seccioo, uachanged. Ir ehis sen.e che s3p]'rrave
is "purely longinrdiaal". At any.BoueBt of cioe tbe defoned sphere is invariaai
,ndEg' rotatious about tbe propag3tioa direction E". !fu!.g nre:ne, ia the langf:ags'
of "casonical f,ielil cheort'', that the nave tras "spia zerd' (or "helieity zero,').
Ibese propercies are snocarized by sayiag tbat the rave is "LOr (loagitudinal aq
spia zero).

R OrO 
- B*O"O produces deforaations

i i -  -R**zr  i -  O,  i -  -R*"Ox. (2. r8b)

e R o"o(t) oscillaces tbis e:pasds aad tbeu sgueezes che spbere at a l+5 degree
angle -o E" iB tbe rrlogitudiaal-cEa.ssvease" z-= plane, rh:ile leaviag it uadefopsd
i-n cbe y direetioa. At a.ay ur,eut the deforued sphere is isnari--t ruder a 3600
rotatioa about tbe prorpagatioa directioa, a ptoperty thrt it sbares lrith the elec.
tric qr nagnetic fielit of an electsoaagoecie lrirve. IhrJs, tbis gravitatioual varrs
like aa electroagnetic rane tras spi.n oae - but sifug3arc the electrmagoetic wave
is "Tl'r (traasrresse, spia oae)r chis graviEatioual rave is rrl.Itl'r (loagitudirrpt-
transvelse, spin oue).

R"oyo' RyO"O p'roduces defornacims

i - or i - -Rprpzr i - -Rp"crIr (2 .18c)

aud is tbus also I'If,llr. It is tho LTl polartzatioc ortbogooal to Rzot'.

A nave wi8b B:Od - 
\OlO and all oCher R5OkO zero produces defo:=natioas

i i i i i - R * * = ,  i -  R 6 6 %  i - O . (2.18d)

lhis rare altesnately epaads and eoryresse,s the sphere i.a tbe traansverse plane
shile leavi.nc ".t taaDsveasely cireula! ,.d leavilg it cotally rmehauged i.a, ehe
loagitudinal ..:-seetios. thus, Eh.to nave ts lO ("tra,nsverse, spil-zerd').

A rrave d& R: 
OxO 

- -R 
OyO 

o"d all other RjOtO zero produees defo:nations

(a. tee)

as ntpop(t) oseillates tb,is wave eqaads tb,e spbere irr the = direetioa and
sgueeze3 iC i^B Yr tbes egP'n'la it iD ! ,nd gqueezeg it i.s x. Tbus the deforua-
tiotrlt are pr:sely tRa!,srver:ie, and at a^gy EoEeBE tbe defoaed sphere is i.snari.a,at
under a 18Oo totation about the propagptioa directioa, Tbe "lpis" ("heliciq/') S
of any save wb,ich prorpagates rith tbe speed of, ligb.t is detomi"sed by rlre aagle @
of rotations about che propagecioa directioa that leave all aooescary physical
effects of tlre n*o,. ssahanged,3

s = 3600/6.

rhus, this wave tras spia S - 2r i.e., it is a T2 (,,tra:r,sverse, spia 2) lrave. The
orieatati'ou of the polarizatiou is ideatified as ',+" (x an'd y; horizoncal and

T(a. $a) 
i

10



rhich are also 12; but tbe orieatetiso of che polarizatioa is ,'x,. rb,is is che
T2 $a\re orthogooal to "+".

Tbat the spia O Eaves have jusc oae polarizatiou state wh1le the spin 1 ,nd
spia 2 nErves each have trto qrthogoual polarizacioa states is fanilias uottr frmquaBtuE mechani.cs aad frm caaouical, elassical field tlreory. It is a consequegce
of, the f,act that the rraves propagaEe sitb rhe speed of lighi - i.e., tbeir d*;irave zero tesE t[ass.

!�his faailiar feature is deeeptively reaosusi.ng. Aetually, a Dasry sgtprlse
a!'alts us if lte ttT to check tJre fundaaental cener of c--oaic"i-ti"u ti.o"y'cir"i
the spia of a rave ulst be loreatz isvariaat. lf we begin iu oue Lorestz fraoesich a gravitational rrave thot is pure lD oa puae Tp, vi rrill f+.d it to be pure
T0 or pr:se 12 i-o all othes Lsrestz fraoes. Elwever, !f we begia vitb a pr:re Lflrave in one frane, we rill fiad a eixrure of r.M, T6, aud Tp iiother frires; "oaif we begiu witb pr:re L i.B oae fraoe, rre will-fild a mixnrre of Ifrr IM, To, aad12 i-a otber fsanai. see Eardrey, r.ee-, *d ligbmar (Grci-i;r froofs.

![i5 na:ac tbat aay uetric theoty of gravity possessing ID or IJl uaves wio-lates tb'e tenets of c--ou,ical field tLory-aaa oooot be qr:aatized by caaoaicaloethods, evea ia the wesk-graviry lirdt Bosq,r" ta"ooy is eD "*"ryi. (i" th"-special c3s€ car - GB{ ro dri:h s,rr aisclrssia agpli-s; wtreu ";f; in?Jti".eigbt pola=:=aEionsr-aiot si* ic. t{. Caves, privaie cmraieaci.oi],t. By coBr=asr,petric tieories rrich purely traasverse, speed-of-1igb,t grarrity Eaves obey the .a--
ou'ical teaecs aad are quautizable by cinoiical ne8Ds, ai loooi ia the weak-gravityliltit' F '?2'irrles are geaeral relatiwiry uhieh hos pure T2 rraves (Exercise 5 above):Bd rhe Dicke-Brans-Jordan Cbeory Btidcb hss botb IZ saves .-d !O rraves.

^- . !*"t:-fu"J. verify the elaius nad,e above abour tbe bebavior of polarizatioustates rrndgs' Lole|lEz transfortagious. (See faral';ey, !.ee, an; tig! -n 19?3 f,orsolution. ) 
'

speei'alize Eout aad heacefotth to getreRal relatilrity. TheE a pla,ne Eave ou aflat backgro'nd 
!': nreeisely aro orthogoaal pobrizatioa states: rz+ ond T2x(deaoted si-Fly rr*rr l-d ,,X' L.-cef*anl]

vertical.).

**ta = R o:co Produees deforaatioqs

i i- R*rgYr i= R*,oJro*, 2= o

2.5.1 The graritarlooal-nape fi,e1d hT[

jk

( 2 . 1 8 f  )

(z.ts)

choose a speeif,lc Loretrrs fta". or_g:Jtst backgror:ad space, a'd itr thacfrase def"-e a ,,granritatisaal-t ave fiel.d. hTT fy

*jo*(.-") - -*tfi,..

**.}Jil --0 before aly lta\teslver arrirn. Theo tlre rnaves are fully charaererizedegr:aIlf well by Rjoto o'r ry irf{. NoEe rh-c the oaly Bonzero ".rpoo!oc" or t J[----are

n
EI3

FF-  -h ;  =  A+( t -z ) ' oS' nfi - a*(t-z), (2 .20)



l- beLsg the ,,a.uplitude firsetioa" for the + polarizatioa scate and A* being that
Itt iio-r srare. Note tirat il{f, is pr:rely spicial, syoetrie, eransvlise to tbe
propagacioa direcgios i = Ezr"ind elso lggg€ (henee the It superscript)

oF-qT ,  h f i ok=o ,Ftk uTI = o.
JK

(2 .21)

Note firrtber th-t the eqerirenlerr s versioa of the egr:ation of geodesic deviatiso
(q. 2.17) 'o" be integrated to give

6or - * r l f l J (2.22)

f,or tbe chi.ge i.u locatioa, ia an IJF, of a test Pasticle iaitia,lly .a *k. Ihis
equatioa sugles* the emsu bcerpretatioa, of b{f, as a "dimensionless strain of
siacett 

' Je

2.3.2 Bebarrior of bii usder Loreatz trassforuacious

g s;ngle grawitatiosal save is described, ia differegt Loretrtz frases of the
ffat uactgotrad,, by differeat {f fi^elds, €d oae pr:rely sgatia,l aad fT i^s ics
owa frame. Eor are these gaarriEitional-$ave fields related to each other? I
shall scate cbe ans'ser i.B tbis seetioB, leaviag tbe proof :rs :rs exereise for the
reader.

,FF

Begin i.a sooe fiducia,l backgrquad Loreats f=aae, ts tririch b;i, is deseribed byjk
eqnatlous (Z.n) abcnre. ggfina

'lt = t-Z - t'leEasded Ei.Oeil, (a.ig,a)

cl.os veetotir

k = -g|fr

(2 .25c)

regasil V as a scalar field ia spaeeti.oe (a ssrt of "phase firaeciod' for the rave),
aad regard 3!g 4Tliarde firaetloas A+ and \ of equations (2.n) as scalas fields
lrbich are kaoso, &nc.cioas of t. Froo ehe siiLar field V coDs$rret tbe "propaga-

&o - kz - 1, kx - kI - O i.a fiducial fraoe. (2.4b)

lhis propagatioo vectqr aad the basis vectqr exr which detesiaes the oriestations
of tbe + agd x polarizatiog stares, togeeher dEfine a "fiducial 2-f1at" (pllne)

?= t n E- = (a-ftat sp'F',ed ly i aaa E=).

Nos cboose s6e otber baekground Loregtz fsaoe lrith lr-velocity it. Ia tba,t
frane defitte basis vectotrlt

E-. = i,. E . = [*.-vectsr obEsined.by proje:"iog [-l
-ot - - '  -z'- 

L ortbogoual to ut end 3g116a1631i.aiag J,
" > - ?
e=, = L"-LE vectqr lyiag is ? o-d orthogoual to fit ], (2.21+a)

iy,= 
["*= 

ve3lca *]XLuk;:::*r,r,*a.=e a =isir:-iraae] 
.

fhes in t'his basis tbe g avitational-wave field bas eoopolteats

G G . F F T F

h'ri i , - -hryi;, - a+(v), h'*i i '  = h'ri i , = 1(v), (2 .2Lb)

vbe=e A and A- ase the sa.oe scalar fLelds as describe tbe waves ia tbe fiducial



ftare'. Note, borever, that V is aoc tt-zt; rather, i! diffess f,roa !r_zr by thescandard dopp ler-sbif,t factor:

(2.21+c)
- r  ?  .  -  +
I = lratio of f:requencies of phorons., propagatiag ia f d,irectioa,''l
v L as Eeasured i.a the ttrc reference fraoes J.

lhusr 'ndet a Lorentz tralsforaactoa tbe grawitational-$ave frequeoeies get
ilopPler sbifted just like tbose of light, but the a4linrde arncu.oss are left un-
cbanged 1a c9" poJar_izacisn;i.ireetions ehange oal1ly a projeetion rha,t keeoscha.se1c.lr ("e. 

?.2!" eor.{)-. rbe faet, ti,at itffl i= e'',siin-2i!rr"""i.y;igh
aelicude fi:ac=ions- A+ ald a*:ti:at ase Loreacz imrd,i+.nt is -.-ioai.a io the srate-
Pf: tbt: 'A+* u*,Hi:p*-+i4. 2 and. boost-ryeight o' tt€Dsua;; of Geroch,
Eeld, and Peurose (fS73); i =.rEI].

rt is often comresiea,t to defi'e polarizatioa teuso=s

8 ; = 3 * , e e x ,  - 1 " , 8 ; y ,  ,

ard to rerrite eguatioDs (a.a,l+U) as

Q = 3*, I 3y,.* 3", I E=, , (2.21+d)

(2.24e)f,':r = a*(v)3*'+ a"(v)Ej .
Anodrer usefirl reLa,tioa is

E:cereise 8. Sbop thot ls the fiducial frase of ch:s section, equaeim (a.fg). - -is equirraleac co *-okq 
- -(/a)fr1[%kp uhere rhe dot;;;-i/;i:-'shon ftrrcrrertiat i-B cbe riduciiYT""'"'ill' i{hPil;:::=.fiI"iLffiH."e;:il"'E3ilt

r.ithout the p::i-os. (Aiat: use eguations 2.g).

Exetcise 9- Shqr th't thg ftlcn-nn teasor of (2.21+f) rdtb the pri,nec aBd rflitb. 1 6 -  '  -

l-{zl q.f" bv (z.zharb) is obraiaed frm thor of 
'E:cercis. 

e-("o-fir"" j t;---sr?nd'?d Loleatz transfo:natioa,. Cosrrisce yourself tbat this Atffy justifies the
claioed bebarrior of hlf rrnrrg3' . ch:rg€ of franes Gq". ;.al-"rbi. 

-'

Coasides Esarritational rrarres pro'pagatiag rad,ially outtratrd fra a sogree, andapPlo:cllate tb,e baekground as flat. IatoduL spbesical pol^er eoord,i!€,tes and de-sote Ebe associated srrhoaoroal basis vectors byl

Rs,F,7,6r = *( i ; .T 'k ' ,kz,* tuT,kc,k6, -  f , ;T:,kdkz, -  f , ;T,h,ou) ,1".rrr7
shere ' -  a /d l r .

(a.asa)

Let 3U be che fidueial d,irectiou (aaalog of l* above) r:.sed in defining rbe polar-
izati6n base states, so rhat

,  3 " = i A " e 6 " e 6 e 3 6 ;

I
I
I
I
I
i
I
I
I

!^ - E/Dt, E" = r-la/ae, L = (r sira e)-Vh.
A. E O

Relariouehip "f # ro Bood,i aers fi:acrioa

i - E 6 s % - e o * %
IJ

(2.25b)



* \ q . '

Becan:se the uave f,ronrs are spherigll (r!oug!r. v-enr aearlr plaae on length scaresh << r), A* .d A* <iie ouE €ls fZ'r (g:reieise-Il+ teiowj

A + - r - 1  F + ( v ; e r g ) ,  
\ = r - 1  r * ( v ; € r e ) r  v r r - 8 . (2.esd)

hlfl = A*E* v ,(2.asc) f
!

In grarritatiolal-ltave sfiidi$ near "fuhtE:e ti.nelilce {nrfslgyr J+, oaths.natical physieists oftes uge t-qt-ead of !l€ a. d,iffeses,t aescripriou of the savesdue to Boadi, vaa der Btsg, a"d lterzaer tthel a.ud to sachs (ft-t), rrr" ,oi;-;;tbe grawitatioqal-save arylitude is played by the ,'Bond,i News pr,-c!iou,,

N  =  + *  f " * + i F * )  -  *  r  *  q + i A * ) r 1 < . 6 a )

where i = fi- It'is coqres NesF firnction. hss tbe ad.naatage of depcndiag only oqangles- €., gr ard recarded rinc V (L/r depandc.ce facrored, ;.); iut for chis irpays the Ptice of- sot bei'g a scaiai fieia. ra tJre language oi eerocnr Eeld,, ,,dPeurose, it hrc "boost 
lgigbt ?'y nher+oc e* i-ia* -b"r ;d;t nn igbt 0,,. rt iseosven'tional ia tb,e Bondi-sactrs forualiss cE istrlalce rhe "oqio vecto!

i -  G/.1-4 (3^ - iL).
9 9

(2 .Sb)

Is te:ns of N and E tbe grarr"itacional..save field is

* S ' B e a r  { T t + }  . \ 4 .  @ C J

several lecEEre8s !3 th"q voluoe sill r:se tbe Boadi-saehs fo:nalisa (e.g.,!t lJal&er, A. Ashtcleqt, a-d R. lsaaesoa).

- AbaldoBr D,o!t, ebe approrJaagies rhrg the backgrouod spaeerioe is f,lat. As afoua"atioa for dis-eussial- gFavitacioaal lrawes i.s eunzed spaeeeioe, eoasider thegeneral probleo ef linaar percuabatioss of a cusrred baek;ougd -ocric:

t/a \

fu, ' s,ll' + tu" '
ra a9{ziag tbe uecric perturbatl* 

\rv, r sball aot oake eplieir cbe sroall di-ssrsj'oaless PiuatDetes tbat dolr3"^tbE'i.rrt:ri"cioa expaasioi. Jt ;gd;;-V{(gravit:,cioual wave ep€rBsXos, g2.lr.A^Uelirw); ii-"ignt Ui ctre d,inessioaless a4li-arde of pulsatioa of a aeutron scaa, -6R/R (ii"""r pulsacion-cbeory eparslou,thoae aad caqoractaro J96?); ir cigha be the "rd;;;-t;-;ia snalr body nfall;'g iato a Sehtaarzsch;ld'ira^f uite u *a-tL".tiig grarirational qraves as ic
frb (liaear pertr:rbacions of Schrarzseb,trd gl@etr?; Davis et al. lgzl). ra cbelatter tlro casesr re-r tbe srar asa nore h7J ;;-;"r << r; but nevstlreress thelinearized eqr:atious of tris seciisa are vElid.

rbe perlr:rbed Eissteis field, eqr:atioos for h,*, are e<pressed uost eornreaiest-ly rs tes's of the ',traee-revetsed', -aecric 
pera:rbati,oa

(2.27)

Eur  =  bu r  -  +  n  t i l ) ,  h  E  tu r  e [J l  -

1lr

\ 1 . 1 6  )



A s*aightfonerd calculatioa (ef,. $$35.15 aad 35.1l+ of !tm) gives for rhe firsr-
order perturbacions of tbe field equations

?t ' /a\ *ra /nl -  /9 1n)- t lEu,loo*,;i,Fluo - do(ulo,) * enS6,E- - 2R;t,18,1"- -ren\,. (2.2e)

(2 .30)

(2.31b)

/ e \
Here a slasb "1" denotes corrar*+at derirrativerwitb respect to gJ;i; iad,ices oo F^^
are raised aDd lorered wicU g,\$); 'n\AJn and RAA/ are the f,larnanl anri Ricci ceasofs
of the baekeroutrd, and 6tr,.r, i5'the Hiit-ordelrpertr:rbatiou of the sEress-etreagy
tetsoa.

The firsc-order perturbed field eguatiou (2.29) c^" be used to study a wide'
variety of pbeamena, i-EcludiD,g rlave geaeratloa ($S.S belon), nave propagatioa on
a cunred vacuur! baekgrouad ($a.t*.e), absoeTtioa..d dispersiou of traves due to
i-ateractioa with Batter (ia.l.S), a.trd scatteri-g of naves of,f background currrature
and che resulring prodrrcrion of save rails (ia.l.e;.

2.,1+.2 l{ave prooalscioa on a eu:rred vacrnn b+ekeror:nd

Consider grarritational naves of redueed saveleagtn h propagating on a cr:rved
vaculru baekgrouad wit.h rad,ir:s of srrnatsre R and iahoogeneity scale 1'- In keep-
iag witb the d,iscussioa ia $1.2 assr:ne h << f,, but lqr the nment do not assuoe
x << L fnes \racrrg' rryiles dT,,. =,-O. :.^B Ene ;rei-eqFur;-\aEilancf,? a
iqlies that tlre terns isvolwiai'&lql" and RII), tli,i"it are of "t 9 n17.2, caa
be negleeted eo4ared co tbe firsc dFe tems, Hrieh are of sLze hfV". Si:qlify
the resultrqg field egr:atioas firrther by an iafisitesinal coordiaace ebaage
("gauge .ho-ge'r )

=:* - {ra * to, oF - ui}d - su;,

so designed as co nake

b * r  - Q
s lq,

("Loreatz gauge"). (2.5la)

(See, e.8., $SS.f4 of !{11[ for d,iscussion of such gaugE .hguges.) ]:he first-order
field equatious (2.29) thea becgoe a si41e sor:8ce-free 15;ave eqr:atioo ia cgrged
spaceti.ae:

EurJoc - o'

Tbe Rieoaas cunafirre tenlrqR asgociated ritb cbese $ravea

(2.32)

sill also satisfy the ryarre eqr:atioa

*S,loo - o

(covariaat desirratives tr l" .oult" beeause k < A). Note thrt altho:gi'r we reguire
k << {, i.n order to give a c1e,ar definition of '\evetr I rfe aeed sot place aDy re-
strictioo oa)\/4i.u' order to derive rhe nave eguatioa (a.SfU).

Rs]" - * (he"lue * huFlro - burlc.- boplur)

the Lorentz gauge conditiou (2.5ia) is preserned by erry Fuge chaage (2.30)
whose geaeraciag firnctioa 3-, li&e E,rr, sacisfies the save eouacion g^|,,i. = C._
oae of tbe fstrr degrees of Ereedcm ii-such a gauge ehaage eas be r:sed*16 nake E-v
Erace-free everSnrhere

- b..-. ("trace-f::ee Loreatz gauge")
u?

t5

(2 .33)

Eoo= o eo b,
Bv

(2.54)



(lGtl exereise 35.15); and tbe other tbree degs?Sf of freedoa cao be qsed locallv {(in a loca1 iaest:-al ftaoe cf the backg=ouad-gi;;,'! Eo grraraacee rhar

or: = tll ("1oca1 rt gauge,,),

(2.s6 )

G/dE = - (e/n)i, (2 .38a)

to;, = o, (2.ss)

tdrere OIT * tbe gsavitacional-nave f,ie1d d,efined,, ia the backgror:ad LI1l, by5J

. i f ] r=-$o]1,* .
If tbe baekgrouad is appro<inated as_ flat tbrotrghout the lrErve zone,, rhea sae ca!
introduce a global iserti-a,l frane of g[f,t tbrougbout tbe uave zone aa6 one ca. i&.pose the ll gauge gIobally. Eonevet, F aU" background is cr::rred,, a global T:lgauge a:enns! exist (lCll ereaeise SS.1S).

ooe often knows hoE € Ej :n a Losestz hrt sos-Il gauge '"rd lraats ro cotrpute
its "gauge-jslp':ciant pEFc' *ogT 

in sme-rJF of tue iaeigrotrad. Suclr a .oq;.
tatiotr is perfo::red uoet oo-sily b] 8':E projectioa", which is roatho--tically
equivaleat to a gauge cra"usforcatioa (!fil Boc 35.1): epe idestifies ctre pioi"ga-
tioD diseetioa E.i in tbe LtrF as tbe disegtioa in Etutch Eire save is varyiai t"plafy(oa lengtb scare'h). oae thea, obcai"r hIT by ciscardia,g all parEs of b,,..; or E..
aioug a, and by tbea reBorring the c=aee: 

-J i'J iJ
J -

ofi ' Puh"uPu5 - * Pr5P"bbab ' (so* o'?sessioa rith hab * 8"6), (2 .5?)

wirere Pab-- ?aU + L\- _ IdAB$ING: this projeetion process gives rbe emecr
:ra,slrer oaly ia aa rJF of rhe backstouad aad oaly * ou, js i.a a rcrentz gauge.

Erereise 10. Sbon tirat tbe isfigitesinal coord,i.natg nr.r-nge (e.so) producesg69 g!3{nad gauge ebaage of hr-.rr. Shor furtber rhrg g[g f,;icn-+rn ta6eo3 of the
rtawes is co-ectly g:ivea ty (Z.Sa) ia aay gauge, ss{ rhrg glis f,leannn tensor is
iavariasc uader gauge chrng€3 (a.SO)

E=ereise 11. SboE rh.t a gauge cli'Fge 1;{th E-t,,tr - O ca- be rrsed to oake a
lT=*-Fuge fuy tlace-free g1obally (eq. a.3+) iHl"rr locally (ee. a.isi.- ino3n
nrrther tlrat the 11I projeetioa proeess (a.Sz) produces ttre sa-e rejult as clris'gauge t=agsfo::aation.

2.1+.3 Abso::ptioa, aad d,ispersioa of waves bv nattes

I{hea electrmagaetie rralles pseagate througb Eatter (e.g., lighc throtrgh
lratet, radio !?iaves tbsougb, tbe i^aterplarccary aeai.ra), tbey te par*.a,lIy absorbed
and pa1tially scattes- off charges; ana tbe scattered i"a piirary u6wes super?ose
ia sucb a rlay.as to chlage rhe propagatioa speed froa cbai of figbc ia vacur:a("Dispersiorf'). A t,Picaf roaei calculatioJof tb.is absot-ptioa and dispessiou is-volves electrons of ebasge €2 nacs n, and, ssEber danclgy al each bound Co a"lattice poinC' by a 3-di.aensioual, isoCropic, do-tr.ed, haraoaic-osei.llator foree:

E * (!r)i * ,o2" -

where A is the vectoa poteatial ia transverse Lorea,tz gBuge asd a dot denotes
d/Dt. 

- 
Ttrese electrroas produee a currear deosiryT I ;;G/d;i, r,bicb essers iaro

]fasel'l'rs eqr:aliogs for lrave propagacioa Ee = irJ ro give raves of ihe fora E =
Ec eaP(-itrrt+.5's) witb rhe riisgersion relaEroa (f6r r"al aispersion)
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(2.38b)

i

i
l
I
I
I

thts gisP:rsioa,relation shoffs botb absot?tioa (i.oaginary parr of "/k) ar,a disper-
iioo (reat Part), ad il real situations either or botb coi be very 1arge. 

'

wtren ggavitatioaal uaves Propagrte through Eattet they should also suffer ad-
sox?llos and dispersioa. Foweverr-i,a real astrophysical siruacions che absorpcioa
arld dspetsion silI be cotally aegligible, as the following model calcu1acion
sh*rs. (For previous nodel calculacious sis,ilar to ti,is oae see Szekeres fg71. )

Ilee best absorbers qr scatteters of gravitatioaal raves thag rr:ir has devised
are lfeber-RPe resonaat-bar gravitational-lrave detectoss (i04.f.2 and L.1.lri.--OB
lztger scales, a spberical self-grarritatiDg body such as tl" eartb qr a Deurrou
stst Ls _"+o a reasoDably good absorber and scatterer (good, eoryared to other
kiBds of objeets such as ia.terstelLr g""). Consid"r, 

-ib.o, 
aa idealized,,r,edird,

oade of n'ny solid spheres (spheres to avoid, enisoEropy of iespoDse to gravity
raves), €ch of wbicb bc quadnrpole vibratioo frequency t,ro, ,lo-Fing Eipo (due to
iaternal frieti.oa) qF, Bass ll r-d rad,ips R. For g€;e oi "Ei"Gioi f."a i"".*"
se oaly need order of oagaitude estinaces) igaore the self grarrity and ugtr:al
gravLt-axLo.na1 iateractions of tlre spheres, .id pL." the spher"" i,t rest in a f1at
background sPacet:Ee witb aunbefrg="r rrnig ysf,-l a. L€r i,TT be the gavication-
al-rave field asd reguire h > a-VJ > R. Tbe nanrest geodesid rieviacion force
drives eacb sphere isto quad,nrpolas oscillations rritb qr:adrr,rpole Eotreat c9 rr, satis-
tyLtg, the eqr:ation. of aotion (e:cer*se p, iD gL.I.& beiow) Jrs ----

JJn * Q/r)io+ roozr5k - (t/s)s'Rtfi (a.sga)

(analog of tbe eleet=oqagoetic equatiou 2.58a). Js a result of these oscillations
eacb spbe=e =e=ai:,aies. Tae '*ave eqr:aciou ior njf w.itb tbes" r"riai.riag sor:rces(analog o; E$ - -L:rj) g

trhll = n*ol[,* = -e,,oilr (a.sgu)

(Exercise-12). 17 cgorliniag eguatioos (2.39arb) ss{ 35srqring a 1yave of the fsro
bjk o ecp(-iot+ *'l) ve obtaia tbe gavitacioaal-wave d,ispersi.oa reLaciou

f;- (pt""e speed) - t - Q"/slotn2"z
,ot - ,at - ilrl/ t*

(2.3sc)

- To see.tbat,,*",1|"o"ptiou ard dispesioa ase negligible, coopare the lengthscale J - l(f -ro/t)qrl-l for subsr:-ri:1 absorTeiou or for a pbase iiiet-;i:-;i{trith the radir:s of eunrature of spaeetime prod,uced by tbe s"itt.=."s (i.e-, ai"oaxistlt siae thac the scattegine regiou co. have witiout eurli'g itself up iato aclosed naiverse),  ? = (w)-L/ Zr '

t
F -
!!

) D
" o - - o - - i u / t *
-

-l Qr"/s)r2 |
-

-
/ -oJ\ L/  I  r- tor V 2 z.  . -  tg{['{ q/n1Vf 1"n)g.\--, l-=

(a. t+01

) 1 off resonance s r . i/,|-e <1
4t/il oD reson-nce

Eere Q = L/ror* is the qr:ality faetor of a scattelet, nRS S I beca.use che scat-telers c?F"tot be packed eloser together ttras ctreir olyo radii, dn a ila-i""""""a scattete! c-anot be snaller ehan a black hole of tbe saoe;";, and oR - n/X < 1I

F L7



ras required co pe:nit a geodeqic-delvi.atioa analysis (see above). Ia the Eos! s1.
crege of idealized uoiverses 2/ft caa be ao saaller thaa rrnigy off resonance (dis-
persion) "oa f/q oa sesons.nce (absorpcioa) i ond -sucb ertra.o values can be
ti:irievea oaly for treuraoB stars or black b,oles (CR o 1) packed side by side
(nRf - 1) with R - k. Io the real r:aivetse, 4e ,ILLL alrays be )) 1; i.e., ab-
sorptioa oud dispersiou ui1l be negligible regardless of shat sacerial Ehe raaves
eo"o,rater o-d rega,rd.lese of bon f1 Aef propigate tbrough it.*

For th,is EeasoB, heaceforth, in discussiag uave propagation tbsough astrophys.
ical nacter Je.g.. ctre isterj'or of the Ea*b or Sr:n) I shall appro:ritrace E,rl,rq=
-l6n8f,ru b 4rloo 

- O. tbe n-trer will in,flueuce Eave prop?gaEion only tEiof,gil
the baEkgrounE iurvaarre it produces (covariaat derirrative "l"), trG cirrough any
direct scaetesing or absorptioa (EIur); s"" $a.S.1 belsn.

E:cercise 12. For nou-self-gr4vitating Eatrc€rr ;!. flac spaeetine and in
Lorestz eoordinates, sbow th.t F-a = O i4lies XJK = (l/2) (p:cJx*).OO +
(perfeet spari-a.l divesgeoce), rbereiE is Eass do-oity.- Average qhis ovar a iat-
rice of os"ittaq.ngspieres'lritb orsber density o > i-5 to g"I 1jk = (r/z)ni;g,
sbere Iik - /crxJx^dox is tbe second treoeBt of tbe oass distsibutiou of eaeh Sghere.
Passi.ng'grarritacioual Eiaves excite tbe oseillations ia aecord rit&, equatioa
(2.59a) (result co be proved i.s E:eereise E). ?hese oseillatioss involve uo vol-
uEe Fh-nges, so iig - Jit - (trace-free pari of l;1); aoreoner, eguacioa (2.59a)
sbotrs tbat Jig is-cransterse and traceless. Sbow-tbat tbis peaits !l gauge to be
i-qosed in t6e field equations (Z.Zg) ia' the preseBce of tbe oscillatingr reradi-
atiag spberes (usually it can be i.qosed oa'ly outside all sourees), ed that rhe
resulciag field eguatious reduce co (2.59b), lben de=ive tire gra'yicatiotral-lrave
dispersiou =elael.ou (a.Sgc) asd rhe esr&ate (z.,bO) of the effects of dispersioa
and absotTtioB.

2.1+.lr Seattesine of tlarzes off backstoqld su:lwatrr:re; a.nd tails of lraves

A self-grawitat{-g body of Eass B e-.r slue R !d11 fypically genetate E;ravita-
tioaal $aves rit& reduced rreveleagtb

1 - (l-/u)t - f,- - (radius of eunaarse of spacetise oear sonrce).' 3 (2.Lt)

If tbe bod,y h-s srtoBg self graviEy, dR - 1 (aeutroB stsB or blaek hole), thea
h - 0s ia the tsnq:uost p€rrts of tbe lrave zose; aqd che cu:rratrre coupliag cems
u:st be retained in' tbe fi.rst-order Eisstei.u equacious (2.29). these terns cause
tbe raves to scattes off, the backgrorrEd srnrature; asd repecitively baekscastered
liraves srperiqos{ng oB each oCher produee a grawicy-n:rve 'r?-il'r that lipge;F Bear
tb,e sonree long after the priaa:7 $aves have departed, dying ouc as a-\a+z) for
lraves of urltipole order !. See, e.g., Priee (L972) for a nore detailed discus-
sioa, on'l Grnai.a.ehaa, P=iee, and !{sp,g3ief, (1978) for an expliqit *ra4le.

I regasd tbese backscacterings a.d tails :rs parc of tbe rlave geneaation prob-
lem asd as i:relerrane Eo tbe ptoblea of rrave prorpagatioa. Ia faet, I have defi.sed
the inser edge of the "local uave zone" to be so located that clrroughout it, and
throughout the nave propagatioa groblen, h << n aDd backscatter and tails ean be
igaored (eq. L.7 'nd associated diseussioa).

iF
For deseriptlon of a physically r:arealistic brrt cosceivable oaterial ia phieh

dispersion js so sttoag ihot it aearally refleecs gravitacional waves see Press
(1s7s) .

J
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2.1r.5 The stress-enerEy teasor for Er:arritational saves

Gravitational saves cartT enerry aod aoaestrn and caa exchaage them sith
@tt,et, e.9,., siBh a gravitatioEel-nave detector. Isaacson (1938) (see also
535.15) i133 sr"ngified_t1is.by c--niniltg nouliaear eorrectio's to tire ra'.-
esogagaxLoa eqr.raEioa (2.31b). In chis sectioa I sball skerch rhe oain ideas of
fiie aaalysis.

Cossider a gtavitarional reve rrith h << g S P, ana e;<p'Fd rbe oe6ic of the
ful1 sPacetise !n a perarbacioa series

/ a l
8rr, = e,)i' * hrru * Ju,  *  " '

&,xLr4 Orh

(2,1+2a)

(2J+zb)

rraries

(2.Lsb)

I
I

I

I
i
I
J

Belorv eaelr te::a I bave rrittea tbe eharacteristic aagnitr:des (1, A, &) of the
oecrie cqsaeacs, ard tbe leagthscales (g, X) oa vhicb they vatT iu the oost
trstead/' of -coordiaate s5zsto'rq. Note tbat jr' is a aoalinepr correctioa to the
pro'pagati-ag rraves. By r'neg3glgg tb.is perturEaEioa series'isto the stanriard ex-
pressiou- (}ttll eqs. 8.1+7-8.49) for the Elnsceia eu:ratuRe reFcqr G,rv in re::as of
guv asd its derivatives, and by group;-g tertrs aecordiag to their*uraguitudes and
rheir leugtbscales. of vatiatioB, ore obcai:rs

Gr,, = rji) - "j])cul * r*!|)(h) + "jj)c:l + ...
={az e, afxz,x &1x2,x &1x2,x

/ a \
Eese G.lf is tbe Einsreia Eeusot
tircr I;.e--igeti eo:=eeEios Eo G,,u
tbe quariraajc, eo:=eegioa (!!IlI A.

of rbe backgra:d, netsic rji); c,fl)(b
(tf* eq. 35.58a, r:ace-revEisea)T'ana
35. 53b) I trFa,e€-reversed).

:fajl'i"*

'" (,,!i, - €j:,). (a.,rsc)

' 
IsoocsoE. splits the Einstei.n eguatious

on scales 4 (obcained by averagiag, i'( 
2,,

into
grrer

three ps^rts: a part shich
a fen ""n'g1c.gths)

.j:) -'" (',i1, - <',i;b-',!I,), 'Jl, = - (r/ar) <.j,')(n)); (a.rrsa)
a Psrt of oagaiard"A/XZ shich varies oa scales h.-d aveaages to zero on 1arger
scales

.[])rul - .n t,!]) * Eurloo- -*" tj]' is Lores,tz s,,,'sei

asd a part of oagaiarde &/^" which varies on scales h and averages to zero oD
Sarger scales

"j]) r:l - - .j;) (b) + <",1;) (u)) *
- ( g )  / r \  ( c \

iigre ?ili'_is tbe sraese-eaeagy reasor of ,the backgror:ndt^Tj;, aua rjf/are irs
first- and seeosd-order pernrrbations; r,l$, = -(r/ar)(c,l?l"Gl ) i" " sEress-eaerg
te"reo! associated s"itb the gravitatioual'savesi and tbe-averaging ( ) eau be per-
fotmed' in tbe nosc uaive sf nr:n-e!'s if the eoordinates aae suffi,ci&tiy',steady,,
b9t g:st be perfomed earefully, by Brill-Eartle ggr.hniques (lfrl "*.r.L" gs.li);
if they are not. The "saootbed" field eqr:arioes (2.1+3ai, rogerher with rhe coD-
tracted 3i::rghi identities etillv E O, i.qly a cotrselrzrtion 1aw for eaergy and
Booe.!.c,r.rn ia che plesFnce of li6rri_cational !filvea:

1 q



frll l, * (%il, * f(i) lv = o. ,..*,lz
(gere *d throsghotrt this sectiou iad,ices are raised asa topered witb ,fJ. ) i

To uodersr-nd the ptr;rsies of the field equacions (2.t+s) and consergarion t*.(2'l+l+), let us tecoDsides the propagarioa of uaves througb " .ro'i-t=ilHli*oscillators (0a.4.s). aqr:aciia (alrsu,l is-ri. rav_"qrr;ci-o-ia.ssu; 
-f?, i., !',hichwe used to -ealcr:tl.ce the abs_otption o-d dispersioa, of ibe ra.rej. ra this save

:!.:-tT.rt/ * the-part or rr, thrt is u;as ia. tbe oscitlacors, arplitud,e ogaotios; in E:rerciserl2-its spaci-a,r part (afcer aveaaging seer sc+Ies < h) wasshowu to be T(# - "."&jt. fut=tioi-it.&;i;Jcriu& Ihe go.e-3riou of aoaliaeqlcorreetioss J,'-. to cbe iiopagaEing riartes. ra Lorentz gauge it cakes the ecplieitfo:=l

i r C _ /sousce terus ouadraci.c iB h-A and, i,l,\'vv|g 
\ tbe a4litude of oscillacor-oorio" ). (2,l*s)

b 02'6'2 le shall see tbat these aonliaear co:rectionsr. lilce absorpcion and, d,is-persioa, are uegligible ia reaUstic ascrophyiical circr:nsc""."". Eqgatioo(2'l+5a) describes the generatioa ofr,s,Too&, Lcrcgrsund, qravaE.rre by the stress-eD'es8y 'of tbe glavitatioaal rave?. g,i9) 13d'of the uacer. Note rha! rhe Eavescoat=ibute arlAaEosa;. 
;i graer &1xz-io cire baekgror:ad, csrva ase L/?a, and thattberefore L/A1 ZA7/X", i.e.,

Siace h/B < 1 for PsoPagatr.ag siaves, sucb rraves urst D,eeessarily !3vg dineneiea-ress arylitudes c < t. 
-tf 

Jer o were to b;; of order u!,ity, the lrave ryo.ldcease to be separable froa che baekFsutd curvatuae; the trro nsuld becone r.uited,as a dlnaaically rtbrat{-g spaeet+-i er:=vatruse to ub,ieh rhe tbeotT of pro,pagatiaggrawiEtional saves calaot bL applied. aquacioi (i.ur) d*;; rhe ecclaose ofeneaEJr and aooegao bettrceo, uacier o.d uaies. rD rbis "o*"trla.i;;J+f,.: 
"

anuirr:v !5 rha scress-ener8y of, the unperarsbed spueres a;il;"::tgy. ar.i4ss n,4-veloclry up) *d uy i."Eig u *rirb,iag divergence. 'be cer:o (TIcD is tbequadratic-ord'er scRess-etreirry associatea r*rt rhe spheres, oscgb'sl5{!,IrJlg"aspacially o\tet a fa-lr|aveleulths o.d te-Forally arer a ts periods of the $iaves.fr ry*#x#:iH#uF:flH:ftriF##[tr'*"
tioa [!/t* tan in oJeiit"ator"i eq'atioa or nociJi-G.i3lli]ii a Eralsversescress of oagnitrrde co8paaable to (1ft). Tur:s, for our ialri".a problen tbeco'sqr\tatioa lar (a.&lr) desc8ibes ilAt{u"orpdd of grawiracioir-n=r" eaergy bythe osci'llators 8sd th; subseq'eac cosversioa of oscillatiou er,.!ry iato beat.

a S x/e. (2.1+6)

htrftff-:,X-,":-:-=3e-:T* t$] "rt,,"1 ia" rbe-backgro,nd
:::"::tr" *- T I f=P:3'1-:.s F*F*X-"p".EI''" ;;;.tJ= r l!l:=:ff",t-il',F;::*:,:l : ;t r:-::*Sfi[.yJ i,4ii:'T"r*:Ti=1ff lfti;;f ;5g" j3.l""; -:lll :::f - "-T11j-iT.' ioJi ; "" cioi-o i -ca; 

#iJI=Ii:# }-
,et wr.ELFtgE E&leetrerry is i-E rhe "cresr" of a rrave or is iis ,,rrough,'i; ";;;; ireeise.rpcariz

*frd'r::H.:31. :=:y --::ll,llfi r = q*"*r ;L;i,i.y: :ilf;gF:f;
rrr,- E:rsrrEtr'. i; Bo trgae paecise.loeal_a_
ia geoeral relativiry. tike Ri!'ln and

clon of era'itatioual enerey i.s eossi!|E.,ia ge'erJi-":L;,6: tffi;;di:jtr-
:arike h^o, ib,e 

TT::.":=.ey.."Lo. rS')G *";; imrariant. Explicic cEi,6riraiioasf ? e o - ^ o ^ I - 1 o a 6 .  !(isaacsoi-19o8; lrfif $gs. E)}i".

r(*) - 
*<Eoplu Fl, - *EfuEI v - zE6lu Eo(ulr)) in asy sause

-\A
h-lv) ia, rraee-free Loreatz gauge (il+7)

(eontinued nexr page)
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- * ( nl[,u tll,, ) i! rrr or auy obsenrer.

{' .!t

ch
li3^:f-_::*_-_1i:i:_p"ubleo of. rhe propagarioa of gravlxa,cional waves

f3,,:l:*:':i: y::'"_o:__;I_a sou'ce our rhroush-6;"i,;;; ;r::;;.":H5.#H:
:H i"ff :'-:* :*' I tr-::r: ^* "p- :,"-. ::-.F*." 

-{'*"*iJlili" 
: -:: ffi;

-Tt:rT, 
oi.o=' 

?T*^:=Tp-:: 1:. f":*o**- 5adi's "r .,o-.-,J!;; il: :i".:it ltiu be s*11 coqared to tbe scale { on shicb-ri"-u"t#;rfi:"#.ff: ;::."

h  < < 4 . (2.l te)

(z.Ls1
I'he solutiou of tbese gauge and' propagetiou equatious is a rapidly rraryiag f'ac-
:::il:Jetasded 

ciae v ana a slorli;ryi"s-i;ciou of tae ocuer spaeerine eo_

fletet as iu the aborre discussion of the rlavesr stress-enerEi:r, r sha1l assnue tbath.f f; -1":7S](!e.e-l) r shall rer': tblr assrryiioo. Eere r shall also assuoethat h << -t-\w I = (radins of eurnat.re of the rraie froats of trr. 
-rn 

ru" or anysrnaller s.'Ie length for transvefse'variatioa of tbe raves).

hoo = o, o*lo - o, burloo = o.

ltre assr:ryrions h < t e!'d ir 
^-:Jl),penait- ns to solve fsr che propagationusiBg gtus Ss.hnjques of geoetri'c opcics (!i.r-u* E:cercise 35.15): rarrod,ueetlace-free Lora-tz Fuge everylthere, and ig"ti the effects of d,irect itrteractioa

ff$""" 
tbe propas"ting Baves a-d d.tter fi.iiigiur" ausorpti"o-loe dispersioa).

bu, ' o*r(Y, 
io)

I 
Ur"tiatios ou scales e(v) , t, e,bvariatloa oa scale h .

fr"$.*" 
disarssion of saves i.o flat spaeerine ($a,S.a), define the propagacion

(a.sta)
!hea' aside fro.fractioqal co=reetioas of osd,er x.,3,Fr) , xp, k/B tbe gauge audfielil egr:arious (A.J+g) iry1y

kakc- o "d 
hlo,o"= o+>i !,  .-ogest to uull  geod,esics (,,ravs,,)r(a.sn;

t"" = o' htlP = o '-r bo' is rrace free aad o*hogouar co il, (2.s1c)

o*rloo"= - + {i.i)au, (propagatiou equatio for b,rr). (  z .5  rq l

Ead rre been "3lyzfo.g the propagatioa of electroaagaetie lraves rather c6an€tavitatioaal, ous Lore-e g"og" eqr:ations for the veclor poteatial would have

oolo - o, oulo" = o (z.sza)
(Mm eq. 15-5' witb c'nra.,rae coupliag t.,n rerooved because k << e) (ef. eq.

(2.s0)

[= - fu .
I
i
I

I
i
I
I

I
I
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: 2.lr9); oua geooecric-optics ansacz wotrld have beea

AF = AF(vr f)

-
-

f
i(2.s2b)

(ef. eg. 2.50) i aa{ io che geooetric optics
(2.5b) nould have reduced co

liait tlre gauge asd save eqr:ations

nul#" = -* (i.t)a* (2.s2e)

rtsgeise 13. show cbae iB tbe gemerric o'prics rirnit h << 4 5 f, a,,,q
)i <<4\r{/, and with the gegoeEric optics 'ncatz (a.So), the gtarritatioual gauge
and propagatioa equatious (e.&g) reduce to the geonetric opcics equarions (a.5rl.
sinilarly shon th:t for electrmagnecie Eaves (z.s?a) reduce to (i.sec).

Is the local wave zoue of the sorrrce iaEroduce (ftat-Uacicgrouua) spherieal
coordinaces (trrr9rg). tbe Eaves proPagBte radi.a,lly outnard doa ttre "or:r." aloag
che null-geodesic rays

{ r t-r, 9, g all coEstsBt, ko - k8 - 1.

llic3gborq *" rg.+r-save zone incsodr,ee Eaasve=se bas:s ?ecr€s
"- E; = (rsiag;-r a/Ao and, potar:zaeios tessor"tt 

eas:s vecEEs tA - t

A  = e ^ E E " - e ^ e E ^ ,  8  = L g L + E ^ g E ^
+  e  e  9  9 -  x  e  g .  

- 9 -  - e

lleen ir tuns out (l=ereisg 1lr) cb?t io I! gauge tbe geaeral solutioa ro the gauge
and propagatioa eqr:arions (2.Slerd) is

A* - s-1(vi€,9),

and sisilarly for electroaagsetic saveg

f,'E - a*(s;rre,p) g* + a*(V;rr9,e)

\ - t-b"(v;e,o);

i  '5(vir,ere) 
i- Xf*;r,e,e) i

t 
- fba(v;e,p),

t 
= r-bA(v;s,p).

staced in words: ra polarizacloa bases 8*r^ 8* aad e6, 36tta"u are parallel
clalrsPolted aloag cbe rays, cbe aoplitude frrnc,tioos A-, i* of grawicacional lraves
aad ASr A; of electrmagaetie rrirves d,ie out * Lf= uui'oc6sri!. .t. cogsEanr
aloag'tbe*tay".

The precise fosrus of F*(V;grp) - !A* a"d F.(V;grg) = rA, are ro be decelgiDed
by solutioa of the wave geaeratioo'problEn (0g 6eiolr).' ru. 1o""1-n..r.-zolLe naves(a.ss) are thes to ue r:sEa as'istartiag eonditioas,, for pro,pagetion out through
the r:aiverse.

tokq - O, k';oke = Or

(cf.  eqs. 2.51crd)

eota- o,

.*

(e.ssa)
-t a/a.

(2.ssb)

(2.ssc)

(2.sl+)



Exels:se--14. Sbeq tbat equatioss (2-S3) are rhe-geuerat solurfe,ngravLEational geonetric opcics- eqr.erions (e.st)-"p..Li;;-;" TT gauge, for wavespropagacing radially outltard tbrougb the ioeal'*r. ;;;"-; J "o,r="". s;-;lar'y

i$r:ft 
equations (2.s4) are the solurioa or *e-.I;;;r;;""ric equario*-'

suppose that the ltave geaeratioa problea has beea solved to give nJ[ in *refoa (2-s2) chroughsut the roear save zoae. These la.,es ".,, thggroe propagacedrb,roughout rbe resr of the r:aiverse (as_surdag;a{ and x ..Jihr) using rhe fol_loriag constructive nethod lsolutios of g.or;.'i" opcics eg'arions (2.s1)]:

First exteud the radial null rays (a.ssa) of the local lrave zo'.e out throughthe uaiverse by solvilB the geod,es-ic- equacion. Contiaoe to label each ray by{r0,9 a.Ird paraaera-e it ty L affiae ;"r;;; jeoorea r (e.d eqr:ar co rbe radi.a,lcoordinate in tbe Local rave zoue):

rays are (Vrerp) - consc; [ = -il1, = a/ac.
Next, aloag eaeh ::ay paral1e1 propagate tbe fidueial basis ,,".to, !o

U

- O ever5ruhere, - r-1 E/de i-a rocal Bave zoae. (a.ssb)

+
Togetber e1e6 aad k fm a fiduciaf A_fht t

i nn ar lr.^ ___-^- 
, ^ "0 to be used belop ia d,ef,iai:aB the4 scrrrgJlg EIItJ.t:rffi 

:l!*Xl-. 
Ne8r, propas=re o*t.oa A* aloug eacb ray by solviagthe o3{i n.=t' differericial

(aa/Ar)v,s,e - -* (i.i)a, 4 - [expressio (a.ss.c) ia loeal rnve zou.e]. (e.ssc)

3:JTti"T3:-1:,T jT".T, E_ftat i " !6 derer.aiae che gravicacional-
f,:: ::':l-a* *l"f^or $2-s.2: At ary evear ;U;;.;,:-;;:;lTd'uce an obserwer rith l-veloeity i; incroao"" "o'"raloaomal bas:s

E = |'*.- vecros obcaiaed by projecrias E.l
z L osErcgcual Eo u and reaomaiizi!,! J,

= luoit vecror lyiag in t a L ""a orthogoaal co iJ.0
.> l'rt-.; + --- -L !L - 

'> '> + +

E_ = l'.E:.E 
vectcr sucir th't for C*, 6.,,, -, are E 3igh3-hand orieatedr.fY L ortnoairaal fr?@ 

---- ----,J 
,

aad iatroduce eo=respold,*ng polariaatiou teasoss

V* €^
k g

o

t * = 3 * a 3 " +

(2.ssa)

(2.ssd)

(a.sse)

(2.ssf)

the saves are

e o = u ,

e
x

E  = 3  s g. r - X X 3 " e 3 r , E" e 3*.

t

Tben the gravitatioDal-rrave field ig rh.;e IJF is

f 1 T  - n * 8 * * \ 8 * ;

aad &le ft;lcn-nn te!,so=nd, stress-eaer!fl teDsos associated vith

,E



*3r = * r# kFk, * iff n"ou - ST -"., - S r.ur.u),

tg - # (i*.* i'r,2> n;u wtere ' = a/ag.

For elect3ooagaetie. lra{es the_ gemecric oprics equations (2.5ac) bave a siai.Lar solution. Ia a basis 3a, 3A outi.nea uy pasaffef -traospil-ia;: 
aiSui ;&tbe rays (eqs' 2.55a) the cirryoXeats of the veeroc poteuci.a,l, A1 a-d A5,r sacisfy

idegticallv the sa'e pro'agation es.atios (2.55c) as tbe gsavir:doialYwave .ogii-
arde firaccioEs a+ ald Ax- -M3r_eoner, aa obsenrer witb l+-veloclty u c-q ahays puttbe rraveg is,ro pErely sfiatiar :presiz gause 6"o-.*f,"ioi-iiT L;"s oE ;-;;;"eh-ange; Ehicb produces

(2.s2;

!iT1"t of eq' t.::l):_i.b e, + given by eq'arions (2.ssd). The ereerroqagaericfield' telsqr, o'd che stress-&erfoz te-oos of the lravelr averaged over sevegal rave-leagtt's (a--logs of .eqs. 2.5G) are

"o€ - S *o - ii nu,

(roa> . *<tt * t.)*"h .

Exereise 15. sbon tbat equations (2:55) constLarte a golution of tbe grawi-tatioDal gemet-ic 
TtlP eguaiioos (2-s1), i"r""too-.0-r"*iii-to rr gauge,. Shonfisther rh-t thls solutloa joros snootb.ly oaco tbe loeal-nave -zog solstioa(?'ss), old t!8't the Rimni tetrser an'l stgegs-eDergor le*'aqr of cbese raves have

*:_=:e 
(2--551- sid'larly sbcr_tbar tr as ""a a* aae progagaced,'ia (2.5sc),

_li 
^gta = }:FO ls a soiutiou of tbe eleciroagnEti.e eqgacions (2.s2ej; (a.iil i,

th,is sa'na solutioa is aaothes gauge; ,-d (A.Sg) ase the field tegrror and averagedstrress-eaerry telrsor of cbe !ri!ves.

As aa asnfl€ of tbe geoetric optl,es solutiorr for sanre propagacioa eonsider,as tbe baekground spacetioe, a elose{ lsig.tn2nn rmivess. o.itb oecric

s$ a""arP - "2(I) [*12 * dx2 * f gaea + sia,Zs aqz)]
(2.ss)

! r : 1 for k - Or sitr X for k _ *1., siab 1 for k _ -1.

Eere k is tb'e cunraarre P€xrEuleter (k - o-for a spatially flat usivers€, k - +r fora closed r:uiverse, k - -1 for at opea uaiver=.; ".., e.g., ebapcers 27-29 of !Grf),Ories,t tbe eoordinztes so the sosace of tbe Eaves is at X = Or and let che sor:scebe active (a-ig waves) at a coosd,laate tr-" 1 = 1. rUea the expr..ion faetor oftbe 'aiverse is a r ae ("e' for rrorrr'esiss"i. 
'' 

A; f1ac, spherical coordi.qaces ofCre local !fttve zoa,e, ;oa the recarded tioe are

a '  " " ( tq ) ,  r  =  a"x r  g ,  g ; V = t-r - a.(ryx-Tl"); (2 .60)

+$  . )
A -  - A ^ d  + A a e

e a g y

Y
(2.ss1 

|

(2.s8)

2l+



asd the waves in the local Eave zone are described by equatious (2.53bre).

- TlEgughorrt the, wawe aoane,(loea!-enc ais,caat) the ra;rs 'td propagetiorr vecEor
of equations (a.SSa) are

:"d *"-:t=ported EFarrity-nave and electr@agnetic-uave aoplitude firactions
teo. <.Dcc) aEe

r r (v ;g rp)
at = 

t- ; J - + qr x (e-aviry), J = 6 * 0 (eleetranagnetisn).

che parallel-propagared fiducial basis vecrqr (.g. A.SSb) is

36 = G/az) Vle;

( 2 . 6 l c  )

+ 1 4
e-  -  i *  :  ( z .6 id )z  " o o x '

\ .z.a) D, c/ rs

If we aPProxiEate the earth as at rest ia glg p3!s.ri''nn coord.i::ate systeg at
ly__et: b-P-r"-desote 

rhe preseut egoctr by 13 Tlo, a = 80, rbea the basis vec-
tors (2.53b) of tbe eartb's IJF a=e

' f l a + r )ro - t fi ' J* - 4q # , ;" - ffa-i6 6 ,
end 3!s gravitatioDal-rrane field as Eeasuaed at eastir (eqs.

f,'E' tk f"-gv;eo,oo)(3= e 3=-3" e 3,_ E E=-E" E E") * r*(v;eo,po)(3. e 4* 4 e E*(Vi9orgo) (.= I "y* "y e i*I. (a.6te)
0 0 v y

1ae energy {ane!!y ia tbese Eaves 8!i ne-srr"ed at eartb (eq. a. s5) is

rg = <i"=* i=? / ""\'gt* ira) 7 ""

ntrere Z is tbe eosoological redshift of che sou:rce. si'{lsaly, for electroaagaet-
ic rraves

;s = (L/aoEo) [r6(v;eo,eo) + F6(v;eo,eo) i"i ' (2.ssa)

(2 .52)

(2.s5b)

out as

by

(a.5 rb)

-r]

' = E / f o ,

+ r_ li+Z) 
_

t(susfaee area arouad source today)

( ro2*  i . 2 .  2
(r^^; - \ 's --"6 2/a \ ..  o o .  \ n " % , 2  \ a  1 '

g  o  \  o ' /

Note th't the faccor Lf aoEo, by whic,h the aqliardes of the saves die
they recede froo c,he ssr:ree, L-givea ia teas of cosaological parageters

e
x

E



r  -1  Eo9o2( t+z)

= = = -

for
E

= f  t l  * * ( r + q o ) z  * o ( z z ) l z < < l

= Eogo

ciou paraneter of the usiverse; z is the cosnological redshifc o soutce; and
r bave assr:oed zero cosnological constant. For foncrlas wich Bo'zero eosnologiql
constaFt see !!!lJ eqs. (29.32).

Exerci.se 16. Shorr that for. propaeltioa cbrough 3 !3j'grla-nq u.iverse equa-
cions (a.ss)-(a.58) becme (a.ss;-1a.s5).

. 2.6 De.rrjations froa geooetrj'c optics

I bave already discr:ssed i-a detail several ways that r:rve paopagarioa caa
differ froa geoetric opcics: absorptioa.o-.1 disptrsiou by oacter- (5e.1.S1 aloost
a&rays aegligible fsr gravitational saves), and scattering of waves'off backgrourrd
curvalrr:le ricb reeul3;ng prductioa of cails ($a.t*.1; iry-rtaat prinarily near
scnrtce, hrt also iJ rraves eDcouEcer a sufficieatly coqect body - e.E. t a DeutrroD
sEar qr black hole). Is tb,l,s sectioa I shall descaibe trro otblr nougeooetric-
optics effects: diffsaction and aonli.ear inceractioss of tbe save tricb icself.

2.6.1 Dif fuaccioa

A's 8ra\rleacional aad electrmagnecie Eaves propagate througb the uaivesse,
tbey oec-*ioaally e"couatea regioas of eshe!,ced spacetine eunrair:re due to coBCeD-

aga/or ia h <<
trations of nactgt.,(ealaries, scars, ...) whieb produce a breakdoa i.a h <<g
aga/a= ia i <<a(F) 

-ggd 
a resultisE breakdora. i.a. eeonerric-ooci.s nrarraoarrrrnaod a resultiag bree.l€dom ia geooerric-optics propagarioa.

Sueh a brealcdona is fagil&r fron ligbr propagBei-a, rlhs:e ic is called ',dif,frac-
l iontt.

(a.el1

f o r Z ) 1 a . d 7 > > L / l o

(lfr eqs. 29.28-29.53). -Eere Eo tu tbe Eubble e4ansios rare; qo I s,b,e decelera.
ciou paraneter of the usiverse; Z is the cosnological redshifc oE rhe soutce: and

Consider, €ut 2't -o''!Fle, the propagacioa of eaves through che ueighborhood
aad j.u,terior of rhe sua (Fig. 4), aBd igaore absorpei,oa aad d,ispersioa by d,irect
isteraetioa sith Eatter (justifled fo'r grarritational $aves, $a.l+.S; n'ot justified
for electroagnecie rraves). As tbey pass s,ear and through tbe sg;1, rays froa a
distalrt sou:Ree are deflected aad forced to cross each otber; i.e., they are

Fig- l+ The rays for geonecric-optics rrave propagatioa through the sus.

*.
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AA

phere hacs deooce cotpouents

. r r  / t - r \-n6 -  Ao(€,e) ? cos (=:)  ,  (2.68)

- "" orthoao:mal, spherical basis. Noce chat che

focussed glavitationally. lbe dmlaant source of deflectios is the spacetiEe cur-vatuse of the solar core- rt produces lay crossirg_("".*t:,.*)1roo, the opticaxis at disranees of order (and greater th.n) the nroeal disc*lcei,

,.9f  -f f i .= 20 AU .

Eete 4- 105 h is tbe iubooogeaeity scale of the s_olar core, M - o.3 !,le is chen:rss of che solar cote, and the value 20 AU cotres fron decaiied carculations witha detailed solar uodel (Cytansti aad Lubkin 1971+).

Ge@etric opcics sould predict infisite auplificatioE of the vaves at thecesq3:cs' Ecweve=, geoEe=:'c opties breaks riora cirere becasse ia "i-"I-pr.ui"*-2\a/ + Q' ro ,nag3staaa tae ".i=t uelavior-oi-*t. Faves o..t th. caustics, EhiDkof the ltaves wirieb get foc'ssed by tne sorai .r""- "" a siagle wave packet that hasEta'sverse 6tinane!6s al'�-4 as it p:uises throrgb the core.- Tbe uacertaingy piiD-ciile for naves (arat"-> r) ror.""_a* r..r" pi"t"r co sprea,d io a aougeouetrricoptics nn?''ner vigh a Spreadiag angle

0" - Ak/k*- Xk . ( 4 . b o . /

Tbis splead'iag is .sr:peri'qosed oa the gemetric-optics focussisgr and it spread,sou! the highly foer:ssed ri'es near che ea'stics over a latsral icale y"

t"- (xP)t- (td\up.. (2 .67)

jil#?jX; ::: ::-:|::::: 11 :"::?riar.rocusrturg: rhe save etrerryi*11 :*j+u :d,F.-{di{-'; :"::H::' rfliS:H .ff"#;:.ff's-
ffff::,ol ;J:lf,:yr.: 31 1+j,: ;t-.$-+ff|il ;;#;JT;.ffi.r*l or
":H::*'1'f3:::::::'--P-P".9t\r !--i,-tiv"i t (..-e., ir x:'r*ii If,Lff.-b_sE- ss..5d,sEr'eEr,,. r.ru trne other 

Fd, 
gf Is:J, (i.e., if k i

l-lt::o"t:j.::f::g;.:* 6..titt1e ro"G"i.ae'ir.. does oecur is r
*"-::-::-yoi:r"i'a'er'Jl*il.*riiHii'8.ffit 

":= ;:ff ntfr:H'?rll io"Eaugan (1981)aad refereaces thereia.

For tbe cose of Ebe sua the dividing line be&reea subscaatial focsssi.trg Fadlittle foc'ssiag is )r - (grawicatioaal "iai.* of-s'^s), i. e., (freqrreaey) _ lorr uz.
frale.lrr.s.roEg :?r'ces -f grawiatioaal riaves are ",pecred ro bave h i(Faritational radir:s of source) 2 (eFavil;i;i rldiys of sun.), i.e., (frequeacy)5 to+ Ez, cbey el1 lie iB 6;-;iitti" foe'ssiag-Jegi.ae', - a cotrclusioa cha,t bodesil1 for aay gffoEts to sead grawitatiola1-lravei..".cor" on, spacecraft co theorbit of uras's ia search of o"Tlifiea e;rJJtiJoar r*ves; "!. io*bend (19?9).

Far beyood the focal regioa 
fe ryocetric optics approaioatioo becoaes rralidagabr exeePt f,or a soeari'ag of lateril stnrcarre of the-rave" *.' an angularscare - €o' Fot '-Tr9, ray crossiag oay proaice u,rltiple i.uages of a gravita-tional-rnie souace-is-tbi" ;g;;;..o4 tal"!-t*i* c-,, be coqured by geonetricoptics nethods aside tron e"_iueariag.

once a gravitational rave b .g!"ted aad passed througb the 1oca1 lrave zone,ics sonlisear iateraetlons ritlr itserf are of ao i4ortanee. To see this considerthe ideali'zed problear "f ; ;;d;iry-pto'p"e"i:"t; Loocrrsaaric rave in frar space-ti-e' At liaear ord,er, i" $a;icat- cooriio"tli ,*i.. rhe save fierd as

27



angular fira,cciou Ao b Ehe a4litude of tlre uave ln tbe inductioa zone, wbere iq
is jr:st barely starting to becooe :l rrEV€r For aay realistic souree Ao 5 1; sei/ - - - . \ .
eq.  (J . !DD/  Detor .

As these lraves ProPagate, their sonlisear i.steraetioa sitlr lho-<elves plo-
duces a correccion j*, to b1rv. Like trpvr jpy bas the outgoingraave fo::a

(a.ss1

(2.72)

j^^ o J^ (rrgrg) cosl(t-r)/x + ptrase].
vv pv

Eqr:atioas (2.1$c) ard (2.1+5) deseribe the grorth of this co:=eetiog as ie propa.
gates. Ihey have the fo::u Jurlo* = (sor:rce), wirich f* ju, of the forrn (2.59)
redrrces to

*g (rrp) = "(+)'hu..(S, ( )  tat

-*irere c is a cc,ltsr-Ft of order rrnigy aJrd k^= -nA - 1 is tbe propagetS,oa veclot.

the 
'lead,ia1, 

L/tZ souree cerm i.u (Z.zo) produces a rapidly groring eorrecrioq

"ii - *o. *r,(i)hb , (2. ?1)

but tbis cotreetloa is purely lougitudiaal, l.e.r-it h.as uo craasvqrse-craceless
p:rrt, i. e., it is prsely a gauge cbaage. W Vt' sou:rce ts:a i.u (e.ZO) pr:oduces
co,cectious of negligible size:

Jan r e,^\2/=2 << A-h/r - b.-. .
* V  e  '  o '  * V

Thus, cbe effeets of asgl{naa:ities ase uegligible as claised.

. * * * . r . *

&sereise 1?. Use equatious (35.58) of llttl to sbow tbat tbe wave equaciou
(2.43e) fsr j,,,, rednces io (2.2o). Sbow cbec cbe solurios bas rhe fo:n-(2.71),
(2 .72) .  * '

5 TEE GENFRA?IOI G @AVTTAIIONAL I{AVES

Tusa aow fra trave prqpagatios to rarre geoesatioa. Elsewhere (tbosre 1977) I
bave giveo a raf.her tbororgh rerier of the theory of grarritatioual $:!ve gener3-
tioa, iaeludiag a variety of eoqutatioual ggahnrquac rralid for a vasiely of types
of ssstces. LB tbese leearres I sball f,oeus alnost eutlrely oa ccEputational
ggchniques tbat i.Eeolve urltipole-ooaegt decoqositims. !t1z discussioa i.s large
tneasure s'i11 be aa wenrietr of a loug treatise o6 'rantgipole ecpansions of gEavi.
taEiotral radi-a,tioar' irbicb I pnblished recestly is Reviens of, Modea Physics
(lho:ne 198Oa; clted hencef,orch as "RMF').

3.1 Formdatioss for anltisole asalvses

3.1.1 Multipole mcneats of a statioaa* svstee in liuearized general relativicv

I shall motivate ay diser:ssiou of rnrltipole E@eacs by cousideriag a scatiou-
ar7 (t;-e-indspeulesg), weakly gravitatiag syscelr sr::rarad,Ld by 'vaeeua and de-
sc=ibed using che liaearized apprq:sinatioa to gesetal relativity (!t!t{ chapters 18
and 19). In a Cartesios eoordinate sFreEr and iD Lorentz gauge che Einstlin ei"ta
eguations 'Fd gauge conditiocs afe

a
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t d j . = 0 ,
' J

ee* € i" !h" flat-space la,pla.c;'a, f,€ is tbe trace-revelsed netric perrgrba-

lLos: p = T,v is cbe souscer s Eass 6ianclgy, vJ is its ve_locicy fielC, .oa fjk is
igs slress !e!s_or. These equations,cgu be so!.ved for E€ us''.g the gsual flat-
;;;." g"*'s firaction /t/h) iE-g'l-1; aEd rhe iesulg+ng inret"r" cas rhes be
"gpeodgd -b.pA:f" ot L/t. By doing this r.d by then nakiag gauge ehanges <ie-
s*ilbed' i! I \ffiI of RMP, one czLB briag tbe external gravitatiooal f,ield inco che
to@

6 @ _ E *  j  .  , , + e t - t ) ' . 1  ^
r  - S -  

t j k  o j " t  *  . . .  +  - = - . 5  -  n -  . . . 8  +  . . .  ,  ( 3 . 2 a )-  
! -  J A  J  s  

! ! t t = L  
" I . . . a J  

_ " 1  
" J

. ! .  N ^^r ^r

r2fioo = -LSttot ffioJ = -$rp/, /Ejn = -15rCk,

i i j  - n
l l  .  -  V .

: J

t o j = 4 . . ,  s .  D  +
= a J E a R a

tij = o.

4 t  (a t - ! ) , .1
- - -  = . . T E . r -

( r+r) ! r ' * t  J*r
N ^  +  . . . ,

2-L 
n2

(3 .2b )

(3.2e)

l ?  1 \

Eh- - -  
- \ -JI r - -  /  -  - -ses "1 -  &/r  rD Lge srLLE tErgtSl  vecE93, €s:r-  ls  t "ba-

1",--931-- =:scr. ns$ co ioEa,-soss producrs, (at-L)!l is cbe pioaidi @t-t).'(21-3)"j1: shortband Botations have Leea iacroduced,'for striags-;;-i"d;;"-'
aL...a! = Ll and fsr products of unit radia'l vectors E8,...a4.; N4., aad

sgatj,zL igdices are noved Ep qnr dorvs rith i.4udry uecarle 3trj "p"ti"l eoord1n-
ates are ca:tesi-aa. lhe "urrtipole EoEeB,ts" u, JA -, g^ are givi as iacegrarsA " '  - A
over tbe sor:see b5r ! tlt

= /aat" r-poie\, f  e'- 
\ Bc'BGror / 

= 
lifo'Ct,t* 

^"'*

- / o r r r e n t t - p o l t  
[  -  a !- 

\ Eo'ear 
") - 

lJrtareqJs"q)= 

I

"' ut=J

. . .= " '  .== ]

s -  ( nass ) - Jd= ,

J
4 1 . . . a ,

s4 1 . . . a ,

Eere "S!F'Eea!,s "syuneEi.c, Erace-flee p8fi', i.e., frsy@etrize aad reaorre all
traees"; cf. equatioa (Z.A) of B!€. 11eg! rl,,i tbq -aqq_a,o6egrs, rrtlich prod,uee..
ligsaenian-t5pe grarritaticaal aecelerations g = (Vt|)yEoo, *-g!"erated' iy-"*rjj =
(nass {'-'ity + tlElce of stress t=:*). ^F6r a'a'es&&*sa of a possibre fircgreexperi-oeat to vesif;r tbe role of fJi see $Iv.D of Bragi.uslcy, caves, aDd, thoae(1s77 ).

For any realistic, ueakly gr€rritati,,g astrophysical sour". dj ( pr, so8"1..."! = Jo, i,s tbe sIF part Jr tue r'rh nooesi Lt the qass den.ity; aad sA. to
the SEF part of the (r-l)tth.smegt of the angulas Esrne!,Erru dpnei;y (chough i'eattit tbe "lrrh cu-rerr,t noaead'). tifogs rhrg as io electroaagaetisa, so arso here,the external gravitacional field is ful1y characrericed by jr:st rtro families oftrlBeBts: tbe t'!3ass EoEeBts" Jo. are rnrtggg of electric aodu.ts, the ttcu:=est
n@eu!s" S^ a3g :nafegs of 

-t rn-gn€tie aomeu,ts. In order of oagnitude, for a_ -  l r tsoulce ot ' Eass 11, size L, and chataeteristic internal veloclty v,

(g.sa)

(3.3b)

(s.sc)



li
j l.lorl s urt, fs^, I s ltuLl. (s. \)

It is re--rkable-that, by ao appropriate adjustmeat of gauge, Eii *' be nade to
rranish identically oucside che souace; and 6oo is then decsnioEd fully by rhe
Eass Eooeats sh!1e ho: a deteruined f,rrrly by-the clrrreat Eotrfiacs.

Note chat the spatia,l coordisates of equatious (3.4) bave bees "E€ss-
centered" so the oass dipole ameat Jq vaaishes. I ahrays trass-ce!,tea Ey eoord,il-
ates, thereby avoid,ing ttre issue of aibigrariaess iu cbe aoneacs associ-a,ted sith
arbicrariness ln tlre origin of eoordinates. Noce ftrnb,er tbat the current d,ipole
!r@en,t S- fo precisely che anguLar Emen,tuu of the source.

J

E:rereise 18. Ifricg dca the solutioa of eguatious (3.t) usrns rhe Greesrs
fi:aetioa -(lrlt+rr')lg:E'l-I, eryarded ia powers; of'L/=. Tbea -peeialiae che d,iscus-
siou of l\l'ltr of RMP to che statiouarT caoe and r:se its jauge chrqges Eo brinB t€
inco tb,e fo: :a (3.2),  (3.5).

The "S!F' epalsions (5.2) tor EoF are trathemtically equivalent co rhe aore
faail:ias expansions i.s tesas of spherical bamoaies yjs(glg).' Ibe preeise rela-'tionship be&reen SIF epansi'ons and y16 €Eprn<ions is-3pe1led ogt i.s iII of R!e.
Eere r shall describe oaly tr'e flavor-6f rh-t relati.oasbip.

Choose a speei.f,& nalue for the spherieal-ha:ilqoaic isdex t. lteo tb,ere €xte
2J+1 line'?ly independent SIF !aaqo!'s of.order t ("SIF-! teasorsr'); "rd there are
2l+1 li-aearly rndsperdegt fuactions Yr-(9rg). Moreorrer, tbe SIF-I tessors aa'd tbe
r2r_(9r9) gesetate'tbe saae i-educibri-reiilea,ratioD, oi trre roraEioa grorrp. Aay
sEffar firsction F(ere)-E be erga.oded i.s- crrc aagftamagically equivaleai fo:las: 

-

F(e,e) - 
,l 

fr' Yr'(o,e)

(5.s)

!n the first e:grneioa the eoefflciests f1, are coEsta!,t sealars, aad the angulare5 bver-b-EgE slt[ c,sE sE]firrEE,.EtE 5cal3:tr8, a,BCl EIre aBgIIIaI'
depesdeuce is coatai-Bed iD the ba:noa.i* ?f-r. Ln the secosd, e:gla-eim, ebe coeffi-
ciests 9A, o" cossts!,t S:!F-t tessoas, asd-Ebe angulas depead,enee is obcai'.ed by4t
couCraeeii,g the uait vectors Nn, = o"r...oa, iaro tb-.

$f,f aErn<ions rere ridely used i.o che .tueleestb ceBtury, before r2r(grg)
c:na rnts \rogue; see, e.g., Kehrj-a and rate (lgzg); Eobsoa (14;1). rB recenc
y€f':s tb'ey have been restored co eo@otr rrse by reGtivicy tbeorists (e.g., piraai
195'lr, RMP, Ibone 1981) becar:se tbey ase raculrr porerful wheu the spherical bar-
eoo'i.cs _beiag --'iPulated are tensorial racber tl''i'' scalar. IB part.r tbis power
steos frco ehe facc tbat tb,e iadices of 9.s. ea*y botb aagular iependp.ce i:ryfi-eitly) 4s{ scnes3i-al cqonent propertiesot ("r,pii"iaryt-J".;iy rheu sinrrlan-
eously. Au ecaqle is the teneotia,l ba::annic en-q&v--t--^ n-N^ . fla::monics of
this fo::a are second-rank lensors (aro free i"ail3s ;#eal! i## have ba:noaie
old'er t (J iDdices orr 4 i4lies tbese ge!.srate the sane irred,ueibi" repr.senratios

,1i,,t;"frtiso ssottP as do lrJ; o-a llgy bave pariry:r= (-r)r+r ("i"'iil;;;;

' 
| 

'or*o, '

3.1.5 Ttre Elasteia eouations ia de Donder (ha::nonic) gauee

Ia perfo:::niag urltipole deeoopositions of f,rrlly relaciviscie gravitacional

7 ^



{i'1j:_1:1"_I:11arg-:."ri:*2 t. F equrarionallv_porerful to pork ia de Donder
irrarooa-ie) ;g.ausr- Defiae the ';gravirarioEal rierii-'f,55-;-;;; of the ,rae!!ic
l --= i rt"t ;GJ ;oieeLtt't 9€ uY

gd = (-g)Ee€ = 16-[o9, I = der llsurll , (3 .5  )

shere ti6 i*, the UinJcolrski. uerrie, d.iag(-l ,Lr!rl); a,,d adjgst rhe coord,i_uar.s so
as Eo i.qose the de Donder gauge eond,itioas

9 € r F = - f , 6 , u = o ' ( 3 . 7 )

fhea the Eiasteia field eqr:atiolrs rrka ss the fota (rgaclau ,nA Lifshitz l$2, eq.LOO.\i !fiII eq. 20.21)

,r" E@,p, - -16r(-e) (F* ffl - f,*,, ,uuru ( 3 . 8 )

I
l- cirasaeteristlcs: aull rays of aetric g.,^

or, eguirralently

o*'f,- = -lsr(-s)(F* 
fil - Eg*,r[9',u * F,urp'= F. ( 3 . 8 ' )

+
L chq:agteristics: flat-spaeetine rays

.B:" €-^*. -PF":t{sh.itz pseudoroncos (r:nrrru',,d Lifshirz 195A, eq. 100.7;E}}1III eq. n.22) r&,ich, ia, de Donder gauger aan !g rl:rittea as

rsn(-g)rfr - * g6rlu E^",oE*,, * g\rrrpEo^,rfu,o

- {9d9urEu',oEuo,r * t%urt9n,oEuo,1) / ' "  o \

* f {aldsFu*oertu) (z9rpgo, - g o�9rlf;r",1EF,u
vhere 9oe-= (-d+sog 

= the igvesse of g€. Tbe lap of loeal coaservarion of
etretry aud nmen'tr:m P 

;A 
- o ca! be writtea i.s tsrus of partial derivati.ons as

[ r - r l ( f *g1l  -  e
,  * ,  Jrg

(3 .  10)

I .::

i i
I.. :t
tt,
!'"

(r.ndau and Lifshirz 196b, eq. 1OO.g; lGIf eq. AO.Ab).

ro -.11i fTl1^tnt-tions 
(3-8) o'd (3.8') .r' be tboughr of as lr:rve equarious fornw lfltrn source telas th't in'clude "gtavitational stress-energ;/r (noai:.near tetasill f,l,v)' r'a the foa (S-e)E" o"rl. qperator is th.r of cunred spaeeriae; irscharaeteriscics a1e {e aull rays of, tire eurved spacetiEe merric gaer and. noue ofthe sor:rce terns isvolve secoad derivatives-oitnt,--;y .r;;I ffi't]I G;'i-isvolves a f,lat-sPacecine^rrave operacor; it is obtaj-oei frm (S.g) by uoving cbesecoE'd derivacive a.* fr€rpvttjv'out of tbe save operato! and iaco the source.

Ihe fora (3.8'), wirb ics f,1at-spacetine save opelator ft = frvD,,E.., has
gleat co'rputacional advantages over (3.8): It cau be solved (for11all!)"ior fi6

? 1



usiag.a.flat-spaceti.oe Greesrs fr:a,etioi, wirereas the (fo::nal) solucioa of (S.g)
requires a far aore c@licated er:rrred-spacetiae Greeats fuactioa (cf. Dewitt an6
!3ahnra 1960); e.d its solutiou is aaarrally decoryosed inco spherical ha::aonics
becan:se spheri.cal hsaaoni.cs are eigeafuaetioos ef Ehe f,lae operator El but not 61
the cr::nre-spaeetine rrave operaco= (3.8).

oa the other haad, tbe flat operator El eatails serior:s dangers: (i) It prc-
pagates gravitacio''ol $aves sith the rrroug speed, thereby losiag at linea; ora.i-
the "Coulob" phase shift produeed by tbe v/r fLeLd of tbe sonr-e, aad-thea crytg
to correct for this loss at qr:adracic order witb a tesu that diverges logarithaic-
ally ia r far frm tbe sou:rce. I avoid this daager by resc=ictiag !ry us; of E to
che "rave geoeratiou probld', wtieh is fosrrrlated enti.rely at radi.i r < r6e and
by usiag tire co:=eec cunreci-spacetime l|ave opeEaeor whes sturiying ',!rave prluaea-
trioEf' ac radii r ) 80 [cf,. the paragrapb precediag eq. (1.8)]. (ii) rn" ir"i-- ;
oPeraEqr fie{;quacions (3.8') produce divergeaces, due to t}re second-derivarivs
source telEs h*.,.yb*', ia ealeulations of tlre grarritational isceractlons of
(iaeaUzea) poi.ni-iartieles; see, e.g., C?owley and Tborae (tlzl). I avoid rhis
r{ang€iR is these lectuses :nrl tg F.}IP by aoc using poi:rt-particle idealizatioas.

I believer.ald hoP., chat g!! of uy caleulacions rirh che flat-operaro3 field
equacious. (3.8') bave beo" so aEgned ali to avoid cbese aad other piteafrs.

the de Doader fo::rrbtioa (3.8t ) of tbe Einstein field equarious can be r:sed
to exread cb'e linearized urlcipole a--1ysis 9f $S.1.I to firlly relatirrisric, sga-
cioaary systegs. Fg1l decails are giveo i-s $X of BUp. gere i shall sketch tbe
oethods aad sureariae the results.

t�he key idea of tlg o--lysis is to eotrscruct, ia de Doader gauge: the general
external gravitatlonal field of a f,ully relacivi.stic, sraEioEa3'1z-(g:5i-inadfi?E
slstcn sr::=snaded by rraeura. Ihe de Doader coordilates :rre cboten to be stacion-
9fy "Pd aqnptotically flac - i.e., to sarisfy, is additioa co eqr:arlons (5.6)-
(5 .10) ,  a lso

8"6 a', t Oi P * t/t Eur r = (Er-xtJ)* * - ( 3 . 1 1 )

For sucb a sytttcn' tb,e gauge coodicious (3.7) and vacur:a, field equacions(s .e ' )  a re

F * - o; Es .,. F -fffB':il'L":r:Hf:::'g:S.il'il*=J ). (3.ra)tJ - 
tJt 

\coataia,iag preeisely clro spatial dsi;;;;=/-

Ee19 and tlrotrgbont this sectioo I use the aotatiou of flat-space CartesiaB co-
ordinates in' llhieh tbe loeatios of spatial iad,ices, up oa dowa, is of ao i4ort-
ale!: Eqr:ations (3_.12) c.- b-e;olved by a "noali.s,Lrity cEensiegrr io uhich tg:3s
of first order are liaeas i! E€ (or, equivaleatly, liaear ia *re gravitacio!, cog-
Effac-G - 1), !i!as of secouri orcier are-gr:adratie, ece. I'be fi=sr-order part of
nw, desoted' 1bF, satisfies glg tine:sized equacious lEcj ; = o and ricS- -i = o'qd lhusr wicb sPeeia'lization of gauge aac ra.s-s.*.t"=Lg 3* ccc=r-l=eie,sr'.J:d,s :be
general liaear&ed-cheorT fo=u (S.2) :

' f , oo  -  4 *  i  b (z r - - l l ! l  J ^  N^ ,
!=Z t l r t=t  n,  o l

rfr - Frffits€ibr **r-, *or-r,

!&rltioole

32
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lhe quadraEic-order r"ta aE€ sarisfies

T i = O, ^gce - = ( quaci=atic part of tS ttJ I ,jj \ eoustnreted froo ,EJ't )

+ '" - 
F, ft 

(rr-, * sr-a + ... + se).

I
I

I
I
I
I
I
I
I
I
I

I
i
I
I
I
:
I

I

It is straiShtfo:lrard, chough ted,ious, to solve these eqgatioas for 2ic3 and forhi8ler-order eorreetious - In" kiad oi t""n ialiry s,riieJ i", "polie-nanipula-rim sofrrrase on a c-oopuret; ef. Appeadj.x of Gibsel (l9g2). Th; ftrl1 derailsate not of i'u'cerest here, but the spherieal-hadoaic struchrae oi *r" solution isof iscerest' lbat stn:cture is diciat"a iy rL"lorr*ing-p-ro,peili." of sphericalba::rnoaics: (i) Taki-og gradients d .y9ri1"i-unraciani io"i-io. change rhespberical-haaonic order of a t",n;-"od Grl llJprodr:cr of,hro tramonics of ordert aad, !' coacai.os pieees of orders 
l:t,-t:i;t,:i; : .. ,-_t;_i; l. 

- 
riio" properries

:ff $: ffi::i:':;g'il :f;ffi'trJ::lii; it"."-o'der soluri"; ?::Gi-G,"

-m
h-

'o"%r= 13Ar *  tor ) 'Zg. r ,  -  (JBo,  ot  %n,) r  ' .d  s ,  =  (sornerhrag 'nspeei f ied
:ta= ha! ha=asi,ic creir t "i; * i#.p"ou.oi'of r). lhe key featr:re of rhis gee_eric cem is th-t the pcnrer /*F+Z of its .ailr-a.ee',dence'i"-i"rg", by a facror! gh:n the order,of aay of iL-Uasao:es._ By,ep erressioa of this argr,aea! oaesees ?h2t i' -Ece ibr le'esi" .; of_ord,er irF u" ha::Do-iec of orcier k-u aadsoaller' frd, *r. "oiririJ ;; of tbe solurioa add rp ro give

(3 . l s )

( 5 . 1 6 )

drte

2-
-.*
b-

t
I
I
I' l
I
t

:L"ffilL**" 
.o 1F and rbea eoryutiag rbe correspond,iog Eerrie fron (5.6)

.%o = -1+2 f - a #- EF lryJror"n, * s/-r *

sor ,i +rt-iI€td+.rbr**r-r*n, * Sr_1 * ... + so] ,

z  ! f \s i j  u t :  ( t  +  z7)+ (6i.j * oioj)
lr
3
r-

. . .  +  , o ] , ( 3 . 1 7 a )

(5 .17b )

(3 .17c )

{

I
I)
I
I
I
I

Note the follordag features of 
.thi< go-eralr-aslEptotically f1at, stationarT,vacutr metric: (i) as iD lihearized theofu, "o1t"o here, the uetri.c is d,eter_fu1ly by ruo fani l ies oi-r"""o*:  the *"_T:T3E-Mr.Ji i ,  J i ik. , . . . i  aad-e c!:-ett o*_=::-*li_ti-i, 

ii:t ,:-:- (itfr;."s dipole uodatt rrarrishes becauser have ;lsisted thac rhe i$66i*rses be E-ss ce'Eered. (iii) The soaesEs arecotrst'ast srF te'cors that reside ia che ""Gi*i""lly flar.regioa of spaceci.ne(i-"., rigorously speak;ng, "a-"p".elike infinicy). (irr) Ia de Donder coord.inates



the sass-i-poie omeat J^
order Part of 86gi and 

"l

9n  r '

can be "read off' the necric as tlre L/tl*L r l-traaoni^ {
the cu:=errt J-pole Bonetrt to, * sinilarly Ue reaA Jii 

i
i

It would be vetT uapleacaat if one had ro craasfo::a a rnetric to de Donder'qs.
ordi.uates in order Eo coqtute lts nulCipo1e EorneBts. Fortr:nace1y, there are ocher
ways of co4uciag theo. If one oaly wants to know the osoeacs of order / = O, l.
2r..., !-r* ic is adequate co find coordi-uaces rrhere the necric has che fom

r = f l  . ro^A. t[^A '
! | # W

(s. b)

, )
lrith the /r- dipole of gOO vas,isbing. Sucb coordinates are called "As5rmpcotic-

ally Cartesias and !{ass CEicered to otder toax-l" [ee& - (frr*-f)]. In theo onq
cas read off the first t*r= mmeats (both oass and eurreat) by the seee prescrip-
cion as in de Dosder cooF-ina,tes, and oae sill obtais che same :ur,srers as one
would in de Donder coordinates (R}{P $E). Altersatively, oDe can couputre the uo-
netrts by elegant cechniqses at spaeeli.ke i.&fiBity, due to Geroch (1970) and Hansgg
(197b). As Gifosel (1982) bas shora, tbe Geroeb-Eaasea psescriptiou gives the s,oe
Eoae!,ts as the aborre, aside froa aorualizatios:

'4 - c#Ti \r, '^, - affi gar' (5. rs)

where 
\, * O^, u" tbe Geroeb-Eaoses Eme!,ts.

3.2.1 l{etric ia the seak-field sear zooe

luEa attertioa a,ow fro statioaarT sFtetls co a systeq sich slowly ch.'rgisg
grarritatioaal field:

* =("?ff$) " r =("";;ff)= * = (H""S ). (5 .20)

Such a "s1ow-ostion" sy'rsteu possesses a weak-field aear zone (I.ffl{Z)

( 1 o } { a a d L )  < r < h / l o (3 .21)

(fig. 2 and assoeLa,ted diseussioa). Ia that llF$lZ .nd in de Dosder giauge J have
developed an algorirhn fs6' eoryutia,g tbe geaeral "grarritatioDal field" FG aad the
spaeeci.ue -otric gog; see olx of R!g. lhac algoritba is based oa a sinultaneous
"roDliaeo-ity eqtr.oiod' like rhrS lrsgd absve for staciooa!:r sysceBs, aad "slcnr-

aotion arqtanelegr'- 1.e., e*:rnsion of che ti.e ewolution of che neg'rie ia powers
of r/)r.

'8 ,  t , - , r* t ,  

[ r ,  
*  sr- l+ . . .  *  so]  *  o 

[ r - ( " . * -u] ,

At lolrest order i! r/h, t€ ""a 864 €rre ideeti.cal to Ebe geaeral stationatT
solution, (.gs. 5.131 3.161 3.17); exeeiE th-t son the nultipole noaents of order
2 z 2 are slorlly chr.ging fi:nccions of ti.oe t ratber Ehaa eoast'Bts. lftre I - O
asd I = 1 ooraeas, M = (uass) and Si = (a:rgular nonentua) are foreed, by the field
eqr:ations, to be constaBt at lowest-order i-a r/h; but th,ey ehaage due to radiation
reactioa ac orders (r/h)S a"d b,igber.] The slow rime changes oi.16o(t) and Sar(t)
produce, through the field eqr:arions (3.8') ana gauge coariitions (5:7) and chr6ugh
naceb.iag Eo outgoi-ug saves at r J h, the "motioual" co:=ecgions of orrier r/h,
( . t /x)z, . . .  co Ec3 aad g.U.
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' ia ibe lspr Pa3= r ( h of -&e Erffi the ootiouai eorrections are very saa11
but ahe uoalinear correetions tray be large; ald E*, q^a a1e essenti,altv,.haco ^€but ahe noalinear correetions tray be large; and , 4 are esseBtially those ofa scationaly srstSr(:el: 

?:F_,_i:16-, s.izj nicu "ri"ff"'ll'eill?r""*. ra ehe,".""l.iG"Ji ilil"i.t r'iloia .  r L ^  - - - : - - ^ t  -as r trears h tbe ootionalas E reatrs ^ EIre EoEl'onar eorrections b.econe large. This allols us to ignore non-
lineErities sifusg axgandiag dre f,6 of che outei i""t of th,e wFl{Z iaro the indua-]45--E s5, Lllc II- er Ene ouEer Part of tb,e WInIZ iato ttre induc-
rion zoae and local l'ave zone. ID oclrer rord,s, iu .o. ."rrp";;--Ei i! the induc-
cioa zone aad local niave_zoBe by eoascnreting the geaeral outgoing_Fave solucion
of, tbe linearized, Ei.oe-depencient, vacuua rilra equations a,'d-gauie conditions

-a\A
h*

iltv 
- os t€'F = o;

\ c . 4 J

and by natchiag r-h,r solurion onro tire o(ir/Xlo)
lfNZ. The resulr i,s

n 1snall aoali.near \
\  te:Es J '

(5.25a)

l]u'

2 e -  S  n
i v J =  ] D o D O _

t'
E r-'r'#[*.rrnron,_,

solurioa (9. tS ) , (3. tB ) ia che

(s.zsb)
. 1snal1 uoaliaear\

\ EeEs ,/,

A '

ff iyx
(3. Ec)

(snall aoalisear cesus).

= S * i c-tr' * F ror,.-,,]*,

= ,e {r-,r'* [* ir*,_.{t*)]

(.-') I
Jr$r-' '

*  ( -1) ' *1

* 
[* 

'*,it)par-a

pbere iad,ices * f,6 are lowerd (.s usual) usiag T;,v.

+ *

E(-r)r # [* r*r_r(.-,)]*r_,

Are

(t-')],nn 
,-"1-

::rl*-.1r::".-a{4.,#,*_._T:*..d.rhe Eooes,rs ,nirh r > 2 are ro be regard,ed

;;: ioffi;ii"3i"oli".-r r r r fa r {  $+a f?  + t \  - - : -  ^ - -puted f=oo (S.tS) via equa*oas (s;t;ilci-ilic" .o

8oA = f{,' + hog * uoali:reariries, b@ - E€ _ + hI6 , (3 .2b )

lhe oatch'ing of tbe solutiou (5.8) oato tbat of tbe IETIZ caa be done eitherby elc*ataty techn;ques, rhich reguire care aad tbought, or by the sophisticatedtechai'que of "ruaEch{ *yryaotic .*bansioasr' (see the lecarre by Kates i!, thisvolt'tEe; also tbose of Danour), rbieb do tbe 5ou roita less daager of error.

E:cereise 19' 
-lb. 

rhat (3.25) rithout noali!,ear rer's is an exacr sorurioaof the linearieed fiei.d .q,=tio*-d^ g.rge coDd,irions (s.ez). Thea, ar radiir (( k, e{p:nd (g-E) ia forrers or r/x-aai "i*r-L. the lead5ag cer' : of



O(trftlo), is idencical to tbe linear part (S.lS) of rhe ![ElE f,ie1d,.

The gsavi33r,' oual-nave field UTf, of che local $a\re zone cs.B be cquced fron
eBressiog (S.ae)by lecting eue spiiial derivagtves all acE oD J aad 8- (so "" io=
keep only the {r ptrrt of lhe fLeld); aad by chen takiag che II part. The resu[q
is

6

o j k '

c D  t  6 r  / r \  ) T l I  f  I

. E*i?-#'pe(r(')sn)nor-r(t-r)u.u ,-"1 {t 
- {t ^i) 

} r='at

effeets of, aoalinearirio J

Eere a prefix sr:perseript (f ) pF-lre "take , titre dercirratives''l

(rfi),.," 1-pole 
-H(*J, ("fi)-,.,",. 

1-po1e

{ A * * 
(')r.is,-.(t-r) un,-,

f  a l  a\ ' /J  = (E/EI) 'J ; ( 5 . 6 )

aod I bave ind,ieaced the nagaiarde of the elrurlacive effects of noalinearicies,
integrated up fron the inoer part of tbe I{FM i.seo tbe 1ocal siave zooe, wb,ieb ia
eff,ect caluse the urlcipole nmerrts of tb,e radiatioa, field to diff,er slightly froo
Ehose oae rrould 'ia.asu8e i.B the iases p:trt of tle weak{ield seas zose,i see $IX.g
of BMP.

Note thqt cbe Eass quadrrpole part of rhe =adia,tioa f,ield (3.25) bas the
faoili.as form f,isst derived (ia, aittereat aotarioa) by Eiasteis (f9fg):

oll - f Jfrr.-'1. (s.27)

For aost slon-ootlou gysterls ;he,sg nass quadnrpole rarrcs riIl doai.uate; but when
qr:adnpole rotions ase s?ppressed by speeial syoetries ("r9., i-u torsional oscil-
latious of seutroa statrlr, !3.2.7 belotv), other ame!,ts uay doaiaate. Note tha!,
is tbe absenee of srrypressios due to slrtrEetries, Ebe nagoicudes of cbe various
oulcipole c@oDelts of tie E:rves are

-H o(*l  (s.aB)

(ef. eg. 3.L). typically rhe igeessal veloeity vrdl1 be of order L/X, so

(er:rrent quadr,:pole rlaves) - (nass oetrrpole raves),

(eu:=ent !-pole naves) - (aass [f+f]-pole rraves),
(3 .2s)

This is flg srno pattera as oEe sees la eleetrsoagnetisa, fc which "eleclric"

nrltipoles are the aaalogs of froass[ urltipoles and "rnagaetic" Eultipoles are Ehe
analogs of "cr::lro-C' anlcipoles.

3.2.1+ Slcrn-Eotion oethod of eououting lrave Eeseration

Equations (3. l?) ald (5.25) are the for:adacioa for tbe slon-notion oethod of
eoquting gravitatiogal-lrave geaeratioa (RMP $gf ): (i) aaaf�yze rhe near-zoae
structure and evolutios of aay slow-aotioB (h >> L: U) sJrsEeE in any convenien!
eoordinat€ s]€teo aad by any appaoxitralioa scho-e that gives, witb reasonable



fracti'oD€,L accur-acy, the tioe evoluti.ou of ttre systemts asy@etries. lone atcrac-
gfve approsllacion schese is the t'i.Ds!€,ar:-eo{Js gravitf' nethod, ia shich oD,e sels
ao zeso al:1 ti|!e derivatives of _thl r|erric (bst n6E of rhE trafte- o"=Jui"ii-rir.i
solving che near-zone Einstei! field eqr:atioBs; see, e.E. , Ihoroe (rgg3);; 

"--"

5chr:oaker aad rlrorne. (1983)- j (ii) rrjn rhe near-zoae analysis obrain an approxi-
oatLoa-to the system'rs e:<ternal gravitatiosal field llh,ieh, "t "oy Eotrent, sacis-
fies che tioe-i-adepeado'tr \racuua Eln.ceia egr:atious. (iii) coopot" the d,o@inant
#+:iP"t of chac qr:asistatioaary fi;Id (aooeats with laigesc values ofH+:tPol_: }ffi"T ol tnat qr:asista_tioaary field (aooeats with largesc values of
it)39, or \rtaLt) eitber by cransfomiag to de Doader or Ao{C "ooid,in"res and eoo-
pati:o;g vith eqr:ati?:" (3.17), qr br rhe nethods of Geroeh (rezo) Bnd Ha-oga (1924)
itus eqt:acion (S.f9). (in) Iosett rlrose Donears iaro egr:ation (S.eS) to-;;; 

' '

c,he radi.atioc field is tbe loeal lr:rve zoBe,.

As 'n exaryle, consider cbe grawicatioual lraves prod.ueed by a slowly rotating
aeucroa ser (pulsar) iaealized as a loD-arisyonerrie, fully t"Ltirri"tie body
lttrich rotates rigidly. Full details are givea ia Giirsel asa'morae iigeil;-;i.sair ideos will be sketched here.

Ibe star '-n 
_rotate rigidly (aistaaee be&reen ever-:r pair of oeighboring ,,nat-

etfu,l partlcles'r forevet fixed) oaly co firsc order ia the angular veroeiry o. Atorder (or.)e tbere is a Loregtz coactractioa of d,istalces; a"ad as the starrs aogular
veloeity Psecesses thot LoreDcz coBgracaiog changeS. lh*, the Gtirsel-tho::ae ana-
lJrsis, $h'ieb asstaes ragid rotatioa aad rorks to first o=a& j.u o, tras fractional
errors of order OL. )

Gitrsel asd Tho::ae sbor, by a de Dotrdea-gauge_:no15rsis of the scarrs interior
[steg (i) of "sloqr-ootioa riveigenerarion aerb,od"] rb;i-; itii-"taer ia o rbe
star's angular tT"ol- S: "9 its anguia3 veloeily o5 (vhieh are both spati..l
vectqrs residi':ag ia tbe aEarly flat, nea&-field near ione) are proportioDal roeach other

8, - r5r%i

and that tbeir ratlo, tbe nooes,t of iaertia tenso?
aaguS:,r veloeit;z O,

rjt - 
!5' ijn - "jpq,oprqr * ttpqoprqj' (3.30b)

of cor:rse, the aagular aotreatlra is cousenred (aside froa oegligible rad,iacioa-reactioa ebanges)

S .  -  O .
J

(3.30a)

is s5zoetric and rotates rith

(3.30e)

Eqr:atioas (5.30) are idestical to the classieal Euler eqr:atiotrs rftich goveru tbepreeession of a rigidly Botaci.g, noagrarriras;ng bod! (ioId,ste1n lggo)] rt*r anyfully relativistic, slorly (Of. o -tl 
i,'d rigidtl roating body r:ndergoes a freeprecessios' wh'icb is idestical co thac of a aoagiavic.t*.E body wich rhe sane mo-aea't of inertia 15k fd tbe sane aagular roreocua S;. rf,e oaiy iiflg"o"" of rela-tivistie gravity iitt ue through its isfluertce oa rde .,rartte";i ah" eooponenrs of

!_..

Y'*;
:T
g.
'i

I

:*.H._:::::.-_:=or rjr;. gr, n-artle (1s7s). 
- 

cni".i ,.;J6o='"e so oB roO -  - -shon that the mass Eotre!,ts J4oi*rhich chatacteriae goo b the weak-field-near
zone, t* tjo rorare wi*r ai*ular veloeiry o.:

Jjo = tjpqopJql * tkoqnrJjq, En.{ sisirarlr for .9^r'

? ?

( 3 . 3 1 )



the nass quadnrpole Jik will be the doodnant souace of gxavLtatioaal lraves
r:nless tbe star has very uiegeeted syoecries. The saves tbat it produees are
descrited by tlre staadard quadrr:pol€-EotreBE fo::urla

nfi - (4=) iifi(r-'1. (3.3a)

Becanrse tbe precessional equatioas (3.30) are idestical to those of Euler and the
Eaves are givea by tbe sr-e stasdard qr:adnrpole noaeut fo::anla (3.32) as oue oftsq
r:ses for weakly gravir.aciag sFteos, one raiglrt e<pect the vaves fron a ful1y rela.
civistic, rigidly and slcrly rotatirg body to be tbe same as tlrose fron a weakly
grawitaliag body witb the s:rae aotrent of inertia. Boneves, I doubt thpt this is
io, becar.rse I sr:spect tbat relativistie graviey destroF the classica,l relatioo-
ship

1
i j k - t j * - i r i i s j t (3 .33)

begrrees the quad::upole oooesc a'rd the oomes't of iaerti-a-

Zi.oegrta.Dlr a.od Szedeaitz (19?9) as,d Zisae:=ana (1980) bave eouputed in detail
the quadnrpole saves f,rotn a rigidly agd slowly rocating body uoder the assuoptios
rhat rbe el.assical relaciouship (3.35) is presenred. Tbey sbow chae the sPectrue
of che E:lves !s racher ricb and coatai.ss nrcb detailed iafosoacion about ttre
starr s aagular tBmeatila vectoa :-d ooae!,! of i.sertla telsor. Future tbeoretical
stu&les should probe cbe possible brealcdora of tbe elassical relacioa (3.35) aod
should qua:rcify deviations froa rigid-body rotatiou dne to tbe fi.oiteness of tbe
Sbear oodulus and bulk uodulus of neucson-sta! Bacter.

5.2.6 Exa.oole: conoact bina:v snsteo

Cousider 4 lierary systelr sith scars suffiei.elCly c4aet tbat girb! disgot-
tiog of each other can be igaored (ti'is is frequeatly tnre), ald with separa-
tios beclreea stars tbat is large eoqased to gsavicaciooal rad,ii.. t�hea general
relacivistic'rae8,s-zooetr analyses (e.g., Daoour il1 rhic volrne; or, fot che case
of tnro bbck boles, DrEatb f975) shw thrt tbe orbital notioss are Keplerian,
aside froa poscdewcociaa eorrectioss of size (gravitasioDa,l xzdLL)/ (separatiou of
stars); aad th:.s is crue Bo r' tter how strong tbe starsr iateraal graviry tray be.
lloreover, the qnadnrpole aooest shich ooe reads off, the rreak-field, near-zone
-ocric ia de Oosaer gauge (.g. 3.1?; Daanr iD this voh:oe) is cbe 5'na 41vl
evolves ifug s*na as tha: which one sould co@rrte for the Kepler problem usittg
Nescoaiae tecbnigues; and thns tbe Favlcatioaal raves obcaised by inserti.ag chat
quadnrpole nmea,i i-aio nJf - (a/r).{[ are cbe sa.tre a,s ose rould coqute for a

aearly Nerytoaias sFten *itb tUe saiE oasses aad sarnin-jot axis. For decails of
chose traves gee Peless aod lfathews (1965).

3.2.7 Exaole: torsional oscillatigns of a neutron star

"Glitcbestr obseled i.o the cieing of pulsars are thougbt to be due to stat-
qua.k€, i. e. , due to rupdxres i.u tbe etptalliDe crust of the neutrcttr star. Suett
rupnses nay trigger torsiooal oseillations of tbe star wiclr a restoring foree,
due to the erTstalrs sbear uodulus, whieh is ssffieieatly snall chat she 9sei11a-
rions are s1g; (X >> I.). In such oselllatioss its &rss-eserry deasity TOo rc' itls
constast ubite tbe aooes,arn decsiry fCj oscillatesl a.od, as i result, the starrs
oass qr:adrr:pole nsrnent J;r is coDstant but its cr:rrest qr:adnrpole rnoneot S11
oscillates. tbe resultidE Fa\ricacional raves are thus currest qr:adnrpole-rather
tbas aass qu,ad:rupole

r r11l
l ^  |nii = 
L* 

'*,rs*,r(t-=)a*J

38

(5.34)



" 
-..-rker agd Tho::ae (1985) have analyzed such corsional oscillations is detail

', SaToe-rarrbatioa tbeory aad have derived, in che "instanca.aeous grarricy aPProci-
t f-.ffoit,, aa eigeueqrra-tle,or.b! gcnees the oscillasre!.q '_-9.4:,:elt11-= ,th-e- quq:rgqt

ll 
"f;ii;r:*;;il. 

d[i;t-roi :.or"rriou isto the gravi.ty-1617s foranrla (3.34).

l t ipo le it ion of

lhe g:ravit:.tiona1 saves froo any sorrRce - slorv-notiotr ot fast, reak-gravity

^. scrosg-- can be decoryosed isto nrltipole cotlPoEetrts iD the local ltave zoBe.

ii.-;t;;tol:.ror=ors 
c'n be conputed as sr:rfaee i.ategrals of the =adi-atios field

( B l P  e q .  + ' L L ) z

e)s^t= 
[++;+l+* *[,{",

r SIF

n  . . . n  * l  '
t ^2 

J
.t Dl.l

I
B -  . . . D -  d n  I  i

4 a .  l
J ' J

(3 .35b)

agil tbe fiel{ caD be reconstrucced as a suo' srter the nrltipole Eooents - the saoe

sug as rre elcousgeaed i.a tbe tireorT of slon-ootioa sources (eq. 3.25)

( r - r )N^
- l | . ^

l - -

. ,FF 
(3 '36 )

1  e r  f r \ -  / . - - \ - *  
l - '

- i l-riin' .pe{J tr )L)pnr_.G-')"dnr_, 
I

fc sl*r-ootios sorraces tbe lowest fen EotneBts rll1 doaisace; but for fast-notioa

sau:rces cbe radiatioa nay be bigbly directiosal 'ad Ea^By looneBts tray eosEribute.

See, e.g., KonAes asd Tbotne (fiZg) for the eca4le of "gtavitarional bressstrab-

ft:ai raaGcios'r, ia chieb rhe tad,iacioa frm one particle f,1yiag.?asE.aTotber_at a

"p""a v = 1 is tear-d forrrard inro a eone of half angle -7-L - (L-vz)L/ = << 1,

a.ud rooneacs t = 2r 3, U, ...) I all costribute significa.atly to Ebe saves- Ia

sueb cases -"ltipole ecpansioss ase troc vely usefirl-

3.3.2 lhe energy. umeaaro. and aagrrlar soaenh:n carried bv Ehe waves

In tbe local wsve zone the gravitational uraves, wbich bave I > 2, coexist

virb cbe (oearly) time-iadepegdest ! - O (uass) arrd I - t (aagular roonestr:ra) Parcs
of the source's- grawltatiogal field; i-D Il gauge a.ad negteetiag noaliuearities and

lsduccioa tems cbe total spaceti,oe necric is

Bco - -L + *t/t , ecj = 1-zftz)ejkrskol , Bjk= Q+ aa/ r tu ro*  t f i '  (3 '37)

t-O

oE- A{** 
(')',*,-,

Tbis nerric is rrittes ia coord,iaates that coiseide sith the asl4cocic test frane

of the sousce; i.tr this frase the sourcets lioear EcrDeBfiIm Pi vanishes;-i-".r,-ah"
L-EcoEentrum (a 4-veccor residi.u,g is tbe asyaptotieally flaC iegion) is P = W/ cE'

the gravicational rrgves cartT l+-aooentr:n o'd angular Booencuu alJay froo the

!=1 I=0 t>2

< e



source, cbereby cansing ebaages la the asy4eotic rest frame, b M, aad in S,.
decailed analpis of tbose "hanges ls givea ia ehapcers 19 aad 20 of t[W; he*e t{sba11 sketah oaly oae varia.sE of che oais ideas.

The fouadacioa for the aoa,lysis is che qr:ancity

E - € = g u ' g 6  - g * g # , \c.39)
/\A

where g* ls che oerris dancigy of eqr:atioas (S.e) aaa Loreatz gauge is g bei4"
i4osed. In the asyrycotic rest fraoe of tbe source, shere the rnecric is F.Sli"
plus nooli-oearicies and i.ductioa EeEElr, tbe surface iucegral of Ht-tCuJJ,n plucits'
out tbe 1rlr t - O and I = I parcs of gca (lriricb have zero contribucioi*from nsq.
lioearities aad inductioa to:us); i.e.r-it gives tbe l+-ostrertuo of tlre sc,srce: 

--

pP=*?  f r , - . r ,ou ' r j= { ;  : : :  i , (s.ss)

sb,ere a%, is the surfags stcmgt eoquted as chotrgh spaceti.Ee nere flat. The
rate of airng€ of cbe i-oooentr,o-is coopuced, with tbe help 9f Einscein's vacur&
f ield egnaEions is Ehe foroEpCvFt.6= -Etrcv1," -  l5r(-g)f f  (Wl ee. 20.81):

# - * f #-r,-.rr, - * f b,*t,6 
- r,or,_]urrj

- -f{-e)rliu": - r* -f#d.t,*, a*1a=2a*3.
(5.1$)

-r-

A
v

tbe voh:ue iacegral varlshes by syuecrT; and tbe cooressios f=oa surfaee iategral
to voluae iacegral requires tbe copologT of tbe spaee sliees to be Euelide"' -
wbicb it abaya can be f,t astropbysically realistic systeos, iaeludiag rhose slth
black holes (see Fig. 5). By aweragiag equatioa (3.J+O) over-4g - (sevIral h) aoa
aocisg th.t che average of tbe Lasdau-Lifshi,cz pseudoteneor is equal Eo the
Isaacsoa et:tESS-apeary teBsor for tbe gravitacional lraves (Mnl exercise 35.19), ue
obcain

(a/at>- { r&i '2do, (ar3lary- { ttl'l ,2dr,. (3.&1)

I{hes the tfttves ase decoqosed isto urltipoles (eq. 3.55) tbese integrals give
(RltP eqs. l+.15r and lr .2ot) :

stqr

= constont

Fig- 5- SPaceti-o dia,gram showing hors the sliees of constaat cime can be ehosen
everyvhere spacelile asd have Euclidoa. copology evea j,a the preseace of
a black ho1e.

i
I
I
I
I

horizon
of o hold



dP. co

<#> = -F=,

n (  l : t \
'  ( t -1)  ( t+1)  :  (a t+L)  i  I  = jpq

slqr-notion, sorxrces, witb trooents of order (S.lt) and
i's predoeinaatly due to the uass g'ad,npor.e nomeat beatiag

(3 . ,12)

/ R  r , ?  \

Note that for typical
v - A}., the sass loss
against irself

<d/d+ - -(L/s) (3r" t n) - r*/x6, (3.r*)

aad the EsoeBtuE ebange is due to the uass quad,nrpole beati'g against tlre sassoetupole aod against tbe cuarea,t quadrgpole:

z 5 r - - 2  z l ;  \  1 6 ^  ' 3 a s\E ) - - s (J"u J"u5) - E.:rn (rr" rr") -? . (s.as)

As tbe ameBtu& of the sor:ace choFgesr its asyroptotic rest frase ehaages.
Sioce I bave fomqrbted rry discussion oi tbe .xternal fields of slor-nocioa
sources ia rnass-ces,Eered de Donder coord.iaales strieb eoiacide with ctre asl4totie
lest,frae, ia apply;ng uy equacioDs otre Erst coBtiaually readjusc che coordinates
as ci.oe p€rsses.

The iaEri'eic angular Eooeatuo of the source .1.^be coquted by a susfaee
*ctFTar a--losous to (5.39), Etricb picks our tbe t/* idiilE; of the mecie( 3 . 5 7 ) :

*: = T3; f .r". (3P ge@i,a + EPioq) ut .

By nrnipglations a::alogor:s co (S.bO) oD,e c-'r sbcr rhot

dsr/ac- -f .rnn f f -el t$ '2an .

By cotputiag -tbe l-.dau-Lifshitz pserrdoren^eor (lGfl eq.
zoD,e tretrie (5.52), inserring it into (S.l+7), ,-a ghea
(several h), we obrain (nMe Iq. U.2Z)

ds-
<#>=+f"._-J<-r i ,TiT

(3 .1$)

( 3 . 4 7 )

2O.?2) for rhe loealqrave-
averagiag over A! =

, b

l .

dr # f "ionJl-ti'ffiSr * * #,ni5>'2d,0. (3 .48 )



Whea che Erltipole epansioa (5.55) is ;.serted chis becones (RMP eq. lr.5t):

,r"t,**or_r) 
l

(3.Ls)

(3.s0)

For t5pical slstr-ootios sorrsees the dorsinant tqla is nass quadrupole beacing
agaiast oass quadnrpole:

fiit_ _ F
R

ds.
<#>-5t jpq( rp" ' r " )

t�he aborre atal5ris etrcoulteas serior:s difficulties fos a source tlhicb changes
its asptocic rgst frane sigaifiea.cly ia a f,ew EFavity-rar. periods, i.e., for
tlnich l(ar/at)xl -}L E,ecanrse the local r,?ave zotre, nbere one consttucts rbe
above sr:rf,5ce istegrals, ELrt bave a sise Ar >> h, the oooestun of such a source
is Bot ve1I def,ined tbese (ic is chaagiag too fast) i ,ud tbus there is ao clean
preseription fc codstruct+ng the sourcet g asJqtotic rest frane or for "nass

eeatering" tb,e eootdiaates i,o ic. As a result, tbe iEsr.-taD,eous Eass M aud
li.sear EoaeBtua P1 of the source (trticf deped oa tbe eboice of time t) a.re Sotr€-
nrbat iI1 d,efiaed,:-and tbe instastaaeous a^aeular aotreBauo, f. is e\reB Eore ill de-wbat iI1 d,efiaed,; tbe iascastaaeous aogular aotreBauo,Sr is e\teB Eote ill de

Dsigllve to tbe E8!rs ceBreE.;-g (factoi of xP ia eqs. 3.47,filed becar:se it is segsitlve to tbe E8!rs ceBteE.i-g (factoi
3.,b8). lhis diffieulty is discussed, rrsiag che Bondi-Sachs fot'nrlatios of gravi-
eacional rlaves at "firtuae au11 is$-tric5/', i.o, a lecarre by AsbEelas ia chis voluoe.

Fora:sately for theorists (uneorarnarely for e4eriaeucers) all realistie
astroghysieal sources Erae bellerrcd eo sadl:,te EoEeaEtE oaly treakly

lary'arl .. V* (3.sl)

(see ttre lectures by Eard,ley) a"a thus have asSnptotic rest franes that are well
euough defiaed f,sr che abone aaalysis to be reII fouaded.

3.3.3 Order-of-saea,idrde fo::@las

For typical slor-noCioa ssurces Ehe gfawitatioDa,l-tra\re aopliarde at eareh
(.g. 3.n ptq?gated oE our go ear-tb cbroug! a oearly flar ua.iverse) trill be

LT? - 2 ;:3 -.V(Lf - S. (iatenal ki.aeric enerrry of sou=ee)
J K  I  J r 3  r \ n . /  ^ 4  I

- (Newcoaiar poteutial at earEh produeed by iat*:aal lcinecie eaeag;t of source)

.^-I7 -. (ioternal kiaetie euerEv) (discaace to Ealaccic center) r- -^r
. .  a  r  \ v . Y - l(cotai trass-eDeag of, Sua) 

-' (distaace to soulce)

In using this fonqrla oue srsc iaelude only the istec.Dal kioecie energy associated
rdth quadrupolar-trIpe (aonspberical) ootions. The total poires carried by such
souaces is epressed aost comreaieu,tly ia tertrs of tbe "universal poaer uEiC'

4o= "5/e - 1=3.63 x to59 erg/sec = 2.os x tos lt6e2/sec



aad tbe sourcers iateraal power fl*{ioa - (interaal kioetic eaergy)r/h:

/ ?  = t ,  \

--]T:::.:"::::y:la__"_f":_: ":a rhose virh fasc, large_ampliarde ao-
:*:H 3i": ::?::. :::.T t,=yl-'l -- 1:' - lo.. "'.p"...J l" ;;L ;' :;ffi ii T::,,;-";-;;;;;. "ff13..i],i'li,
ca l cu la t i on<  t o  d r ra  e r rooa€ r  - L - -  r i - - - . -  -grl::::n .:,t:: ::=Tl_:oi-1. ::. rea.ris rie +il 

-;-;Ji; 
""*;:;". .iji."_

HirS:::3'; ::,i,:.T": nore suickry ;b""-tl"-irrn; ;":i*;;: il:L: ;Hgravitacional radius; i.e.,

{m S u/u - t - 4o for all sourcirs

(a 1;-+g firsr suggested, so far 
--r ts*, ly F3 1963) i. aaArcor:espond,iagly,that tbe grarnity-e317. aryriarae riII ahrays be smaller thp.

nF S ̂ 2,

.t \2

for all sources. (3.ssb)

(3.s5 )

There a8e thsee approacbaq 
T-+-theory of gtavLcatiooal radiation reacrioain slosr-ootiou sour:cts, 'qsfo of sb,i,ch is sutiiciJary rigorous io-r.i.. Be bappy;buc noDe of sb'icb is sutfteieaclt rigoro.s co r.L cae aost uattra--tically caae-ful of uy colleanes harey {".-r'.-g-, Ehlers, Rosenbr'n, Gold,berg, and Havas1976). r shalt aiscuss';"i-;;'�rbese approacb,es ia r,r'u.

1te oethod of eonsenratioo, lars is based oa eqr:atioos (s.r*l) ,.d (s.r+g),vb';ah *'Preag tbe eates- of 'haige of the sourcets trass !I, Eo'ea,tr:n plr aad angularEcaes!"'i 8r ia !e=Es g_f -:.g=.L.*"r -its. graviEtio'al lvaves, and Ebeo,ee isbased ou eip=essicns (a.rri:G:ft). ""d is.rEj:ii=;i-;; n'"ii'll is re::ns ornrltipole EotDe'ts tbat ar9' eeeutagrg bi "is;;taleor:s-gravirf,l 
aear-zone analy-ses' Tbese fT_-T for lt, i:, * 35- i""*ilr:oa-1aws,,) rely, ulrinatelI., oBtbe nzcur:o' Einsteia eqr:ationsti"-.g., Cdo"gh al.-aaira eguality of equarioa s.4o).

It is cnreial for radi.a,c!.oD-reac"iol_theo,t7 hat the-H r.?jr_ 8,Dd Si of tbesec3'se=nation !-arser:.p:r.-r1y neasr:rabfa;:;., by Kepl"i'"ri** anEr rhe pre-eessioa of SrosecPes) ia che rvea&-field aeas "I* o, tbe 1oca1 rlave zone, aadeo:respondisgly rh't they €rre coryutable ia cs::as of_ tbe phy";i- Be.r-zo'e prop-erties of rbe ''avilari{ "y"t"r.-- For *Ti;; r. the.aie-oe-"-.oryaer binarysyste' (e'g'r the biery pulsar)r !ear-2so" aaal5rses give
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*r* * ,rft.
Here a1 and o^ are the trasses of each of the stars as Eeasured by Kepler's lassaad as'oanifestt ia the statsi "*a"ro"l netries; a aad e are the se-i,r-jor axis andeeceaEricity of tbe orbig at Nev3s.,.-r, ordes;'air r !t}r, rrlo, 

%*, trlu are posr-



Nertoaiaa and posC-post Nerrtoaias coatribuBions.
conservatioa Latrs (5.1+&) o-d (5.5o) reduee co

lloreover, f,or sueh s biaarT thq

(3.s?)

<#> - ( t * 3 "" )

2 2 , \
zdMr -  _ 321 ta ( t to%l 

/ . ,  E ^2 *  37 J-)( f f 2 =  - - - W  \ t - E =  - F ' /  '
t

2  2 ,  r E
52 \-%-(nt+42)- - -s "r/ ?e-"2)2

(leters gnd l.fatbecrs 1963, Petess 196.l+).

o Coosider tbe evolurioa of such a biaatT over tiae scales Ac >> V.o/(A/at) =
(tC years for tbe biaary pulsar). It is "@' (or sgg'-ion shor by
a careful analysis sueh as rhat la Danourt s lectures) that a1 asd s2 ate "naffsgg-
ed by ttre gravity-rrave aaie�sles. ltoreovet, over ebese loag cioe scales cbe
ebanges of 

\nr 
Up2N, Spg, and Soe* are aegligible cry:rred to the ouch larger M

a1d S casried off ia tbb radiatibn. thr:s, tbe chonges of, U aad I oust be fully
accouated for by ehaages of a aad e - cbaages tbat are ful1y dete::rained by eqr.Ia-
rions (3.56) aaa (5.57): A.ud frq,those ehaages otre caa cqute che ehaage of
orbital period P - 3t[a5/(n1+g)JL/2, cbe nosc directly oeasr:rable qr:anciry.

For evolutiou, of tbe biaary pulsar os tine scsles P - 7.75 hours << At <<
1OOO years (eonespoadirg t9 cuEre!'t Eeastrse{iaBe.a), tbe s4ne arBr:rleiBt gives cbe
s€Ee result (whicn agrees rrich the EeasureEests), ff oEe Eakes a ".$!g!}1-g@!!Igl'

assrretios,3 rhrs }tnU " }{n4' ald Spff * \,e11 are 91! sharPly ehangiag &raccioss of
che (oearly eoasenred) orbical pariaeters guch as a and e, aad thus eansot aceoutrt
for any sigaificanc piece of the ebaages is U ald 8. Of eor.sse: c,Be --. oaly feel
firlly cofostable about tbl,s coaclnsioa af,tes detailed pN and p<N ealeulations
bave verified EbiS assrqtion; see che lecarses or Da,oorrs.

3..,1r.2 Radiatloa reaetioq ootestial

For systeos rtich, uallke cbe biaary pulsar, bave reak is,teraal grawicy as
tlel1 as slolr trotioltr, sae caa cotrpute radiacj,oo reactioo usiag Neryeou,ias gravily
augneated by Burke' s (1969) radiation-reactios poteati-al:

F  - - B V O :-grav o - oN.rraon* or"""ti
(3.s8)

0r"".. - * 
(t)r:rJ*n.

Bere F-^_ is cbe gravitational forcs rhr! acts otr a Eateai€,l eleoest of oass m.-gsirv

Physically 0-oo-r results fra rnatchiag the trear-zotre gravicational field
oBto outgoing gsaviEfEional saves. lf tlre Eeaa-zoae field lrere Eatehed oato
sta^adi.g ltaves Oreact worrld be zero; if it rrere aatcbed oaEo iagoing rlElves 9reacg
sould cba.age siga. Matb*-tl.ea11y oo'e deriveg cbe eguatiou of ootiou (5.58) bf
coEstauctiag tbe outgoiag-1617g solutiou of the lrnelgls eqgatious ia any comresi-
eBt gauge, oaeehing it ouco glg nsar-zone soluciou, ideati4fing the largess terBs
io the B€Bt-zotr€ netrie shicb ase sessitive to outgoing $Erves vetsus ingoing waves,
,.d discardiag all terus; e:reept these seasitive ones aad the tq:us of Newtos. By
a.B appropriate ch:ng€ of gauge one tbeo obtains eqr:ations of ootios of rhe fota
(3 .se) .

I bave a coafession to roake: lbe ilerivaciou aloag these lines given ia
$SS.ff of MIW is flared. As Walker:n.r IJil1 (1980) poiac our, when one sorks in

!4



de.Dondgr: F:g",(as I did iB trritiag $36.11), oae obtaios reacrioa tg::Es of oagni-
gude -l')/{* io the near-zoDe Eecric rhen oae aatcbes oBto outgoing raves. A1--r'arrarr rhEca "?:-are 1'P::::e--gzuget'!", !-€-1 -have aqdirectphysfcai elins€quea�ges ,- 

- ^--
L..Y-E-

Ehey Produce noalineaa correctioas ia the fin-l gauge eiraage, corrections shich-I
o:istakenly ignored i-D lcm but vhicb are caneelled by a aoaliaear ireraEiou of rhe
Ei:rstein equacions that I also mistakeoly ignored. The reasoa for uy sloppiness
ig writi!'g !(ffl is that I bad previously derived che radia,tion-re.eaion poiencial
(3.58) rorkiag aotrin"de Doadlr gd.tg" Luc ia "Regge-wheeter gaug;;-aCgf-f,;lgesi;
aod in thar gauge \r/Jjk tsras Bever arise and a finrt gat ge-et.iage and nonlineai
iteratioD are Bot- aeedEd.- Eaving beea very careful ia oy Regge-llheeler-cJpe aeii-
vatioo, I tlas highly coufident of the final resulr - anrd, bu-yed by chis Irl"t1--
dence, I beca-o careless shea constnrctiag tbe de Donder-gauge proof iD lr$I.

Eistorically, Pe3o-o (I95o) gave the first co:=ect :n:ty6j5 of grav:.tational
radiatioa rea,ctioa by- tbe tecbaique of ideatifyiag the d,aiaaac terns sensitive
to the outgoi'g-$avg bor:adary cooditioa. Honever, eeres d,id not w=ite his aastser
is tqms of a NewtoD-tJ4Pe rad,iatioa-reactioa poteu$al oreacti th't was first done
by Brrrke (fgag)

Tbe aetlrod (3.58) of the radiatiou reaetion poteucial discards al1 post-
NestoEis! and post-Post-Newtou.iaa effeets is the evolgtioa of the sysEea - evea
tbougb 3srriaglsg reaction is a smerlhat saaller, pos.t2-5-Newtouian' ttrenoneno1 ovet
:ff=:f_:1der k.- Ihe jr:stifieatioa is thot raalrion reacrioa, r:nlike pN aad
PEN effects, Produces secular ahanges of sucb quaatities as the period of'a binary
srzste'; a-'l tbose secular cbaages ^-n bur.rd up srret loag ti.nes al >> h, beeoeiag
slti--tely -Euch larger thoo post-Nettou,ias order. Eoweier, ovei shorter tiae-
scales (at 5 looo yeass i! thl case of the biaary pulsar) iu.-"tt-.i"rive effecrs do
8ot aoceed postdetreoaiaa, order; ond tbus-fgrr firll eoafideaee i-s oners results one
s-hotrld "XP"ot_ the Nestoaias forces ana p2'S* rad,i.a,tion-reaetioB fsrces by a firl1pN rnc pcll a.aI5rcis of tbe systa.

- Daoour, Ltr b'ts lectures i-B this voh:oe, deseribes tlre bistoty of atte5pts atsuch ftrll a-'lyses aod Plesests a beautifirf , fuff .--lysis "f iG'orm for tbe
speeial cose of bisasy s]tscetEs with eoryaet (whi.te-dnarfr DeutrtoD-scar, aad black-\ -nore/ EeEDers.

Elseshere (zborae Lg77) I bave revielled oetbods for equtiag gravitacioual
Paves fro fast-tloEi.oB soutces. Eese I sha1l give on'ly a brief classification of
cbe varior:s oethods a.ad a fer reeegt referenees sbere eacb, settrod is used.

Ihere are three $ays to elassify netbod.s for eo'4ugrng lraV€ geaeratioa: by
+ (',r"-rc' i,f a Newcoajan inalFis gives
tet << I eve=J,lrnerel ,'s=ougn if 16l > l soEwbere); by epeed of the !o,g'.e,s in_
_ter.aal. norions (',slort'' if _h >> L; ,,fasr', if h S L) l'""e ffirhat Ehe souace dewiates froo a noosadiatiag spacetine ('rtrge derria,tioas, or'saall derriatious"). Eere is " l_t"t of frequeatly used ne*oas of eoryuting wavegeaeratioo, classified ia these tbree rlaF:

1. . Slcp-liotioa !.Lethod

o Arbicrar-y gravity, slow speed, arbitrarT deviations.
. 0 9.2 above.

2. Post-Nelttonisa and Post-Postdel*oniaa Wawe-Geaeration l,Iechods

r lloderate gravity, noderate speed, arbicrary deviations.
e Epsreia a..f lragoaes (197s)1 wagoner aad l{iu (197s); RMp ggv.org.

I
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3. Post-Linear (= Post-Minkosski) Wave-Generatlon Uechod

o Ileak grarrity, arbitrarT speed, arbitrarT deviations.
-  c{ov5 d

L. First-Order Percurbatious of Nonradiaciag Solutions

o ArbicratT favit1 arbitriary speed, saall deviations.
o Qrrnnlsghan, Pri:e, and Moacrief (1978); Scbr:naker alrd Thor:re (1983);

Deareiler (1980) I lecture by Nakauura is tb,is volr:oe; eg. (Z.eg) "iore.

5. Nunerical Relativitv

e ArbitratT gtatrtryt arbit=ar7 speed, arbitrary deviatioas.
e Lectures by Yorh, Piraa, Naicaorra, and Isaacsoa in, this voluae.

- Ibe stsongest radiators of gravity Eaves u"ill be those wich scroag graviey.
fast nocions, and La,rge deviations (".g., eollisi.oos bebceea hro black-h;les);
a:rd sucb s]rste'c cas be analyzed quaaticively by oaly one techaique: nunerical
relaci.rrity.

Ihe resulcs of lrave-gea€tatioa calculacions for rrarisr:s astrophysical
souBces are reviewed ilr tbe leetuses of Eardley ia this volr:me.

b lEE DTTEcTIo!{ oF GRAInEIAEo}IAL wAvEs

Tul8, attantioa son froa uetbods of aaalyziag tb,e geaeratioa, of g=avitational
ltiaves co uetbods of a--lyz+ng tbeir detectios. If the sise of the detector is
s-rll c4ared to a reduced navelengtbr L ( h, ic ean be a,nalyz-ed is tbe ',propet
refereace flsge" of the detectorts ceater 6f,n-ss (it+.t1. If r.ix, cbe proper
refereace f=ar is aot a usefirl coacept; a^sd the deteetor is usually a"-lyzed,
iasteadr ,tst'g-l'P?st-liseat'r (= I'post-lli.sksnskJ') eech'tiques ald s@e caaefully
cb,oseD, gauge (g!..2)

lr.1 Detectsls rritb siae L << h

llost gravity-nave deteetors reside i! earth-bound laboracories wtrose ralls
and floor accelerate relative to local iaertial franes ("aceeleraciotr of gravicf')
and rocate relative to local g1Eoscopes ("Foucault peod,ulna effeec,'). Ia sueh
laboratsries che aathenatical aaalog of a IJF is a'ipropes refereace franoe,, (pRF).
A PBF is coastrueted by cboosi-sg a f,iduci.al rorld liae rb,ieb is usually actached-
to cbe detecto:rg ceatea of noss o'nd cbus acceleraEesr by tres cmtrtnrttiag spa-
cja'l sliees of sinrltaaeity, t - coust, rrhicb ase orti-ogonal to the tiauU.al
!'orld line o'd Elte a:i flat as che spaeeg.inc sggaq4arre peai,ts; and by chea eoa-
su3uctiBg i.a eech slice of sirorlca'eity a spatial coordiaate grid whieh is as
@3as5irn as the spaeetiae cuEtrilture peraits asd is attacb,ed io ctre laboracory
walls 'od tbr:s rotates. Tbe origia of rhe spacial grid is oa the fiducial soila
line, ard the gjna gs63dfuace g of tbe slices of sisrltaoeity is equa,l to propet
cioe alou'g the fiduci:,l sotld 1be. Such a PRF is a traEho--cical iealizarioa of
tbe cype of coordisace sFta'' th-t a vety carefirl e:speriraencal physicisc who
ks'ors little relacivity theory sould likely sec up in his earrtr-Uluna la,boracor7.

Ooe version of sueh a PRF is the rotati-ng, acceleraciag analog of a Fe=rri
nomal coofi''n'ge systera (eq. 2.15); ics Sp8cesina rerric G (ni a* Zluoe::aana
l q ? a \- - . v J

l+5



^  c l
dse = -dr- 

Ll
+ 4: !  *  G's)2

gravt l redshift

- (g " s)2 * Roror*'*t]
-

Lorentz ti.ue dilatioa

i f  i  k  2  2+ Z d t d x - I  e . . , _ O ' r "  - ; R ^ . .  x x
L rJc .t (Jt tD

l--r-

Sagnae effeet

+ o(rg a*aa*F).

-a (gxg ) i  - t g . {gxg )J i  - ( i x= )1  * rL /a
,-- 

_\ _i

Coriolis ceacrifugal effect of extersal
accelesatios aeceleraEios .rr-nging ! force

- !'speeial relatiwlscl,c eo-ectioas to these inE-ial effee:s.'l' 
L eqr:acioa (2O) of Ni eld f{a'aal-�nn (tg?e) 

')

- 
bi.o.fl + f nrr*JJ*' (t i .a)

souree of "spin-
crr8lratuSe coupling"

' ] -  d* id*J 
fur ,  

-**r r , - ' - " ]

I
( l + . 1 )

Eere a-is the acceleracioa of the fidueial sorld line (uians the local ,'accelera-
Eiou of gravic/') aaa O is the aagularvelocity of the spatial gridr i.e., bf rhe'
laboratory walls, relaEive to local srroscopes: other versious-ot a pnr r,"rr" "p"-
cial grids and sriees sf srmrltrneiry tba! are best frm those of (L.1) bv ".o,-i"
of -tbe^crdef of tbe !egr{r4g e.forced by the spg,egti.ne euirarrxre, *j' - *j *
oF/?<), t' = x + o(_t'/fl<) rbere n -_(noprul'-L/2i ef. eil. (2.16). rn rhen 996
ril1 be the saoe as (4.1), uur tgi aad gF'r"y be differeat by anounrs of
o(*/ae1

Iu the Rr (l|.1) a test particle acted oa by aa eatelnal foree acquires a co-
ordiaate accelesatioa (obtailed ftotr cbe geodesic equacion with a foree tg::![
added)

i-a

ttacceletati gu
of gravitlll

7 t
4,r.Ordx-

*
geodesic deviacion

+ av\orJ=' " 3 "\toorok*t.

nere d is tbe coordi.oate veloeity of the parriele. the tems oo the first liaeare far bigger thrn glsse on che 
-1ast 

tlrel ria"s; they are fasilia.r froo aoqrela-civiscic oechaaics i.s a ur:,ifom, Nertonian gravitational field.

4.1.2 Exaruoles of detectors

Figure 5 sbotrs three Bpes of grarritational*rave d,etectors with L << h thar
are Bon under coBsenrctioa or look f,avorable for future cons$:uctioa.

"IJeber-tTPe reson'nt-bar deteetoas" have beeu rrud,er developnent for tlregty
years asd are discr:ssed io d,er.ail in rbe lecrures of Blair, fraliasty, Itanilton,
Michelsou, a.Dd Pallotiso. LB sucb a d,etector the saves eouple io aaa drive nomal
aodes of oseillatiou of a oechanical s;rsto- ("antenna"), usually a solid bar oade

l ,  -,
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Fig. 6 r-:Trles of gravitacional-rave detectsrs with size L << k.

of aluoinua t zad tbose oseilla,tioEs aae soaitored by a traasducer shich rs
attaehed to the an.ie 613' sides of tbe ba.r.

In a "r"ierowart€-€avity deteetoC' with L << h the grawitatioaal lr:lves drive
oscillatory defocnations of cbe nalls of a a,icrouave cavitf; and cbose uall uo-
tions puq nicrolrave quanta fros oae noroal oode of tbe cavity into aaotb,er. To
enhaace tbe na1l deforaacioos, big trasses Tay 19 actached to che rralls ar srRaregis
locations., (see, e.E.t gaginsisy et al. (1b74), caves (1929), ?egoraro aad
Radicati (1980), Grisbchuk and Polaarev (1981), aod refeceBce; thlrein.) atg5ou6
tbe desiga saneigil7lties of sucb decectoas are coaparable co tbose of, bars, no
serious efforts a,ae Bon under rray to develog tbeo.

"I€,set iaterferoete= detectsrs" hsve bees uader d,evelopoent fsr about a de-
cade and are diseussed la detail in the leearres of Drryer aod Brillec. Ia such
a detector three (or oore) trasses aRe susprnJed as peadula froa qTerbead supports
and sriag back and forth .ia response to grav"icarioaal trave,s; aad their retative
aotions are sositored by laser iacert'eroettT.

1r.1.5 Hethod of aralyzi-ae deteetors

For ne che eoucegaally c,learesc tray to aaalyze these chree detectors., aad
aoy otber vitb L <<hr is usi-g the PRF of the detectorrs ces,rer of mass. lbe
gralriEational waves eBtea such as o--lFis eatirely tbrough che Riesa:rn cun acure
teru of cbe aerric (L.1), which have sizes

sg - -os. tt - oH (qilz.. oH i.B sRF. (l+.s)

By eoatrast, is I! gauge Ebe traves rould coa,rrltnrte #) - O3I ro cbe Ferric. AB
lPoftaBt coasequeace is cb,is: Is cbe ERF rnqfy�sis tfre aireEt couplia,g of the
gravitation-l saves co che detectorrs electrooagnetie field cas be ign-red,; aad
this is trtre lilrecher tbe EU field is i.B a trR:Esducet on' the bar, or in, a qicro-
rave cawiiy, or is, a iaser beas. the direc: ecr:piirrg-produces tertls i.o. l.la:ctleiirs
eq'fgiotT f?r.*E vecrqr poreuria,l sith, size Qe/l- e['t) -h|f (Vh)z, uhicb are
snall.er by (Uk)z then 3ls "i.odireeC' eoupli.ag effecG' Je

1*zvLt.T liraves deforal *
\ or Eolre trassers J

* lehaages of boundaries\ _ !A > .E /!. r, \
\for l.laxsrell esr:asions,/ A - '^jk. \-'+'/

At ,FF
v u  . 4 3-:- - n..
t J K

By coatlast, i! Ilt gauge che direet eor:pling is aot oegligible, aad oae trssr con-
sider tbe direcc istesaccioa of the gravicaiioual lraves llitlr both the elecsrmag-
uetic field and tbe oeclra.s,ical parrs of the derecror.

For all thiee decectors ia Figure 6 ald all other prouising ones, che veloci-

loser beom
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tieg of Ehe nechanical palts of tlre sFteo relative to tbe eeBtet of l'-ss are

I"jl << f. Consequeocly, i.a the oech-.ical equatiou of aotion (l+.2-)-c,11 Ria--nn

curnaruEe rertrs €xrcept -Roior*J ca'r be-igaot"i. Becatrse {-gJ, = - +$fl (vhere z,abErb  - . .o io l -  e  sE -6sY-5$.  vb€-b  . -o ioJ  e  -L2  \ - . .b -b  e

dot neans E/Et), the eguation of uotion for eaeh 6sss slarrrout, in tire detector be-

acceleratios ts:ns associated with\
sjs-gravitational-uave effects ) .

( t+.s)

In sr:mary, if oue kqsnos hcrr to aoalyze tbe deteetor in the abseace of gravi-
rational !rave:r..F+e caa take accouat of the naves by si-ryly addi.g the driving

aceele=ation lhli xJ cc cire eo-r:agiou of nogios of che detectorrs Eass elenenis

and by ignoring direct cotrpling of tho raves to the deteetor's electroaagnecic
field.

this eosclusiou is rralid eves if the decectsr is large coupared to iahmo-
geleities in the NelrtoBiaa gfavity of the eartb or solar systeB- e.9., if the
detector is a no::sal node of the eartb itself. lhea ose ca!^Bo! use the PsoPer
refereo,ce frane (4.1), so far as Nevconiaa-gravity effecEs aRe coBce::aed; |31q oae

9+ still use (4.1) so far as gravitatioual-nane effeets a,re concerned (st$l -

hS L2)_, In othe: rords, oae F-n gtaft tbe raves oBto a Nerrconiaa,.alysilby
treaDS Ol

'$ - - {:t=t=',
(1r.6 )

I,fJt - ts$t - Rg)6 " (.ffi.f"uffiff:T*;ffFT.:: r),
and by EeaDs of tbe resulting equatS.oa of sotios (\.5).

lhe gravitational*rave driviag acceleratioa !f,]I J carr be deseribed by a
qr:ad:rpole-sbaped t'liae-of-force" diagralr (fig. 7; ldd Box 37.2).

,l+. 1.1+ Resonant-bar detectors

. Consider, as ar' exa4le, the analysis of a lJeber-type resonErBt-bar gravita-
rioDal-lrave detecto8 (UII' ao:c 5?.L). Oug_pegias by cooputiag the ao::aaI-node
eiqo.€leoueneies r.r- and eieea.firsetions u\s/ of the agteaaa ieaoriag the seakeigeofrequegeies o6 and eigeafirocEions u igaoriag ttre seak fti€-
tiosal a.nd flucasilonal coupling betneea oodes and ignori.og e<ternal forces
(".g., graviry rmves). ttre iesulc;-g eigeafirDcEious, rb,icb are real (aot coqlex)
are Dcloalized so th.t

;i = *ril J * ('rr

t
I
I

I
I

I
a
I

I
I
I

I
I Fig. 7 "Lises

of a deteetot.
x polarizatiotr.

of force" for tbe gaavitational-rftrve aceeleratioa (l+'5) in che PRF
The nro drariagp conespond to eErves sith + polarizaCion and sith



n -- (a) (n) .3
Jpt*-' '_n*-' d'x - ME;i .'. 

F ='ri. ':sil7, "U-- 
alte-irtia F.ss. (t{tt

One then e<pands tbe vibracional displac*,o"c of che bart s oaterial ia tens og

/ . )
8.-, =',coq).Io* xTlitude of mode g,'.

Next oae rrites dcra tbe egr:atiou of notiou for 6x i"a the ptesen,ee of gravity
lEaves lforce per uait volde equal to ]eulflxjl, icteraal f=ierioa, tlyquist
forees [i.e., veak fluetuational eoupliags bd'*reen nor:nal nodes], and eonitiag go
cbe transdueer. Ilbec oae resolves rhat firl1 equatioB of soti,oo isto ao::raaf aoAes
ose obtaias

i&, t

i(a) - -1{r)x(o) * t 
I 1ir. ,r(o) a3* ,

sbere ru is the (vet7 loag) frictioual da4;"g tiae f,or uode n aDd .g is tbe force
per uait voluae ia cbe a!,te'F- i.ocludiag gtavity{.ave foree, N5rquist forces, aa6rrbae'k-aetioa forees" of tbe tsansducer ga.tbe a.Ete!!a. Tbe gravity-wawe force,
wbes i:rtegrated crver tbe aomal oode, _.(B/, gives

fr(wl . s(o) d=x - + f,fi ,!?, (4.loa)

,fJ - Jo(o{o,*k - ttJ - 3 ur" -o(o) .3) f.
(4.10b)

- [r{") "-totl-t * fc6,trihrtioo,-of 
sode u ro ssgeanrts)

L- J 
-'\ 

quad=upole EotreBc /.

Tbus, tbe sane qr:ad=rrpole Eoaert as pould gsrrean, *'.sloa of grawita,tional liraves
by aode a also gqtetrns tbeir receptioa; cb5s is an aspect of the priaeiple of de-
tailed balaa,ee (!Ct{ 03?.2).

If the aato-!3 + hit by^a broad-basd br:rst of gravilational lraves vitb spec-
tEal eoerry fh:x 3, (erss "r12 E"-1) ana pokrizacioi "3t-iior*"r:.r.a "o ";n"5n:

so:rtral osdes

% = E"(n)_o(o){5) "-tuot,
n

2)

(t+. e)

(l+. s)

u = fuw )  ot  f t . l l )oF - a(r)e5s,
2  t  -  + 6  t 2

?  -g  l g  i  a ( r )  . - t a t l  ,- v  +  
k F r _ _  |

then eggaFions (l+.S) ..d (l+. tQ) give for rhe save-iadueed ebaage of corylex aryli-
tuae 6i(B)

I *_216r(n) 12 - ( eoelqy t!+t rould be absorbed by €r.!,teBra oode n 12 --a ' -$ 
if Xtsj rrere ze:Eo rrhen cbe rrave bursc hic )

- Tu(w. ro) jcodv.

Eere Joodv is the 'qtenne cross seetioa, incegrated wer f=eque.Bcy
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- 10-21 *.2w for rlplcal anrennas llirh M - 1 xon, uJz:r- 1 kllz.

por firrcher detalls aad diseussioa see XIII, ebapter 37; also the leetr:res by

i1p':t, Bragiaslcy, Iianiltoa, ltichelsoa, and Pallotiao in tb,is voluoe.

(l+. 13 )

Exereise 20. Derive equation (4.9) by resolviag the egr:atioo o'f notj.on for
&c iato so::rqal nodes. Shorr,t{rat the driving ts:a due co granrity Eaves bas the
fia (t+.10) and show tbat Jlj! tas che elained relacionsbip to the qr:adnrpol€ rro-
reBE-

Exercise 21. Shan that ("g. I.11) co:=ectly represeats Elre speclral energy
fh:x of a gravity save i.s the sense thot lSrdu is tlre eserry per urit area that
passes the detector. Shsw tbat the broad-basd burst of gravity uaves (4. tt) pro-
duees tbe ebaage (l+.12) of the aatenna's cooplox a.qlitude. S^h* that for tlDical
aalellas the frequesey-istegraCed cross section is - 10-<L s+l Ez as elaioed.

E:cerclse 22. ' Sbow that for a hmogeneous, spherlgsJ sggenna uhose quadnrpol-
ar oscillatioEs are beiag drives by gravity saves, tbe quadnrpole Eotren,! J.r. obe5zs
che equation of ootioa (2.39a). Jo

l+.2 Detectors with size L i h

Exaruples of gsavitacioaal-rnne deteetors rith L i X isctttae the Doppler
craekiag of spacecraft (leccures by Eellings is lhrs voluae), aad uierosave-carricy
detectors in rrhicb tbe grawitrJ'r*rves pr:up nicrswave quaBta frm oue uoraal node to
asother via di.rect interaction rith tbe eleeErmagaetic field as well as vj.a de-
fo::aatios of the ralls GrR Eave gsides sbieb cou,fine tbe field (Braginsky et al.
(1974), Caves (1979), Pegoraro and Eadicaci (1980), eishchrk o-d Polnarev (fgef)
ard referetrces tbe=eia).

Becan:se tbe Rieoana teBltoa of the waves rraries sigaificaatly over the voh:ne
of sueb a deteecsr, Ehe "proper referesce fraoe" is not a usefrrl tool in ar'olyzisg
it. Instead, aaalyses are based oa the liaeari:ed approxination to geueral rela-
tirrity (lCI| efrapcer 1g), vith the oetric g^A = tha + h^o i.acludiag both Newtoniaa
gravitational pocentials O "a'{ gravlcatioaii tlavE; aaftbe lraves are usr:ally
treased itr Il gauge:

8OO - -1 -  20 t  Eg5- O: 8jk= 6jk(1-20) " hil '

The analysis is aearally rrposr-1i-u,eaa" (or *post-Minkorskf') iB that the "eguar-

tigus of ootiog" for tb,e Eatter (s*, plaaecs, detector) are aot caken to be
F.g - O, but rather #.S = O sith conneetion eoefficieats lilear h \.,, and 0.
seeiE.c., 12 of Tborae (t}iz) for a carefnl d.iseussioa of the d,ifferencel-betreen
lirear tbeory and post-linear theory.

Fot aa exarple of su.h an analysis see Eellingst treatnent, ia this volrne,
of the i^ateraccioa of gravitatioEal naves sitb !{ASArs doppler tracking systen. As
i.a tba! aaalpis, so i.a oost analyses of detectors witb L 3 X, direcr inceractiou
of tbe gravicacioual rraves sicb che eleetrooagaetic field is as iqortant as in-
teractiou with rie neehanical parts of the derectm.

A oathan-tical triek tbat sooeti.aes si.lplifies caleulations of the inEerac-
tion of gravity lraves ryitb eleecrotragnetie fieLds is to write the cu:nred-sPacetiEe

< 1



lfarrcI1 eqsations io a f,o:n identieal to Chose for flat sPaceti'tre 1n a noving,

aaisoCropi" ai.f""iric oed,ir:n (e.g., Volkov, rzocsltev, aod Skrotskii 1970)'

A;-iGp"oii"hed) has coobiaed rhis rechnique ritb gauge chaages that atta"h rhe

spaCi.ai ctord,iaases oBto tbe carrity salIs _eYel wtren tire ra1ls are wiggling, arr{

has tbs.'abt Ftoduced au -elegaat and pcnrerfirl foroaliso f,ax a!€J.yziag cicrorave'

cavity deteetors wich L 3 h'

5 CONCIUSroN

Most of Ey owa reseerch oa gravitatiooal-ltave tbeotT is aogivated by the neq6

to prepare for tbe day rhen grarricaeional ltaves are detected as'd asEloaoaets con-

*oir iUe tast of ex6aeling asttophysieal info::uacion frou tbes. The task of

pr.p"tiog for chac day is noatrivial. Tbe ideas described in chese lectures ate 3
io""a.tiJn for rbose preparacions, but uudr fi:rther tbeore$*-t research is needed
- espeeially rhe co'q'lltation of gravitational-save foms !Jt(9-r; 0, p) froo

fast-sotloo-, sttoog-grawiCy soulees suctr as blaek-hole collisions'

IJe thesrists oftea, pay gtezx lip service to a second sotiratios for ou! Ea-

sea,rcb: to girrc guidaael to e1perioeatets wbo are designing and constnrccing

gravicatioo.l-nr"* detectoss; and e:periseBters ofteo follorv wich avid interest

Ioa t6"qiag hearts tbe fluetuations ia tbeoretical predietions of the vaves bath.

iag tlre .artl. Eowever, se tbeoriscs ale fas nore ignorant tbaa rnost otperiroent-

e.5 imagiae. For those strroBg sources vhose wave charactetisEics are f,airly nell

knorya (E.g., eoll5slous begateea b1a'ek bohs), Ebe evelt raCe is r:acertain by nany

srders of oagaitudei ind for those ndrose evest rates a.re f,atly well knows (*.g.,

;rtp;;"t-"b" ',rave streagtbs are uacertais by oany ordess. o|s ignorance has

a si.ngle cause: The iafoa13tioa ca-ied by electrmagnetie ltaves, whieh is Che

forsdacion of today,s tbecies, is nearly "ottbogonal" t? the i-s'fotuagios canried

by grarriCaCloaal $avea. ls a isroL1.3,5�7-, whea they are ulg1naeely deceeted, gravi'

catioBal naves si11 likely give t:s a revolutiorasy serr view of che naiversel but

uatil Cbey are deteeted, se-theorisEs caB offer liCt1e preeior:s adviee Co ou':r

egeri.oeaial eolleagues, ""a ogr colleagues sbould Am a half-deaf eal Eo oua

aost cosfideBt retarts iUout tbe ebasaciesisgtcs of ebe $aves for which they

searcb.
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pb 103c: The Physics of LIGO I April 1994

LECTURE 2: RANDOM PROCESSES

Lecture by Kip S. Thorne

[ssigned Reading:
D. Pages S1 through *24 of "Chapter 5. Bandom Processes' from the textbook manu-

script Applications ol Clossicol Physics by Roger Blandford and Kip Thorne.

Suggested Supplementary Reading:
a. L. A. Wainstein and V. D. Zubakov, Ertraction of Signols frorn Noise (Prentice Hall,

London, 1962; Dover, New York, 1970). [Thie wonderfrrl book-a sort of biblical
primer on the subject-is long since out of print. Kip will put his personal xerox copy
on reserve in Millikan Library for a few weeks, along with the librar5r's only copy.]

Two Suggested Proble'ns from Blandford and Thornets *Chapter 5, Random
Processestt:
5.L Baadwidths of a fnite-Fbun'q-transfom fiIter and an averaging frIter [page *21]
5.2 Wiener's Optimal Filter h"gu *221. This is an especially important exercise, since

the optimal fiIter underlies much of the data analysis to be done in LIGO.
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LECTUR-E 3: SIGNAL PROCESSING

Lecture by Eaana E. Flaa,agan

Assigned Reading:
A. "Gravitational Radiation" by Kip S. Thorne, ts, 300 Years af Gradtetion, eds. S. W.

Hawking and W. Israel (Cambridge University Press, 1987), pages 366-371; 385-386;
393-395. [This is the review article handed out last Fbiday. The assigned sections
outline the data processing methods for detecting burst, periodic and stochastic grav-
itational waves.J

S. aData Frocessing, Analysis and Storage for Interferometric Antennas", B.F. Schutz,
in "The Detection of Gravitational radiation', edited by D. Blair, (Ca,rrrbridge 1989)
pp. 40G416; 42f422; 428-429; 445-447. [To be handed out on F]iday]

Suggested Supplementary Reading:
A. The remainder of Ref. [A] above.
F. "The Last Three Minutes: Issues in Gravitational Wave Measurements of Coalescing

Compact Binaries", C. Cutler et o\ Phys. Rev. Lett. To, zgg4 (lggg). [This is
a overwiew of what is understood to date about the potential for extracting usefirl
information from detected bin""y inspiral waveforms.]

b. E. S. phinney, Astrophys. J. 380, L17 (1991). lThir article gives the most uptedate
estimates of the rate of bin"ry neutron star inspirals in the Universe, and discusses in
detail the astronomical observations that underlie these estimates.]

c. "Near optimal solution to the inverse problem for gravitational wave bursts", Y. Gtrrsel
and M. Tinto, Phys. Rev. D 40, 3834 (f989). lThis article describes how best
to reconstruct the gravitational waveforms h+(t) and h,. (t) for a detected burst of
unknown forrn, from the (noisy) outputs of 3 interferometers.]

d. S. Smith, PhD thesis, Caltech (1987). [A description of the last real search for gravi-
tational waves using data from the 40m prototlpe interferometer.]

A Few Suggested Proble"'n
1. The d,etectability of neutron stor - neutron star inspil,Is ot 1000 Mpc bg LIGO.

a. Suppose that the burst of gravitational waves produced by a neutron star - neu-
tron star inspiral at 1000 Mpc passes through the Earth. Calculate from the
following foundations the signal-to-noise ratio obtained after optimal signal pro
cessing by one of the two LIGO interferometers: dssnrng that the "advanced
detectorn sensitivity benchnark grven in Ref. [B] of lecture I has been achieved.
Approximate this noise curve by the forrnula

q../r\ - l&L/r;u/f^)2 f >f^"n\r  t -  I (n '^/ t ;ulH-4 f  1l^,



wbere hru = 1..0 x 10-23 and, !., - 70H2. Use the waveform h(t) given in Eqs.
(26), (42) and (10a) of Ref. [A], also Eq. (29) (with RIIS multiplied by a cor-
rection factor of 2), and assume that the waves' polarization and the relative
orientation of the binary and of the interferonoeter are such that the sigual-to
noiee ie maximized. Assume both neutron stars have masses of.l.4Ms. lHint:
Use the stationar;r phase approximation to evaluate the Fourier transform].

b. The cunent best estimate of the neutron star - neutrou star merger rate, inferred
from the statistics of observed neutron star binaries in our own galax5r, ie that
there should be 3 per year within a distance of 200 Mpc (uncertain to within
a factor - 2 in the distance). Assuming this merger rate, estimate to withitr
a factor - 2 the number of inspiral events per year that s'ill produce a signal-
to'noise ratio 2 6 in each of LIGO's two interferometers (which is roughly the
criterion for successful detection), if the advanced detector sensitivity levels are
achieved.

2. The shapes of Wiener optimal fiIters in the time d,omain.
a. For the wavefonn h(t) and noise spectrum ,Sr.(/) of question 1, numerically cal-

culate and plot the optimal filter K(t). Compare it's shape to that of the originat
waveform.

b. A chance near-collision of two neutron stare in which their gravitational attraction
substantidly alters their velocities will produce sgravitational brerrsstrahft:ng"
or braking radiation. These waves will have a mernory the test masses in a
nearby detector would be left with a permanent relative displacement following
the waves passage, corresponding to a nonzero final value of h(t). Approximate I
the memory part of the waveform by a step firnction, and numerically calculate
and plot the optimal filter for the memory K(t). Compare it's shape to that of
the original waveform.

3. Prospects for obseruing the vi,olent finol stoges of block-hole - black hole mergers. ane
of the airns of LIGO is to measure waveE produced by the highly nonlinear dynamics in i
the final stages of black hole - black hole mergers. Such measuremente, if they agree
with supercomputer simulations, would convincingly demonstrate the existence of
black holes and for the first time experimentally probe general relativity in the highly
nenlinsar regime. A major effort (called the Grand Challenge project) is cr:rrently
underway in the numerical relativity community to calculate the waveforms; the task i
is orpected to take several yeam.

a. Suppose that a pair of rapidly spinning, lSMo blark holes coalesce at a cosmo.
logical redshift of zA,\/\ = l. Assume that the final plunge and coalescence of
the holes (a,fter the gradual inspiral) radiates 5% of. the total mass-enerry of the
system into gravitational xraves, and that this energr is uniformly distributed in
frequency between - 150 Hz and - 350 IIz (the latter being frequency of the
lowest quasinormal mode of the final - 30Mo black hole). Use Eq. (35) of R"ef.
[A] to estimate the signal-to-noise ratio in one of the LIGO interferometers after
optimal filtering, assrrrning the noise spectnrm of question l. Note that the ef-
fect of redshift on enerry flux is exactly the same for gravitational waves as for
electromagnetic waves, and also that the enersf will be distributed between - 75
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- 
re a EubblC-con$mt� of -

Ez and - 175 Hz as measured at the detector' Assun

;k;-tM;;-I ; rhat rhe l'minosity distance ie 4.7 Gpc.

b. what ie the signal-to-noi* ,*t p"t -"v"1" if 
the waveform contains 10 cycles?

what are the prospects to, -Iniig the dgtailed shape of the waveforst?

4. phose incoherence efiects ;n ,"orrilJfio-grovitationol ioue stochastic bockground

The method outlined in the l""trlr" ior'*"ii"g for a stochastic background by cross

correlatingtheoutputsoftwointerferometersassumedtbatthebothinterferometers
respond to the sa,me gravitational ilJ;ig""l h1t] The two LIGO detectors will

be approxinnately parallel, but wilt be sefrrated by- - 3000 lry.' Io1 
**' range

of gravitational wave frequeaciet *iff in" pn"* bg-between the detectors be small

compared to unity for all piopagafi ait""tio*f WiU tUo" phase lags necessitate a

modificatioo or ttu ,"a"cu'atsoriihm outlined in the lecture?
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5.1 Introduction

In this chapter we shall aazlynerarnong others, the following issues:

o What is the time evolution of the distdbutioo frEctios for an ensernble of systems that
begins out of statistical equilibrium and is brought into egnilibrium through contact
with a heat bath?

o How can one characterize the noise that is introduced irato ecperiments or obserrrations
by noisy devices such as resistors, a.mplifiers, etc.?

o What is the influence of such noise on one's abilit5r to detect weak signals?
r Wbat filtering strategies will improve one's abilit5r to extract weak "igo"l" from strong

noise?
o Flictional da,mping of a dyna.mical system generally adses from coupling to many

other degrees of freedom (a bath) that can sap the system's energ. What is the
connection, if any, betwea the fluctuating (noise) forces tbat the bath exerts on the
system and its da,mping influence?
The mathematical foundation for analping such issues is the thnry of ronilom pro-

cesses; and a portion of tbat subject is the theory of stochostic differcntiol eEtations. The
first two sections of this chapter constitute a quick introduction to the theory of random
processes; and subsequent sections then nse that theory to analyze the above issues and
others. More specifically:

Section 5.2 introduces the concept of a random process and the various probability dir
tributions tbat describe it, and discusses two special dasses of random processes: Markotr
processes and Gaussian processes. Section 5.3 introduces two powerfirl mathematical tools
for the aoalysis of random processes: the correlation firnction and the spectral density. In
Secs. 5.4 and 5.5 we meet the first application of random processes: to noise and its cha,rac-
terization, and to t5pes of signal processing that can be done to extract wea,k sigaals from
large noise. Finallg in Sec- 5.6 we use the theory of random processes to study the details
of how an ensemble of systens, interacting with a bath, errohres into statistical equilibriun.
As we shall see, the evolution is governed by a stochastic differential equation called the
"Langevin equation," whose solution is described by an evolving probability distribution
(the distribution firnction). As powerfirl tools in studyiug the probabilit;r's evolution, we
develop the fluctnation-dissipation theorem (wbich characterizes the forces by which the
bath interacts with the systems), and the Fokker-Planck equation (which describes how
the probability diftrses tbrough phase space).

5.2 Random Processes and their Probability Distributions

Definition of "ronilom process'. A (onedimensional) rondom process is a (scalar)
function g(t), where t is usually time, for which the future evolution is not determined

{
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uniguely by any set of initial data-or at least by any set that is knowa,ble to you and
me. In other words, taodom process' is jnst a fancy phrase that means trnpredictable
firnction". Throughout this chapter we shall insist for simplicity that our ra.adom processes
3r take on a continuum of rralues ranging over some intenal, often but not alurays -oo to
*m. Ihe generalization to y's with discrete (e.g., integral) u,lues is straightforward.

Examples of random processes are (r) the total energf E(t) b a cell of gas that is
in contact with a heat bath; (if) the temperature f(t) at the coraer of Main Street and
Center Street in Loga,!" Utah; (#i) the earth-longitude /(t) of a specific orcygen molecule
in the earth's atmosphere. One can also deal with random processes that are vector or
tensor firnctions of time, but in 1[is chapter's brief introduction we shall refrain from doing
so; the generalization to 'bultidimensional" random processes is straightforward.

Ensenbles of rcndom p"o@sses. Since the precise time evolution of a random process
is not predictable, if one wishes to make predictions one can do so only probablistically.
The fonndation for proba,blistic predictions is an etuenble of random processes-i.€.r I
collection of a huge number of random processes each of which behaves in its o\En, unpre-
dictable qray. In the next section we will use the ergodic hlpothesis to construct, from a
single random pnocess that interests us, a conceptual ensemble whose statistical proper-
ties carry information about the time evolution of the interesting process. Eowever, until
then we will assume that someone else has given us .rn ensemble; and we shall develop a
probablistic characterization of it.

Probability ilistributiozls. An ensemble of random processes is characterized completely
by a set of probability distributions p1, h, h,. . " defined as follows:

Pn(!yt; g2,tz; . . . ; go,to)dgfiyz . . . dgn (5.1)

tells 6 the probability that a process y(t) drawn at random from the e"senble (t *iU
take on a value between gr and h * d,g1at time t1, and (ii) also will take on a nalue
between lz aad gz* dyz at time t2, and...., ed (itt) also will take on a rralue between gro
ed yr, * dyn at time tr. (Note that the zubscript n o\ Irn tells us how ma,ay independent
rralues of 3r appear in p'.) If we knew tbe values of all of an ensemble's probability dis-
tributions (an infinite number of then!) for all possible choices of their times (an infinite
number of choices for each time that appears in each probability distributioa) ".ad for all
possible values of y (an infinits nr:mber of possible rralues for each time tbat appea,rs in
each probability distributiou), then we would have firll information about the ensemble,s
statistical properties. Not surprisingly, it will tun out tbat, if the ensemble in some sense
is in statistical equilibrium, we can compute all its probability distributions from a very
small anount of information. But that comes later; first we must develop more formatism.

Ensernble eaerrrges. Flom the probability distributions we can compute ensenble
averages (denoted by brackets). Fbr ocample, the gnantity

(v(tt)I = [ srpr(sr,tt)dyt
J

is the ensemble-averaged value of y at time t1. Similarlg

(y(tt)y (tz)) = [ rrnrn(s t, t1; y2,t2) d.y fiy2
J

(5.3)
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is the average value of the product y(tiyftz).
Conditionol probabilities. Besides the (absolute) proba,bility distributions p,, we shall

also find nseful ao inffnite series of conditionclprobabiliry distributions P1, Pz, ..., defined
as follows:

Pn(gtr!1; ... ign-rrtn-Tlyorto)dgn (5.4)

is the probability that ;f y(t) took on the values lt at time t1 ad gz at time t2 and ...
arrd gr,-r at time tn-rt then it will take on a value between gn and lo * dyn at time t..

It should be obvious from the definitions of the probability distributioos that

P,,(yr,tt', - - - ig,.,tn) = p,^-r(arrtri -.. iuo-rtttt-t)P,.(gtrhi ... iu,.-rtt,--rlg,.,to) .

Using this rdation, one can compute all the conditional proba,bility distributi"* a f;3
the absolute distributiom pr, h, ... . Conversely, using this reliation reanrsively one can
build uP all the absolute probability distributions po from the first one h(gt,f1) and all
the conditional distributions P2, Ps, ....

Stationary mndom processes. An ensemble of random processes is said tobe stationary
if and only if its probability distributions p, depend only on time differences, not oD
absolute time:

Pn(yuh * r;gz,tz * r;  . .  .  ign,to + r) :  p,.(yr,t t ;y2rt2; i !o , to ) .  (5 .6 )

If this propert5r holds for the absolute probabilitis po, then Eq. (S.S) guarantees it also
will hold for the conditional probabilities p,.

Colloquially one says that "the random process g/(t) is stationar5/ even though what
one really means is that "the ensemble from which the process y(t) comes is stationaqf .
More generally, one often speaks of "a random process gr(t)" when what one really -**
is 'an ensemble of random processes {y(t)}".

JVonstationar5r random processes arise when one is studying a system whose evolution
is influeuced by some sort of clock that ca,res about absolute time. For example, the speeds
o(t) of the orygen molecules in downtocrn Logan, Utah make up an ensenable of random
Processes regulated in part by the rotation of the earth and the orbital motion of the earth
around the sun; and the influence of these clocks makes o(t) be a nonstationary random
Process. By contrast, stationar5r random processes arise in the absence of any regulating
clocks- A'n exa,mple is the speeds u(t) of orcygen molecules in a room kept at constant
temperature.

Stationarify does zof mean 1no time evolution of probability distributions". For
exa.mple, suPPose one knows that the speed of a specific oxygen molecule vanishes at time
t1, and one is interested in the probability that the molecule will have speed 4 at time
t2. frzt probability, Pz(0,titn,tz) will be sharply peaked aro'nd vz : o for small time
differences tz - tu and will be Maxwellian for large time diference t2 - t1 (Fig. b.l).
Despite this evolution, the process is stationary (assuning constant temperature; L tnat
it does not depend on the specific time t1 at which o bappiued to vanish, only oo ih" time
difference t2 -t1,: Pz(0,tilaz,,tz) : P2(0,01o2,t2 -ti.
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FiS. 5.1 The probability P2(0,t1itz,tz) tbat a molecule whic.h has vanishing speed at

tiJe tr will have speed 12 (in a unit interral arn) * time tz. [lffusrrgh the molecular speed

is a stationar5r random process, this probability evolves in tine.

Hmceforth, throughout thi"s chapter, ue shall restrict otterfiion to rondorn processes

that ore stationary (at least on the timescales of interest to us); and, accordingly, we shall

denote

?a

n(d = p{s,ti

since it does not depend on the time t1. We shall also denote

(5.7)

Pz(y ilyz,t) = Pz(U, Alyz, t)

for the probability that, if a random process begins with the rralue y1, then a.fter the lapse

of a time t it hac the rralue gr2.

Markofi process. A random process g(t) is said to be Markofr (also sometimes called

Markovian)-if "oa ody if all of its future probabilities a,ne determined by its most recently

known'nalue:

Po(ytrll' ... i:i,t-Ltt,'-rl9n,t'.) : Pz(yn-trtn-ilyn,tn) for all h Stz 3 '" ( to '
(5.e)

This relation guarantees that any Markoff process (which, of course, we require to be

stationar5r without saying so) is completely characterized by the probabilities

m@) and Pz(yr l  yz,t)=W, (5.10)

i.e., by one firnction of one variable and one fi:nction of three ra.riables. Flom these
pt(.y) and Pz(glrlyz,t) one can reconstruct, using the Markofran relation (5.9) and the
g;"r.1 relation (S.S1 U"t*u"lr couditional and absolute probabilities, all of the process's

distribution finctions.

As an exa.mple, the r-component of velocity or(t) of. a dust particle in a room filled
with constant-temperature air is Markoff (if we iguore the effects of the floor, ceiling, and

walls by making the room be arbitra.rily large). By contrast, the position c(t) of the
particle is not Markoff because the probabilities of futr:re rralues of r depend not just on

in" ioiti.t rralue of r, but also on the initial velocity ug4tl equivalently, tbe probabilities

(5,8)
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depend on the values of c at trao initial, dosely spacd times. The pair {t(t),u.(t)} is a
gso-dimensional Markoff process (but we do not deal with twopdirnensional processes in

16is chaPter).

|he Smoluchowski eqtation. Choose tbree (arbitrary) times tt, t2, and tg that a,re

ordered, .6 tr 1 tz 1ts. Consider an arbitrary random process that begins with a knoqm

ralue gr at t1, ind ask for the proba,bility Pz(yilyg,te) (per unit l/s) that it will be at gr3

at time t3. Since the process must go tbrougb sotne rralue y2 at tbre intermediate time t2

(ftough we don't care what that value is), it mlsJ be possible to write the probability to

reach 3t3 as

Pz(y t, t tl ys, ts ) = [ pr(y r,, t ly2, t2) Ps (y t, t t; y2, t2lgs, te) dtt2,
J

where the integration is over all alloc/ed rralues of gz. This is not a terribly interesting
relation, so we don't even give it an equation number. Much more interesting is its spe
cialization to the case of a Markoff process. In that case P3(gl,tiyz,tzlys,tg) can be
replaced by Pz(W,tzlys,ti = Pz(yz,Olgs,ts -tz) = Pz(yzlys,ts -tz), and the result is ar
integral equation involving only P2. Because of stationa,rity, it is adeqr:ate to write that
equation for the case t1 : Q;

(5.11)

This is tbe Srnoluchoanki egtotioru, it is \ralid for any Markoffrandom process and for times
0 l tz ( t3. We shall discover its power in our derivation of the Fokker Planck equation
in Sec. 5.6 below.

Goussian processes. A random process is said to be Gaussian if and only if att of its
(absolute) probability distributions are Gaussian, i.e., have the following form:

Po(Yutf ig2,t2; (5.12)

'where (i) ,a and a;r depend only on the time differences tz-tuts-tb ... , to-t; (ii) A
is a positive normalization constant; (iii) ll"rrll is a positiae-definitematrix (otherwise po
would not be uormalizableh an6 (;o) g is a constant, which one readily can show is egual
to the ensemble average of gr,

(5.13)

Gaussian random processes are very corrlmon in physics. For exa,mple, the total
number of particles iv(t) in a gas cell that is in statistical eguilibrium with a heat bath
is a Gaussian random process [Eqs. (a.57)-(4.60) and associated discr:ssiod. In fact, as
we sa'w in Sec. 4.5, macroscopic variables that cha.racterize huge systems in statistical
equilibrir:m always have Gaussian probability distributions. The underlying reason is that,

Pz(silss,ti = 
I 

pr(srlsz,tz)Pz(wlss,ft -t2)dsp .

r u t  1
t - - l

ien,tn) = ,rte:!p l- t leir,(ui - il@r- t) I ,L 1=1 &=t r

!=(s)= f  wr@)du.
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Y
Fig. 5.2 Example of the central lirnit theorem. The rzndom variable y with the prob'

ability distribution p(31) shorm in (") produces-, for va,rious rralues of JV, the variable

y : (w+ ... + s;iiv with the pt"#ulity distributions p(Y) showu in (b). ro the

lirnit of very large N, p(Y) is a Gaussian'

athen a rvndom aaocess,b dtioen bg o large nambr of statbtimuy iTdepytdmt, tzndom

influences, its probobiliw ilistributions become Gaussion. This general fact is aconseguence

of the "central lirnit theorem' of probability theory:

CentrcI limit theorem. 7,et y be arandom va,riable (not necessa.rily a random Process;

tbere need not be any times involved; however, orrr application is to random processes)'

Suppose that g is cbaracterized by an orbitrory probability distribution p(g) {e'g'' that

of 
'fig. 

5.2), sothe probability of ine variable tr"u''g on a rralue between 3/ aad y * dy is

p(y)ig. penote by 
-t 

and oo t:ne mean rralue of 3r and its stondaril iled'ation (the squa're

root of its aorionce)

! = (sl = 
f vr@)dv, (oo)' =((s- g)2) = (f> -t' (5.14)

Randomly draw from this distribution a large numbs, ff, of 'nalues lytrgzr ' ' ' , grv) and

average them to get a number

(5.15)"=*i*
Repeat tbis many times, and exa,mine the resulting probability distribution for Y' In the

timit of arbitrarily targe /V that distribution will-be Gaussian with mean and standard

deviation
? = 

o" (5-16)= ! ,  o Y = f , F l

i-e., it will have the form

p(Y)= #"*[-
(5.17)

with ? and ay giveu by Eq. (5.16)-

The key to proving this theorem is the Fourier transform of the probability distri-

bution. (tU"t Foruier transform is called the distribution's chorocteristic function, but
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we shall not in this chapter delve into the details of characteristic frnctions.) Denote the
Fonrier transform of p(y)by

{

(5.18)

The second expressiou follows from a power series erpansion of the fi6f. girnilarly, since
a PoE'er series erqpansion ."alogous to (5.18) must hold for py(k) a.nd since (fa)-cao be
computed from

Fou)= [: ei2*tsp(y)dy=E ry tu\.

(li '): (JV-'(yr *sz+ +yn)*)
f

= 
J 

*--@t* .-- + vr)-p@i..oful.)dst...dytr,

it must be that

lorelation functio:- -Ir:t y(t) be a random process with time average !. Then thecorrelation function of y(t) is defined by

m+l::::

wl:E%r,
:  [  .*p!2rfN-r(n+ .. .  + yx)lp@)...p@x)dyr.. .  dyot . r - . , - , - " ' , ^ , , . ' - - . .  

; ' " ; ; : " " ' ;  r r j v  
( b ' 2 0 )

- ,f ""*rotrp(s)dylt: [., *i2rftr -@r\2toP\ / t= ['* iv . o(#,lj
:.*lr*ru - (z"f)2(f) -/�). "(#)]

Here the last equality can be obtai:oed by teking the loga.rithm of the precerring quantity,
expanding in powers of' t$, and then_ocponentiating. By inverting the Fourier trans-
form (5-20) "od usi'B @o)' = (f) - f , n" obrain r* p(r) the Garissian (5.12). Th;,
the central lirnit theoren is proved.

5-3 correlation tr\'nction, spectral Density, and Ergodiciw

Time aaemge* Forget, between here and Eq. (5.24), that we have occasionally qsed !to denote the numerical value of an ensemble ""r.iu, (g). fnsteaa, insist that ba,rs denote
time averages, so that it g(t) is a random process "lra F'i, a finction of gr, theu

- I r+T/2r = JiL i J-r,, F[s(t)]dt '

(5.1e)

(5.21)

IyO - !J[y(t * r) - E]dt . (5.22)
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Fig. E.g Exa,mple of a correlation firnction that becomes negligible for delay times t

larger than some rela:ration tine r'.

Tbis g'antity, as its nane suggests, is a measure of the extent to which the rralues of 3r at

times t and t *r tend to be "ooartA. The quantity r is sometinnes called tbe delag time,

and by convention it is taken to be positive. [One can^easily see that, if-one also defines

Co(r) for negative delay times r by Eq- (5-2i), then Cr(-r) = C"(r)' Thtts' nothiug is

foli 6y restricting attention to positive del'ay timesJ

Relarotion tinze. Random processes enconntered in physics usually have correliation

firnctions that become negligibly small for all delay times r that exceed soure "relarcation

time' r,; i.e., they have-C"("i qualitatively like that of Fig- 5-3. EenceJorth we shall

restri,ct ottention to random Processes uith th;s property'

Ergodi,c hypothesb: An ensemble t of (stationary) random Processes will be said to

satisfy iU" ogodic hlpothesis if and only if it U". the following property_: Let g(t) be auy

random process in the ensemble t. Construct from g(t) anew ensemble t'whose members

YKG)=s( t+KT) , (5.23)

where K runs over all integers, negative and positive, &d where ? is a time interval

large compared to the proc&'g rela:ration time, T 2 t . Then t' has the sa'me proba-

UiUty distributioqs p* ; €_{.e., po(Yt,tfi ... .iYn,tl) has the sane firnctional form as

p.(it,tr; . -. ;!n,i',)-fot all times to.U tl"t lt; - tA < 1'' This is essentially the sa'me

ergodic blpothesis as we met in Sec. 3.5-

As in Sec. B.b, the ergodic hlpothesis gua,rantees that time averages defined using any

random process y(t) do* from the ensemble t arc equal to ensemble averages:

F = ( F ) , (5.24)

where F is any firnction of y: F: F(y). In this sense, each random Process in the ensemble

is representative, when viewed over suffciently long times, of the statistical properties of

the entire ensemble-and conversely.

Eencelorth ue sholl wstrict ottention to ensembles that sotbty the ergodic hgpothesis'

This, in principle, is a severe restriction. In practice, for a physicist, it is not severe at all'

In physics one;s objective when introducing Lnsembles is usually to acquire computational

1s"i',iques for diing with a single, or a small uumber of random processes; and one

acquires those tecbni{ues by defining one's conceptual ensembles in such a way tbat they

satisfy the ergodic hypothesis.

T
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Because we insist that the ergodic hlpothesis be satisfied for all our random processes,
the value of the correliation firnction at zru:o time delay will be

c,(0) :64F : (@ - g)2, ,
which by definition is the variance oo2 of yz

co$) = oo' - (5.25)

We aow turn to some issues which will prepare us for defining the concept of hpectral
densiQ/.

Fourier tnnsjonns. There are several different sets of conventions for ffus deffnifion of
Fourier transforms. In this book we adopt a set which is comnonly. (but not always) used
in the theory of random processes, but which difers from that courmonin quanttrm theory.
Tnstead of using the angular frequency u), we shall use the ordinary frequency f = wl2ri
and we shall define the Fourier transform of a firnction y(t) bV

(5.26)

Kaowing the Fburier transform ilU), we can invert (5.26) to get y(t) using

fi(f)e-2*ft67 . (5.27)

Notice that with this set of conventions there are no factors of L/Ztr or L/yffi multiplying
the integrals. Those factors bave been absorbed into the df of (5.27), since d/ : fu/2r.

Fourier transforms are not useful when de^ling with random processes. The reason is
that a random process g(t) is generally presurned to go on and oa and on foreverl and, as
a result, its Fourier transform t(t) is divergent. Oue gets around this problem by atrde
trickery: (f) Ftom gr(t) construct, by truncation, the firnction

yr(t)=v$) if -T/2 <t< +T/2, ed sr(t)=0 otherwise. (S.28)

Then the Fourier transform ilrf) is finite; and by Pa.rseval's theorene it satisfies

[i,'rrr]2at = I:: rEru']r2dr =, fo* ruru)r2ar . (5.2e)

Irere in the last equality we have used the fact that because yT(t) is real, giff) : ilr(-f)
where ' denotes complex conjugationi e{ consequentlS the integral from -m to 0 of
WrU)12 is the sarne as the integral from 0 to +m. Now, the quantiti* oo the two sides of
(5.29) diverge in the lirnit as ? -r oo, and it is obvior:s from the left side that they diverge
linearly as ?. Correspondingly, 1[s lirnif

!(f) = 
I:: s(t)eiz*rtdt .

r**
v(t) = J_*

+ Ll,'r(u2at=,E" + I- tEru)tzdr (5.30)
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is convergent.

Spectrol dmsity. These considerations motinate the following definition of the spectrql

density GoU) of the random process g(t):

Gou)=,gly- A [::,' [r(r) - s1e'z*rt*12 - (5.31)

Notice that the quantity inside the absolute value sigu is just 0r(/), but with the

nean of 3r rennoved beiore computation of the Fourier transform. (The mean is removed so

as to avoid an uninteresting delta firnction b GoU) * zero frequency.) CorrespondinglS

by virtue of our motivatingresult (5.30), the spectral density satisfies

f6

I Goj)dt = ,,1+
Jo 1'+s

ls/(r) - gl'dt:6=* - oo' . (5.32)

In words: The integral of the spectral densifi of y over all positive frequencies is equal to

the rariance of gl.

By convention, the spectral density is defined only for nonnegative frequencies t. This

is because, were we to define it also for negative frequencies, the fact that y(t) is real would

imply thai Gs(f) = Go?fl, so the negative frequencies contain uo Dew information- Orr

insisience tuat'/ ue po"iii#goes hand in hand with the factor 2 in the 2/T of the definition

(b.81): that factor 2 io *r"o"e folds the negative frequency part over onto the positive

frequency part.

Notice tbat the spectral density has units of f per unit frequency; or, more colloquially

(since frequency / is usually measr:red in Eertz, i.e., cycles per second) its units ate f lRz-

T'h,e Wiener-I{hintchine Tlz.eoremsays that for ony randomprocessg(t) the cotelotion

function C"(r) and the spectral density G"(f) ore the cosine trorcforms oJ each other and,

thus contain precbely the same information:

Cob) = 
Io* 

co$)cos(2trfr)d,! ,

co|) = n 
Io* 

Co|)cos(Ztrf r)dr .

This theorem is readily proved as a coDsequence of Parseval's theorem': Assume, from

the outset, that the mean has been subtracted from y(t) s ! = 0' [Tbis is not really

a restriction on the proof, since both the C, of l,q. (5-22) and the Go of Eq' (5'31). are

insensitive to the -""o of 9.] Denote by gr(t) the truncated y of {5-28) and by fr(/) its

For:rier transform. Then the generalization of Parseral's theorem' I

E

L frp
r l-rp

r**
(gh'*hs')dt= |

J-e
Gih'+-ng')aL

(5.33)

(5.34)

(5.35)

1 Tbi" follovr by rubtracting Paneval'e tbeorem for ! aad for h from Panevral'r tbeorem fot ll * h'
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I
I

nr'ntb. g = gT(t), i : ir(f), h : y7(t * r),,and E = *r(f)earfr, says

, 
f sr4)yr$*r)dt: I:: lilr$)12("-t2rtr l.eo*r1d1

:, 
I:: WrU)12 cos(2nfr)df .

By dividing by T, fdcing [!s lirnif as ? -r oo, converting the second integral into the nrrrge
0 -) oo, and r:si.g Eqs. (5.22) ".nd (5.31), we bring this into the form (5.35). Th,e inverse
reliation (5.36) folkiws directly by standard inversion of a cosine transform. QED

Doob's Theorem. A large fraction of the random processes that one meets in physics
are Gaussian, and many of them are Markof. As a result, the following renarkable theo-
rem about processes that are both Gaussian and Markotris quite important: Ang tundom
process y(t) thot b both Gauss;an and Markoff hos the folloaing fonns for its corela-
tion function, its spectrol d,ensity, ond, the hoo probability distributions p1 and P2 which
iletermine oll the othqsz

CoU) = oo2s-t/r' ,

(5.36)

(5.37)

(5-38)

(5.3e)

(5.40)

Gn$):

m@)=#"*f-ffi| ,

Ilere ! is the process's merul, a, is its standard deviatiou (oo2 is its rariance), and r" is
its relaxation time. This result is Doob's theorern 2

Gy

l t  z t

Tn

Fig. 5.4 (a) the correlation finction (5.37) and spectral density (5.3S) for a Gaussian,
Markotr process.

cy
5'

T

(4f r,)onz
(2"f)2 * (r/r,)2

/7 n fJz'/tn
-.y- --

2 It i" so aamed becauge it was 6r8t ideatiied aad proved by J. L. DooU (fg*Z).
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The correlation function (5.37) and spectral density (5.38) are plotted in Fig. 5.4.

Note the great power of Doob's theorena: Because all of g's probability distributions

are computable from pr [Eq. (5.39)] and Pz [F,q. (5.40)1, -4 t!* are ae!9r1ingd by g,

o, and r", tb theorem says that oll statbticol properties of a Goussion, Markof process

ire deteiined by just tfuz,e gntzmeters: its mean 9, ib aerionce oyz, ond it's reletation

thne rr.
Proof of Doob's Theowrnz L,et g(t) be Gaussian and Markof ("rrd, of course, station-

ary). For ease of notation' st 9o.- = (you - lon)/oy.rar so flq = O, ovon : .1' If lhe
theorem is tnre for g6u*, then by the rescalings inherent io the definitions of. Co(t), CoU),

n(y), aad P2(y1lgz,r), it will also be true for 3ro16.

Since ! t grcw is Gaussia.n, its first two probability distributions must have the

following Gaussian forms (these are the most general Gaussians with the required mean

9 = 0 and va.riance oc2 = 1):

n@): ]=e-a'tz (5.41)
{2tr

n(yr,t t iuz,tz):  + 
|  Ytz +g22 -2Czgflz1

@exP[-@J
(5.42)

By virtue of the ergodic hlpothesis, this p2 determines the correlation firnction:

Co$r- tr) = fu(tz)yfir)Y = 
| n@,tr;sz,tz)yszdyfiyz = Czt (5.43)

Thus, the constant Czt bp2 is the correliation finction. Ilom the general expression (5-5)

for conditional probabilities in terms of absolute proba'bilities we can compute P2:

Pz(yt,tilyz,tz):+.o |- @z- czs)21

@ . P [ - @ J "
(5.44\

We can also use the general expression (5.5) for the relationship between conditional
and absolute probabilities to compute p3:

?t (g u t i 92, t2igs, ts ) : h(g u t r; gz, tz) Ps(g L, t fi 92' t2l6' h)
= h (y t, t t; gz, tz) Pz(yz, tzlg s, ts)

: L'-.E [- 9t' + sz2 - 2cns*)1:@" - ' L@J  1s ' ns l
1 [ (ss-Cezv)zl

exe [ -@] -

Eere the second equality follows from the fact that g is Marko$ and in order that it be
valid we insist tbat tt 1tz 1f3. Flom the ecplicit form (5.45) of ps we can compute

Co(tr- tr) = Cil = @fts)y$r)) : I m@t,ttiqz.tziys,h)sLwd.s1d,s2d,vs- (5.46)
J

2r(t - Cezz)
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fle result is

fu other words,

Cu: CszCzr . (5.47)

Co$s - tr) = Co(tt -t2)Cs(t2 - t1) for any ts ) tz ) h . (5.48)

Tbe unique solution to this equation, with the Snitial conditiou" that C!,(0) - oor: 1, is

Co(r) = e-?fr' , (5.4e)

c'here r, is a constant (which we identify as the rdaxation time; cf. Fig. 5.3). Flom the
Wiener-Khintchine relation (5.34) and this correlation firnction we obtain

GoU) = 4/r,
(5.50)(2of)2 * (t/r,)z 

'

Equations (5.50), (5.49), (5.41), and (5.4a) are the asserted forms (5.37)-(5.40) of the
correlation firnction, spectral density, and probability distributions in the case of our go"-
with t : 0 and os = 1. Ilom these, by rescaliug, we obtein the forms (5.37)-(5.40) for
9ro16. Thus, Doob's theorem is proved. QED

5.4 Noise and its 1lpes of Spectra

Experimental physicists and encounter ra.ndom processes in the form of
"noise" that is superposed on signals they are trying to measure. Exomples: (i) In radio
communication, "static' on the radio is noise. (#) When modulated laser light is used
for optical communication, random fluct'uations in the arival times of photons always
gesf,arninate the signal; the efects of such fluctuations are called ushot noise" and will be
studied below. (iif) Even the best of atomic docks fail to tick with absolutely constant
angular frequencies r.r; their frequencies fluctuate ever so slightly relative to an ideal clock,
and those fluctuations can be regarded as noise.

Sometimes the "signal" that one studies amidsf noise is actually itself some verJr
special noise ("one person's sigud is another person's noise'). An oca,mple is in radio
astronomy, where the electric field ^8"(t) of the waves from a (Ir&, in the c-polarizatioa
state, is a random Process whose spectnrm (spectral density) the astroaomer attempts to
measure. Notice from its definition that the spectral density, Ge.(f) i5 sefhing but the
specific intensity, I" IF'q. (2.17)1, integrated over the solid angle subtended by the source:

d Areadtimedf
(5.51)

(Here v and..f are just two alternative notations for the sarne fregueacy.) It is precisely
this Gs,(/) that radio astronomers seek to measure; and they must do so in the presence
of noise due to other, nearby radio sources, noise in their radio receivers, and "noise"
produced by commercial radio stations.

Ge,(f) : +
d Enerry =+|naa '
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As an aid to understanding va,rious tlpes of noise, we shall seek an intuitive qado-
standing of the meaning of the spectral density G"(f), Suppose that we qra,mine the tiue
evolution of a random process y(t) over a specific interval of time At. That time evolu
tion will involve fluctuations at rrarious frequeocies from / = F on dowa to the lowest
frequency for which we can fit at least one period into the time interral studied, i.e., dovt
to .f - Lly'rt. Choose a frequency t in this range, aud ask wbat are the mean sguare
fluctuations in y at that frequency. By definition, they will be

lAs(Lt,f)]z =rl!1 # u1ty"i'*r'atl2 .
:E'| r 1('+tlat
ou-*1rl Lt Jou

(5.52)

Eere the factor 2 ,8.2/N accounts for our insistence on folding negative fregnencies 1
into positive, ed thereby regarding / as nonnegative; i.e., the quaotity (5.52) is the
mean squirre fluctuation at frequency -.f plus that at +.f. Th" phases of the finifs Foruier
transforms appea,ring in (5.52) (one transform for each internal of time At) will be randomly
distributed with respect to each other. As a result, if we add these Fourier transforms aq4
then compute their absolute square rather than computing their absolute sguares first aod
then adding, the new terms we introduce will have random relative phases that cause then
to cancel each other. In other words, with vanishing error in tbe lirnit JV { 6, we cau
rewrite (5.52) as

[As(At, f)]':JgL #l * I^::"o'nr,,""o"*l (5.53)

By definingT = iVAt and noting that a constant in g,(t) contributes sefhing to the For:rier
transform at ffnite (nonzero) frequency f ,we can rewrite this ocpression as

lvs(At, f)1, =rH" ;l Li,' r, 
- e)eaort"l' * = c"0* . (5.54)

It is conventional to cdl the reciprocal of the time At on which these fluctuations are
studied the banduidth A/ of the study; i.e.,

Lf = LlAt , (5.55)

and correspondiagly it is conventional to interpret (5.53) as sayiag that the rooLmeon-
sguare (rn") fluctuatioru at fregtenq f ond during the time At > f-L orz

Ay(At =L/Af ,f) = (5.56)

Speciat noise spectro. Certain spectra have beeo grven special naures:

GoU) independent of / white noise spectrun,
GnU) o Llf flicker noise spectrun,
GoU) q V !2 random walk spectrum.

i=+N12

t
t--N12

Goff )a f  '
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Fig. 5.5 Examples of two ra.ndom processes that have flicker noise spectra, GoU) 6 t/f .

[Fbo- Press (1978).J

White noise is called qwhiten because it has equal anrormts of lower per rrnit fr*
quency" Gn at dl frequencies, just as white light has roughly equal powers at all light
frequencies. Put dlfferentlg if g(t) has a white-noise spectrr:m, theu its rms fluctuations
over a fixed time intenal At (i.e., in a fixed bandwidth A/) are independent of frequency
f;i.e., Ay(At, f) = @ is independent of / since G, b independent of /.

Fli,cker no'ise gets its ruune from the fact that, when oue looks at the time evolution
g(t) of a random process with a flicker-noise spectrum, one sees fluctuations ("flick€ring:)
on all timescales, ed the rms a,mplitude of flickering is independent of the timescale one
chooses. Stated more preciselg choose any timescale At and then choose a frequency
f - SlLt so one can fit roughly tbreeperiods of oscillation into the chosen timescale.
Then the rms aneplitude of the fluctuations one observes will be

Ay(At, f =g/rrt)=\fm, (5.57)

which is a constant indepeudent of / and At when the spectrua is that of flicker noise,
G!, x 1/t. Stated ditrerently, flicker noise has the sa,me anrount of power in each octave of
frequency. Figrrre 5.5 is an ilhrstration: Both grapbs shocm there depict random processes
with flicker-noise spectra. (The differences between the two gaphs will be explained
below.) No matter what time interrral one chooses, these processes look roughly periodic
with one or two or three oscillations in that time interval; and the anplitudes of those
oscillations are independent of the chosen time interval.

Random-atak spectra a,rise when the random process y(t) undergoes a random walk.
We shall study an exa,mple in Sec. 5.6 below.

Notice that for a Gaussian Markof process the spectrum (Fig. 5.a) is white at frequen-
cies / K ll(hrr") where r" is the rela:ration time, and it is random-walk at frequencies
I > L/(zrr"). This is typical random processs encountered in the real world tend to
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l', Go,G)

l f ( ,  ,g ' i  ,o ' r  I  to \  to l f, t-l=

Fig. 5.6 The spectral density of the fluctuations in angular frequency ar of ti^king of a
Rubidium atomic clodr.

have oue t5pe of spectrum over one large intenal of freguency, theu switch to another tlpe

ooer "nother large interval. The angular frequency of ticking of a Rlrbidilr'n atonic clock

furnishes another example. That angutar frequency fluctuates slightly with time, u = u(t);

and tbose fluctuations have the form shorm io fig- 5.6. At low frequencies / S 10-2 Ez,

i.e., over long timescales At : 1(X) sec, r.r exhibits flicker noise; and at higher frequencies,

i.e., over timescales At S l(D sec, it exhibits white noise.

In experimental studies of uoise, attention focuses very heavily on the spectral densiff

Co(fl "lrd oo quantities tbat one can compute from it. In the special case of a Gaussian-

Ufa"tofi process, the spectrum GoU) and the mean ! together contain firII information

about all statistical properties of the raadom process. Eowever, most random Processes
that one encognters are not Markoff (though most cre Gaussian). (Whenever the spectnrm

deviates from the special form in Fig. 5.4, one can be sure the process is not Gaussian-

Markoff.) CorrespoudinglS for most processes the spectrum sesf'ains only a tiny part of

the statistical information reguired to characterize the process. The two raadom Processes
shovm in Fig. 5.5 above are a good exa,mple. They were constructed on a computer as

zuperpositions of pulses F(t - t") with random a$i\ral times to and with identical forms

F(t) :0 for t <0, F(t) = K/,ft for t > 0. (5.58)

The two g(t)'s look very differmt because the first [fig. 5.5(a)] involves frequent small
pulses, while the second [Fig. 5.5(b) involves less frequeut, larger pulses. These differences
are obvious to the e]'e in the time evolutions gr(t). Hon'ever, they do not show up at all

in the spectra GoU), the spectra are identical; both are of flicker bpe. Moreover, the

diferences do not show up in m(y) or in p(yutiy2t2) because the two processes are

both superpositions of many indepeudent pulses and thus are Gaussian; and for Ganssian
processes pr and n te determined fully by the mean and the corelation firnctiou, or

equivalently by the mean and spectral deosity, which are the sarne for the tro processes-

Th*, the differences between the two processes show up only in the probabilitia po of

tbird order and higher, u ) 3.

5.5 Filters, Sigpal-to-Noise R.atio, and Shot Noise

Filters. In experimental physics and engineering one ofteu takes a sigual y(t) or a

random process g,(t) and filters it to produce a new finction to(t) that is a linear functionol
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of v$)'
K(t - t')s(t')dt' . (5.5e)

The quantity y(t) is called the filter's inpu\ K(t - t') is the filter's keme\ and trr(t) is its
outpuL We presune tbroughout this chapter that the kerael depends only on the time
difference t - t' and not on absolute time. One says that the filter is stationery when
this is so; and when it is violated so K = K(trt') depends on absolute time, the filter is
said to be nonstationary. Our restriction to stationary fiIters goes hand-in-hand with onr
restriction to stationar5r random processes, since if y(t) is stationary as we require, and if
the filter is stationargr as we require, then the filtered prrocess ut(t) =.fJ fft -tt)y(t')dtt

is stationary.
Some exa,mples of kemels and their filtered outputs are these:

K("): 6(r) : at(t) = y(t) ,
K(") - 6'(") : w(t): dy/dt ,
K(") : 0 for r 1 }and 1 for r > 0 : u,(t) - t!*y$')at' .

As with any finction, a knowledge of the kernel I((r) is equirralent to a knowledge of
its Forrrier transform

K(r)eaof'dr . (5.61)

This Fourier transform plays a central role in the theory of filtering (also called the theory
of, linear signal processing): The convolution theorem of Fourier transform theory says
that, if g(t) is a firnction whose Fourier transform f(/) exists (converges), then the Fourier
transform of the filter's output -(t) [Eq. (5.59)] is given by

6U) = K(f)EU) . (5.62)

$irnil4]y, by virtue of the definition (5.31) of spectral density in terms of Fourier trans-
fotus, tt g(t) is a random process with spectral density GoU), then the filter's output u(t)
will be a random process with spectral density

c-(f) = li{(fllzcs$) . (5.63)

[Note that, although R(f),like all Fburier transforms, is defined for both positive and
negative frequencies, wheu its modulus is used in (5.63) to compute the the effect of the
filter on a spectral density, only positive frequencies are relerrantl spectral densities are
strictly positive-frequency quantitities.l

The quantif lftU\|z that appears in the very important relation (5.63) is most easily
computed not by evaluating directly the Fourier transform (5.61) and then squaring, but
rather by sending the fi:nction "i2rft through the filter and then squaring. Tio see that this
works, notice that the result of sending "i2*ft through the filter is

/"+€.(r) = J_*

r*oft(f)= J_*

(5.60)

r*e

I x(, -t')eiz*tt'dt' = k'1{1y"a*t, ,
J-o

(5.64)
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which difers tom.k(/) by complex conjugation and a change of phase, and which thus has
absolute glue squared equal to lk(f)12. For exanple, If u(t) : &g/d1*, then when we
send eo'ft trfuprrgh the filter we get (i2rf)-eerlt1 andl accordinglg l*(l)|, : l}rf)2o,
and G-(/) : 12r f)2* GoU).

This last exa,mple shows that by differentiating a random process once, eag ehanges
its spectral density by a multiplicative factor f2; fot exa,mple, one can thereby convert
ra.ndom-walk noise into white norse. Similarly, by integrating a random process once in
time (the inverse of differentiating), one multiplies its spectral density by f-2. If one
waots, instead, to multiply W f-L, one ca! achieve that using the filter

(5.65)

Fie. 5.7 The kernel (5.65) whose filter multiplies the spectral density by a factor
1//, thereby converti'g white noise into flicker noise, and flicker noise into random-walk
noise.

see Fig. 5.7. Specifically, it is easy to show, by sending a sinusoid through ttds filter, that

s t l
u(t): | #s(t')dt'

J - -  { t  - L
(5.66)

has

K(r):o for r (0, K(r) = 
+for 

z )o ;

c-(f) = i""ul "

T

(5.67)

Thus, by filtering in this w:ly one can convert white noise into flicker noise, and flicker
noise into random-walk noise-

Band-pass fiIter. In ocperinental physics and engineering one often meets a random,
process Y(t) that consists of a siausoidal sigual on which is zuperposed noise y(t)

r(t) = {zncc(2nfot+d") + s(t) . (5.68)

We shall assume that the freguency .f" and phase do of the sig4al are know:n, and we want to
determine the signal's root-mean-square a,mplitude %. (Th" factor ttr, tsincluded in (5.68)
becanse the time average of the squa,re of the cosine is t/2; and, correspondingly with the
factor lEpresent, Y" is tbe rms signd a,mplitude.) Th" "oio l/(t) is a.aimpedimeut to the
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lFc+ll'

Fig. 5.8 A band-pass filter centered on frequency /o with bandwidth At.

determination of Y". To reduce that imperliment, we can send Y(t) througb a bend-pass

flter, i.e., a filter with a shapelike that of Fig. 5.8. For such a filter, with central frequency-fo 
nd,with bandwidth At K fo, the bandwidth is defined by

Ar: If,lf<tflPar€t - 
8u"\12

(5.6e)

The output , W(t) of such a filter, when y(t) is sent in, will have the form

W(t) = 6t.fr(t")l ,trncos(2rf,t+dr) + at(t) , (5.70)

where the first term is the filtered signal and the second is the filtered noise. The output

sigual's phase d1 ma5l be different from the input signal's phase do, but that diference can

be evaluated in advance for one's filter and can be taken into accor:nt in the measurement

of Y", and thus it is of no interest to us. Assr:ming, as we shall, that the input noise 31(t)
has spectral density Go which va.ries negligibly over the small bandwidth of the filter, the

filtered noise dr will have spectral density

c-(fl: IRU)l2Gsu) . (5.71)

Correspondingly, by virtue of F,q. (5.54) for the rms fluctuations of a random process at
varior:s frequencies and on various timescales, u(t) will have the form

w(t) = w"(t)cosl2zrfot + d(t)l , (5.72\

with an anplitude u"(t) and phase d(t) that fluctuate randomly on timescales Lt - l/Af ,
but that are nearly constant on timescales At < l/Lf . Eere A/ is the baodwidth of the
filter, and hence [Eq. (5.71)] the bandwidth within which G-(f) is concentrated. The
fiIter's net output ,W(t), thus consists of a preciseiy sinusoidal signal at frequency fo' with
knocrn phase d1, and with an a,mplitude that we wish to determine, phrs a noise.ur(t) that is
also sinrrsoidal at frequency I but tbat has amplitude and phase which wander randomly
on timescales At - LlAl. The rms output sig'al is

s : li{(f) l% ,

[Eq. (S.70)] while the rms output noise is

(5.73)

N =o-:{o* G-(fldfl+: r@tfr* W1ll'dfl} =1*1y"11rf e"1y"ya,y , 6.24)
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;Er; i[e ntsi integrat folto*r from eq. (5.32), the second from Eq. (S.21), and tbe third
from the definition (5.69) of the bandwidth A/. The ratio of the rms signal (S.ZB) to the
rms noise (5.74) after filtering is

(5.75)

Thus, the rms output .9+/V of the filter is the signal a,mplitude to within ann rrrls fractional
error /V/^9 gwen by the recip:ocal of (5.75). Notice that the rurrrog''er the filter's bandwidt\
the more acctrate will be the measurement of the Eigpal. In practice, of course, one does
not know the signal frequency with complete precision in advance, and correspondingly
one does not want to make on.e's filter so uarrow that the sigpal nigbt be lost from it.- 

-

A simple ocample of a band-pass filter is the following finite-Fouier-hzruform filter:
1t

ut(t) : 
Jr_orcos[2rf"(t 

-t')ly(tt)ik, where Ar >> t/f. . (5.76)

In Ex. 5-1 it is shown that this is indeed a band-pass filter, and that the integration time
At used in the Fburier transform is related to the filter's bandwidth by

(5.77)

F.:-) GJ

fiSas-s (") A broad-baod pulse that produces shot noise by a,rriving at random times.
(b) The spectral density of the shot noise produced by that p,rr"".

Shot noise. A specific kind of noise that one frequently meets and frequently wants to
filter is shot noise. A random process g(t) is said to consist of shot noise if it is a raodom
superposition of a large number of pnlses. In this cbapter we shall restrict attention to a
simple variant of shot noise in which the pulses all have identically tbe sa,me shape, F(r)
[e.g., Fig. 5.9(a)), but their arri\al times t; are random:

,9- =
iv

I
At

a f :

Tbrs is precisely the relation (5.55) that we introduced when discussing the temporal
characteristics of a random process; and (setting the fiIter's "S"I""$@f to gnity),
Eq. (5.7 ) for the rms noise after filtering, rewritten as N = ctu : ffif ,is preciJy
expression (5.56) for the rms fluctr:ations in the random process .i,1t1 "l- fruqo"o.y /, "od
on timescale At = l/Lf .

T

s( t )=Ir f r - r i ) .
d

tfrr

(5.78)
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We de.note by R the mean rate of pulse arrivals (the mean number per second). It is
straightforward, from the definition (5.31) of spectral densify, to see that the spectral
deositY of I is

coT) = zRlF(fl|2 , (5.7e)

vbere F(f) ir the Fourier transform of F(r) [e.g., Fig. 5.9(b)]. Note tbat, if the pulses
are broad-band bursts without much substructure in them [* io Fig. 5.9(a)], then the
dnration r, of the pulse is related to tbe frequency .f-.* at which the spectral density
starts to cut otr by /-"* - Lf ro; a3.d since the correlation firnction is the cosine transform
of the spectral density, the relaxation time in the correlation firnction is r, - L/f^o - rp.

In the courmon (but not universal) case that nany pulses are on at once oD average,
krp ) t, y(t) at any moment of time is the sum of urany random processes; and, cor-
respondinglg the central lirnif ffuso1gp guarantees that g is a Gaussian random process.
Over time intervals s;maller than ro - r" the process will not generally be Ma,rkotr, because
a knowledge of both y(t1) and y(t2) grves some rough indication of how many pulses hap
pen to be on and how urany nen' ones turned on during the time iuter%I between t1 andt2
and thus are still in their early stages at time t3; and this knowledge helps one predict g(ts)
with greater confidencs fhan if one knew only g(t). In other words, Ps(11ort;g2,t2lysrts)
is not equal to P2(y2,tzlys,t3), which implies non-Markoffan behavior.

On the other hand, if many pulses are on at once, and if one takes a coars+grained
view of tirne, Dever exa,mining time intervals as short as rp or shorter, then a knowledge
of g(t1) is of no special help in predicting g(t), all correlations between different times
are lost, and the process is Markoff aud (because it is a random superposition of many
independent influences) it is also Gaussian; and it thus must have the standard Gaussian-
Markotr spectral density (5.38) with vanishing correliation time r"-i.e., it must be white.
Indeed, it is: ffts limif of Eq. (5.79) for / K. llro and the conesponding correlation
function are

coU) : z"dclF(o)|2 , cob) = R'IF(o)l,fib) . (5.80)

*****************

EXERCISES

Exercise 5.7, Deriwation and. Example: Bandwidths of a frni,teFourier-traasfotm frlter and
an averaging frlter

a- II g is a random process with spectral density Gn$), and u(t) is the output of the
ffnite-Foru:ier-transform filter (5.76), what is G-(t)?

b. Draw a sketch of the filter function lf?(1)12 for this finite-Fburier-transform filter,
and show that its bandwidth is given by (5.77).
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c. Aa "averaging fitter" is one which averages its input over some fixed time interral
AT:

(5.81)

What i" lfr'(/)ft for this filrer? Draw a sketch of tbis lR(nP.
d. Suppose that y(t) has a spectral density that is very nearly consta,at at all freqqea-

cies / S l/At, and tbat this y is put through the averaging filter (8.8f). Show tlai the
rms fluctuations in the averaged output u(t) aoe

oan = (5.82)

where A/, interpretable as the bandwidth of the averaging fiIter, is

L f = (5.83)

(Recarl that in our formalism we insist that t be nonnegative.)

Exercise 5.2, Example: Wienqrs Optimal Filter

Suppose that you have a noisy receiver of weak signals (a radio telescope, or a
gravitational-wave detector, or . -.). You are e:cpecting a sigual s(t) with finite dqra-
tion and known form to come in, beginning at a predetermined time-t = o, but you are
not sure whether it is present or not. If it is present, then your receiver's output will be

Y(t) = s(t) + y(t) , (5.84)

where g(t) is the receiver's !.oise, a random process with spectral density GnU) aad with
zero mean, I = 0. If it is absent, then I|(t) : y(t). A powerful way to find out whether the
signal is present or not i. by passing Y(t) through afiIter with a carefirlly chosen kernel
K(t). More specificallg compute the number

* = 
I:: Kg)y(t)dt. (5.85)

If f(t) is chosen optimally, then W will be ma:cimally sensitive to the sigDal s(t) and
rninirnally sensitive to the noise y(t); and correspondingly, if I;7 is large you will infer that
tbe signal uras present, aDd if it is small you will infer llat the sigial 

-was 
absent. This

exercise derives the form 9f the optimol fiIte4 K(t), i.e., the filter that will most effectively
discern whether the sigual is present or not. As tools ia the derivatiou we use the guaotities
,S and JV defined by

ut(t): 
* I:_^,y(t)dt, 

.

I
z&t '

G!(o)af ,

_ f+* f*et = 
l_* 

K(t)s(t)dt, ,tv = 
J__ 

K(t)y(t)dt. (5.86)
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Jriote that ,5 is the filtered signal, JV is the filtered noise, and W : .9 * .tY. Since lf(t) and
s(t) are precisely defiaed firnctions, 5 is a numbeq but since g(t) is a random process, the
value of JV is not predictable, and instead rj grveu by some probability distribution pr(JV).
We shall also need the Fourier transform K(f) of the kernel K(t).

a. In the measurement being done one is not filtering a ftrnction of time to get a new
finction of time; rather, one is just computing a number, W : S * /Y, Nevertheless, as
an aid in deriving the optirnal filter it is helpful to consider the time-dependent output of
tbe filter which results when noise lr(t) is fed continuously into it:

K(t - t')y(t')dt' . (5.87)

Show that this random process has 3 mean squared value

lk7)l2co1df . (5.88)

Explain why this qualdity is equal to the average of the number.l\P computed via (5.86)
in an ensemble of many experiments:

r+€
N(t) :  I

" - @

t €
t

N r :  I
J O

F- (rvr) = [ or4)*zdr: [* tfr1nreo1)af .
J J o

b. Show that of all choices of .Ei(t), the one that n'ill give the largest rralue of

.t

fc1l= const " jq- .\' ' GoU) t

(5.8e)

(/w)+ (5.e0)

is Norbert Wiener's (1949) optirnal filter: the K(t) whose Fourier transform Rttl is given
by

(5.e1)

where 5("f) is the For:rier transform of the sigual s(t) and GoU) is the spectral density of
the noise. Note that when the noise is white, s Gv(/) is independent of /, this optimal
filter fi:nction is just .K(t) = const x s(t); i.e., one sUoUa simply multiply the known-signat
form into the receiver's output and integrate. On the other hand, when the noise is not
white, the optirnal filter (5.91) is a distortion of const x s(t) in which fregnency components
at which the noise is large are zuppressed, while frequency components at which the noise
is small are enhanced.

Exercise 5.3, Example: Alan Variance of Clocks

Ilighly stable clocks (e.g., Rubidlrrrn deqks or Hydrogen maser clocks) have angular
frequencies c.r of ticking which tend to wander so much over long time scales that their
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variances are divergent.
scales (low frequencies)

and correspondinglS

More specifically, they tSpically show flicker noise on long tioe

For this reason, clock makers have introduced a special

frequency fluctuations of their clocks: They define

w(t')dt': (phase),

G-( f )xu f  a t low/ ;

f@

o.2= |  G- ( f )d f  =a .
JO

(5.e2)

(5.e3)

technigue for quantifying the

(5.e4)

(5.e5)

(5.e6)

o@= Io

where ri, is the mean frequency. Aside from the ,/8, tbi" is the fractional diference of clock
readings for two zuccessive intenrals of duration r. [n practice the measr:renent of t is

made by a clock more accurate than the one beiug studied; or, if a more accurate clock is
not available, bX a clock or ensemble of clocks of the salne tlpe as is being studied.]

a. show that the spectral density of or(t) is reLated to that of ru(t) by

Go,u)=?lwl'e.v)
a fzc-(f) x f KLlhrr ,
x f-2G.(/) at I > ll2trr .

Note that Go,(f) is much better behaved (more strongly convergent when integrated)
tUan G,(/), both at locr frequencies and at high.

b. The AIan aariance of the dock is defined as

o,2 z[variance of a'(t)] : 
Io- 

Go,U)df . (5.e7)

Show that

_l^G,( t /4  Lfo, -_ 
La_a_frJ , (5.e8)

where a is a constant of order unity which depends on the spectrd shape of G-(/) near

f : L/2t.

c. Show that if r.,r has a whitenoise spectrum, then the clock stability is better for long
averaging times than for short lr, o tlrfrl; that if &, hzc a flicker-noise spectrum, then
the clochstability is independeut of averaging time; and if c.r has a random-walk spectnrm,
then the clock stability is better for short averaging times than for long.
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5.6 The Evolution of a System Interacting with a Heat Bath: Fluctuation-
Dissipation Theorem and trbkker-Ptanck Equation

In this, the last section of tbe chapter, we use the theory of random processes to study
the evolution of a semiclosed syst€n which is interacting weakly with a heat bath. For
example, we shall study the details of hour an ensemble of such s5rsterns rnoves from a very
well known state, with low entmpy and with its syste'ns concentr:ated in a tiny region
of phase gPrc€, into statistical equilibdum where its entropy is high and its systems are
spread out widely over phase space.

As a tool in the analysis of such problems, focus attention on a specific generalized
coordinate g of the system bebg studied, for which the kinetic enerry (which appears in
the system's Lagrangian) is

Eti".ti. - (5.ee)
Here and below the dot denotes a tine derirrative, and zn is the rnaqs associated with that
generalized coordinate. The force of the heat bath (i.e., of all the degrees of freedom in
that bath) on the generalized coordinate g,

l . o

, w .

0#)r*=Fbatb, (5.100)

is a random Process whose mean is a frictioaal (danping) force proportional to the gener-
alized velocity q: d,q/dt:

Fbath --EA 
r Fbatb=Fu"tu +F, (5.101)

Here -E[ is the coefrcient of frictioenot to be confirsed with the flamil6snian or enthalpy,
which wiII play no role here. Tbe fluctuating part F' of Fu"tt is responsible for dri"id;
toward statistical equilibrium. TVe seek to study the evolution of g nnder the joint action
of the danping and fluctuating fcrces -Eq aad Ft.

Three specific exa,mples, to which we shall return below, are thesq (4 O* systen
might be a dnst gmin with g its.s-coordinate and m its mass; aod the healbath milUt Ue
air molecules at te'mperature ?, which buffet the dqst grai1. This is a standard version
of the problem of Brovmian motion. (ii) Our sVstem might be an I-C-n circuit (i.e., an
electric circuit containing an indnctance.L, a capacitance C, and a resistance ̂ R)'wiih g
the total electric charge on the bg plate of the capacitor; and the bath in this case would
be the 'n^Yry mechanical degreesof freedon in the resistor. For such a circuit the equation
of motion is

LQ+C-tq: Fu".r(t) - -Rq* F' , (5.102)
so the effective mass is the inductance.t and the coefrcient of friction is the resistance R
(izi) The system might be the findanental mode of a 10 kg sapphire crystal with g its
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I  a y a
Tt

where r, is the (o"ry shor-t) relerotion time for the bcth's fluctuoting forces F' on'd where

is the thnescale for itissipatiom to change slrbstontiolly the eaolution of the system'

ronge o! fregueicies (S.iO$ the bath's fluctuoting lorces haae the spectrcl ilensity

h fG*'(I)17"T*', 
^,.

HereT Ls the temperoturc of the both onil h is Plonck's cottstant.

(5.105)

In the

(5.106)

Notice that in the uclassical" domain , kT > hf ,thespectral densiry has a whitenoise

spectnrml and., in fact, since we are restricting aitentios to frequth"io ?t which .F' has

no self correlations (/-l > rr), F'is Markoff; and since it is produced by interactiou

L26

generalized coordinate; and the heat bath might be all the other normal modes of vibratiou

lf tU" crystal, witb which the firndanoental mode interacts weakly'

The equation of motion for the generalized 99or$nate 
q(t) under l|" 

jtP! actiou

of (i) the bath's da,mping force -.Eri,-1;4 tU" bath's fluctuating forces F', and (iti) the

system's Snteraal force' f(t) will be

rn|+ Eq = f (t) + r'(t) . (5.103)

The internal force.Fis that which one derives from the qrstem's Eamiltonian or Lagraogiar

is the absence of the heat bath. For the I-C-R circ'uit of Eq. (5.102) that force is .F =

-C]tqr;for the dust particle, if the particle is endowed with a charge e and is in an exteraal

electric field with potential O(t,o, y,z),itis f = -e7ib/0o

Because the eqgation of motion (5.103) iuvolves a driving force F'(t) that is a ra':rdon

process, uo" ""ooot solve it to obtain q(i). I*J""4 one must solve it in a statistical

iay to'obtain the evolution of g's pt"U"UifitY distributions po($,h;..' ;ftn,tn)' This

and other evolution eguations *'hi.bio"ol"" rzndom-process driving terms are called, by

modern mathematid;, stochastic di.fiavntiat egntionsl aod there is an extensive body

of mathenatical formalism for solving them.. In statistical ph1'sics tbe specific stochastic

differential equation (5.103) is knoym as the Longeuin egntion-

Fluctuotion-ilissipation theorem. Becanrse the da,mping force --Eriand the fluctuating

force F, both a.rise from interaction with the sa,me heat bath, there is an intimate con-

nection between them. For example, tbe stronger the coupling to the bath, the stronger

will be the coefficient of friction .E and the stronger wilt be F'. The precise relationship

between the "dissipation" embodied in.E and the fluctuations enbodied in F' is given by

the follorring fluctgation-dissipation theorem (also calted Nyquist's theoren): Let f be a

frery,ency in the ronge
1

j t
. ?

(5.104)

2m
C  : _, a -  

E



I

5. Rondom Processes *27

with the huge nr.rmber of degrees of freedom of the bath, F' is also Gaussiao. Thus, in
the classical d,omoin Ft is a Gaussian, Markoff, uhite-noise pr\ocess. At frequencies / >
kf lh (quantune domain), by contrast, the fluctuating forces are exponentially suppressed,
Gr,ff):4ilhfe-hrl'cT, because any degrees of freedom in the bath tbat possess such
high characteristic frequencies have oqponentially small probabilities of serrtaining an5l
quanta at all, and thus exponentially small probabilities of producing fluctuating forces
ot q. Since this quantum-domain Gr,(f) does not have the standard Gar:ssian-Markoff
frequency dependence (5.38) in the grcrfium ilomoin F' is not a Gaussian-Markof process.
It pfesumablt fails to be Markotrbecallse of quantum mechanical corelations in the quanta
associated with F'.

Proof of the fluctuation-dbsipotion theorern: In principle we can alter the systern's
internal restoring force F without alteringits interactions with the heat bath, i.e., without
altering E or Gr,(f). As an aid in our proof we shall choose F to be the restoring force
of a ha,r:monic oscilliator with angular eigenfrequency r.r such that w/2zr lies in the range of
frequencies (5.104). Then the Langevin equation (5.103) takes the form

nQ+ EE+nt'?q: F'( t) . (5.107)

This equation can be regarded as a filter which produces, from an input F'(t), an output
q(t) = I!3 Xtt -t')F'(t'). The squared Fourier transform IRU)I'of this Filter's kernal
K(t-t') is readily computed by the standard method [Eq. (5.64) and associated discussionJ
of inserting a sinusoid into the filter, i.e. into the differential equation, in place of F', then
solving for the sinusoidal output 9, and then settinglFl2 : lql2. The resultiog l.fl2, is the
ratio of the spectral densities of input and output:

cou) :1k17)l2e,u) : Gp'(f)
(5.108)

W[e - Qr|)lz1*2rif El2
The mean ener5r of the oscillator, averaged ovetr ̂ n arbitrarily long timescale, can be
computed in either of two rpErys: (i) Because the oscillator is a mode of some boson field
and is in statistical equilibrium with a heat bath, its mean occupation nu:rrber must have
the standard Bose-Einstein value i = U(Plkr - 1), and since each quantum ca,rries au
eaerry tw, the mean energr is

(5.10e)

(ii) Because on aver:lge half the energr is potential and half kinetic, and the mean potential
enersr is lrru'PQ, and because the ergodic hypothesis tells us that time averages are the
sarne as ensemble averages, it must be that

; fu')E"=aW-I .

a =z|*(f) =* 
Ir* co$)df . (5.1r0)

By inserting the spectral density (5.108) and by noting that our restriction of. uf2tr to
the range (5.104) implies a very sharp resonance in the denominator of the spectral den-
sity (5.108), and by performing the frequency integral with the help of the narrowness of
the resonance,'we obtain

E:m&Gr, ( f=w12f l *# . (5.111)
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Equating this to our statistical-equilibrium epression (5.109) for the mean enersr, we see
that at the frequeucy f = uf 2tr the spectral density Gr,(f) has the form (5.106) claime4
in the fluctuation-dissipation theorem. Moreover, since ufhr can be chosen to be arxy
fregnency in the range (5.f04), the spectral density Gr,(l) has the claimed form anlnrhere
in this rcage. QED

One e:ra,mple of the fluctuation-dissipation theorem is the Johtuon nobe in a resistor:
In the case of tbe I-C-R circuit of F,q. (5.102) the term -LA'rs the voltage across the
inductor, C-Lq is the voltage af,Toss the capacito4 Rq is the dissipative voltage'across
the resistor, ed F'(t) is a fluctuatiag voltage [more normally denoted V'(t)l asoss the
resistor. The fluctuating voltage is cailed "Johnson noise' and the fluctuation-dissipation
relationship GvU) : 4&hf /(*t/*r -1) is called Nygist's theorembec,auseJ. B. Jobnson
(1928) discovered the voltage fluctuations V'(t) experimeotdly. aud E. Nyeuist (192S)
derived the fluctuation-dissipation relationship for a resistor in order to e:cplain them.
The fluctuation-dissipation theorem as formulated above is a generalization of Nyquist's
original theorem to any system with dissipation produced by a heat bath.

Fokker-Planck egrction. Tlrrn attention next to the details of how interactiou with
a heat bath drives an ensem.ble of simple systems, with one degree of freedom g, into
statistical equilibrium. Require, for ease of analysis, that gr(t) be Markotr Thr:s, for
exanple, y could be the c-velocity o" of a dust particle that is buffeted by air molecules.
Ifowever, it could not be the generalized coordinate q or momentum p of a ha.rmonic
oscillator (e.g., of the firnda.mental mode of a sapphire crystal), since neither of them is
Markof. On the other hand, if we had developed the theory of 2-dimensional random
processes, y could be the pair (q,p) of the oscill,ator since that pair is Markof.

Becarrse gr(t) is Markofl all of its statistical properties are determined by its first
absolute probability distribution m@) and its first conditional probability distribution
Pz(g"lyrt). Moreover, becanrse g is interacting with a bath, which keeps producing fluctu-
ating forces that drive it in stochrctic ways, y ultimately must rearh statistical equilibrinm
with the bath. This means that at very late times the conditional probability Pz(y"lg,t)
forgets about its initial rralue go and assumes a time-independent form which is the sane
," pt(s)t

Pz(s"ly,t) = mfu) " (5.112)

Thus, the conditional probabilif Pz by itself sslgains all the statistical information about
the Markotr process gr(t).

As a tool in computing the conditioual probability distribution Pz(y"lg,t), we shall
derive a differential equation for it, catled the Fokker-Planck egtatioz. This Fokker-Planck
equation has a much wider range of applicability than just to our degree of freedom y
interactiug with a heat bath. It iD fact is valid for any Markof process. The Fokker-
Planck eguation says

L28

lim
t.+@

fir, = - ftvut pzt + ifiw o Pzt . (5.113)

Here P2 = Pz(yoly,t) is to be regarded as a firnction of the variables g and t with y" fixed;
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;.s., (S.lieJ is io be solned zubiect to the iniaial aondition
Pz(y"ly,0) = d(s - !") . (5.114)

As we shall see later, the trbkker-Planck equatioa is a difrrsion equation for the probability

pz: B time passes the probability dift$es away from its initid location, ! : lot spreading

gradually out over a wide range of values of y.

In the Fokker-Planck eguation (5.113) the finction .{(y) produces a motion of the

Bean away from its icitial locatioa, while the firaction B(g) produces the diftrsion of the

probability. If one knows in some other way [e.g., by solving the Langevin equation (5.103I

ibe evolution of P2 for very short times, from that one can compute the firnctions ,{(y)

vn'd B(Y):

(5.115)

(5.116)

Note that the integral (5.115) for A(y) is the mean change & in the value of y that
occltrs in time At, if at the beginning of At the value of the process is precisely y; and
correspondingly we can write (5.115) in the more zuggestive form

(5.117)

Similarly the integral (5.116) for B(g) is the mean-squ:re change in y,@, if at the
beginning of At the value of the process is precisely gfi and correspondingly, (5.115) can
be written

A(s) =J*, * I ,n' - s)Pztuls'Lt)dy' ,

B(y) :JH, * I ,n' - d2 Pzwls' , Lt)dy' .

A(y)-Jl*t,(*)

B(s)=*T,(ry)

pz(y"ls,t+ r) : 
I:: 

pz@"ls - €,t)pz(y - €ly- f + €,4d€ .

(5.118)

It may seem surprising tbat & and (AgP can both increase linearly in time for small
times [d. the At in the denominators of both (5.f 17) and (5.118)], thereby bot! Siving rise
fs finif,g firnctions .a(y) and B(y). In fact, this is so: The linear evolution of Ag at snall
t corresponds to the motion of the mear, i.e., of the peak of the probability distribution;
while the linear evolution of @ corresponds to the diftrsive spreading of the probability
distribution.

Deriaotion of the Folcker-Plonck eqrction (5.113): Because y is Markoff, it satisfies
the Smoluchowski equation (5.11), which we rewrite here with a slight change of notation:

(5.11e)

Take r and € to be small, and epand in a Taylor series in r on the left side of (5.119) and
in the € of g - € on the right side:

pz(s"rs,t). 
E *l#"rr;o,if," : I:: 

pz(s"ts,t)pz@y + €,r)dt
€ t

l|i- I+ \'  .Un !
'|=l

an
(-€)' 

# I Pz(y "ly, t) Pz(sls + €, r)jd€ .
(5.120)
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In the first integral on the right side tbe first tera is independent of f and can be pulted

out from 'nder the integral, ed the second term tben integratB to onel thereby the first

integral on tbe ttglt ;J11g; 6 P2(goly,t), whiclh cancels tbu O"tt tera on the left' The

result then is

p,*'L#"'n"in")]"'
: i+#tpz.r,,ts,t\rr=1

r:{Pz@lv + €' r)d€l '

Divide by r,take the limit r -r 0, and set { = { - g to obtain

(5.121)

(6.L22)

(5.123)

(5.124)

(5.125)

fier{n"ln,r) = 
i + #lM*(u)Pz(solv,t))'

M*(s)= Ho * Ir' 
- s)*Pz(slt,tia{

is the sz,th moment' of the probability distributiou P-2 &* ting a-t,.This is a forn of

the Fokker-planck eqnation tUat Uas siiehtly wiger *tfi6ty than (5'113)' Alnost alwa's'

however, the onty fr-J;;A(g) """ Mt = '4', whicb describes the linear

motion of the mearl' arrd Mz= 8' whi&' aooltit the linear gowthof the va'riance' Other

moments of P2 grow as higber Powers of At tban the first power,and corres'ondingly their

Mn s'anish. Th's, almost always (and always, so far al we sball be concerued)' Bg' (5'122)

reduces to the ridil.*i;" ti.lrg) of the Fokker-Planck eqnt"on" QED

For our applications below it will be tnre that p1(g) ""Jr F d*:d as the lirnit of

pz(y.ly,t) for arbitrarily large times a o""oio""tty, ho*"oo, this might not be so' Then'

and in general, pr can ie de-duced from the time-independent Fokker-Planck eq'ation:

a  t * --ftt+tvlpr(v)l + ;furlB(s)Pr(g)l = o'

This equation is a consequence of the following expression for p1 in terms of' Pz'

r+-
m@) = 

J_* Pr(v.)P2(s"ls,t)ils",

phrs the fact that thi, pr is independent of t despite the presence of t in P2, phrs the Fokker-

planck equation (5J18) fot Pi. Noti* that, if Pz@"lg,t\ settles down .Tto 
" stationary

(time-independent) J arc at ryg" ,i-oJ, it tnil-tiiltfio the sane timeindependeut

Fokker-Planck eq'ation * pr(g), which is in accord with the obvio's fact that it mtrst

tben become equal to Pr(Y)-
Browtion Motion. As an application of the Fokker-Planck equation, we use it in

Ex. 8.4 to derive tbe following aaoipiion of the evorution into staristical equilibri'm of

an ensemble of d'st particles, all with the sane slassl rT!' beiug buffeted by air molecules:
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Denotaby o(t) thre e:eomp6nent (ot, equatlt wCll, the t- or Z-aomponCntl of vefocitt
of a dnst particle. The conditional probability P2(aolo,t) describes the evolution into
statistical equilibriun frono ao iuitial state, at time t = 0, when all the partides in the
ensemble have velocity o = ?ro. We shall restrict attention to time intervals large compared
to the extremely snall time between collisions with air molecules; i.e., we shall perform
a coarse-grain average over some timescale large compared to the mean collision time.
Tben the fluctuating force F'(t) of the air molecules on the dust partide carr be regarded
as a Gaussian, Markof process with whiteaoise spectral density grven by the dassical
version of the fluctuation-dissipation theorem. Correspondiugly, u(t) will also be Gaussian
and Markofl and will satisfy the Fokker-Planck eqnation (5.113). In Ex. 5.4 we shall use
the Fokker-Planck equation to show that the e:cplicit, Gaussian form of the conditional
probability P2(u"lu,t), which describes evolution into statistical equilibrium, is

P2(uola,q=#".P[- W] (5.126)

Here the mean velocity at time t is

d:11os-tlr' with r. = 3

tbe damping time due to fictioa; and the variance "f th3"bcity at time t is

d = 4.11 - "-2tlr'1 .-  
r n f t r r ' '  

-  t '

[Si,ile rernorlc: for free masses the da,mping time is r. : rn/E as in (5.127), while for
oscillators it is r. = 2m/E as in (5.105), because balf the time an oscilliator's enerry is
stored in potential form where it is protected from frictional d^*ping, and thereby the
dernping time is doubled.] Notice that at very early times the variance (5.128) gros's
linea'rly with time (as the Fokker-Planck formalism says it should), and then at very late
times it settles dowu into the standard statistical-equilibrium rralue:

*  =TL  ^ t tK r . ,  d  =#  a t t>z - .

-JE:A o {kr6.

FiS. 5.10 Evolution of a dust partide into statistical equilibrir:m with thermalized air
molecules, as described by the evolving conditional probability distribution P2(a,la,t).

(5.L27)

(5.128)

(5.12e)

14
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Ilris evolution of P2(uola,t) is depicted io Fig. 5.10. Notice that, as "d;;;, it "o*irt.
of a motion of the mean together with a diftrsion of probability from the initial delta
function into the standard, statistical-equilibrir:m, spread-out Ganssiao. Correspondingly,
there is a gradual loss of information about the initial velocity-the sa,me loss of informatioi
as is quantified in the statistical mechanical increase of entropy (Chap. 3). Notice also,
as advertised, that at late times P2(u"la,t) settles docnn into the sarne distribution as
Pt_: a Gar:ssian with zero mean velocity and with variaace (i.e., mean square velocity)
o2 = kTf rn.

Since u(t) is a Gaussian, Markof process, we can use Doob's theorem (S.32)-(S.40)
to read its correlation firnctiou and spectral density off its conditional probability distri-
bution (5.126):

C,(r) : Y-"-'1" ,

G"( f ) : 4kTfmr.
(2rf)2 * (L/r.)z 

'

Notice that for frequencies f K 1/r., corresponding to such long timescales tbat initial
values have been da.mped away and only statistical equilibrium shows upr u has a white
noise spectrum. Correspondingly, on long time scales the particle's position r, being the
time integral of the velocity u, has a randon-walk spectnrm:

e.(fl:ff i  for/( L/r.. (5.130)

Because the motion of dust particles under the bufeting of air molecules is called a random
YJk' the llf2 behavior that G"(f) orlibits is called the random-walk spectrr:m. Ilom
this random-walk speetnrm we carr compute the root-mean-square ("-r) dista.nce aa, in
the r-direction that the dust particle travels in a time interval- ar > ".. Th"t oa" is the
standard deviation gf the random process Ar(t) = t(t * Ar) - c(t). The 1filter" that
takes r(t) into Ac(t) has

lk1l, - 
let2rt$+ai _ "t2rft12 = 4sin2(zr f Ar) .

Correspondiogly, At(t) has spectral density

Ga,,(f) = li{(fll2c"(/) : Troa" (W)',
and the variance of Ac (i.e., the square of the rnos distance traveled) is

(oa.), = 
Io* Ga,(f)df ='nT:" ";"

(5.131)

(5.132)

during time interrals Ar the rms distance travelled in the z-dirbction by the random-
walking dr:st pariicle is one lmean-free pathlength" [i.e., the mean distance it travels
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(5.135)

b,et*eCn Collisions, i.e., the atistande (2tell/m)L.r-ihat it *bi[d tiavel driitng on."dC.mping
time" r* if it were moving at its rrns spdl multiptied by the square root of the mean
sumber of steps taken, yTrlnt

oA'=(#)*^(f)t (5.133)

This "square root of the nunber of steps ta.keu" behavior is a feature of random walks
that one meets time and again in science, engineering, ed mathematics.

* *:tt***** r* rl.** **:f **

EXERCISES

Exercise 5.4, Deriwation and Exaaple: Solution of Fokker-Plaae* Equation for Browaian
motion of a dust particle

a. 
'Write 

doym the e:cplicit form of the Langevin equation [the analog of Eq. (5.103)]
for the c-component of velocity o(t) of a dust particle interacting with thersralized air
molecules.

b. Suppose that the dust partide ha-< velocity a at time t. By integrating the Langevin
equation shoyr that its velocity at time t + Lt is u * Ao where

m/ra * EuLt+ o[(at)2 I = ['*o' P'(t')dt' .
Jt

(5.134)

Take an ensemble average of this and use F - 0 to conclude that the function .,{(u)
appearing in the Fokker-Planck equation (5.113) has the form

A(o) :^u-^  *=-a- 
GGGGGGGG�o At T.'

where r.: n/E Also, from (5.134) show that

(ao)' = 
[+"r + o[(ar)2 ]* * I,'*o' F'(t)&1 . (b.136)

Take an ensemble average of this and use @ 
- Qp,(t2 - tr), together with the

Wiener-Khintchine theorem, to evaluate the terms involving Ft in terms of Gp,, which in
turn is known from the Fluctuation-dissipation theorem. Thereby obtain

B(u)=JB, ry:'#'. (5.137)
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Fig. 5.11 The circuit appearing in Er 5-5

Insert these,4 and B into theFoHer-Plauck equation (5.113) for P2(oola,t) and show that

the solution to that equationis (5-126)-

Exercise 5.5, Pr*tice.' Noise ia an I'-C-n Cirait

Consider an LC-R circrit as shoym in Fig. 5.11. B€call that this circuit is governed

by the diferential eguation (5-102). Srryryose that the resistor has ternperature ?.

a. A voltmeter measures the potential diEerence Vop between points c and F as a

fi:nction of time. V-p(t) fluchrates stochastically. Wbat is its spectral density?

b. The voltmets measur€s tbe potential difference Y- between points a and 7- What

is its spectral density?

c. The voltmeter meilsrrEs Vg7. Whzt is its spectral density?

d. The voltage VoF b aeaged ftsm tine t = to to t : ts * r gling some average

value Lro. The average is measured once agaia from t1 to tt*r gt"ing Ut. A long sequence

of such measqrements gives aa ensemble of nnmbers {(Jo, (h, . - ., aoI. What are the mean

D and root mean srluire deviatim' au =((u - l)')* of this ensenble?

Exercix 5.6, Ex;rrple: ThetsalNoise in z Szpphire Crystal

The firndamental mode of vibratioa of a 10 kg sappbire crystal obeys the ha,raoonic

oscillator equation

m{i * Zt +r}d : F(t) + .r'(t) , (5.138)

where c is the displacement of the cr5rctd's end associated with that mode' trl, u)' t are

the efective -raqSr angutar tequegcy, and anplitude da,mping time associated with the

mode, r'(t) is an external driving force, aad F'(t) is the fluctnating force associated with

the dissipation tbat gives rise to r.. Asume that c*r. ) 1-

a. Weak coupling to other mdes ie respoasible for the danping. If the other modes

are thermalized at temperdure f, what is tbe spectral density Gr,(f) of the fluctuating
force F'? What is tbe sp€ctsal d€osity G'{n of s?

b. A very wea& sinusoidal forre drives the frrnda.mental mode precisely on resonance:

F =rf2F"cosc.rf . (5.139)

Here F" is the rns sigral What is the r(f) produced by this sigual force?

I
2
I

I

! l
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C. Anoiseless sensorEonitors this a(f) and feeds it-Fougti a narro*:iland filtei \mth
central frequency f - af 2n and bandwidth At = L/i (where i is the averaging time used
by the fitter). Assr:me that i ) r,. What is the rms thermal noise o" 1$er filtering? What
ir tne strength F" of the signal force that produces a signal a(t) : ,f2r"cos(c.rt + d) c/ith
rms a,mplitude egnal to or? This is the minirnrrn detectable force at the *one-o level".

d. If the force F is due to a sinusoidal gravitationd wave, with dirnsnsisnless wave field
h+(t) at the cryrstal grven by h+ : ,ft,h"coswt, then F" * mt'?lh" where I is the length of
the crystal. What is the rninirnum detectable gravitational-wave strength h" at the one-o
level? Evaluate h, for the t;'pe of detector that Vladimir BragiDskt and colleagqes haie
constructed at Moscoyr University: A 10 kg sapphire cr5'stal with , - 50 cm, u - 30 kEz,
Q:wr.fr - 4x 10e, ? =4K,and i- 107 seconds. (We shalt studygravitational waves
in Part VI of this book.)

* * * * * * * * * * * ! * * * * * *
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T6
Data processirg, analysis, and storage for

interferometric antennas
BERNARD F .  SCHUTZ

16.1 Introduction

r-aser-interferometric gravitational wave antennas face one of the most for-
midable data handling problems in all of physics. The problem is compounded of
several parts: the data will be taken ar reasonably high data rates (of the order of
20k[lz of 16 bit data); they may be accompanied by twice as much 'housekeeping'

data to ensure that the system is working appropriately; the data will be collected
24 hours a day for many years; the data need to be searched in real time for a
variety of rare, weak events of short duration (one second or less); the data need
to be searched for pulsar signals; the data from two or more detectors should be
cross-correlated with each other; and the data need to be archived in searchable
form in case later information makes a re-analysis desirable. One detector might
generate 400 Mbytes of data each hour. Even using optical discs or digital
magnetic tapes with a capacity of 3 Gbytes, a network of four interferometers
would generate almost .5000 discs or tapes per year. The gathering, exchange,
analysis, and storage of these data will require international agreements on
standards and protocols. The object of all of this effort will of course be to make
astronomical observations. Because the detectors are nearly omni-directional, a
network of at least three and preferably more detectors will be necessary to
reconstruct a gravitational wave event completely, from which the astronomical
information can be inferred.

In this chapter I will discuss the mathematical techniques for analysing the data
and reconstructing the waves, the technical problems of handling the data, and
the possibilities for international cooperation, as they appear in mid-l989. This
discussion can only be a snapshot in time, and a personal one at that. The subject
is one that can be expected to develop considerably in the next decade. I u,ill
orient the discussion toward ground-based interferometers. with the sensitivirv
and spectral range expected of the instruments that are planned to be buitr in the
next decade. Much of the discussion naturally is equatly applicable to presenr
prototyPes, but it is important to look ahead towards future detectors so thar
their data problems can be anticipated in their design. A large part of the section
on data analysis also applies to space-based interferometers or to the analvsis of

406
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ranging data for interplanetary spacecraft. although in these cases the volume of
data is much lower because thev operate as low-frequency detectors. I will also
assume that the interferometers will operate with a bandwidth greater than that
of the signal, even when they are configured in a resonant mode. In the extreme
narrow-banding case, in which the detectors have a bandwidth smaller than that
of the waves, the data analysis problem resembles that for bar detectors. as
discussed by Pallottino and Pizzella in chapter 10.

16.1.1 Signals to look for
The likely sources of gravitational radiation are described by David Blair in part I
of this book. If a source is strong enough to stand out above the noise in the
time-series of data coming off the machine, then simple threshold-crossing criteria
can be used to isolate candidate events. If the event is too weak to be seen
immediately, it may still be picked up by pattern-matching techniques, but the
sensitivity to such events will depend upon how much information we have about
the expected waveform. At the present time, we have little idea of what

novae or electromagnetically quiet collapses), so their detectability depends upon
q,heir being strong enough to srand up abo
detailed numerical calculations of gravitational collapse may change this, of
course.) On the other hand, we have detailed predictions for the waveforms from
binary coalescence and from continuous-wave sources such as pulsars; these can
be extracted from noisy data by various techniques, such as matched filtering.

with
Utg*tltg techniques.

that will ultimatelv be limi
techniques between detectors can search for a stochastic

L6.2 Andysis of the data from individual detectors

Bursts and continuous-wave signals can in principte be detected by looking at the
output of one instrument. Of course, one must have coincident observations of
the same waves in different detectors, for several reasons: to increase one's
confidence that the event is real, to improve the signal-to-noise ratio.of the
detection, and to gain extra information with which to reconstruct the wave. The
simptest detection s y sptits into two parts: fi-rst find the euents i le
detectOrS, then corrpletp them hefween dptpefors. In most caSes thiS iS tifiiftO
work, but in some cases it will only be possible to detect signals in the first place
by cross-correlating the output of different detectors. In this section I will address
the problem of finding candidate events in single detectors. Cross-correlation will
be treated later.

background of radiation and detect weak, unpredicted signals.
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t6.2.1 Finding broad'band bursts

A broad-band burst is an event whose energy is spread across the whole of the

bandwidth of the detector, which I will take to be something like 100-5000 Hz

(although considerable efforts are now being devoted to techniques for extending

the bandwidth down to 40Hz or less). To be detected it has to comPete against

all of the detector's noise, and the only way to identify it is to see it across a

pre-determined amplitude threshold in the time-series of data coming from the'

i"t""tor. The main burst of radiation from stellar core collapse may be like this.

Numerical simulations of axisymmetric collapse (Evans, 1986; Piran and Stark,

1986) reveal, among other things, that after the main burst there is - at least if a

black hole is formed - a 'ringdown phase' in which the radiation is dominated by

the fundamental quasi-normal mode of the black hole. This phase lends itself to

some degree of pattern-recognition, such as that which I will describe for

ioalescing binaries in the next section. But it is unlikely that ringdown radiation

will substantially improve the signal-to-noise ratio of a collapse burst, since it is

damped out very quickly. Some simplified models of non-axisymmetric collapse

1e.g. Ipser and Managan, 1984) suggest that if angular momentum dominates and

non-a:cisymmetric instabilities deform the collapsing object into a tumbling

tri-axial shape, then a considerable part of the radiation will come out at a single

slowly changing frequency. If future three-dimensional numerical simulations of

collapse bear this out, then this would also be a candidate for pattern-matching'

But one must bear in mind that even if we have good predictions of waveforms

from simulations, there will be an intrinsic uncertainty due to our complete lack

of knowledge of the initial conditions we might expect in a collapse, particularly

regarding the angular momentum of the core. So it is not yet clear whether

collapses will ever be easier to see than the time-series threShold criteria

described next would'indicate.

(i) Sinple threshold criteria
The idea of setting thresholds is to exclude 'false alarms'- apparent events that

are generated by the detector noise. Thresholds are set at a level which will

guarantee that any collection of events above the threshold will be free from

contarnination from false alarms at some level. The 'guarantee' is of course only

statistical, and it relies on understanding the noise characteristics of the detector.

I will assume here that the noise is Gaussian and white over the observing

bandwidth.
This should be a good first approximation, but there are at least two important

refinements: first, detector noise is frequency-dependent' and when we consider

coalescing binaries this will be important; and second, we must allow for unmodelled

sources of noise that will occasionally produce large-amplitude 'events' in

individual detectors.
This latter noise can be eliminated by demanding coincident observations in

other detectors. Drovided we assume that it is independent of noise in the other
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detectors and that it is not Gaussian, in particular that there are fewer
low:amplitride noise events for a given number of targe-amplitude ones than we
would exPect of a Gaussian distribution. This impliei thai the cross-correlated
noise between detectors will be dominated by the Gaussian componenr. These
assumptions are usually made in data analysis, but it is important to check them
as far as possible in a given set of data.

Thresholds for single detectors Assuming that the noise amplitude n in any
sampled point has a Gaussian distribution with zero mean and standaid deviation
o, the probability that its absolute varue wilr exceed a threshold r (an event that
we call a 'false alarm' relative to the threshold I) is

p(tnt > D = (1)'" : [- "-^'oo' * = (:)'" (+- nn. -)e-r'ao'. (16. i)

In the asymptotic approximation given by the second equality, the first term gives
\ovo accr$acy for r>3.20, and the first two terms give similar accuracy for
T>2-5o- If we want the expected number of false alarms to be one in No* data
points, then we must choose I such that

p(lnl> T) = 1/No''- (16.2)

This is a straightforward transcendental equation to solve. For example, if we
imagine looking for supernova bursts of a typical duration of I ms, then-we might
be sampling the noise in the output effectively 1000 times per second. (If we want
to reconstruct the wavefonn we might use the data at its raw sampled rate, say
4krfz: but this would require a larger signal-to-noise ratio than simple dere4ion,
for which we could use the data sampled at or averaged over l ms intervals.) .If
we wish no more than one false alarm per ye:*, then we must choose T:6.6o.

Thresholds for multiple detectors If we have two detecrors, with independent
noise but located on the same site, then we can dig deeper into the noise by
accepting only coincidences, which occur when both detectors simultaneously
cross their respective thresholds fi and ?i. Given noise levels o, and o2,
respectively, the criterion for the threshold is

p(lnl> Tr)p(lnl> Tr)= 1/N"0,, (16.3)

For two identical detectors (or= or), each making 1000 observations per second,
the threshold ?" needs to be set at only 4.5o, to give one false alarm per year.
Similarly, three identical detectors on the same site require T =3.6oand four can
be set at T =3.0o. The improvement from two to four detectors is a factor of 1.5
in sensitivity, or a factor of three in the volume of space that can be sunreyed,
and hence a similar improvement in the expected event rate. This favourable
cost/benefit ratio - in this case, a factor of three improvement in event rate for a
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Table16.l.Thresholds(inunisofo)foruariotlsarraysandfalse.alarmprobabil it ies.

Number of
detectors

False-alarm probabilitY
1/3 x 10 'o u1.5 x 10 '3 l /6  x  10 ' :  1 /3 x  l0 ' '

I
z
3
^

b.oJ

4.53
3.s9
3.03

7.19
4.93
3.92

I . ) t

5.06
4.03
J . .+L

7.88
5.43

J - O /

factor of two increase in expenditure - is characteristic of networks of gravita-

tional wave detectors, and indeed of any astronomical detector network whose

sensitivity is limited by internal noise uncorrelated between instruments' In table

1 6 . l a p p r o p r i a t e t h r e s h o l d s f o r a n u m b e r o f p o s s i b l e c o m P u t e r a r r a y s a n d
interesiing false-alarm probabilities are given. (The last two columns are relevant

to coalescing binaries, as discussed later.) The detectors are assumed to be

identical- Notice that the thresholds are relatively insensitive to the false-alarm

probability, since we are far out on the Gaussian tail' Thresholds are given in

units of o, the r.m-s. noise amplitude'

(ii) Threshold criteria with time delays

i i"n" qualified the discussion of multiple detectors so far by demanding that they

be on the same site; the reason is that if they are seParated, then allowing for the

possible time delay between the arrival of a true signal in different detectors

Lp"n, up a larger window of time in which noise can masquerade as signal'

suppose that two detectors are seParated by such a distance that the maximum

tiln" a"t"y beni,een them is W measurement intervals- (For example, Glasgow

and california are separated by about 25 ms, which we take to be effectively l'25

measurement intervals for collapse events. This gives a total window size of 50

measurements.) Then in equation (16.3), the appropriate probability to use on

the right-hand side is llN"6lw, since each possible'event'in one detector must

be compared with 14/ possible coincident ones in the other-

In table 16.1, the second and fourth columns of thresholds correspond to

false-alarm probabilities that are one-fiftieth of the first and third columns'

respectively. For two identical detectors, this .typical. window lV = 50 raises the

threshold I from 4.53o to 4-93o. This is a 9Vc decrease in sensitivity' or a 29Vc

decrease in the volume of space that can be surveyed'

F o r t h r e e d e t e c t o r s . t h e s i t u a t i o n b e g i n s t o g e t m o r e c o m p l e x : a s w e w i l l s e e
later, if three detectors see an event that lasts considerablv longer than their

resolution time, there is a self-consistency check which mav be used to reject

spurious coincidences. (The check is that three detectors can determine the

direction to the source, which must of course remain constant during the event')

For four detectors. even a few resolution times are enough to apply a
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self-consistency check. In principle. the quantitative effect of these correcrions
will depend on the signal-to-noise ratio of the event. since strong evenrs can be
checked for consistency more rigorously than weak evenrs. But the level of the
threshold in turn will determine the minimum signal-to-noise ratio. A full study of
this problem has not yet been made, and can probably only be undertaken in the
light of a more thorough investigation of the signal-reconstruction problem (see
section 16.5).

16.2.2 Extracting coalescing binary signals
Coalescing binaries are good examples of the type of signal that will probably
only be seen by applying pattern-matching techniques: the raw arnplitude from
even the nearest likely source will be below the level of broad-band noise in the
detector. Nevertheless, the signal is so predictable that interferometers should be
able to see such systems ten times or more as distant as collapsed sources. We will
see that the signal depends on two parameters, so when we discuss the
coincidence problem from the point of view of panern-matching, we will have to
consider the added uncertaintv caused bv this.

(i) The coalescing binary waveform
The amplitude of the radiation from z coalescing binary depends on the masses of
the stars and the frequency f of the radiation, which together determine how far
apart the stars are. It is usual to assume that the stars are in circular orbits. This is
a safe assumption if the binary system has existed in its present form long enough
for its orbit to have shrunk substantially, since the timescale for the loss of
eccentricity, eli, is2/3 of. the similar timescale for the decrease of the semimajor
axis c. If the binary has only recently been formed, e.g. by tidal capture in a
dense star cluster, then more general waveforms can be expected. This
complication will not be treated here-

Amplitude The model assumes point particles in a Newtonian orbit, with energy
dissipation due to quadrupolar gravitational radiation reaction; corrections to this
are discussed briefly below. The radiation amplitude when the radiation fre-
quency is / is given by the function:

A ̂(f ) = z o * to-'(ft)'"(#)*( t*Io"),
(16.4)

where .ilt is what I shall call the mzss parameter of the binary system, defined for a
system consisting of stars of masses m1 and mz by the equation

ttt = mt'tm/t/(m,+ ^r)t ' t,

or equivalently by the more transparent formula,

1trsr3 - pM?,

I

,
; ;

)

t

:
I

t

(16.s)

(16.6)
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where p is the usual reduced mass and M, the total mass of the system. A system
consisting of two 7.4bf@ stars has ,1,(.- I.22Mo.

The numerical value ot An$) is actually the maximun observable value of the
amplitude which one obtains when the sysrem is viewed down the axis of its
angular momentum. One must insert angular factors in front of the expression to
get the wave amplitude in other directions. If one averages over these angular
factors and over the angular factors that describe the antenna pattern of an
interferometer, one obtains an effective mean amplitude only 2/5 of. the maximum
(Krolak, 1989; Thorn e, 1987).

Frequency The binary's orbital period changes as gravitational waves extract
energy from the system. The frequency of the radiation is twice the orbital
frequency, and its rate of change is

g":"(#)'"(#)"o*,-,
(16.7)

The ma:rimum wave amplitude we expect, therefore, has the time-dependence

h^*(t) = A^lf (t)l.or(zo 
l,.f {,,)ar, + o) , (16.8)

where l" is an arbitrarily defined 'arrival time', at which the'signal reaches the
frequencyf,, and @ is the signal's phase at time r". This depends on where in their
orbits the stars are when the frequency reaches/". The amplitude increases slowly
with the frequency-dependence of. Ap.

Doing the frequency integral explicitly gives

(16.e)

Putting this into equation (16.8) for h^.,(t) gives the desired formula, which we
will use in the next section.

Notice that coalescence in the two-point-particle model occurs when / : -. For
a system whose radiation is at frequency/, the remaining lifetime untit this occurs
is

( 1 6 . 1 1 )

.- {(*, *L)-'" - [(;,"'L)-'" - w(#)'"(?)]'J (16 10)

r*n(f ) = t o(#)-"'(ffi ) 
--",

:

f (t) =100 Hz ,. f (#)'" - o:3(#)"'(!f)]-"'
The phase integral is then

rt r ll 1-srtzn J,^f (t') &'= rooolr:,;

This is 3/8 of the formal timescale/f deducible from equation (16.7). of course.
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forrealistic stars the Newtonian ooint-particle approximation breaks down before
this time. but if the stars are neutron stars or solar-mass black holes, corrections
need be made only in the last second or less. Corrections due to post-Newtonian

effects are the first to become important in this case, followed by tidal and
mass-transfer effects. These have been considered in detail by Krolak (1989) and
Krolak and Schutz (1987). If at least one of the stars is a white dwarf. tidal
corrections will become important when [o.1 is still 1000 years or so. and/is tens
of millihertz; the system would only be observable from space (Evans, Iben and
Smarr, 1987).

Fourier hansfomr of the coalescing binary signd We shall need below not onlv
the waveform /r(/), but also its Fourier transform. We shall denote the Fourier
transform of any function e(t) by f,(/), given by

(76.12)

Provided that the frequency of the coalescing binary signal is changing relatively
slowly (i.e., that 7.o"1))l/f), the method of stationary phase can be used to
approximate the transform of lz*(r), fr*,(f) (Dhurandhar, Schutz and Watkins,
1990; Thorne, 1987). We shall only need its magnitude,

t;*(f)t-3.7 x to-,(#)''"(5fo)-'"(t*Io") *o-' (16.13)
This gives good agreement with the results of some numerical integrations
performed by Schutz (1986). We shall use it in the following sections.

. For references on the theory outlined in this and subsequent
sectrons,the reader mav consult a number of books on signal analvsis. such as-

Describing the noise To use matched filtering we have first to define some
properties of the noise, n(l). We expect that n (l) will be a random variable, and
we use ang,le brackets ( ) to denote expectation values of functions of this noise.
It is usually more convenient to deal with the noise as a function of frequency, as
described by its Fourier transform n(fl. We shall assume that the noise has zero
mean.

("( t))  :  ( t ( , f ))  =0.

We shall also assume that the noise is stationary, i.e. that its statistical properties
are independent of time. Then the spectral densiry of (amplitude) noise S(/) is
defined by the equation

<n(f)"-(f  ' )) :  s(/)6(/  - / ' ) ' (16 .14)

(ii) The mathematics of matched filtering: finding the signd
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where a * denotes complex conjugation. This says two things: (i) the noise ar
different frequencies is uncorrelated; and (ii) the autocorrelation of the noise at a
single frequency has variances S(f), apart from the normalization provided b1'
the delta function, which arises essentially because our formalism assumes thar
the noise stream is infinite in duration- (Texts on signal processing often define
S(/) in terms of a normalized Fourier transform of the autocorrelation function
of a discretely sampled time-series of noise nr(t). The continuous lirnit of this
definition is equivalent to ours.) Since z(t) is real, S(/) is real and an even
function of I,

Noise in an interferomeler While noise has a constant spectrum, which means
that S(/) is independent of /. Interferometers have many sources of noise. as
described in chapter 11 by W. Winkler in this volume or by Thorne (1987). In this
treatment we will consider only two: shot noise, which limits the sensitivity of a
detector at most frequencies; and seismic noise, which is idealized as a 'barrier'

that makes a lower cutoff on the sensitivity of the detector at a frequency f,.
The shot noise is intrinsically white (that is, as a noise on the photodetector),

but - depending on the configuration of the detector-the detector's sensitivitv
to gravitational waves depends on frequency, so the relevant noise is the photon
white noise divided by the frequency response of the detector (called its tansfer
function). We denote this 'gravitational wave' spectral density by Sr,(/). I will
assume that the detector is in the standard recycling configuration, so thal
(allowing for the seismic cutoff) we have

(  16 .15)

Here fi is the so-called 'knee' frequency, which may be chosen by the
experimenter when recycling is implemented, and oyffi) is the standard devi-ation
of the frequency-domain noise at f..

In the usual discussions of source strength vs. detector noise (e.g. Thorne.
1987), what is taken to be the detector noise as a function of frequency f is o/f ),
not [Sr(/)]r2, because it is assumed in those discussions that the knee frequencv
fi will be optimized by the experimenter for the particular range of frequencies
being studied, so that o1 is representative of the noise that the experimenter
would encounter. Laier in this section we will see that the optimum value of /l for
observing coalescing binaries is 1.aal..

The matched filtering theorem No*', the fundamental theorem we need in order
to extract the signal from the noise is the matched filtering theorem. If we have a
signal fr(l) buried in noise n(l), so that the outpur of our detector is

o( t )  =  hq t1+ n( t ) ,

( t

s,(.f) = ]iittrx' 
+ U/f*)'l ror f >f',

[ : c  fo r  f< f , '
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and if the Fourier transform of the signal is h(/), then any stationary,

operation on the output can be expressed as a correlation witha filter q(t):

s(f) ts(flt' df. ( i6.1e)

This gives a 'raw' signal-to-noise ratio of

c ( t ) = ( o . q ) ( t )

J__o( t ' )q ( t '  
+  t )  d t '  (16 .16)

r- -. "= 
l_-u(Dq-(f )e2,if, d7 (16.17)

The expectation value of the output c(r) of the filter is the filter's signal,

(c ( r ) )  =  (h ,  q ) ( t ) .  (16 .18)

The noise that passes through the filter is Gaussian if n(t) is Gaussian, and its
variance is

(16.20)

The idea of matching the filter to the signal comes from finding the filter q(t) that
maximizes this signal-to-noise ratio. It is not difficult to show that the optimal
choice of filter for detecting the signal /t(r) is

4(fl: khT)ls^(f), (16.21)

where k is any constant. With this filter, if the output contains a signal, then c(t)
will reach a maximum at a time / that corresponds to the time in the output
srream at which the signal reaches the point r' :0 in the waveform ft(r'). Of
course, noise will distort the form of c(t), but the expected amplitude signal-to-
noise ratio S/N in c(r) (ratio of maximum value to the standard deviation of the
noise) is given by the key equation

S , .  ( h " q ) ( t )
; ( . / : - -rY 

Li-- trn tqu)P dr l

/ s \2 ^ r* lh(f)l '  , -
\ly/"",:t Jo 31;or'

(16.22)

This is the largest S/N achievable with a linear filter. Moreover, given a
waveform lz(t) that one wants to look for, and given a seismic cutoff frequency.f,,
one can ask what value of the knee frequency /p one should take in Si(/) in
equation (16.22) to maximize S/N. For coalescing binaries, one can use the
explicit expression tor E171given in equation (16.13) to show that this value, as
mentioned earlier, is (Krolak, 1989; Thorne, 1987)

(f*)"p,= I.44f'-
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Thresbolds for the detection of codescing binaries Naturally, in a real experi-
ment one does not know if a signal is present or not. one then uses the size of
s/N to decide on the likelihood of the correlation being the result of noise. A
widely used criterion is the (Davis, 1999),
b.'":"9 "+ tn uwtihooa ,oA defined as the rario of the probability that the signal
is present to the probability rhat the signal is absent (false ararm). I!_$e noise is
G"uari"n, tt "o .
chance of false alarm in the ?1), exactly as

threshold criteria to the correlations produced by filtering. The false-alarm
probabilities for detecting a coalescing binary have to be catculated with some
care, however, because we must allow for the fact that we have in general to
apply many independent filters, for different values of the mass parameter tat, and
this increases the chance of a false alarm. I will consider the necessary corrections
in section 16-2-2(iii) below.

Determining the time-of-arrivd of the sigaal It is important for gravitational
wave experiments that, by filtering the data stream, one not only determines the
presence of a signal, but one also fixes its 'time-of-arrival', defined as the time r"-
at which the signal reaches the r' = 0 point in the filter h{t'). The standard
deviation in the measurement of l"- is 6t"-, which is given by an equation similar
to equation (16.22) (Dhurandhar, Schurz and watkins, 1990; Srinath and
Rajasekaran , 1979):

#='[Wdr:8"'fr#dr' (16.23)

where /r(/) is the Fourier transform of the time derivative of ft(r). If either the
signal or the detector's sensitivity is narrow-band about a frequency fi, then a
reasonable approximation to equation (16.23) is

i 1
61.- --

24oSlN'� (16.24)

where .s/N is the optimum signal-to-noise ratio as computed from equation
(1,6-22)- This is a good approximation as long as s/N is reasonably large
compared to unity- If we use equation (16.13) tor E111then it is not hard to show
that. for coalescing binaries (Dhurandhar, Schutz and Watkins, 1990)

described in section 16.2.1(i) *ith:/MN. 
=--

Searches for coalescing binaries can therefore be carried out by applying

6r--,=o.eoltm,Ht) -tv &ar '  -  v .q- \  
f ,  /  S/ lV 

. t . (16.2s)

For example. if the signal-to-noise ratio is 7 (the smallest for detection by a single
detector) and the seismic limit is 100 Hz. then the timing accuracy woutd be
0.1ms. If the signal-to-noise is as high as 30. which could occur a few times Der

--
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year (see below), then the si-enal could be timed to 30 rzs. Considering that thetime it takes the wave io travei irom one detector to anoiher *tr, ,rot*ur'i.
15-20ms' this timing accuracy would translate into good directional information.
I will explain below how this can be done.

However, in practice it wilr turn out that these numbers are too optimistic,perhaps by a factor of two. The reason is that one needs to determine otherparameters as well from the signal, such as the mass parameter Jt and the phase.The errors in these parameters correrate, with the reiurt that 6f.- is afected bv.for example, 6r. Schutz (i996) has shown numericaily trr"t " r."it-;;;; *mass p:trameter can masquerade as a dispiacement in the time-of-arrival of thesignal. This effect wiil have to be quantified before rearistic esrimates of thetiming accuracy can be made.
Another serious source of error in timing has been stressed by Alberto Lobo(private communication)- As is apparenr in the carculations of schutz (19g6),when a waveform has a frequency that changes onry srowly with time, therd canbe an ambiguity in the identification of the peak in the correrarion that gives thecorrect time-of-arrival. This is because a shift of the firter by one cycre rerative tothe waveform wilr not degradelhe correration much if the frequency is roughryconstant' Our timing 

_a..ut""ylhnula gives in some ,"nr. ih" width of thecorrelation peak, but the spacing between peaks is much larger, of order Lrfo forcoalescing binaries. unress the signar-to-noise ratio is higi enough to permirreliable discrimination between peaks, this may be the dominant timing error. Itis possible that cross-correlation between detectors will still be able to give correcttime delays, as in section 16.4.2 below, but this remains to be investigated.
It may seem paradoxicar that, if detector physicists succeed in rowering theseismic barrier to, say, 50H,', the arrivat-time-resolution given by equation(16-24) appears to get worse as /"-r! This is not a rear worsening, of course: theincrease in .S/N due to rhe lower seismic cutoff (gaining as flTu itn ,"111"i",optimized tof,) more than compensares the Llf,faitor, "na ,fr" timing accuracyimproves.

Implications for the sampring rate In practice, one onry samples the data streamat a finite rate, not continuousry. It is crear from equation 1io.ny that one mustsample at least as fasr as is required to determ ine n61 ai att trequencies thatcontribute significantry to the integrar for the optimurn signar-to-noise ratio: atleast twice as fast as the rargesr required frequency ;" nril.-ro, the coarescingbinary, whose transform is given ajproximatery by equation (16.13), the powersPectrum l6(f )l'falts off as l-'o, and tire recycring shot noise multiplies a furtherfactor of /-2 into this- Thus, when/rises to, say, four times-f,, the integrand inequation (L6-22) wilr have failen off to about 0.005 of its vatue at f,. Truncatingthe integration here shourd be enough to guarantee that the firter comes within
lE^" 

d 
:\" optimum signar-to-noise ratio. This would require a sampring rate of8f,, or 800 Hz if we take I = 100 Hz.
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Similar but more stringent requirements apply if one wants good timing. If thesampling rare is smailer than twice the rargest frequency at wniln the integrand inequation (16-23) contributes significantly, then in the numericar carculation thearrival time accuracy wilr be worse than optimum. This is an impoftant resson: rnchoosing one's sampring speed one shourd ensure that one can get good accuraclt inequation (16-23), whose integrand fiis of kss *piU with frZquency than thar ofequation Q6'n\ If one does sample at an adequare rate, then it is possible todetermine the time.-of-arrivar of a signar to much greater precision than thesampling time, provided the signal-to-noise ratio is much gr""t", than unity. (See,for exampre, the numerical experiments reported uy Gurser and rinto, 19g9.) Fora coalescing binary, taking timing accuracy into account does not significantlyincrease the sampring rate over that reguired for a good signar-to-noise ratio.

Determining the parameterc of the waveform Naively, one might exped that byperforming filtering 
-of the incoming data stream with many independent firters,one would just identify the filter that gives the best correlation with the signal andthen infer the mass parameter, phase, ampritude, and time-of-arrival from that. Itis possible to do better than this, howevei, using these values as a starting point.This is called non-rinear filtering, and there are many possibre ways to proceed.For our problem, one of the most attractive is trre xaitianpur-strieber (KS) firter,described by Davis (1989). Rather than reproduce Davis'i clear discussion of thismethod, I wilr simply refer the reader to his article and to the M.Sc. thesis ofPasetti (1987), which is the first attempr to design a numericar system capabre ofdetecting coalescing binary signals and- estimating their p"r"."r.rr. pasetti givesIistings of his computer programs and tests them on simulated data.

(iii) Threshold criteria for filtered sigrrals

Number of firters needed when searching a data stream for coarescing binarysignals, we cannot presume ahead of time that we know what the mass parameterJawrll be: not ail neutron stars may have mass 1.4Mo, and some binaries mavcontain black hores of mass 15 or 20M6. we therefore wi1 have ," oli", ,i. i"r;with a family of filters witlt ,tt running through the range, say. 0.25_30Me.
How many filters shourd there be? This question hai not yer recer.,red enoughstudy. The calculations of Dhurandhar, Schutz and watkins trgqr) show that twofilters with mass parameters differing by a few per cent have significantlv reducedcorrelation, so the firters in the famiry shourd not be *or. Jid.ry spaced thanthis' However, it is not known whethlr they shourd be more closerv spaced. toa.void missing weak signars. If we take successiue firters to have mass paramerersthat increase by lvo at each step, then we need abour 500 firters to span the range(0.25.30) in tt.

However, there is arso another parameter in the filter, equation (16.g): thephase @, about which I have so far said littre. when the wave arrives ar the

i.:

{
:
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derector with frequencyf,, so that it is just becoming detectable, its phase rnay be
anything: rhis depends on the binary's history. Filters with different phases musr
therefore be used- Inspection of equation (16.g) reveals that the phase is a
constant within the cosine term for the duration of the signal. It follows that onlv
rwo filters with different phases will suffice ro determine the phase ano amplituJe
of the signal on the assumption of a given mass parameter. For convenience one
might choose .D=0 and @:r/2. This increases the number of firters to about
1000. In section r6.2.2(v) we wilr rook at the computing demands that this
filtering makes on the data anarysis sysrem. In the pr..!n, section ;. ,ir"ii
consider the signal-to-noise implications.

EEective sampling rate First it will be necessary to establish what the filtering
equivalent of the sampling rate is, so that we can carcurate the probability of, sayl
one false alarm per year. In our original calculation of the false-alarm probability,
the sampling rate tord us how many independent data points theie were per year,
on the assumption of white noise, which meant that each data point was
statistically independent, no matter how rapidly samples were taken. In the
present case, the outpur of the filter is the correlation given in equation (16.16). It
has noise in it, but the noise is no ronger white, traving been 

^firtered. 
The key

number that we want here is the .decorrelation time,, deined as the time interval
z. between successive applications of the filter that will ensure that the outputs of
the two filrers are statistically independent- The analogue here of the sampling
rate in the burst problem is r/r,, which I will call tbe efecaue sampring rate.-This
is the rate at which successive independent data points arrive from each filter.

To develop a criterion for statistical independence, we consider the aurocor_
reiation function of the filter output when the detector output o(r) is pure noise
n(t):

s a(t): 
f -c(r)c1r+ 

r) dr.

we shall take the decorrelation time to be the rime z, such that a(r) is small for all
r ) r,. we can learn what this is by noting that it is not hard io show that the
Fourier transform of a(t) is, when the optimal filter given in equation (16.2r) is
used.

For coalescing binaries, we have already discussed some of the properties of this
function in section r6-2.2(ii).It is strongly peaked nearf,, and in particurar the
seismic barrier cuts it off rapidly below /,. It folrows ttrai ro. times z >> 1/f, the
autocorrelation function is nearly zero: the effective sampling rate is aboutf,. Toplay it safe, we will work with a rate twice this large, or an effectiue sampring time
of 0.005 s. This gives effectively 6 x 10e samples - statistically independent filter
outPuts - Per year.

(16.26)

(16-27)
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Thresholds for coalescing binary filters Now, assgming that the noise is
Gaussian, the calculation of the false-alarm probability for any size network looks
similar to our earlier one in section 16.2.1(ii). What we have to allow for is that
there will be some 1000 independent filters, each of which could give a false
alarm. Of course, the false alarm occurs only if each detector registers an event in
the same filter, so it ii like doing 1000 independent experiments with no filter at
all and a sampling time of 0.005 s, or one experiment with no filter and a sampling
time of 5 x 1.0-6 s. This increases the number of points by a factor of 200 over the
number we used in section 16.2.1(i), but this factor makes only a modest
difference in the level of the thresholds. For example, for one false alarm per
year, and no correction for time-delay windows, tlte thresholds are: for one
detector, 7.4; for two, 5.1; for three, 4.0; and for four, 3.4. For example, the
three-detector threshold is 72Vo higher than for unfiltered data taken at 1 kHz.
For further details see table 16.1.

These figures should not be taken as graven in stone: they illustrate the
consequences of a particular set of assumptions. A better calculation of the noise
properties of the filters is needed, and in any case one will have to ensure that the
detector noise really obeys the statistics we have assumed.

(iv) Two ways of looking at the inprovement matched fiItering brings
The discussion of matched filtering so far has been fairly. technical, with the
emphasis on making reliable and precise estimates of the achievable signal-to-
noise ratios and timing accuracy. In this section I will change the approach and
try to develop approximate but instructive ways of looking at the business of
matched filtering. The idea is to understand how matched filtering improves the
sensitiviry of an interferometer beyond its sensitivity to wide-band bursts. We will
look at two points of view: comparing the sensitivity of the detector to
broad-band and narrow-band signals that have either (i) the same amplitude or
(ii) the same total energy.

Improving the visibility of signds of a given amplitude Let us consider two
signals of the same amplitude lz, one of which is a broad-band burst of radiation
centred at fi and the other of which is a relatively narrow-band signal with n
cycles at roughly the frequency fi. The signals are observed with difierent
recycling detectors optimized at their respective frequencies. /e and /,, possibly
contained in the same detector system, as is envisioned in some present designs.
The broad-band signal has

/ s r ?  t - t E ( f \ P
l - l  = 2 1  + d f .
\N/bb 

- 
Jo S^(f) 

-'

) r -
=  : _  I  h j ) F a f6j(fi Jn

:hf tat')t=a' (  16.28)
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Now, the integrand in eQrJation (16.28) for a burit lasts typically only for a dme
llfo, so we have

i s \ h
\N ) .r= o,17"1J,1' 

' (16'29)

For the narrow-band signal. we obtain again equation (16.2g), but with fi
replaced by fi. Now, however, the signal lasts n cycles, a time nf,. This leads
immediatelv to

(16.30)

comparing equations (L6-29) and (16.30), we see that a narrow-band signal has
an advantage of ntn over a burst of the same amplitude and frequency, provided
we have enough understanding of the signal to use matched filtering*.

For the coalescing binary one may approximare n by fz/i, and this can be large
(of order 200). Coalescing binaries gain further when compared to supernova
bursts because of their lower frequency: because o; depends on f as f 

Ln, there is a
further gain of a factor of fo/fr, which can be 7 or so. Therefore, a coalescing
binary signal might have something like 100 times the S/N of a supernova burst o/
the sarne amplinde! This exaggerates somewhat the advantage that coalescing
binaries have as a potential source of gravitational waves, since their intrinsic
amplitudes may be smaller than those from supernovae, but it does show why
they are such interesting sources.

Improving the visibility of signals of a given ener5/ The other way of looking at
filtering is in terms of energy. This is very instructive, because it shows .why'
matched filtering works. we have just seen that a narrow-band signal with n
cycles has a higher S/N than a broad-band burst of one cycle that has the same
amplitude and frequency, by a factor of nL^. But the energy in the narrow-band

:il; signal.is n times that in the burst. This is because the energy flux in a gravitational
\ilave rs

/ .S\  hntn
l - l  - -
\N/"0 oAf)fl"'

e*=ffnzf,,
and thus the total energy E in a signal passing through a detector during the time
n/f that the burst lasts is given'by the proportionality

E n hzfz@lf): nfh2.

If we solve this expression for nhz an:d put it into equation (16.30), we find

.t Ettz

N forj)
(16.32)

' For this reason, plots of burst sensitiviry for broadband detectors, such as one finds in
rhorne (1987), typicalty plot the Seaiue amplitude hn'. of. a signal, rather than just ft.
This allows one to compare supernova bursts and coalescing biniry signals on the same
graph.

(16.31)
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Since this is independent of n, it applies to broad-band and narrow-band signals
equaliy. It shows that if two signais send the same total energy through an
interferometric detector, and if they have the same frequency, then they will have
the same signal-to-noise ratio, again provided we have enough information to do
the matched filtering where necessary.

This provides a somewhat more realistic comparison of coalescing binaries and
supernovae, since a coalescing binary radiates a substantial amount of energy in
gravitational waves, of the order of 0.01Mo. This is similar to the energy one
might expect from a moderate to strong gravitational collapse. The advantage
that coalescing binaries have is that they emit their energy at a Iower frequenc-v.
The factor of fo, ef3a in equation (16-32) gives them an advantage of a factor of
roughly 20 over a collapse generating the same energy at the same distance. If
laser interferometric detectors achieve a broad-band sensitivity of 10-2, as
current designs suggest will be possible, then they will be able to see moderate
supernovae as far away as 50 Mpc. This volume includes several starburst
galaxies, where the supernova rate may be much higher than average. They will
therefore also be able to see coalescing binaries at distances approaching I Gpc.

(v) The technologr of real-time fiItering

Basic requirements In this section I wilt discuss the .technical feasibitity of
perforrning matched filtering on a data stream in 'real time', i.e. keeping up with
the data as it comes out of a detector. Since coalescing binaries seem to make the
most stringent demands, I will take them as fixing the requirements of the
computing system. We have seen that we need a data stream sampled at a rate of
about 1 kllz in order to obtain the best .S/t/ and timing information, so I will use
this data rate to discover the minimum requirements. It is likely that the actual
sampling rates used in the experiments will be much higher, but they can easily be
filtered down to 1 kFIz before being analysed. If the seismic cutoff is 100 Hz, then
the duration of the signal, at least until tidal or post-Newtonian effects become
important, will be less than 2 s in almost all cases. This means that a filter need
have no more than about 2000 2-byte dala points.

The quickest way of doing the correlations necessary for filtering is to use fast
Fourier transforms (FFTs) to transform the filter and signal, multiply the signal
transform by the complex conjugate of the filter transform. and invert the product
to find the correlation. The correlation can then be tested for places where it
exceeds pre-set thresholds, and the resulting candidate events can be subjected to
further analysis later. This further analysis might involve: finding the best value of
the mass parameter and phase paramerer: filtering with filters matched ro the
post-Newtonian waveform to find other parameters that could determine the
individual masses of the stars; looking for unmodelled effects. such as tides or
mass transfer; looking for the final burst of gravitational radiation as the two stars
coalesce; and of course processing lists of these evenrs for comparison with the

.:
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outputs of other detectors. Since the number of significant evenrs is likely to be
relatively small, the most demarliing aspect of this scenario is likely' to be the
initial correlation with 1000 coalescing binary filters.

Disctete corelations one way the processing might be done is as follows. The
discrete correlation between a data set containing the N values {di, j :
0 , . . . ,  N -  1 )  a n d  a  f i l t e r  c o n t a i n i n g  t h e  N  v a l u e s  { h a ,  k = 0 , . . .  .  N _  1 }  i s
usually given by the circular correlation formula:

c*:  (d "  h)*  =
N - t

s
Z-l
j-o

d ; h i . * ,  k = 0 , . . . , N - 1 , (16.33)

where we extend the filter by making it periodic:

h1*N: hiVi.

The circular correlation formula has a danger, because the data set and filter are
not really periodic. In practice, this means that we should make the data set much
longer than the (non-zero part of the) filter, so that only when the filter is .split.
between the beginning and the end of the data set does the circular correlation
give the wrong answer. Thus, even if each filter requires only Nr, = 2000 points. it
is more efrcient to split the data set up into segments of length N >> N^ points,
and to use a filter which has formally the same length, but the first N - N, of
whose elements are zero. (I am grateful to Harry ward for stressing the need to
pay attention to this point.) The 'padding' by zeros ensures that the periodicity of
lr comrpts only the last N7, elements of the correlation. This can be rectified by
forgetting these elements and beginning the next data segment Ni elements
before the end of the previous one: this overlap ensures that the first N" elemenrs
of the next correlation replace the comrpt elements of the previous one with
correct values. Since this procedure involves filtering some parts of the data set
twice, it is desirable to make it a small fraction of the set, namely to make N,
small compared to N. This efrciency consideration is, howevsl, balanced by the
extra numerical work required to calculate long correlations, increasing as ln N.
This arises as follows.

correlation by FTT The fastest way to do long correlations on a general-
purpose computer is to use Fourier transforms (or related Hartley transforms)-
For a discrete dara set {d,, j=1,..., N- 1} the discrete (circular) Fourier
transform (DFT) is the set {dr, k=1, . . . , N- U given by

wnose lnverse ls

lo = 5t d,e-znii*rN,
,|=0

1 A/_ l

t l . - :  )  2 . o z n i i * r N-J 
rt ar -k-

l Y  k = o

(16.34)

(16.3s)
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Then the discrete version of the convolution theorem equation (16.17) is
follows. Given the (circular) correlation {c;} of two sets ld,} and {hr} as
equation (16.33), its DFT is

er= (d)*Eo, (  16.36)

where an asterisk denotes complex conjugation.
Fast Fourier transform (FFT) algorithms may require typically 3N log2 N real

floating-point operations (additions and multiplications) to compute the rransform
of a set of N real elements, provided N is an integer power of two (which can
usually be arranged). (I neglect overheads due to integer arithmetic concerned
with the index manipulations in such routines and, possibly significantly, memory
access overheads.) To compute the correlation of two such sets, then, would
require three transforms - two to produce dr and fr1, and a third to invert the
product d1 - and the multiplication of the two original transforms, giving a total
of 9N log2 N + 4N real ffoating-point operations. This is to be compared with the
2N2 - N operations required to calculate the correlation directly from equation
(16.33). As long as N > 16 it will be quicker to use FFTs.

In practice, one would compute once and store the DFT of all M filters, so that
in real time the data would have to be transformed only once, and then M
products of data and filter calculated and inverse-transformed. This would require
3N(M + 1) log, N + 4NM floating-point operations.

Oprimal length of a data set We must now remind ourselves that in order to
achieve the economies of the FFT algorithm, we must use the circular correlation,
which has an extra cost associated with the overlaps we are required to take in
successive data sets. For a given filter length (say N, < N non-zero points in the
filter time-series), we can reduce the fractional size of these overlaps by making N
larger, but this increases the cost of the FFT logarithmically in N. Is there an
optimum ratio Nr/N? The total cost of analysing a data set containing a very large
number N,o, )) N of elements, split up into segments of length N is

No.p,oo. =Nh pNW + 1) log, N + 4NMl.

We want to minimize this with respect to variarions in N holding N1 and M (the
number of filters) fixed. It is more convenient to introduce the varible x : Nt/ N,
which measures the fractional overlap of successive data sets. In terms of x the
expression is:

ln

l

$

i
*
:f

JI

I
ts

t
!1

(16 .37)

As long as the number of filters M is large. the optimum x will be independent of
M: it will depend only on Nr. the 'true' length of the filter. This is illustrated in
table 16.2, which gives x and Nn.o,oo*/N,.,,M, the number of ffoating-point

Nn-o,oo,(x) = 
* lt<* 

*r) log3 
I 

- o")
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Table 16.2. The consequences of various strategies for applying
f i l torc nf ' t r t tp '  lcnorh N- nni iei  ^r t t  with Tprn< th n lcnoth Nr ! | r r - € v - - . v . . 6 . , . 1 1 '

to uerr* long data ser. Sae text, especially equation (16.37), for
detaib.

Nn'ero6/Nro,MN,

1000
1000
1000
1000
1000
2ffi0
20m
2000
2000
2W0

0.488
0.24
0.t22
0.06r
0.031
0.488
0.24
0.t22
0.061
0.031

2"
t ' -
2'3
2ro
2's
2t=
2t3
2'o
2's
2'6

72
)J

49
49
50
78
) t

52
5)

54

.'l!

operations per data point per filter, as required by various strategies, always
taking N,o, to be an integer power of two.

If we take Ns to be 2000, then the optimum r is 0-057; if Nr = 1000 then the best
.r is 0.061. But the minimum in N6-oroo" is a flat one, and one can increase the
value of .r quite a bit without compromising speed. This is important. because
each stored filter transform must contain .fy' points, so the larger we make x, the
smaller will be odr core memory requirements. From this it is clear that choosing
an overlap between successive data sets of around EVo gives a CPU demand that
is only slightly higher than optimum and reduces storage requirements to a
minimum.

Demands on computing power Based on these calculations, and assuming a data
rate of 1000 2-byte samples per second with a 2s filter length (Nr=2000), it
follows that doing 1000 frlters in real time requires a computer capable of
60 Mflops (where 1 Mflop is 106 floating-point operations per second), and storage
for 1000 filters, each of length 16 kbytes. This is within the capabilities of
present-day. inexpensive (<$100k) workstations with add-on aray-processors, or
of stand-alone arrays of transputers or other fast microprocessors. In five years it
should be trivial.

There are many possible ways to speed up the calculation if CPU rates are a
problem. It may be that special-purpose digital-signal-processing chips would be
faster than general-purpose microprocessors for this problem. It might be possible
to do the calculation in block-integer format rather tllan floating-point, with filters
that consist of crude steps rather than accurate representations of the waveform
(Dewey, 1986). These should be analysed further. Another possible CPU-saver is
described in the next section.
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(vi)

t6 Data processing, analysis and storage

Smith's interpolation method for coalescing binaries

A difierent way of looking at coalescing binary signals An alternative strategy
for coalescing binaries has been proposed and implemented by Smith (1987). This
interesting idea is based upon the following observation: if two coalescing systems
of difierent mass parameters happen to have the same time of coalescence, then
their signals' frequencies will remain strictly proportional to one another right up
to the moment of coalescence. This follows from the fact that dfldt is
proponional to a power of f, so that, as remarked after equation (16.11), there is
a constant a independent of the masses such that ?L.r : ef /i. lt two signals with
present frequenciesfi and f2have the same Q"t, then it follows that

Since if their times to coalescence are eoual at one time then they are necessarily
"qua t@ation can be integrated to give ,/t = const. V t

Now suppose that the data stre:rm is sampled at constant increments of the
phase of signal 1, i.e. it is sampled at a rate that accelerates with the frequency fi.
Then if a Fourier transform is performed on the sampled points, the signal will
appear just as pure sinusoid, allowing it to be identified without sophisticated
filtering. Moreovel, and this is the key point, every other signal with the same
tirne to coalescence will have been sampled at constant incremehts of its phase as
well, since its frequency has been a constant times the first signal's frequency. So
signals from any binary coalescing at the same time, no matter what its mass
parameter, will be exposed by the single Fourier transform. Thus, one Fourier
transform would seem to have done the work of all 1000 filtersl

How much work is required? The situation is not quite that good, however,
because a signal with a different coalescence time will not be visible in the
transform of the points sampled in the manner just described. Therefore, data

coalescence of the binary. If this is done, then every possible signal will be picked
uP.

One way of implementing this method would be to sample the detector output
at a constant rate (e.g. 1000 Hz) and then interpolate to form the data sets that
are given to the FFT routine. (Livas, 1987, used this method to search for pulsars
in a particular direction.) If we compare this interpolation method with the
filtering described earlier, one trades the work of doing 1000 Fourier transforms
on a stretch of data for the work of interpolating many times. The actual
comparison depends on the number of operations required by the interpolation
algorithm. but in general Slglth's method with re
altractive as the number of filters one must use increases.

Stroboscopic sampling Another wav of implementing Sgth's metlod - and the
way Jhe hglJ-usqd - would be to sample the detector output very fast- say at

dft f, f,- = - = -  -
dt; h f,
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ideally-rryouldsi ample. This is a far faster procedure than interpolating'

i llllllllr""rrls to me that it would not necessarily be less accurate than a sirnple

interpolation algorithm. I will call this stroboscopic samplingi we will meet it

again when we discuss searches for pulsars. I do not know of any detailed

tieoretical analysis of it; in particular, one would like to understand what it does

to the noise background. One also has to be careful about aliasing problems' The

idea. at least in astronomy, seems to go back to Horowitz (1969)' who devised it

for optical searches for Pulsars.

Comparison with matched filtering It may well be that for 1000 filters Smith's

method will be more efficient than filtering. However, it has at least two

significant disadvantages over filtering:

(l) It is restricted only to looking for the Newtonian coalescing binary signal:

ei,en zrny corrections (such as for post-Newtonian efrects) will have to be

seaictrei for by filtering the sampled data sets, and the sets are essentially

useless in searches for other kinds of signals that we may wish to filter

from the data.
(2) Signals with the same coalescence time but different m:rss Parameters will

enter the obsewing window (say, .f > 100 Hz) at different times, and this

Presentsapossibleproblemthatwasf irstpointedoutbyHarryWard.I f
onp decidei to break the data strezrm into sets of length, say, 2-3 s,

appropriate to coalescing l.4Mo neutron stars starting at 100 Hz, then the

set will be much too long for a signal from a binary system of two L4Mo

black holes that will coalesce at the same time. The black hole system will

have frequency 24ltzwhen the data set begins, and will be buried in the

low-frequency detector noise. When the data are transformed, this noise
g 

will be included in the transform, and the signal-to-noise ratio will

accordingly be reduced. The matched filtering method does not sufier

from this drawback, since it filters out the low-frequency noise- It might

be possible to avoid this problem by pre-filtering the data stream before it

is sampled or interpolated, removing the low.frequency noise (and

signal).

Given our uncertarnues sources, my olln Preiudice is to use

lbut Smith's method maY become

important ptaces too great dernands on the computing system'

li62.3 Looking for pulsars and other fi:red'frequenqi sources

(i) Why the data.analysis problem is difficult

There are many possible sources of gravitational radiation that essentially radiate

at a fixed frequency. Pulsars, unstable accreting neutron stars (the wagoner
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mechanism), and the possible long-term spindown of a newly formed neurron star
are examples. In some cases, such as nearby known pulsars, we will know ahead
of time the frequency to look for and the position of the source. But most
continuous sources may have unknown freQuencies; indeed they will only be
discovered through their gravitational waves. I will first discuss the detection
problem for sources of known frequency, and then consider searches for
unknown sources. Throughout this disclssion, the word 'pulsar'will stand for any
continuous source with a stable frequency. s
problem of which I am aware is the Ph-D- thesis of Uvas (1o87).

If we were on an observing platfoffiy relative to the
stars, and therefore to any pulsar we might be looking for, then finding the signal
would be iust a matter of taking the Fourier transform of the data and looking for
a peak at the known frequency. This is a special case of matched filtering. since
the Fourier integral is the same as rhe correlation integral in equation (16.17)
with the filter equal to a sinusoid with the frequency of the incoming wave.
Therefore, the signal-to-noise ratio for an observation that lasts a time Zo5, would
increase as r:9, just as in equation (16.30). However, the Earth rorates on its
axis and moves about the Sun and Moon, and these motions would Doppler-
spread the frequency and reduce its visibility against the noise.

t"*_lg-{g:" u""e to look at a source before it becomes necessary ro correct
for 111,-
then in a time ?*, the detector's velocity relative to the source changes by an
amount Au : Q2eRe ?o0., where Rs is the Earth's radius and S2g its angular
velocity of rotation. In a source of frequency f, this produces a change
A/oop= uf /c- But the frequency resolution of an observation is A/ou,= Z/Tob*
The Doppler effect begins to be important if A/poo: Afo,. Solving this for Z"o,
gives T-o, e:

/  ) r  t l z  /  f  r - r E
e*=(b3h;,) -t9(#) min. ( i6.38)

using the same formula for the effects of the Earth's orbit around the Sun gives a
time roughly 2.8 times a n
barycentre also has a significant efiect. Srnce anv serious obs to
Iast removed,
e_ven in searches for very low-frequencv sisnals flO Hz).

(ii) Angular resolution of a pulsar observation
The corrections one has to nd on the location of the source in
the skv. Since t i tal
r.nomentuln vectoTs of its motion about the Sun or Moon, there is no svmmetry in
the Doppler problem. and everv location on the skv needs its own correction.

I .  : ^  ^ f : - - ^ - - - -  ^ ^  - ^ r -  L  -  -  - lIt is of interest to ask how close two points on the sky may be in o-rdEiJo haue
the same correction; this is the same as asking what the anqular resolution of an
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observation might be. Let us first imagine for simplicity that our detector
paiticipates in only one rotational motion, with angular veiociti Q and radius R.
If two sources are separated on the sky by an angle A0 (in either azimuth or
altitude), then the difference between the Doppier corrections for the two sources
depends on the diference between the changes in the detector's velocities relative
to the two sources. For small Ad this is Au: AOQ2RAb,. Its maximum value is
2ARL0. Using this velocity change. the argument is otherwise identical to that
given in the previous section, provided that we keep Au no larger than 2QR. The
result is that

(16.3e)

The dependence of this expression on fo. will be significant when we come to
discuss all-sky searches for pulsars in section L6.2.2(v) below, so it is well to
remind ourselves how it comes about. There are two factors of 7"* because, as

f6, increases, (i) our frequency resolution increases, so we are more sensitive to
the Doppler effect; and (ii) the Doppler velocity change over the observing
period becomes larger.

When looking at a source with a frequency of 1kHz, then fog3[fugg['s
r.otatton, ana an oU , this gives

-  / e 2 2  1 \
L,0 = T'-^*max\7, 

fZ*)

Ao-,= t t(#)-' ,"d, (16.40)

which is .Uout trirH " a"gt"" . The Earth's motion about
the Earth-Moon barycentre can have a greater efiect, falling to a minimum of
0.002 rad at two weeks. But this is swamped by the effect of the Earth's motion
about the Sun. which gives

Adoroir = 1 x 10-6(#)-'(fr)-' *0, for ?o* < 1 x 107 s. (L6.4D 
*,

This reaches a rninimum of about r
four months. Even at two weeks this motion gives a resolution of 2x 1.0-'rad,
mEnTi'er than the Earth-Moon motion gives- So the orbital motion of the
Earth always dominates the Earth-Moon motion. But it does not dominate the
Earth's rotation for short timest up to about 20 hotrs t

than about a dav. the Earth's orbital motion therefore
affords the better resolution. but it also makes the most stringent
de

or (anything larger than an accumulated
fractional change Lf lf of L}-tu(f lt kFIz)-') will all require special techniques to
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compensate for the way they spread the frequency out over more than the
frequency resolution of the observation.

(iii) The technologt of performing long Fourier transforms
We shall see that there are several different strategies one can adopt to search
for pulsars, whether known ahead of time or not, but all of them can involve
performing Fourier transforms of large data sets. It will help us compare the
efficiencies of different strategies if we first look at how this might be done.

If one i-"gines ti,at ti,. oUs ,
tte roughly tOio data points. This requires
roughly 3N logz N operations for N = 2s = 1.7 x 1010. This evaluates to 1.7 x 1012
o453!1g-pgI JFf. Given the 50 Mflops comPuter we required earlier for

cro{ filtering for coalescing binaries, this would take about 10 hours. This is not
J-

uJ' unreasonable: over 200 FFTs could be computed in the time it took to do the
! ;.o observation.
-ry t(rQ rT ,  { -  

-  - - -

)2 l- gr The real diffrculty with this is the memory requirement: FFT algorithms require

, -t-a1f"6 access to the whole data set at once. To achieve these prccessing spee e
f , y l ' . . ' i . . . J ^ L ^ L ^ t l : - f f i . . - | t . ^ ^ L - . . ^ ^ ^ t : . r I _ | ^ ^ -'-1,{ ^}. tt Unlgss
:r/ 

' 
| | therels a revolution in fast memorv technoloev. jldoes not seem likely that this

'' 
f l *ilt b" ir"*!!!e, at least not at an affordable level. One could imagine being able

to store the data en a couple of lGGbyte read/write optical discs, and then using
a mass-store-FFT algorithm, which uses clever paging of data in and out of store.
This would still be very slow, but its exact speed would depend on the comPuter
system.

One method of calculating the Fourier transform would be to split the data set
up into M chunks of length L, each chunk being small enough to fit into core. by
performing FFTs on data sets of length L it is possible to calculate the
contribution of each subset to the total transform. It is not hard to show that the
work needed to construct the full transform from these individual sets is about M
times the work needed to do it as a single set (see, e.g., Hocking, 1989). With a
memory limit of 20OMbytes and a machine capable of 50Mflops, it might be
possible to do one or two Fourier -transforms in the time it takes to do the
observation. With the same memory in a machine capable of 1Gflop, one could
do 40 Fourier transforms in the same time. These are big numbers for memory
and performance, but they may be within reach of the interferometer projects by
the time they go on-line, The numbers become even more tractable if we are
looking for a pulsar under 100 Hz: with a data rate of only 100 Hz. say. the work
for a given number M of subsets goes down by a factor of about I 1- It is clear that
it is possible to trade-off memory against CPU speed: the technology of the time
will dictate how this trade-off is to be made.

If it proves impossible to compute the full transform exactly, there are
approximate methods available, such as to subdivide the full set into M subsets as
above, but then only to compute the power sPectrum of each subset and to add
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the power spectra together. This reduces the frequencv resolution by a factor of
M, with a proponionate decrease in the spatial resolurion and in the number of
different positions that an observation might need to search. It also reduces the
signal-to-noise ratio of the observation. it is likely that techniques developed for
radio pulsar searches (Lyne, 1989) will be useful here as well.

(iv) Detecting known pulsars
The earliest example of using a wide-band detector to search for a known pulsar
is the experiment of Hough et al. (1983), which set an upper limit of i < g x l0-zr
on radiation from the miliisecond pulsar. PSR i937 + 214- Future interferometers
could better this limit by_many orders of magnitude, but they will have to do long
observing runs (some 107 s) to achieve maximum sensitivity. The analysis of thi
vast amount of data such experiments will generate poses greater problems for
analysis than those we addressed for coalescing binaries.

Let us assume that we know the location and frequency of a pulsar, and we
wish to detect its radiation. we need to make a correction for the D cts
from the known position, or from t"uffithe position is
not known accurately enough ahead of time. one might be tempted to approach
this problem by filtering, as for coalescing binaries. But because of the
computational demands, this is not the best method. Much better is a numerical
"emlon of, the sl?noard riii6ffiBu
stroboscoDrc sa

Difficulties rdth filtering for pulsars Ler us consider first why filtering is
unsuitable. In this conrext a filter is just a sinusoidal signal Doppler-shifted to
give the expected arrival time of any phase at our detector. If only one rotadonat
motion of our detectors were present, and if the observation were to last several
rotation periods, then only points separated in the polar direction would need
separate filters: points separated in azimuth have waveforms that are simply
shifted in time relative to one another, and so correlating the data in time with
only one 6lter would take care of all such points. This might be useful even for a
pulsar of known position, since it might not be known to the accuracy of
equations (16.40) and (16.41).

However, our detectors participate in at least three rotalional motions about
different centres, and the observations will probably last only a fraction of a
period of the most demanding motion, the solar orbital one. This means that
filters lose one of their principal advantages: searching whole data-sets for similar
signals arriving at different times.

Filtering requires that at least three FFTs of long data sets musr be performed:
of the filter, of the sampled dara, and of their product to find the correlation.

' I am indebted to Jim Hough and Harry Ward for suggesting this method. The details in
this section are based on conversations with them and with Norman MacKenzie. Tim
Niebauer, and Roland Schilline.
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Even for a well-known ,our"., there will have to be several filters, because the

phase of the wave as it arrives will not be predictable, nor will its polarization'

ihe phase of the wave depends on exactly where the radiating 'lump' on the

putsai is. A given detector will respond to the two independent polatizations

iifierently as it moves in orbit around the Sun; the polarization will generally be

eliiptical,- but the proportion of the t*o independent polarizations and the

orientation of the spin axis are unknown. Each of these variables must be filtered

for. and each filter needs two more FFTs (the data set needs to be transformed

only once). If the source's position and/or frequency are not known accurately'

then even more filters will be required, each adding two further FFTs. Given the

problems we saw we might have with FFTs, this could be a costly procedure.

Heterodute igtection Suppose the frequency of the pulsar is f in the

;@'arSysternrestframe).ThenDoppIereff����������������ectsoftheEarth.s
Inoiion plus uncertainties in the pulsar's frequency and its rate of change will

require us to look in a narrow range of frequencies (fo, fo+ A/) containingf' The

idea underlying heterodyning is that if the data contain a sinusoidal sigaal of

frequency f,
s(t) :51n11t * t ' '

where { is a possible phase, then if *9 -"/t'Ply the signal by a ffi

of frequenryi in tire bandwidth, the rEiiliEi-Te written as

sin(f,r)s(r) =]costf - f")t + A!:cos[(/ + f")t + Ql

We may choose f, so that the differenc" ft"qu"nty Lllit *itt'in

about zero,

-By fil bandwidth about

tnliffi;ana then re-sampling it at its (no*'much uency,

one c:ln Droduce a ;ffiffimfu*er points that will still contain all

the in fo rmat ion in theor ig ina Ibandof f requenc ies .T t ' i ' ' " .Mo

to tlie e tYPical data set di

the section down from 10to is is of a size that can

Mflops computer: an FFT can be done in a

matter of seconds, so that complicated filtering and searches for signals become

practical without expensive computing machinery'

When one looks at the details of how to implement heterodyning. one has to

worry about how the noise is affected and how the procedure can be done with

rninimum cost. Much more work needs to be done on this question. but two

possible imPlementations might be as follows- The first step in both is to filter the



data Stream with a narrow h:nr . , t -nzec 6tro-  .L- .  _! ,_--  -

bandwidththrough.tn"","""#ffi :*,r*jffjr,:1'r:'.;: j1",t:'J'.t::l::
(or signals) from other regions of the spectrum into our bandwidth.

In the first impremenration, the next step would be to murtipry by theheterodyne carrier with frequen cy f, = fo, i-e. at the lower edge of the bandwidth.This wilr ensure that noise from outside the bandwidth is not heterodyned. Thisallows the band-pass filter to be imperfect, as ir musr be if ir is not to invorveprohibitive amounts of computing: it wilr perhaps need to falr off by a factor often within a distance of a,f /2 0f the edges of the band. Then a iow_pass filterneeds to be appried to get rid of the sum frequencies f, +f rhe resulting data setis still running at the rate of 10 kFIz or so, but at we want is a narrow band,perhaps less than r Hz, about zero frequency. By stroboscopicarly sampting(defined earlier) this set at a rare equar to. the appropriate Nyquist frequency(zLf) in the barycentric frame for signals arriving fr;; ;" pulsai,s direction, onecan produce a data set that is at once small and Doppler-corrected. This samplinginvolves accepting only one point in every 10a or so.
The alternative imprementation, which might be even faster. is based on a
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:lqg"::"""jj_"yi,rackenzie- Ihtu ,: to apply stroboscopic sampring (at aslow rate f, near the Nyquist rate)
tlle band-pass filte' h"t ."r."117r"-i6E. firii may Ulltlffi-, of ",ning by aliasing: what appears in the low_frequen"y ,p""r*i of thesampled data set is the aliased signal. The ariasing condition is thar an originalfrequenry / will appear in the sampled set ,t " fr"qu"n cy f - nfi, where ,, is aninteger' By choosing n andf, appropriatery, it shourd i" porriur" to arias therequired range of frequencies into a range near zero, without introducingextraneous noise- If the sampling is done at a rate equal to the phase arrival ratefor a constant frequency in the barycentric frame at'the pulsar,'s position, it wiIImake all the necessary Doppler corrections automatically. Because this ispotentially a very fast method, it deserves more study.

Further refinements can be made. For instance, in the first heterodyningimplernentation, one shourd muttipry independentry by rwo carriers 90 degreesapart in phase, and then add the resurtani difference sign"t, *iti, a simiiar 90degree phase shift. This reinforces the signar but adds the two independentquadratures of noise together incoherently, so that the noise is reduced ay l/zrelative to the signal.
Moreover, once a 'srow' data set (near zero frequency) is produced, it may stillbe necessary to do quite a lot of work on it to extract a pulsar signar. one wilrhave to correct for uncertainties in the pursar position ianJ nence in thestroboscopic sampring rate), for changes in the pursar's intrinsic frequency duringthe observation period, for possible prop", motion or binary motion effects, forthe changing orientation of the detecior ierative to the pulsar airection and so on.However, regardless of which of the rwo types of heterodyning implementa-tions turns out to be best, the generar principle is crear: if we are onry interested
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in a bandwidth A,f about a frequency S, then we should be able to deal with a
data set sampled at an effective rate ZLf rather than Zfo. Thg resultant savings in
computing effort make it possible to contemplate on-line searches for a few
selected pulsars with computing resources that are no larger than are needed for
filtering for coalescing binaries.

(v) Searching for unknown pulsars
One of the most interesting and important observations that interferometers
could make is to discover old nearby pulsars or other continuous wave sources.
There may be thousands of spinning neutron stars - old dead pulsars - for each
currently active one. The nearest may be only tens of parsecs away. But we would
have to conduct an all-sky, all-frequency search to find them. We shall see in this
section that the sensitivity we can achieve in such a search is limited by computer
technology.

The central problem i. th" nu-b"r of ind"p t
to_be searched- As we saw in equation (i6.39), the angular resolution increases as
the square of the observing time, so the number of patches on the sky increases as
the fourth power. Fo. obse*ations lor s

(16.42)

We will now look at what seems to me to be the most efficient method of
searching these patches.

The barycentric Fourier trandorm The signal from a simple pulsar (i.e. one that
does not have added complications like a binary orbit, a rapid spindown, or a
large proper motion) would stand out as a strong peak if we were to compute its
Fourier transform with respect to the time-of-arrival of the waves at the
barycentre of the Solar System, which we take to be a convenient inertial frame.
In this section I shall look at the relationship between this transform and the
rawdata transform with respect to time at the detector, which relationship
depends on the direction we assume for the pulsar. I also look at the relationship
between the barycentric transforms of the same signal on two different assump-
tions for the pulsar position.

We shall need some notation. Let ro be the time that a given part of the pulsar
signal arrives at the detector. Let lo(0, @, td) be the time that the same signal
would arrive at the barycentre if it comes from a pulsar at an-eular position
(0, il- Let so(to) be the signal itself at the detector and sn(tn) the signal at the
barycentre. Note that

so[ro(9, 0, lo)] = sa(1.,),

by definition. The reiation between the two timescales is given by

ll 
"*,** :4tt/(Ll)z= 1.3x to"(#)'(fr)'

tb  = td + k(0,  Q,  t i , (16.43)
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where the functicn k is slcwly varying in time for our probiem.

t d K l
l : - l  << I
I  d t d l

due to the siow velocities that the Earth panicipates in. The inverse of equation
(16.a3) is

to= to+ g(0,  Q,  td)

Again the derivative of g is small. From the definition it is evident thar

B(e, 0, tJ = -k[0, q, to+ g(0, C, rb)].

The exact forms of the functions g and k are complicated, but they need not
concern us here.

Now we wish to find the relation between the Fourier transform of so and that
of s" with resPect to their respective local times. For a given set of detector data,
we have

(16.44)

(16.4s)

(16.46)

(L6.47)

(16.48)

(16.4e)

t*

s1(6, 0, il = 
J_*so[ro(O, e)le-h'f*o 6o,

= 
f 

so(loye-2ri/*u 6;o,

where we define

= 
[ _Lf _ i o(fo)e^n' " afoJe-b I* " dt o,

= 
[* *so1yo1^(0, e, fo,f) dfo,

m(0, Q, fa, fu) = 
f _ebrfdo('ors-2ail*u 

61o.

The inverse of this relation is obtained by a simple permutation of indices:
te

s1(fi) = 
J_*so16nP, e, fo,f) df",

where the kernel here is

te

n(e, Q, fo, fr) = 
| ezntl*,<'ol g-zzifea 61o. (16.s0)

These equations allow us to find the barycentric transform from the detector
transform, and vice versa. In principle, by applying equation (16.47\ to the
Fourier transform of the detector data one produces a transform in which the
signat from a pulsar at a given position should stand out much more strongly. In
practice, if one only wants to do this for a few cases, it is much more effcient to

;{
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use stroboscopic sampling, which effectively compures equation (i6.a6) by
selecting the appropriate values of the integrand. However, when searching the
whole sky for pulsars this would involve more work than the method of the next
section.

Barycentric transforms for nearby locations If one has computed the barycentric
transform sr-o for some location on the sky, the quickest way to find the transform
for a nearby location is to find a direct transformation of s=o, rather thai to start
again with so or.io. In this manner one can compute slo for one location and then'step' around the sky from there. we derive in this section the appropriate
equations.

Consider two locations (0, d) and (€,, d,). We want f6 at (0,, @,) in terms of
that at (0, Q)- From equations (16.47) and (16.49) we have

?e

Sr(f 'o, 0' , e') : J__so1yo)m(o, , Q, , fo, f {) dfo,

= 
i_- I_n, f5, 0, Q)n(', e, fo,f)m(',, e, , fo,f L) .dfodfo,

f: I sa(fo, o, Q)q@' , e', f [; o, e, fr) dfo,

where we define the 'stepping' kernel q by

q ( o ' , Q ' , f ' ; e , Q , f l = [ _ *

(16.s1)

(16.s2)

rf (e', Q') is close ro (e, e), then the kerner q shourd be sharpry peaked in
frequency near f =f '.In fact, it is easy to show from the inverse properties that

q(e, 0, f ' ; 0, Q,f)= 6(f - f ') V0, e.
The peaking of this function is in fact the mathematically precise way of doing the
calculation we did roughly earlier, namely seeing how many independent parches
on the sky one would have to search. Two angles are independint if q is wider
than the frequency resolution of the observation.

The stepping method rhe way to do an all-sky search uses in fact the converse
of the last statement. In order to convert the barycentric Fourier transform for a
source at one position to that at another, one must do the integral given in
equation (16.51)- If the two positions are adjacent patches on rhe sk1,. then by
definition the function q wilt be only (at leasr on average) two frequency bins
wide' so that one can produce the barvcentric transform for the second parch
from that for the first by a calculation ,.ting of order N operations, where N is
the number of data points. This can represent a significant saving over doing
stroboscopic sampling and an FFT for each patch. This is particularlv true for
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large data sets that exceed the core memory capacity of the computer. because
FFT algorithms on such data sets will be very much slower. The presenr method
does not suffer from this drawback because - after the first barycentric transform
has been computed - it does not require the whole ransform to be held in
memory at once. I shall refer to this method as srcpping around, the sky-

Depth of a search as a function of computing power we can now assemble what
we know' and make an assessment of the computing power required to make a

Wtt,", . t""t ,ott ,r . i "tsrom equatron (L6.42) the number of patches on the sky ii.---

Np",.r,..= 1.3 x t0tt(11}

The data set will have a leneth

Noo =2 * ro''(#Xfr)poinrs,
provided we inrerpret / as the highest observable frequency,
rate 2f. If the stepping operation between adjacent 

-p"t"h".

r ? r  t  r 4

l / ' " h l
/  \ to 's /

so we sample at a
requires ten real

ffoating-point operations per data point, then we need to

No-o,op" = 2.5 x'*.(#)'(ft)'
T- yrs € 1 ! f t ,

lorsgp5 €T,r. ;- to '5

floating-point operations to search the whole skv.

q . t

Tor, = lo 5 s"r:  l?
e,js fur,l!!

Ln' = z.s x ro"(1ft)'(ft)'(#d-',
By equating T*, and 4u", we obtain the maximum observation time ailowed bv a

- E  ^  - : ,computer of a given speed:

4,.* : t.+ x n,(L\-''' (=#),'or. - 1lrft ,r]'\1 kHzl \100 Mflops / 
' ' -* 

4 
days

This is about 12 hours for a 100 Mflops computer anatysing data for millisecond
pulsars (up to 1 kHz). If we lower our sights and try to search for pursars under
100H2 (still very interesting), we can run for about three days. Another
improvement comes from making a narrow-band search. This is attractive
anyway, since narrow-banding enhances the detector's sensitivity in the band_
width. In a narrow-band search one would use heterodyning to ,"iu"" the size of

In order to do searches, it must be

1 L S t o P



r
i
i

438 16 Data processing, analysis and storage

the data set. For a bandwidth B, the analogue of equation (16.53) is

- /  f  1 - t t z ,  B  \ - l l a  /  g  \ l / 4
r^"=2'r x 1o'(#) \r*) (*r**=-) ' (16.s4)

This is better, but still permits only about 2.4 days of obsening in a narrow
bandwidth at Ikt[z.

The actual figures given here may change with the invention of more efficient
algorithms, but what is not likely to change is that the minimum number of
operations per patch on the sky scales linearly with the number of data points.
This means in turn that the permissible observation time will grow only as the
fourth root of the computer speed. Even worse, since the sensitivity one can
reach in ft scales as the sguare root of the observation time, lhe limits on ft wlll
scale as the eieftrA root of the computer speed! Changing from a desktop
computer capable of 0.lMflops ro a supercomputer capable of l0Gffops
improves one's limits on ft by only a factor of four.

This is the central problem of the all-sky search for pulsars: it is quite possible
to run detectors for several months gathering data, and this will probably be done
to search for known pulsars, but computing power limits any all-sky, all-
frequency search for unknown pulsars to periods of the order of days.

16.3 Combining lists of candidate events from difierent detectors

Until now I have kept the discussion to the analysis of one detector's data, but it
is clear that for the best signal-to-noise ratio and for the extraction of complete
astrophysical information, detectors must operate in coincidence. I will consider
in this section the simplest method of coordinated obsenation: exchanging lists of
events detected in individual detectors. I have elsewhere (Schutz, 19g9) called
this the 'threshold mode' of network data analysis, because each detector's
criterion for an 'event' is that its amplitude crosses a pre-set threshold.

163.1 Threshold mode of data an4rlysis
we have seen in section 16-2.1(ii) how the thresholds can be determined. once
events have been identified by the on-line computer - either in the time-series of
data directly or by filtering - it is important that the data from these events be
brought together and analysed as quickly as possible. If the event is a supernova,
we have considerably less than a day before ir might become bright enough to be
seen optically, and optical astronomers need to be told of it as quickll..as possible.
If the event is a coalescing binary, there rnay be even more urgency: the absence
of an envelope around a neutron star means that any radiation emitted may come
out with much less delay than in a supernova. Since we know so little about u'hat
such events look like, it would be valuable to have optical telescopes and orbitine
X-ray telescopes observe the region of the event as quickly as possible.
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The rapid exchange of data is cenainly possibre: with modern computer
networks' it would be eas-v to arrange that the on-rine computers could
iutomaticitty ciriulate lists of events and associated data periodically. such asevery hour. we should bear in mind that, if the threshold is set so that a network
wourd have a four-way farse alarm onry once per year at a data rate of I kHz,
then each detector will see a spurious noise-generated event three times per
second! It will be impossible to distinguish the real events from the spurious until
the lists of events from the various detectors are compared. The initial lists need

:::.::11,1 
much data, so links over the usuat data net\ilorks will be fast enough

at tnls stase.
wirat sJrt of data musr be exchanged? If the event is seen in a firter, the rist

should include the amplitude of the "uerrt, the parameters of the besr_fit filter.
and an agreed measure of the time the signal arrived at the detecror (such aswhen a coalescing binary signar reached some fiduciar frequency, e.g. 10oHz). Itwill probably also be necessary to include calibration daia, as- the sensitivity of
interferometers wilr probabry change from time to time. If the signat tras a trrgir
signal-to-noise ratio, then it may be desirable to include other information, such
as its correlation amplitude with other filters, or even the raw unfiltered datacontaining the signal. The feasibility of this will depend upon the bandwidth ofavailable communication channels.

If the event is a broad-band burst seen in the time-series, then it will be even
more important to exchange the raw data, along with timing and caribration
information. If raw-data exchange is impossible, thin at least sJme description of
the event will be needed, such as when it first crossed the threshold, when it
reaches its maximum, and when it went below threshold.

Once likely coincidences among detectors have been identified, it will then be
useful to request the on'line computers to send out more detailed information
about the selected candidate coincidences. Since these requests will be rarer, it
will not overburden the communications networks to "*"h"ng. raw data and
more complete calibration information for the times in question. If the events
then still seem significant, they should be broadcast to oth", astronomers and
analysed more thoroughly at leisure.

t63.2 Deciding that a gravitational wave has been detected
The question that underlies all of the present article is, how do we decide that agravitational wave has actually arrived? Various of our topics, such as. the
construction and use of firters and the setting of appropriaie threshords, are
imponant components of such a decision. what we *"ni to ,tr"ss in this section isthat the laser interferometer community must make sure that it has we[-defined
criteria for accepting a gravitationar wave event as rear, and a we'-defined
procedure for modifying and updating these criteria, before it begins obsewing inearnest.

The first detection of a gravitationar wave will be such a momenlous event
. ? l
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that - if it occurs in an interferometer network - those who operate the network
should leave no room for doubt that the event was well above the threshold
expected of known noise sources during the time of observation. If criteria are
eitablishCd ahead of time, there can be no question that they have been 'adapted'

to the data; conversely, if criteria for gravitational wave detection are formulated
after looking at the data, there is always doubt that the events that are then
identified really have the significance that might be claimed for them.

In this connection, one should not naively believe that because an unexpected
event has a signal-to-noise ratio that would give it a small probability p of arising
by chance, then that automatically means that the probability of its being real is
correspondingly high. It is very hard to make an accurate calculation of p, since it
involves not only the modelled noise but also unmodelled noise and even the
circumstances of an experiment. Some Bayesian-type criterion, which involves an
a piori estimate of the probability that the candidate event would be real, should
also be used in such circumstances.

This is not to say that there should be no criteria for accepting unexpected
events or unpredicted waveforms. Provided the signal-to-noise ratio of such
events is high enough and they have been processed in the same way as all other
data, there should be no problem accepting them. But when the signal-to-noise
ratio is relatively small and/or the data have been processed in a way that had not
been agreed ahead of time, there is considerable danger of accepting false alarms
as real.

What can and should be done, however, if unusual events with marginal
signal-to-noise ratio are seen, is that new criteria can be adopted to look for them
in subsequent data. If they continue to turn up - or if re-analysis of archived data
show them - then they can be accepted as real. Similarly, if new theoretical
models of gqvitational wave sources are evolved, they can be incorporated into
the criteria. But the community should not claim detections before this second
stage of verification. In particular, if there are marginal and unexpected one-off
events apparently associated with rare astronomical phenomena, then it may not
be possible to call them real until they have been seen again, however long that
may take.

16.4 Using cross-correlation to discover unpredicted sources

The threshold mode of analysis is unsuitable for some sources. such as continuous
waves or weak events that we have not predicted well enouqh ahead of time to
construct filters for. In these cases. the 'correlation mode' is appropriate: using
cross-correlations between the data streams of different detectors.

Cross-correlation has its own problems. however: its signal-to-noise relations
are rather different from filtering. and the different polarizations of different
detectors mean that signals in two different detectors from the same gravitational
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wave may not exactry correrate. In the next se*ion I wit give a geaerar discussionof cross-correlation. addressing the behavioui of noise "n-a "r*ring that the twodata streams contain the same signar. one_sorution to the problem of polarizationhas been given by Gurser and rinto (19g9). Their appro"J *i,, be discussed insecdon 16.4.2.

16.4.1 The mathematics of cross-corretario.n: enhancing unexpected signarsIt is usefur to think of cross-correlation as thb use or "".?"i" ,,'ream as a filter tofind things in the other data stream. Thus, if the first stream contains a signar thathasn't been preciicted, one can still find it in the second. If we adopt this point ofview, then we must face two important diferences berween *"r"ir.o filtering andcross-correration as a means of enhancing signal-to-noise ratios. These are:
(1) The 'filter' is noisy.In fact, in the case of most inrerest, the signar is berowthe broad-band- noise and the power in the filter is donninated by thenoise- If we reaily had an insrrumenr with an infinite Lanowiatir, then thenoise power wourd be infinite and we wourd neve, see the signal. Inpractice, we wilr see berow that we must filter the data down to a finitebandwidth before performing the correlation in order to achieve anacceptable signal_to_noise ratio.

(2) The 'filter' arso conrains the signal we wish to find, of course, but theamplitude of this part of the firter is not known a priori: it is the ampritudeof the incoming signal. This means that if ttre incoming sgnar is reducedby half, the response of the firter to it w'r go down by a factor of four. weshail see that this reads to the biggest difference between marched filteringand cross-correlation when they are applied to long wavetrains: theenhancement of signal-to-noise in cross-correlation increases only as thefourth root of the observing time or the number of cycres in the signar, notas rhe square roor we found in equation (16.30).
If we have two data streams o1 and o2 containing the same signar rz butindependent noise amplitudes n, and. nr,

tss

or(t): h(t) + nr(t), o2Q): h(t) + nr(t),
their cross-correlation is

o t o  o z :  h  "  h  *  n r o  f t  +  h  o  n z *  r t t  o  1 2 .
T]rg 

. 
sienat' is rhe expectarion of this (averaged over bothwhich is just lz " &. The variance of the correlation, however,

final term contributes

(16.5s)

(16.s6)

noise arnplitudes),
is a problem. The

(ln, o n=l') = (l o-,rror(f ,)niU)nr(f ,)ezzir-r.), df df ,)

=/t,f l. l t f lo(f -f,)6(f -f,)szr,{.r-t), f df,.
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The presence of two delta functions in the integrand makes this expression
infinite: if we allow all the noise in the detectors to be cross-correlated. then the
variance of the correlation will swamp the signal. The solution is (i) to fiher the
output down ro a suitable bandwidth I before correlating, and (ii) to perform the
correlation only over a finite srretch of data lasting a time r. If we use a
superscript F to denote the filtered version of a quantity, then the analogue of
n 7 o  n 2 i s

(16.57)

Its variance is

(ni(y)"i ' (y')nl(y + )nl '(y,+ r)) dy dy,. (16.58)

The key to evaluating this is the expectation

Irz(t) = 
Jo' 

n'r{r'1r;'1t, + t) dt,.

(l/,r(r)l') = Ir' I'

(16.se)

where /r and f2 are the lower and upper limits of the filtered frequency band
(fr:ft+B), and where the factor of two arises because negative frequencies
must be included in the filtered data as well as positive ones. It is a
straightforward calculation ro show that, assuming for simplicity thar t (/) has the
constant value dy over the bandwidth, then for the most imponant case
zitfrT >>L and ZtBT >>7,

( | I rr(t)l' ) = 2 4r drrn r. (16.60)

This part of the. noise is proportional to the bandwidth of the data and the
duration of the correlation. The duration will usually be chosen so that the above
conditions on I and 7 are satisfied, for otherwise the experiment would be too
brief to detect any signal that fits within the bandwidth B. The remaining
contributions to the variance of the cross-correlation come from the second and
third terms of eguation (16.56) (strictly, from their filtered and finite-time
analogues). These are-juslli le equation (16.19), and add to equation (16.60) a
rerm equat to (fi,,+ di ![ lttFllf at.

The case of most interest to us is where the .raw' signal /,F(r) is smailer than the
time-series noise in the bandwidth I in each detector. nflr;. Then the variance is
dominated by equation (16.60) and we have the following expression for rhe
signal-to-noise ratio of the cross-correlation:

_ 1l:
\ni(t)nif')) =2 | sr(f) cos[Zrf (t - t')]df,

Jf,

r 7
|  ;aF1r;1r drcorrelation signal J,,

correlation noise

This has considerable resemblance to the

lzdtfdTBTltn'
( 1 6 . 6 i )

f

f i l tering signal-to-noise ratio given in
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equation (16.20), and this justif ies and makes precise our notion rhat cross-
correlation can be thought of as using a noisy dara stream as the filter. To conven
equation (16.20) into equation (16.61), we musr (i) replace the fi l ter in the
numerator with the signal /rF that is in the noisy '6lter', and (i i) replace rhe fi l ter
power in the denominator with the noise power of the noise 6lter. since we have
assumed this power is the largest contributor to the noise.

However, equation (16.61) does not give us the signal-to-noise ratio for the
gravitational wave signal. since its numerator is proportional to the square of the
wave amplitude. This is the effect that we noted at the beginning of this section.
that the 'filter' amplitude is proportional to the signal amplitude. A beiter
measure of the amplitude signal-to-noise ratio is the square root of the expression
in equat ion (16.61) :

N [24dzf BT]ta

There are two cases to consider here: long wavetrains and short pulses.

r  r T  1 l n

.s lJ tr't,it'o'J

i:(; ar)'' 'n

(t6.62)

aril

(i) Long wavetrains
The best signal-to-noise is achieved if we match the observation time r to the
duration of the signal or, in the case of pulsars, make r as long as possible. Let us
assume for simplicity that the two detectors have the same noise amplitude, and
let us denote by R the 'raw' signal-to-noise ratio of the signal (its amplitude
relative to the full detecror noise in the bandwidth 8),

Then we find

(16.63)

The signal-to-noise ratio increases only as the fourth root of the observation time.
If we are looking at, say, the spindown of a newly formed pulsar, lasting I s, and
we filter to a bandwidth of l kHz because we don't know where to look for the
signal, then the enhancement factor (BT /z)1'o is about five: short wavetrains are
improved, but not dramatically. If we are looking at a pulsar, again in a
broad-band search with 1 kHz bandwidth, but in an observation lasting 107 s, then
the enhancement of signal-to-noise is a factor of about 250. This enhanceiment
could be achieved by the rlf; effect in a single-detecror obsenation lasting only
three minutes, for which the data could be trivially analysed. If the single detector
is narrow-banded, the time would be even less. Therefore, cross-correlation is not
a good way of finding pulsars.

There are other differences between filtering and cross-correlation. Since for
signals below the broad-band noise (R ( 1), we do not know where the sienal is
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in the data stream used as a filter, it follows that we cannot determine the
time-of-arrival of the signal from the correlation, apart from a relatively crude
determination based upon the presence or absence of correlations between given
data sets of length I. The correlation also does not tell us the waveform and
therefore it cannot determine the true amplitude of the signal. It can. however,
determine the time-delays between the arrival of brief events at different
detectors.

(ii) Short pulses
Here one would set the bandwidth I equal to that of the pulse; if the pulse has
duration roughly T:1/B, and if again the two detectors have the same noise
amplitude, then equation (16.62) gives a signal-to-noise ratio that is a factor of
roughly Zrta - 1.2 smaller than the optimum that filtering can achieve. For I8 - 1
our approximations are breaking down, but it is reasonable that using this noisy
filter would reduce the signal-to-noise by a factor of order two. Since in this case
filtering does not enhance the signal-to-noise ratio, neither does cross-correlation:
if a pulse is too weak to be seen above the broad-band (bandwidth 8) noise in
one detector, if will not be found by cross-correlation.

16.4.2 Cross-correlgring difierently potarized detectors
A more sophisticated approach to correlation has been devised by Gursel and
Tinto (1989) in their approach to the signal-reconstruction problem, which I will
describe in detail in section 16-5 below. It works if there are at least three
detectors in the network. I shall neglect noise for simplicity in describing the
method. If we let 0 and Q be the angles describing the position of the source on
the sky and we use a,, pi, and Z, to represent the latitude, longitude, and
orientation of the ith detector, respectively, and if we have some definition of
polarization of the waves so that we can describe any wave by its amplitudes &*
and lr,, then the response r = 6lll of the ith detector is a function of the form

r;(t) = f,*t16, Q, &i, F,, X)h*ft - \(0, Q)l
+ E.i(e, Q, e,, F,, X,)h,lt - \(0, Q\1, (16.64)

where r,(0, @) is the time-delay between receiving a wave coming from the
direction @, Q) at some standard location and at the position of the detector. We
shall define the 'standard Jocation' by setting rr = 0. We need not be concerned
here with the precise form of the functions E*i, E*i, and 2,, nor with the exact
definitions of the various angles.

The response equations of the first two detectors may be solved for ft- and h.
and substituted into the response eguation for the third to predict its response.
for an assumed direction to the source. Let this prediction b€ r3-o,.,1:

rs-p,"a(l) = -fD4r1Q - rg) + Dt,r2Q * z: - 4)l l Dp,

where D,, is the determinant

D i i  =E - iE .1  -E* iE* j .

(16 .65)
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If there were no noise in the detectors. therr for some choice of angles 0 and ethere would be exacr agreement between p3_prca .Dd the actuat data from detector3' r:-'o,. Given the noise. the best one can do is to find the angres that minimizethe squared difference d(0, il between the predicted and o6served responsesduring the interval of observation:

d(0, il= 1,,irr-ou,(f) - r-._o,"o(r)12 dr. (16.66)

$lr

Hidden in the integrar for d are the correradon integrals we began with, e.g.
lrr(t)rr(t - r3)dr. These will normally be the most time_consuming part of thecomputation of d f.or various angres, and shoutd usuafly be done by FFTs. oncethe correlations have been computed for all possible time-delays, they may beused to find the minimum of d over ail angles; this wilr determine the position ofthe source- Notice that if the noise is smar, this information can then besubstituted back into equation (16.64) for the first two derectors to find &*(r) andlz'(r). This reconstructs the signal. But if the source is weaker than the noise,then this substitution will give mostly noise.
The information we have gained about the unpredicted source, even if it isweak, is that it is there: its position is known and its arrivar time can bedetermined roughly by restricting the time-interval over which the correlationintegrais are done and finding the interval during which one gets significantcorrelations.This is enough to arert other asronomers to rook for something inthe source's position.

The paper by Gursel and rinto (r9g9) contains a more sophisticated treatmentof the noise than we have described here, allowing for different detectors to havedifferent levels of noise, and constructing armost optimar firters for the signars thatweight given detector responses according to where in their antenna pattern thesignal seems to be coming from. They also give the resurts of extensivesimulations and estimate the signar-to-noise ratio that wilr be required to givegood predicitons. This paper is an important advance towards a robust solution ofthe reconstruction problem.

t6.43 using cross-correration to search for a stochastic background
Another very important observation that interferometers will irake is to find orset limits upon a background of radiation. This is much easier to do than findingdiscrete sources of continuous radiation, because there is no direction_firiding orfr_equency-searching to do. This probrem has been discussed in detail bvMichelson (1987).

The most sensitive search for a background wourd be with two derectors on thesame site, with the same polarization. current prans for some installationsenvision more than one interferometer in one vacuum system, which wourdpermit a correration search. one would have to t"ke care that common externalsources of noise are excruded, especialry seismic and other ground disturbances.
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but if this can be done then the two detectors should respond identically to an!'
random waves coming in, and should therefore have the maximum possibie
correlation for these waves. The correlation can be calculated either bv direct
multiplication of the sampled data points (2N operations per time delay b.r*..n
the two data sets) or by Fourier transform methods as in section i6.2.3(iii) above.
We are only interested in the zero-time-delay value of the correlation. bur in
order to test the reality of the observed correlation, one would have to compute
points at other time delays, where the correlation is expected to fall'off. (How
rapidly it falls off with increasing time delay depends on the spectrum of the
background.) The choice of technique - direct multiplication or Fourier
transform - will depend on the number of time-delays one wishes to compute and
the capacity of one's computer.

If separated detectors are used, the essential physicat point is that rw.o
seParated detectors will still respond to waves in the same way if the u'aves have a
wavelength i much longer than the separation between the detectors. con-
versely, if the separation between detectors is greater than ),/Ztt, there is a
significant loss of correlation. It is important as well to try to orient the detectors
as nearly as possible in the same polarization state. In order to perform a search
at 100 flz, the maximum separarion one would like to have is 500 km. This may
be achievable within Europe, but it seems most unlikely that detectors in the
USA will be built this close together- The data analysis is exactly the same as for
rwo detectors on the same site.

165 Reconstructing the signd

The inverse problem is the problem of how to reconstruct the gravitational wave
from the obsenations made by a network of detecrors. A single detector
produces limited information about the wave; in particular, on its own it cannot
give directional information and therefore it cannot say what the intrinsic
amplitude is. with three detectors, however, one &rn reconstruct the wave
entirely. In the last two or three years there has been considerable progress in
understanding the inverse problem: see Boulanger, le Denmant and Tourrenc
(1988), Dhurandhar and rinto (19s8), Gursel and rinto (1989), and rinto and
Dhurandhar (1989). I will summarize the main ideas as I understand them at
present but this is an area in which much more development is likely soon. My
thinking in this section has been shaped by conversations with Massimo Tinto and
Kip Thorne.

16.5.f Single bursts seen in several detectors

(i) Unfiltered signals
A gravitational wave is described by two constants - the position angles of its
source. @, O) - and two functions of time - the amplitudes of the two independ-
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ent polanzarions lz*(r) and ft*(r). Sirnple counting arguments sive us an idea of
how much we can learn from any given number of detectors. t will assume here
rhat we do not have an a priori model (filter) for the signal. For signals that stand
out above the broad-band noise:

. A single detector gives its response r(r) and nothing else.
be said about the waves unless non-gravitational data can
optical or neutrino detections of the same evenr.
' Two detectors yietd two responses and one approximate time-delay
between the arrival of the wave in one detector and its arrival in the other. Two
functions of time and one consrant should not be enough to solve the problem.
and indeed they are not. The time-delay is only an approximate one, because
the two detectors will generally be responding to different linear combinations
of. h*(t) and h,(t), so there will not be a perfect match between the responses
of the two detectors, from which the time-delay must be inferred. The
time-delay will confine the source to an error-band about a circle on the sky in
a plane perpendicular to rhe line joining the detectors. The antenna patrcrns of
the detectors can then be used to make some places on this circle more likely
than others, but the unknown polarization of the wave will not allow great
precision here. If the location of the source can be determined by other means,
and if noise is not too large, then the
amplitudes of the waves.
. Three deteclors cross the threshold into precision astronomy, at least when
the signals stand out against the broad-band noise. Here we have three
functions of time (the responses) and two constants (the time-delays) as dara,
and this should suffice. As described in section 16.4 above, correlations among
the three detectors can pin down the location of the source and, if noise is noi
too important, the time-dependent amplitudes as well. In this case, there is
redundant information in the data that efiectively test Einstein's predictions
about the polarization of gravitational waves: the waveforms constructed from
any pair of detectors should agree with those from the other two pairs to within
noise fluctuations.

(ii) Hltered signats
If noise is so important that filtering is necessary, there is a completely different
way of doing the counting. A given filter yields only constanrc ", outpu,!, such as
the maximum value of the correlation and the time the signat arrives (i.e. when it
best matches the filter). It does not give useful functioni of time. we can only
assume that the signal's waveform matches the .best' filter, so instead of two
unknown time-dependent amplitudes we will have the response of the filter, the
time'of-arrival' and a certain number of parameter constants that distinguish the
observed waveform from others in its family.

Let us concentrate on coalescing binaries. The signal from a coalescing binary

Nothing exact can
be used, as from

two responses can determine the two

*H



a-
{'

448 16 Data processing, analysis and storage

is an elliptically polarized, roughly sinusoidal waveform. The filters form a
two-parameter family, characterized by the mass parameter Jt and the phase of
the signal @, as in equation (16.8). The parameters we wan! to deduce are: the
amplitude h of the signal, the ellipticity e of its polarization ellipse (one minus the
ratio of the minor and major axes). an orientation angle p of the ellipse on the
sky, and the binary's mass parameter Jt. From these data we €n not only
determine the distance to the system, but also the inclination angle of the binary
orbit to the line of sight (from e) and the orientation of the orbital plane on the
skv (v).

The mass parameter lt will be determined independently in each detector, and
of course they will all agree if the event is real. Each detector in addition
contributes the response of the filter, the phase parameter, and the time-of-
arrival; these data must be used to deduce the five constants {0, Q,h,e, {).
Here is how various numbers of detectors can use their data*:

. One detector does not have enough data, so it can only make average
statemenrs about the amplitude.
. Two detectors provide four useful data: two responses, one phase difference,
and one time-delay. (Only the diferences between the phases and times-of-
arrival matter: the phase and time-of-arrival at the first detector are functions
of the history of the source.) If the two detectors were identically polarized, the
phase difference would necessarily be zero. A non-zero phase difference arises
because the two principal polarizations in an elliptically polarized wave are 90o
out of phase, so if the detectors respond to different combinations of these two
polarizations, they will have different phases. With four data chasing five
unknowns, the solution will presumably be a one-dimensional curve on the sky,
but the problem has not yet been studied from this perspective.
. Three detectors have seven data: three responses, two phase differences and
two time-delays. The two time-delays are suffcient to place the source at either
of the intersections of two circles on the sky. For either location, the three
responses determine h, e, and rp. Presumably the phase differences would be
consistent only with one of these positions, thereby solving the problem
uniquely and incidentally providing the-phase differences as a test of general
relativity's model for the polarization of gravitational waves.

16.6 Data storage and exchange

Although the amount of data generated by a four-detector network will be huge.
I would argue strongly that our present ignorance of gravitational wave sources

* This discussion is verv dif ferent from previous ones I have given, e.g. Schutz (1989). In
these I had nor yet appreciated the importance of being able ro determine the phase
parameter independently' of the time-of-arrival. This extra information makes it possible
to solve the inverse problem with fewer detecrors than I had previously believed.
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makes ir important that the ciata shouici be archived in a form that is relativelvunprocessed, and kept for as rong a tim-e as possibre, ""*"iniy for severar years. Itmay be that new and unexpect"d ,our.", of gravitational uwhich wiii make it desirabre to go ou", ora datina ,.-ni., -'.";.=;'l,i,j,j!lll;new crasses of even* will be discovered by their "t."iror"gnetic radiation.possibry with some considerable deray after the event *oura have producedgravitationar waves, and a retrospective search would be desirabre. In any case.we have already seen that it will be imbetween si tes io, cross-corre r a,ion r.'lro"ltll' rf,'ff H:fl 

"'.TJj:l, rJil .l:
changed, it is presumabry atready in a form in which it can be stored.

16.6.1 Storage reguirements
we have seen in the inftoduction that a nerwork could generate 5000 0ptical discsor videotapes per ye:u. Data cornpression techniques and especiaily the discard-ing of most of the,housekeeping a^"rt"irrmes when it merely indicated that thedetecror was working satisfactoriry courd reduce this substantiatty, perhaps by asmuch as a factor of four. The cosi of the storage media is not necessariry triviar.whire videotapes are. inexpensive, opri""t discs of rarge capacity courd cost $250kat present prices (which wilr, hopefulry, come down). Addea to tiris is the cost ofproviding a suitable storage- ioor, personner to supervise the store, andequipment to make access ro rh" d"," "Ly.

!!..6:, Exchanges of dara among sites
we have already seen how i*po-n"ni-it w't be to cross_correlate the raw datasrreams' At a data rate. of some 100 kbytes per second, or even at 30 kbytes persecond if the data vorume is reducei as described above, one wourd havedifficulty using standard internation"t o"i" nerworks. But these nerworks arebeing constantry upgraded, 

3ld * in nu"l"ars rhe situation may be considerabrydifferent: it may be possibre, at reasonabb ";;;;;;j"r. shon high_bandwidth bursts of data regurarry J" opti""r-nur"-to-r"t"uit -to_optical-fibreroutes. Arternativery, a cheaper solution migtrt be a "*"i"rf opticar discs orvideotapes physically, accepting the inevitair. d"r";. ii]"""., firtered events
:ff:, :::T::ff"', T"Tfff :" 

data ne tworks, rh en',r'","-,,,"r" u. r... urse ncy

(i) P.rotocols, en�lysis and arc&iving
It will be clear frorn our discussion fat exch
require.careful ;il";"g and coordin"rron ,"nnog 

and jointly analysing data wilt
this end "r" in-" *li*"oo,, rt"g" no*,;Tnill:::jTJ?:J;'.:rfil:
Besides decisions on compatibte rriro*are, ,oftru"ru, data formats and modes ofexchange, there are a number of 'political, 

questions that need to be resolvedbefore observations begin- w" "."'J"litog *i,r, data that the groups invotvedhave spent riteraty decades or tr,"it rJ"n'iin? careers to be in a position to obtain.
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and the scientific importance of actual observations of gravitational waves will be
momentous. Questions of fairness and proprietary rights to the data could be a

source of considerable friction if they are not clearly decided ahead of time. A
model for some of these decisions could be the protocols adopted by the

GRAVIIET network of bar antennas, described elsewhere in this volume. Other

models might be international VLBI, or large particle-physics collaborations-

Some of the guestions that need to be addressed are:

. how much data needs to be exchanged;

. what groups have the right to see and analyse the data of other groups and
what form of acknowledgement they need to give when they use it;
. what powers of veto groups have over the use of their data, for example in
publications by other people;
. how long the proprietary veto would last before the data become 'public

domain' (the funding agencies will presumably apply pressure to allow ready
access to the data by other scientists after some reasonable interval of time);
. how long the data need to be archived.

Given the volume of data and the logistical complications of multi-way exchanges
of it, it may be attractive to establish one or more joint data analysis and
archiving centres. These could be particularly attractive as sites for any large
computers dedicated to the pulsar-search problem. These would collect the data
and store it, and perform the cross-correlations that can onli be done with the full
data sets on hand.

16.7 Condusions

In this review I have set out what I understand about the data analysis problem as
of September, 1989. Evidently, the field is covered very non'uniformly: coalesc-
ing binaries have received much more attention than pulsars or stochastic sources
so far, and protocols for data exchange are something mainly for the future.

Nevertheless, it is clear that questions of the t)?e we have discussed here will
inffuence in an important way decisions about the detectors: how man;" there will
be, where they will be located, what their orientations will be, what weights one
should apply to the various impoftant parameters affecting their sensitivity (e.g.,

length, seismic isolation, laser power) when deciding how to apportion limited
budgets to attain the maximum sensitivity. Other questions that I have not
addressed will also be important, particularly choosing the particular recyciing
configuration most suitable to searching for a given class of sources.

From the present perspective, it seems very likely that in ten years or so a
number of large-scale interferometric detectors will be operating with a broad-
band sensitivity approaching 10-22. The data should contain plenty of coalescing
binaries and at least a few supernovae: but the most exciting thing that we can
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look forward to is the unexpected: will this sensitivity suffice to discover

completely unanticipated sources? The best way to ensure that it does is to make

sure that our data-analysis algorithms and data-exchange protocols are adequate

to the task: given the enormous efforts being made by the hardware grouPs to

develop the detectors, and the considerable amount of money that will be

required to build them, it is important that development of the data-analysis tools

not be left too late. Solutions to data-analysis problems must be developed in

parallel with detector technology.
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where thc event ralc may bc many per year. Bccar:se the biaary's ""ctrurul"t d otUita pir.*'i*
!g narcuted to a &actioaal accur8cy < 10-3 ald relativistic effects are large, the wavc iorms will
be far srore complex and carry more iaformatioa than bss been qpcctea. loproved *"r," fori
modelbg is needed as a forurdetioa for exrractiag the waves'idormation, but it'not n*o""ry-io,
wave detection.

PACS nu:abers: 04.30.+x, (X.80.+2, 97.60.Jd, 9Z.6O.Lf

The.Last Three

A network of gravitational-weve interferometers (tbe
hg:r:* LIGO [rl, the French/srrian ftf,eO [2], and
possibly others) is ecpected to be operatiag by;be end
of tbe 1990s. The most promisiag waves for tb.is secwork
are loa the inspirai aod coalescence ofneutrou star (NS)
and black bole (BH) binaries [3,4], with aa estimated
eveur rare 66 - (3/par)[distaace/(200 Mp.)Jr [S]. fhi,
Letter reports initial results of c new r"seatch edrt tbat
is chaagiag orrr uaderstaading of tbese wErres; fr:rtber
details will be givea in tbe authors' papels cited in tbe
references.

.4, binary's inspirai and coalescence will produce two
gravitational wave forus, oae for s".h polarizatioa. By
cross conelating tbe o:rtputs of tbree or more interferom-
eters, both wave forms can be monitored and the source,s
direction can be determined ro withi! - 1 degree [1,6].We shall divide each wave fora into t*,o parts: tie
inspircl weu fott4 emitted before tidal distortions be
cooe noriceable (5 10 cycles before complete disruption
or nrerge! [7,8J), and the alalesene uaie fon1 emitted
during distortion, dicjuplieE, aad/or Eetget.

As the biua.ry, driven by gravitatioual radiation reac-
tioa, spirals together, its irupirai uaue lormsseeps up
ward in frequency / (it "chirps'). The iaterferometers
will observe the lest several tiousaad cycles of ilspiral
(from / - 10 llz to - 1000 Hz), folloved by coalescence.

Tbeoretical celculatioDs of the wave forms are geuer-
ally made r:siag the post-Neurtoni8s (pD{) approxination
to general relativity. Prwious calculations have focrxed
on tbe Newtoniaaorder wave forms [1,3,4,9J and on pN
oodulations of their r,.,plitude aad frequency [10].

We have recently lgrtized that the pN moduiations
are far less importaat then pfrf coatributions to the secu-
lar growth of tbe waves' phase e = 2r I Jdt, which arise
largely from PN corrections to radiatiou iesction [11,12].
The biaary's pa,rs,rDeters are determined by integratiag
the.observed (norsy) sigual agaist theoretical templates,
and if the signal aad 6enplate lose phase vith each other
by as little as one half cycle over the thousaads observed

as the sigaal sq/eeps through the interferomerers' band.
their overlap integrsi will be stroagly reduced. This sen-
sitivity to phase does nol meaa that accurate templates
are aeeded ia eearches for tbe waves (see below). How-
eve!, once the waves hatle beeo fouad, and if accurate
templates are ia haad, then from.the orbital phesing one
cao infer ea.h of the qrstem's parnneters l; Eo a! accu-
racy of order the &ange Ali whicb alters by rrnigy gls
s'n!93 of cycles.A/.y. speot ia the iaterferometers' band.

We shall asslume (as nlmosr always is the case) tbat
tbe biaary's orbit has been circularized by radiacion re
action [10J. Thes the only pararoeters ], that cal sig-
nificantly bfueoce tbe inspiral templare's phasing are
the bodies' mssses, vectorial spin aagular momenta. and
spiro-iaduced quadrupole Boments (wbich we shall ignore -
because, even for buge spias, they produce orbital phase
shifts no larger than - t f8J). More specificalll', tbe num-
ber- of cycles spent in a logarithmic interral of frequency,
d.Afq./ dh | = (L /2lr)@a / db f), E

dhf"y,
dl,Ef

5  1  [ r _ ( 7 a 3 - r 1 l l \ _ea@ l ' -  \ 33E ' -  7M ) '
-[nr + S.O.]zr'5 + [S.S.]22 + otzas)]. (1)

Here M is the binary's total msssr I! its reduced mre.,
and z = ftMf1zls = M/D the PN ecpa.cion paraneEer
(with D the bodies'separation and c = 6 = l). The pN
correctios- [O(z) tennJ is from [tS]. ln the pt.sN correc-
tion [O(el's) term], tbe 4r is created by the waves' in-
terection with the biaary's monopolar gravitational 6eld
as tbey prop8g8te from the aear zone to the radiarion
zone [iaJ, and the "S.O." deuotes concributions due to
spin-orbit coupliag [15]. In the P2N correction the "S.S."
iucludes spia-spin coupliag effects [l5l plus al expression
quadratic ̂  p/M. (For bodies with sizes comparable to
their seperatioas, tbe spi:o-orbit and spin-spin terms ate
of PN order; but the coups,ctnes of a BH or )..S boosts
them up to PI.5N and P2N, respectively; cf. ll5j.)

Since the leading-order, New.ton.ian conrriburion to
2984
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Eq. (t) gives sercral thonsEnd cycles in che iaterferooe
ters' baad. to be measurable tbe bigher-order corrections
need oaly be as la,rge as a part in several tbouaad, even
whes the sipd is only a little above tbe thresbold for
detectioq. It is this that gives Eessuretuests based oo
the waves' phasing their high poteutid accuracy.

The determioation of the binary's rDass€xt ald spils is
rnade possible by tbe 'rarions frequeacy degeadeaces ia
Eq. (t). Aadyric [11. 121 a^ud Moute Carlo [trl calcula.
tioos sbqw fiac (i) che clrirp moss M, = grls.rly'2ls [whicb
gove!$i the Nesrtoaien part of (1)l u'ill tylically be mee.
sured to a fes/ teatbs of a perceat, aad (ii) r/we sonehor
knew that the spias were small, thes tbe reduced mass
p vould be measured to - lVo for NS-NS aud N$BE
binaries, end - 3% for BH-BH binaries. (Eere end be
low NS lleaalr a - l.AMg leutron star and BII meaas
a - L0Mg black hole.) Thee accuracies assuae a aoise
spectruE whose shape is that of uadnanced detectorsn
[1], and tbe lse of srro detrtors with a.mplitude sipal-
to-ooise ratios of 9 ia each. Unfortuaately, tbe frequeacy
(e) depeadences of the rrarious terros in Eq. (1) are Dot
suficiently differeat to grve a clean separation betq'ecn
p and the spils. pygtininary estilr8ter [1U ia, which
tbe S.O. terur ia Eq. (1) was ta&eu i.Bto Eccoulr but qot
the S.S. terE, suggest tbat tbe spb/p correla,tios will
wolries the qpical accurscy of p by s fs,stor - 15, to
- L0% for NS-NS, - LSVo for r\$BH. arrd - 70% tor
BII-BH. Tbese qrcrseued accuracies migbt be i.uproved
sig-oiicantly by wave foru, srodulations caused by the
spin-induced precessiou of tbe orbit [t6l (see Fig. 1), aod
evea witbout urodulctioosl inforraation, s sgllnin qs6-
bioation of ;r and the spias wiil be deterroined to a fes'
pelceBt. Much additioual theoretical rork is oeeded so
fi.rur up tbe oeasuremeat accuracies.

AJthough the early, f0 IIz-50 llz part ofthe wave foro
produces ouly - L0% of tbe sigaal-touoise squared, it
accouuts for > SOVo of the nessurable cycles aad roost
of the mass-o,easuleruent scclrracy. It tbus is inports.ot
thac the interferometers acbieve gmd iow-frequency pe!-
forroaace.

From the above acculacie3, we egti:aate that, whea
seanhiag for iupiral siglals ia aouy dara, oae *'ill need
- 1,05 templates to cqves the poesible tralues of tuass€lt
and spins. Siace two othenrise ideotical cave forrns dis-
piaced by 3 os wi.tl have tbeir orrerlap iategfd reduced
substaucially, - 1015 telrpl8tgs pe! l€ar oust be inte
grated agaiust the data- The noise is eeqpected to be
Gaussiaa (thad€ to Eiteling wirh the tempiares aod
cross corelEtioa of detectors), aud tbrrs the probabil-
ity tbat any particular teopiate will produce a spurious
sigual-t+'noise retio S/lf > p in eacb of tvlo detectors
i. [":f.b/rt^lf . lg, p = (s,6,7), lertcQ/J\J2 =
(t0-tr, 10-16,'10-23). Thr:s au appropriate tlreilota
for deeection is .S/ff 2 6.0. Notice that, this tbresh-
old is quite insensitive ro our estimate of - 10ls tem-
plates,/year, and it was increased by oaly l0% (from S.i
to 6.0) by our discovery of che ricb infueace oi p and

loo 30 10 3 1 0.3 0.r 0.03
lime lo coalescenc€. sec

FIG. 1. This 6gure illustratca tbc importancc of spin-
induccd orbital preccsaioa (thc .&agging of inertial &ames"),
which bas bccn ignorcd in all previous discrjssioD! of gravita,
tional wsrrcs frorn inspiraling binaries. Herc a lilfo nonspin-
ning NS spiralr into a l0i4s, rapidly spianiag Kerr black hole
(spia pararactcr a = t). Thc orbital aagular momentum L is
incli!€d by a = 11,3 dcgrecs to the hoh's spin aaguJar mo
rncalun S, and tbc trrc prec-r arouad J = L + S. whosc
direction reraaias fxcd io lrps.c !s L = l/'j shlinlcs and S =
lSf = Min-o_roajar coDstarlt (L/S = (p/Ma)QrM !)-Ltr =
1$ ttz11lttt 5 t). tle precc=ioa of L arouad J, with pr+
ccssioa aag:lc p = a/(l + L/5) = 0.tl to 0.17, modulatcs rhc
warrcs by 5A - (0 to a)f x [nax(fr*, Ay )1, rhcre thc cocftcicat
depeo& oa (i) thc dircction to Eartb (bce out of rhe papcr)
and (ii) tbe oricntstion of thc dcrcctor'g 8nru (herc horizon-
td aad vcrtical for 41, aad rotstcd 45 degrccs for tr. ). Thc
figurc lhows thc *avc forms' modulational cnvclopcs (in ar-
bitrary utits, the sasrc for h+ and lrr). pararnctrized by the
rrarrc &equenc]r / aad thc number of cycles of oscllation be
tseen tbe iadicatcd ,f's. Thc ae6[ rrn!6s of ptecarsioru &om
/ to coalcsccogg_b trn* = g/U*)(Ma/p)(;rMl)'2/r =
20ll IQO 11")l''t". For turthcr details scc R^ef. [16i.

spins oa the orbital phase. For uadrraaced-deteccor seo-
sitidtiesn [U, N$NS iupirals will exceed this rfueshold
at distauca j I Gpc, sad BH-BH inspirals ar ! 5 Gpc.

We suspect that, wheu seoralitg for inspiral sipais,
it will be 5rf;sisat a 'r"g ge'plat€ accurare to Pl'sN
order; tbe oo,itted, higher-order correcrious will be com-
pensated by iacorrect estinares of tbe masses and spils,
aod the sigaals will still be found. Better 1rt will be a set
of templetes tbat spao the rauge of ocpected wave fora
bebaviors in su& a way 8s to minioize the computacionai
tine. Sucb templates rced to be derrcioped.

Altbougb highly accnrate weve fonn templares will not
be aeeded arfiga s€arching for waves, tbey rrnll be needed
whes extractiag the q'aves' iaformatioa. Ilaking opti-
mal use of the iaterferometels' data will require general-
relativity-besed wave form templates whose pirasing Ls
correct !6 a;ifhin a helf cycle or so during the encire fre-
queBcy sweep from - l0 Hz to - 1000 Hz. lVe essimate
that Pl'sN-order templates (the oost accurale cornpured
to date) will produce sJrsteaatic errors in p of order l0%.

By examining ar idgalired limit (;r < V and vanishing
spins), we have fousd tbat the PN erpansion conrerges
very slowly [14, 14. We caiculated the waves tron sucn
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a binar'v to high a'culacy 'sing the Te"kolslcy-Regge 
-hishlr aoalbear vibrations of spacelme curzEure) -ba

,q,:i"*;Yiill:**.-l:5:j:lyt*?lt:**: *g.&o #rtu.a discirisetd; see, e.e.. hr nnrr raro,o-^* r,.-_^i-fttine iFi{';.p;;' to tbe resurts, r" iurJi;;l'"'" ilT,'*Tf"Sff"fi:i:;!1#xtiffi.:lori.#t
Nrr, - lllerc - 5 W 

tsiag N$BH a'd NS-NS coalescence ro r1easure the N.<
ffi7 

= 
@ 

= 
56;:r"-.i mass-radius refatioa (aoIo *bia one caD infer tbe equa.

,.,,,,.,tr,gi_-il,_;Ei'_l.., ""i:t"'ff;"r"rlll$mHHil";:".",",",,
, - #t + 4n:cr-s - 4.922 - JGEJ+ tssr5 i-' fast, the Ns:lould di"rupi oJ*, *f;;;il;;;r;

e\ the BH. The NS disruptioo shouldte qui.t,Lliouf.aihe
Here dE / df is half tbe ratio of the changes of orbiral'J- fr{ goatesceuce of a NsNs linary: wirlris several orbitsergi dE and orbital frequency d(f /2)." il. orui, ,lrt"r", :T.:tTy 

sbouid get smeared. into a rougbly "*i"lly "y*-nd dE / dt is rhe power c*ri"d ;Fii ;;;;il;;: ff",i::"fi*1ti-on, .thgrebr ihutting "e iL *"G ii, s,The coefrcients in the deoo-;',ss6s'sfu;;;;;;; 311.. Tlt waves' inspiral frequency at the besinninp arThe coefrcients in the deoo-i'fs6r'"ior]'rlll:-- 
"":' 211. The waves' Tqit"l rtqu"o"ylt *.1"Jri'i"tr'"r

:"in"9 ao* *. n.t Jr other coe6aen[;;rI"HtJ: tidal dis:uptiou will'be /ta : i"7'rG"ir,ffi =l y t ica l ly .Thecoe6cien1|shas*.* ' "y-zz i ' i " * , (1 . j }Hz)@)/8xs j3,whereMNs
-#I.::L:n?131,,1j0%.. +'!''-t YY' and Rxs.are_tl"1""',*0.*.*;ri;G;;;;?,- 

1!vc; and the l3s, - s0%. 
-! -'v' t-v vvt and Rxs are rhe .""r r,id'i"ai* oi tl" 

,1",, 
;il?:;l&'e,can 

Te Ec. (3) to estinate bow the phase accu- only) neutroD st8,rr aad a is a factor.tor" ilf;r-;il;
:T1,^1"tf:::_:b:::!"1r: which the PN "'p;;; l^:*'"1_11t:*!_1,:l tbc mass and 'pi" oiir,. ;"*;-carried. compare a tem,plate "o*ru*J,rJi"E.-rrl ion. Since Mys will be knoqm from ihe ,"rrii, Lpirrrwith a P2N-orde.tem-plate latl ur.i ;t;.;;r; li: 

*T:, a Ee8sureneat of /.6 wiI re,veal ior;. 
-'

denominator of Ec. (3) oai;tedl. eai,tt d;;;; . 
Shoj noise may ptorot-tb" LiGo and vrico ,bork-

of iategration so the templa-tes ;* p;;f*d;t;br* ; !|:'" 
broad-baod intcrferometcrs from measuring .fra;70 Hz, where the detector bas maxinun -i*iri"i"y fr'i: P, 

specisl, nanmr-band, "dual r*y;l"d;;;;;;"**
3l* ,!. two templates fall our of phase ;l;;-[ :r. t22] m3l do the job. sucb'an iit"tr"r"-.i* ."urabelow 70 Hz and increases abo"e i0 H"t;; ;n'ffi Elre a siaple tres or ao" an-s*rer as ro wbether the wavesbina.v the phase differcnce has growu ;iff;;1"l TiT 

ft":sf its frequeury baad /o * ai'd*Iir yo,
j! H-z and 140 Hz, aad to tlree cyctes at ro nz ;Jljj tbe speccral deasity oi *"rne euergr in thai i*Jl,-*itl
Hz' If the template w€le conputud througfr-;N ;# an aroplitude sipal-touoise ratiolzll
rhere would be no substantij i-pro"ra""o1. tt is not ai .g

,if',"""'-$,';',::ili"*"i,:|i5#,;t# "T"|".ff fi ='ffi ffithe enrire raage from - 10 Hz to _ 40o tt", Uut ihe siow_ 
\ " 

(3)ness of the convergence suggests tbet new iu"loiquo "r" Here 7 is the photodiode eficiency, .16 the laser power,needed for computi4g t"-ltt"s to higber tt"*r"io.- "l"i li tbe fractionar rigbt power rost to absorptioa anione possible new techulu" it t v"irt-t "tr.oo.?e*- ,"r:rots in each bor:ac-e oda minor. By colecting suchsion'" This would be a variaut ef arrmstical,tL*rlg 
4 t;r a ur:aber of biaaries, with ,rarious cboices forwbich ooe expands io low-ers ?! ya = gE1at.1prfi1J il-u]olr"*oo-.to,s frequeacy /E, it shourd be possibre(a measure of rbe eEects ̂of ra.diatioi ,Jil a''iag one iJ rJ" ,l* /s6 fo.rarious gpes of biaaries, and rheucellllll- 9:tX tlQ - ei's (wit! z tbe PN faranetd is "r ,r" xs radius-ruess rerctiou.always < 1' this u,(p'neiou might couverge-quickly' The 

- 
e"--" foundation for these raeasule'e'ts, tbeoristsexpansion Eight begin witb e-Blsckb'rJ-Detweulr [rs] sroiauoaa tidal disruption in NS-BH biaaries aud tbetlpe nunerical solution of the Eilstei! equations witb ;;G;** of NS-NS binaries, to deteneine the depen-tgssding-wave bor.radery cond.itions. Ftom'the **aiog i"".? "r .fra ou .R *s "ot;; biaary,s other perarneters,wav€sr oDe can read oE the gravitational radiatioa the; ;&" ,U"ry "f iL" *.J"p*rum above /,a. (Suchresults when one scdtches to outgoing wa'es, aad thereby ;Jig is also d,riven by the possibility that tbese coa.iufer the wave forms ad inspiial ,fu-;--i*t order in l";; produce observed g'EEs-ray bursts 1241.)

,t/"*.i:L?fl::I:, 
chaueage to a.e a way to we ruro nst from a biaary,s coatescence ri ,,r,," ur"

we tum no* io-'" biaary,s inspirar wa1 r.orns. to $:"4:i:tr"?;*#"!"$il ?iir?;,":fi,H.T:its coolescene, uoue forms. By. the L"gir"i"g of coales- ;'r}5l,if, " Z t,the ircpiral wave forms will be mea_ceace' the binary's Par''?neters (nasses,-spins, geometry; sruea "stnctio nsot t*i;ttJtia", and correspoodingiywill be known with fair accurscy, and from itr r."ro tu" ;-";-;,x depend on and reveal the *redshifted mssses,natue of its bodies (BH versus NS) should be 1*" .""ro.*.J'J,"i'r"-." .- ;h* t" #i1;lF; If;;lT: -"r"*tg#* *ffi;iffii'r#issues in tbe ph-vsics of gravity and atorniiiuclei. For ;;"fu 4 |rfg..isrrning (as obserrarions suggest) thatBH'BH biaaries' the issue to ue prouJ-fr"tf*"-putua", N-J;;* in binaries "ru"t", strongry around r. Me,
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one call estiaate I * z as the observed Mxs divided by
L.4Mo: From a iarge uunber of such measured (l + z)'s
and r4's, one carr deduce the Universe,s redshift-distance

(') Perzrases! addresr: 
?^"_p: 

of Elecsrical Engineering,
MIT, Cambridge, MA 02139.

relagion and thence its Hubble constant ffo = Ao x 100
km s-l Mpc-1, dersity par'merer O6 = (8:r/3)( n/ Hil,
and cosrnological constaat A = 3If3lo.

We have carried out simuletions of such a deterzrisa-
tion of cosmological para.steters [25], assnraius (i) the
IIGO-VIRGO necwork with three identical iarerferom-
eiers whose noise spectra hg'rc the "adrz.uced detector"
shape of R€f. [tl, (ii) distaace enors Lrsf r1 = (2/ p)x(a,
funclion, ) 1, of the binary directioa aad orieutation),
and (iii) rlsss errols AM6/M711 = L.4/p; bere p is the
amplitude sigl,al-to.uoise ratio. By contrast with electro-
magletic cosmological rnessuleEteBts, which su.ffer from
light abrcrptioa aad soulce evolutioo, this method will
sufer jnst one tj?e of propagadoa noise (gravitatioaal
Iensing by pass inhomogeaeities), and probably no et/o
lutionary eEects (it seeos rrnlikely glsg the NS rlass spec-
truo nrill depend oa cosoological egoch).

Our simulerions [25J show tbat gravitational leqs ooise
sbould be negligible compared to detector uoise, and
they suggest the following ouesig:ua ecors itr ghe cos-
mological palemetelri inferred ft,oo NS-BH binary mea.
sureaents. (i) Ano = 0.01.1/(i7Z)-L/2 fot it 5 3,
where iy' is the detectors' noise (sttaia/ ,ffi) in rrnits
of the uadvanced detector" level shown in fuf. [IJ, R
is the event rate in units of the best estinate,-l00
yr-l Cp.-:, asd i is the obsenarion tise ia yeers. (ii)
I[ a "compecg" rrnivsls€ (fo = l, Oo = l, I = b),
A{?e = 0.rt/2(iR)-t/2 e;,d A)q = 0.2.ffr.51;p;:rlz 6o,
N 5 t. (iii) in a "spacior.E' univer:e (rto = O.S, ilo = 0.2,
|}o =_0): Aflo = N3(iB)-t/z aad A.\e = Nz.s(i7-)-Lti
for .f/ ! 0.75. For EeasulerneBts based oa NS-NS bi-
naries rather than N$.BH, the fact that one c8!, use
the highly a.curate chirp oass to deduce the redsbifg
iruteed of the much less accr:rete Mps does uot sigai.6-
caatly compessare for the weaker NS-NS sigaal streagth;
consequeatly, the NS-NS-based errors are apprciaateiy
as quoted above for N$BH, but with .l/ replaced by 2N.

Tbese eccuracies suggest tbat, if errcat rate: Ere ss cur_
reutly esti.raated, iateresting cooological Eleasureuteors,
bepod deteruriaiag fu, caoaot begin uatil she detector
sessitivities ;gr-h gls uadnaaced detector le.rcl."

Some of the issues djscussed cbove barc implications
fo5 a.possible future spac+based iaterferomtu, LAGOS,
which would operate iE she bssd O.OOO1-0.03 IIz f261.
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TECTUR^E 4.
IDEALIZED THEORY OF INTER^F'EROMETRIC DETECTORS - I.

Lecture bY KiP S. Thome

Assigned Reading:
A. "Gravitational Radiation" by Kip S. Thoroe, in 300 Yeors of Grouitotion' eds- S. W.

Hawking and W. Igrael (Cambridge Uuiversity Preas, 1987)' pageE 4L4425; ending at
beginning oJ first firll paragraph on 425. [ThiE material uses the phrase beam iletector
for an interferometric grouitotional-waae detector. The principd results quoted in this
lecture are derived in the exercise below.]

G. The following portions of "Chapter 7. Diftaction' from the textbook ma,nuscript
Apptications of C|assical Physics by Roger Blaodford and Kip Thorne: Section 7.2
(p"go 7-2 to 7-7), and Section 7.5 (pages 7-2O to 7-27). [Thia material develops the
foundations of the theory of diftaction (Green's theorem and the Helnholtz-Kirchoff
formula), ocplores semi-quantitatively the spreading of a transversely collimated bern
of light, develops the formalism of poroxial Fourier optics for andyzing quantitatively
the propagation of collimated light bea,ms, md uses that formalism to derive the
evolution of the cross sectional shape of a Gaussian bea,m, of the sort trsed in IIGO.J

Suggested Supplementary Reading:
H. A. E. Siegpan,, Losers (University Science Books, Mill Valley CA, f986), chapter 17,

"Physical Properties of Gaussian Beams.n [This chapter develops in full detail the
paraxial-Fourier-optics theory of the manipulation of Gaussian bea,ms by a system
of lenses and mirrors, and the shapes of the Gaussian nodes of an optical resonator
(Fabry-Perot cavity)J

A Few Suggested Probleme

l. Shot Noise. Reread the discuseion of shot noise on pages &20 and S21 of Blandford
and Thorae, Ronilom Processes (which was passed out last week). In that discussion
let the random process y(t) be the intensity I(t) = d(energy)ldt of. a laser beam, and
let F(t) be the inte-nsity carried by an individual photon, which has frequency a.
(a) E:cplain wny F(O), the Fourier transform of F at zero frequency, is the photon

energy lu,r.
(b) show that the spectral density of / (the usbot-noise spectnrm") is

Gili l  = 2lfw, (1)

where f- is the beam'g mean intensity.
(b) Let N(t) be the number of photons that the bea,m ca,rries into a photodiode

between time t and time t * i (so f is the averaging time): iv(t) = fi+' t1t'yt''



This nf(t) ie a linear functional of. I(tt). Ue€ the theory of linear eig-al proceesing

to derive the spectral density GNU) of N(t), and then compute tbe mean square

fluctuationsoflfr (ory;, = fo- GNU)df . Yourresultshouldbeoy = fr,where

lT ie the mean ntrnberof pLotons that arrive in the averagiug time f. This iE
the standard "square-root-of-N" fluctuation in photon arrival for a laser beam.

Reciprocity Relations for o Minor ond o Beom Sptitter. Modern mirrons, beam split-

ters, and other optical devices are generally made of glass or firsed silica (quartz), with

dielectric coatings on their surfaces. The coatings consist of alternating layers of mate

rialE with different dielectric constante, so the index of refraction n varies periodically.

If, for example, the period of n's variations is balf a wavelength of tbe radiation that

impinges on the device, then waves reflected from euccessive dielectric liayers build up

coherently, produci,ng a large net reflection coefficient. In thig exercise we shall derive

the reciprocity relations for a miror of thia t1pe, with norrrally incident radiation.

The generalization to radiation incident from other directions, and to otber dielectric

optical devices is straightforward.

The foundation for the analysis ie the wave equation,

(-#."fo*) '�h=o
satisfied by any Cartesian component r/ of the electric field, and the assumption that

ry' is precisely monoctuomatic with angular frequency ror. These imply that the spatial

dependence of r! is governed by the Helmholtz equation with spatially variable wave

number k(x) : n(x)ulc: Y'rh + k''lh :0.

P t , I Y . , = f " r t

ffil
?o-=t Vr, , - fi,-  l -

l -  -

I q'1., = v' Qv,
Let waves t;eik'impinslng perpendicularly (z direction) on the mirror from the "un-

primed" side produce reflected and transmitted waves treib' atd r!2,s;h'; these waveg

and their correspon.ling r/ inside the mirror are one solution tr of the Helmholtz

equation. The complex a,mplitudes of this solution are related by reflection and trans.

mission coefficients, *r : rt!;, rht, = t'rlt;. Another solution, rls2, corrsrsts of incident

waves from the opposite, "primed" side, ry';,s-i&z *1d reflected and transmitted waves

,h,uelibn, rl4e-ik', and the corresponding r/ inside the mirror; and this solution's com-
plex a,mplitudes are related by ,ltr" : r'ti,,, t!2 = ttl:;'.
(a) Show that rh obeys Green's theorem [Equation (7.3) of Blandford and Thorne]

tbroughout the miror. Apply Green'e theorem, with ry' and do chosen to be

various pairs of tr, ,lrz, Itti, ,tt; (where the star denoteg complex conjugation).
Thereby obtain four relationships between r,, t', t,, and t'.

(b) Show that these relationships can be written in the form

, = fr.e2i7, r' = -rnre2iP', t = tt - rrFTe;(9+l'),

2



' r
I
i where 0 nd l3t ue uncotrstreined phases, and R and T, the power reflectioa and

transmission coefrcients are related by

R * T = 1 ,

whidr is just energy conservation.

t
b e a.-. - .191. btt-,-' :  ' -

(2)

(c) Show that, if one moves the origin of coordinates as seen from the r:nprimed side
by 6z - -k?,,1nd 

lnoves the origin aa seen from the primed side by-62 - +kp,,
one thereby will make all the reflection and transmission coefrcients real:

- t = t t = f r ,  f = - r t = f r , .

Thus, with an appropriate choice of origin on each side of the mirror,
cients can always be made real.
The sa,me is true for the reflection and transmission coefficients of any other op.
tical device made of a lossless, spatially rrariable dielectric. In particula,r, for a
perfect, 50150 bea,m splitter, the transmission coefficient becomes, with appro-
priate choice of origins, t/tfz from each anjl every one of the four input porrs,
and the reflection coefficient becomeg +Urtfrom the input ports on one side of
the bea,m splitter and -l/rt from the input ports on the other side of the beam
splitter. These results are summarized by the fouowing figures:

Yhrrror^ '
-

tr-l

2' bawfer Frtnction ond Photon Shot Nobe for a Deloy-Line Interferometer In class,
Kip derived the "tranfer functionn for a deliay-line interferometer in tt " ti*itiog regime
where the wavefonn n(t) is nearly constant during the time 2BL/c that the ligf,t i,
stored in the interferometer arms (during B ror.rnd trips in An arm whose lenghis I).
His result was

Ipo(t) = Ir (t) + ztFtnAkLh(t)
where -Io is the mean laser input power entering the beaursplitter, I1(t) is the (slightly
fluctuating because of shot noise) interuity of the light fadng orio th" photod.iode in

(3)

the coeft-

' JJ Vs) l.-
t :- , lG_

%, '*^

%*
ryJ\I

4=,,^
(4)



the absence of a gravitational-wave signal, .[1 is tUe mean intensity oato the photodi-
ode, B is the number of round tripe in the arms of the interferometer, /c : u lc - 2n l\"
is the light's wave number, .t is the arm length, and h(t) is the gravitational waveform.
Kip used this and the shot-noise spectral density tEq. (1) above] to derive the following
expression for the shot-noise contribution to the interferometer's gravitational-wave
noise output:

Gilf) =
2Io(BkL)z

(a) Use the same method of analysis as Kip did in class to derive the transfer function
when the gravitational wave ie sinusoidal in time with angula,r frequency dl : 2rt,
i.e. when h(t) : ho cos(Ot) = hoReal(e-ot), with a frequency / high enough
(gravitational wavelength short enough) that the waveform rrrnwrry significantly
while the light is stored in the arrna. Your reeult ghould be the same as Eq. (4),
with B replaced by

fa)

B" t - " "W,  h=# : 119H2

M '

(5)

(6)

(b) Show that the shot-noise contribution to Gn(f) has the form (5) with B replaced
bY B"n.

bonsfer hnction ond Photon Shot Noise for a Fobry-Perot Interferometer.In class,
Kip showed that for a Fabry-Perot interferometer in the regime of slow variations of
h(t) the transfer fi:nction and photon shot noise have the forms (a) and (5), with B
replaced by

8 " 4e :(ffif (7)

where R is the power reflectivity of the interferometer'g comer mirrors and where it
is assumed that the end mimors are perfectly reflecting. Show that, if the variations
of h(t) are not assumed to be slow, then the transfer firnction (for monochromatic
gravitational waves) bas the form (a) and the shot noise contributiot fo G{f) h""
the form (5), with B replaced by

^ B1 5 " f r = m ,

where.fo is as in Eq. (6) above.

(8)
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LECTUR.E 5.
TDEALTZED THEORY OF INTER.F'EROMETRIC DETECTORS-IT.

Lecture by Ronald W. P. Drevet

Assigned Reading:
I. R. W. P. Drever, "Fabry.Perot cavity gravity-wave detectorel by R W. P Drever,

rn The Detection of Gravitationol Waaes, edited by D. G. Blair (Ca,mbridge Uni-
versity Press, 1991), page 306-317. [ThiB is a qualitative overview of Fabry-Perot
gravitational-wave detectors, with emphasis on recycling in the later part (p"go 3L2-
317).1

J. B. J. Meera, "Recycling in laser-interferometric gravitational-wave detectora,' Phgs.
Reu. D, 3E, 23L7-2326. tfhis ie the paper in which Meers introduced his idea of
dual recycling and sketched out its featr:ree. You are not e:cpected to master dl the
equations in this paper-which Meers just gives without derirration-but you might
try deriving some of the equations as a homework exercise.]

$"ggestd Supplementary Reading:
K. B. J. Meers, Physics Letters A, %e frequency resporurc of interferometric gravita-

tional wave detectors,' Physics Letters A, 142,465 (1989). [In this paper Meers
discusses in some detail the frequency responses and e€nsitivitiee of wrious configu-
rations of recycled interferometers.]
B. J. Meers and R. W. P. Drever, "Doubly-resonant signal recycling for interferomet-
ric gravitational-wave detectors.' (preprint) [This paper introduces a new recycling
configuration, not considered in previous papersJ
J. Mizuno, K. A. Strain, P. G. Nelson, J. M. Chen, R. Schiling, A. Rudiger, W. Win-
kler and K. D^nzman, "Resonant sideband extraction: a new configuration for inter-
ferometric gravitational wave detector€,' Phys. Lett. A, LTE,273-276 (1993). [This
is yet another recycling configuration]
R. W. P. Drever, "Interferometric Detectora of Gravitational Radiation," in Grati-
tational Rodiotion, N. Deruelle and T. Piran, eds. (North Holland, 1983); section 8
(p"ge" 331-335). [TbiE i8 the article in which Drever first presented in detail his ideas
of power recycling and resonant recycling.l

M.

N.



A Few Suggeeted Proble'nr

Note: Of all configurations for a recycled interferometer, the only one that ig reasonably
easy to analyze is power recycliqg. For thie reason, and becaus€ this is the tlpe of recycling
planned for the first LIGO interferometers, I have drosen to focus solely on power recycliqg
in the following exercises. - Kip.

l. Simplifieil Configurotion of Nested Covities thot llhstrates Power Recycling: Consider
the configuration of two nested optical cavitiea showu below:

R. R. = 1-  to-a G" = l -rD-s

-- 
-

t* .  i r r ' r .  c,ar ib -- .  -- . r '
( Sr-lrezvit:r)

All tbree mirrors are assumed ideal in the sense that they do not scatter or absorb any
light; therefore each of them satisfi€ the reciprocity relafions of Assignment 4, Eq. (3).
Assume that the pon'er reflectivities of the subcavity are fi:ced: R, is the highest reflectivity
the experimenter has available; 7?" is a much lower reflectivity, carefirlly designed to store
the light in the subcavity for a chosen length of time. What reflectivity R' should the
recycling mirror have in order to maximize the light intensity in the aubcavitS when both
cavities are operating on resonance? Use physical reasoning to guess the answer before
doing the calculation.

2. Optimization of o Power Recycled Interferometer. Consider the power-recycled inter-
ferometer shoum below.

Re

G.. 6?"

e - L

Suppose the interferometer is operated with the photodiode very near a dark
fringe, so the light power 12 is many orders of magnitude less than /t. As in
exercise 1, let R" and R. be fixed. How should R, be choeen to maximize the
power in the interferometer:s' two arms? Guese the answer on physical grounds
before doing the calc-rilation.
Again, suppose that Iz is many orders of magnitude less than Ir. Let a low'

. t a
qe,

t
L

I
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frequency gravitatioira'l s'tte (onc with zifEE[c k I where B = 4l(l - R,") is
the effective number of round trips in the a,rms) impinge on the interferometer.
How should R' be chosen so as to rnaximize the gravitational-wave sigqal to noise
ratio in the interferometer? Guess the answer ou physical grounds before doing
the calculation.

c. Suppose that the mirrors in the two arms are slightly imperfect, and their imper-
fections carse a mismatehing of the phase fronts of the light from the two a,rms
at the bearn splitter. As a regult, the ratio 12 f 11 = c has some modest value (e.g.
0.01) instead of being arbitrarily small. In this case, how should R; be choeen so
as to maximize the signal to noiee ratio? GueaE the answer on physical gror:nds
before doing the calculation.

3. Scoling of Photon Shot Noise aith Arm Length. We saw in Kip's lecture that, if
one has mirors of suftciently high reflectivity and one us€ a simple (nonrmycled)
interferometer, then the photon shot noise hr-" = tMG, is independent of the
interferometer's arm length.
Suppose, in^ctead, that (i) the highest achievable power reflectivity is R = I - 10-5, (ii)
one can do as good a job of phasefront matching at the interferometer as one wishes,
so in the above drawing I2f 11 = o can be made as small aE one wishes, (iii) one has
a fixed laser power 16 (say, 10 Watts) anailiable, (iv) one operates the interferometer
in a power-recycled mode, as in the above figure. Show that in this case the photon
shot noise hr-" scales x l/fr in the full IIGO frequency band (a result quoted on
page 314 ofRef. I).
Note: Another example of arm-length scaling is described on page 316 of Ref. I: A
resona.nt-recycled or dual-recycled interferometer looking for periodic gravitational
s'aves, e.g. from a pulsar, has photon shot noise hr^ x lf L.
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OVERVIEW OF A RSAL INTERT'EROMETER
Leture by StanJeY E. Whitcomb

Assigned Reading:
O. D. Shoemaker, R. Schilling, L. Schnupp, W. Winkler, K. Maischberger, A. Riidiger,

..NoGa be-havibr of thC Garching 3Gmeter prototlpe gravitatioaal-wafe futCrferome
te4" Physical Review D, 3E, 423-432 (1988). lThis is a fairly complete description of
a pr-ototypc dctay-line interfcfometer, with all the complications of a real device:]

P. The first one or one and a half chapterg of any introductory text on servosystems
(also called closed loop control systems or sewo loops). Don't llbor slavistrly over
the mathematical dsfails, but do try to get a {eel" for how servo loope work. One
possibility for this is the first chapter of Benjarnin c. Kuo, Automotic control systems
(Prentice-Hall), which is being passed out to the clase. Note that this chapter is very
qualitative; you might want to dig into other books for more quantitative detail.

Suggested Supplementary Reading:

n€ad more deeply into your favorite servo text.



A Few Suggested Problems

!, Gorching P.totgpe. There was a discrepancy between the observed and predicted

noise spectrrrm in the Q6ehing;;"t6. -Fig.tu 
4 of Beference I above)' The

spectnrm's shape is about right, "igg*6frg that-navbe the Garching grouP identified

the right noise sources but madel ".fiUotion erior that produced the numerical

disagreeoent. On the other haod, the disagreement i". "p, qry-t:Li factor 3' which

seetns a large error for a group fi;t;guo.i"lty regarded aE very careful' What do you

think about this? What informatioo io tb" paPer night lead you to oue conclusion or

a,nother about the discrePancY?

2. Exomple of a Sentoloop. Consider the following servo loop in an electronic circrdt' It

is designed to strongly suPPrGs tU" i"p"l vohJge Yio at freq'encies well below some

cdtical freq'ency oo, and puo tUu "oftu signal norlor less t-tUtogud at frequencies

well above r.ro. For the values .ith" t;t-t-pUgo g"i" qTd.fhe resistances and

capacitances shown in the gg,ttu,-*L"t ig the h"q,t*"y wo? Is there any frequency

region in which the senro is ursdutq in the sense that it strongly anptfies tbe input

voltage signal (i.e., it oscillates ji; G;,"-pUt"a" when a soall amplitude stimulus

is applied)? If so, hour might il .h-g"-ih" circuit to get rid of the r:nwanted

amplification, wbile maintainr.g";; tl@ So{ of voltage suPpressron well below

uo and,passing the signal *otl"a *"U-"Uoyg uo? lqote(for theorists who might uot

know such things): The device s;il;J€:.-is 
j"ohage anplifier with gai! G and

it can be regarded as bavins io6rrit";p"t imEdance andiero output impeda'nce; the

device ,r,-b;;; F- ;*""* an outpui that is the differeoce of its two inputs'

and it "r, b;;;;d& r"'U".,iog infinite input impedances.]
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7 Diffraction
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tun{- . 'a ,  I  €^J 3, re usr j  r i , r  P\^r j r , )

7.1 Overview

The previor:s chepter was devoted to the classical mechanics of qarrc propagation. We
sbosCd how sotutions of a classiCal *ave equation could bi solved in the short wavaengtn
approximation to yield Eanilton's dynamical equations. We then specialized to stationary
media, as we shall continue to do in tbis chapter. Undc these conditions, the frequency
of a wave packet is constant. We imported a result from dassicat mechanics, the principle
of stationar5r action, to show that the true geometrical optics nays were those paths along
which the action or the integral of the phase was stationar5r. Our physical interpretation
of this result was that the waves did indeed travel along every path, from some source to
a point of observation, where they were added together but they onty gave a significant
net contribution when they could add in phase, along the true rays. This is, essentially,
Huygens' model of wave propagation, or, in moder:r language, z wth integroL

Euygens' principle asserted that every point on a wave front acted as a source of sec-
onda4l waves that combine so tbat their envelope constitutes the adran"irg wave front.
This principle must be supplemented by two ancillary conditions, that the secondary waves
are only formed in the direction of wave propagation and that a 90o phase shift be intro-
duced into the secondary wave. The reason for the former condition is obyious, that for
the latter, less so. We shall discuss both together with the formal justification of Euygens'
construction below.

In this chapter, we begin our exploration of the qwave mechanics" of optics. This
differs increasingly from geometricat optics as the wave frequency decreases. The number
of paths that can combine constructively increases and the rays that connect two points
become blurred. In quantum mechanics, we recoguize this phenomenon as the uncertainty
principle and it is just as applicable to photons as to electrons. Solving the wave equation
exactly is almost always too hard except in very simple circumstances. As we have empha-
sized, geometrical optics, like dassical mechanics, is one approximate.method of solving
the firnda'mental wave equation in the short wavelength linit. We mnst now develop *"nrt
approximate techniques when geometrical_optics becomes iil/alid.

We begin by making a somewhat artificial distinction between pheaomena that arise
when an effectively inffnifg nurnber of paths are involved which we call diffrzction atd
which we describe in this chapter, and those when a few patbs, or, more correctly, a few
tight bnndles of rays are combined which we term interfercncq and whose d.iscussion we
defer to to the next chapter.

In Sec. 7.2,, we shall present the Flesnel-Helmholtz-Kirchhoff theory that gnderlies
most elementar5r discussions of diftaction, aod we shall then distinguish between Flagn-
hofer diftaction (the lirniting case when spreading of the wavefront mandated by the
uncertainty principle is very important), and Flesnel diftaction (which arises when the
diftacting screen is observed from much closer and it is the phase nariation across the
screen that is ftg dsrninant physical effect). In sec. 7.3, we shall illustrate Flaunhofer



7-2

diftaction by computing the expected angular resolution of Hubble Space Telescope and

in Sec. 2.4, weshall anJyze Flesnel diftaction and ilh.rstrate it using lunar occultation of

radio waves and zone plates. Many contemporary optical devices are regarded as liaear

systems that transforrr an input wave sigual and produce a linearly related output. Tbeir

oieration, particularly as image processing devices can be considerably enhanced by pre

cessing the-sigual in the Fourier dsprin, a procedure known as spatial filtering. We shall

illustr4e these ideas in Sec. 7.5 usi'g the phase contrast microscope and Gaussian beams'

Finally, in Sec. 2.6 we shall rnallz" tU" effects of diftaction neaf, a canrstic of a wave's

phase-field, where geometric optics incorrectly predicts a divergent -agaification of the

o"rr". As we shall see, diftaction nakes the maguification finite.

7.2 t{gtrnhs!f,2- Kirchhoff bdegral

In this section, we shall derive a formalism for describing diftaction. We shall restrict

our attention to the simplest (and fortunatety the most widely usefuI) case:.a scalar wave

with field variable { of frequency w = ck that satisfies the Helmholtz equation

7. Diffraction

V2rl, +k'rlt = O

e>ccept at boqnda,ries. Generally ry' will represent a real rralued phfieical quantity (although

it may, for mathematical convenience, be grven a complex representation). This is in

contrast to a quantr,'r,mechanical wave firnction satisfying the Schr6dinger equation which

is an intrinsically complex firnction. The wave is monochromatic and nondispersive and

the med.ium is isotropic and homogeneous so that Ic can be treated as constant- Each of

these assurrrptions can be relaxed with some technical penalty.

The scalar formalism that we shall develop based on Eq. (7.1) i6 fully valid for weak

sor:nd waves in afluid, e.g. ab (chap. 15). It is also fairly accurate, but not precisely so, for

the most widely used application of aift""tion theory: tbe propagation of electromagnetic

waves in vacuo or in a medium with homogeneorul dielectric constant. In this case / cart

be regarded "" oo" of the Cartesiao components of the electric field vector, e.g. E" (or

equally well a Cartesian component of the vector potential or the magnetic field vector)'

In nacuo or in a homogeueo-ss dielectric meditrm, Marcwell's equations imply that this

t: E, satisfies the scalar wave equation and thence, for fixed frequency, the Eelrnholtz

equation (?.1). Ilowever, when the wave hits a boundary of the medinm (e.g. the edge

of an aperture, or the sgrface of a mirror or lens), its interaction with the boundary ca'n

couple ih" orio* components of E, thereby invalidating the simple scalar theory we shall

develop. Fortr:nately, tnf potarizatioual coupling is usually very weak in the paraxial

(small angle) l;miXps6 also gnder a rrariety of other circumstaoces, thereby making oru

simple scalar formalism quite accurate-

The Helnholtz equation (7.1) is an elliptic, linear, partid differential equation, and it

thus permits one to e:cpress tie rralue tp of { at ag1y point P inside some closed surface

55 as an integral orr", .S of some linea,r combination of. t! and its normal derinative; see

Fig. 7.1. To derive such an expression, we first combine the actual wave ry' in the interior

of 5 with a second solution of the Helmholtz equation, namely

(7.1)

"ikt

$ o :  T '
(7.2)
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lllfi"

FiS. 7.L Surface E for Helmholtz-Kirchhotr Integral. The surface .S' surrounds the
obsernation point P aurdV is the volume bounded by these two surfaces. The aperture Q is

irrelevant to the formulation of the Helmholtz-Kirchoffintegd, but appears in subsequent
applications.

This is a spherical wave originating from the point P, altd r is the distance from P to the
field point. Next, we use Eq. (7.1) to prove Green's theorem:

l"*",@o'ho 
- rhovrh) 'ds = 

lu{*v"*o 
- rhoV2rl,)dv

= Q .

Eere we have introduced a second surface, a smdl sphere 5' of radius r' $rrounding P;

and V is the nolume between the two surfaces. As we let the radius r' decrease to zero,

we find that, $Y$s - rlroV{t - -{(0)lrn + O1t1r') "nd so tbe integral over 5' becomes
* 4trtlry. Rearranging, we obtnin

(7.3)

(7.4)*p:* l"as'( tvf  -*"r)

where the element of surface dS is directed inward as shown in Fig. 7.1.

Equation (7.4),known as the Hehnholtz-Kirclhoff tormulo, is the promised expression

for the field r/ at some point P in terms of a linear combination of its value and normal

derirrative on a bounding surface. The specific combination of r! a.nd dS 'Yt tbat apPears

in this formula is perfectly immr:ne to contributions from any wave that might originate

at P and pass outward through 5 ("oy uoutgoing wave"). The integral thr:,s is influenced
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only by waves that enter V through .S, propagate through V, alrd then leave through S.

Moreover, if P is many wavelengths away from the bormdary .S, theu to high accuracy

the integral is influenced by the waves d only when tbey are entering tbrough 5 (whea

they are incoming), and not wben they are leaving (outgoing). This fact is important for

applications, as we shall see.

Difrraction by on Apeftuv

Next, let 1s suppose that some aperture Q of. sirze much larger than a Yravelength but

much smaller than the distance to P is ilhrminated by a distant wave source (fig- 7-1).

(If the apertgre were comparable to z ravelength ia size, or if part of it were only a few

nravelengtbs from P, then pola,rizational coupling effectg at the aperture would be large;

ogr assgmption avoids tbis complicatiou.) Let the eurface 5 pass thro'gh O, and denote

by ,h,the wave incident os Q. We assume that the diftacting aperture has a local and

tio""" effect on {'. More specificallg we suppose that the wave transmitted through the

aperture is given by
the =t lt '  ,

where t is a complex transmission firnction that varies over the apertnre. In practice, t is
gsually zero (completely opaque region) or unity (completelytransparent region)- However

t can also represent a variable pbase factor when, for exa,mple, the aperture comprises a

medium of variable thickness and of different refractive indsc from that of the homogeneous

medinrn outside the aperture.

What this formalism does not allow,. though, is that 4tA at any point on the aperture

be influenced by the save's interaction with other Parts of the aperture. For this reason'

not only the apertnre, but any structure that it ssaf,ains must be uurny wavelengths across.

To give. rpu"ifi" example of what might go wrctng, suppose that electromagnetic radiation

is normatty incident upon a wire grid. Surface currents will be induced in the wires by

the wave's electric field, and those currents will produce a secondary wave tbat cancels the

primary $avs irnynediately behind each wire, thereby ueclipsingn the wave. flowever, if

lhe secondary wave from the currents flowing in the next wire is comparable with the first

wire's ,""ood"ry wave, then the transmitted net wave field will get modified iu a complor,

polarization-dependent manner. Such modifications are uegligbte if the wires a,re a number

of wavelengths apart.

Let us noq' use the Eelmholtz-Kirchoff formula (7.a) to compute the field at P due

to the wave $g -- t$' transmitted tbrough the aperture. Let the surface S of Fig. 7-1

comprise the alefture .9 comprise the aperture Q, a sphere of radius R > r centered on

P, and the linear extension of the aperture to meet the sphere; and assr:me that the only

incoming waves are those which pass tbrough the aperture. Then, as noted above, when

the incoming waves subsequently pass on outward through.S, they contribute negligibly

to the integral (7.4), so the only contribution is from tbe aperture itself. 1

I A"t.r"lly, the iacoming waveg silt diffract around tbe edge of the aperture olto tbe bacl aide of the ecrees

that bouada the aperature, i.e. tbe ri<ie iacing P; *d this difrtscted tave t'i!l contiibute to tbe Helaaboltz'

Kirchbof iotegral in a poladzation-dependent way. However, becaure the diffracted wave decaye along tbe

(7.5)
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on the aperture, because kr ) 1., we can write v(ei," 14 = -ikneib /r where n is
a nnit vector pointing towards p. $irnilslg we write 9rl, = i*/rntt!', where n, is a lnit
vector along the direction of propagation of the incident wave, and where our assumptions
have permitted us to ignore the gradient of t. Inserting these gradients into the Helrnhoitz-
Kirchof formula, we obtain

I ttr - -* 
l"*

d,p=lff i i t(k'+k).ds (#)

(---) *'r' (7.6)

Equation (7.6) can be used to compute the wave from a small aperture at any point in
the far field. It has the form of an integral transforo of the incideut field variable, ry'', where
the integral is over the area of the apertr:re. The kernel of the transform is the product of
several factors. There is a factor 1/r. This guarantees that the flux falls off as the inverse
square of the disf3sgs to aperture as we nigbt have expected. There is also a phase factor
-i,e;b which adrrances the phase of the wave by an a,mount equal to the optical-path length
between the element of the aperture aad P minus r/2. \\e amplitude and phase of ihe
s'ave can also be changed by the transmission firnction t. Finally there is the geometrical
factor aS ' (n + d)/2 which is kaocm as the obhqltitg facton This factor ensures that the
waves from the aperture propagate only forward with respect to the original vrave, and
not badrward (not in tbe direction n = -n'). More specifically, tbis factor prevents the
backward propagating secondary wavelets in Huygens constmction from reinforciag each
other to produce a back-scattered save. When dealing with para:rial optics (later in this
chapter), we can usually set the obliquity fqctor to unity.

It is instructive to specialize to a point source seen through a small diftacting aperture.
If we suppose that the source has unit strength and is located * P , a distancl r' before
Q, then 4t' : -sibr' f  trr'; nd tlp can be cnritten in the qmmetric form

(7.7)

We can think of this ocpression as the Greens firnction response ztP to a d'-finction source
at Pt . Alternatively, we can regard it as a propogatorfrom P' to P by way of the aperture.

**::* :** rtrtrt r*** :t* :***

EXERCISES

Exercise 7.7, Problem: ,Lnguftar Resolutrbn

screeo *ith aa e'folding leagth of order a waveleogtb, its cootributioo will be oegligibte if the aperture ia mauy
wavelengtha acroas aud P i" -"oy waveleogths aray from the edge of the aperture, a! we bave anaumed.
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Spreading of the WaveJront

Equation (7.6) [or (7.7)l gives a
pattern from an illuminated aperture.
called "Flauhnhofer" and "ILesneI".

7-6

The neo-impressionist painter George Seurat was a member of the poinlillist school.

IIis paintings consisted of an enormous nunrber of closely spaced dots (of size - 0.4mm)

of p.'" piftmt. The illusion of color mixing was produced only in the eye of the

observer. How far from the painting should one stand in order to obtain the desired

flsading of color?

***:**************

general prescription for computing the diftaction

It i" "o--only used in two complementary limits,

Suppose that the aperture has linear stze a and is roughly centered on lhe 
geometrical

ray from the sonrce point P' tothe fietd point P. Consider the variations of the phase { of

the contributions tory'2 that come from various places in the aperture. using elementary

trigoaometry, w€ can'estimate that locations on the aperture's opposite sides have phases

tUit difer iV Ad - t o, /Zr. There are two tirnifisg regimes depending on whether tbe

apertnre is large or small'compared with the so-called hesnel length

, r=(T) ' ' '  =(xr1trz (7.8)

(Note that the Flesnel length depends on the distance r of the field point from the aper-

inr".) When a K r'], the phase variation Ad can be ignored; the contributions from

different parts of the aperture are essentially in phase with each other' This is the houn-

hofert"gil". When o'> ,r, the phase variation is of upmost importancs in dgfexmining

the obsered intensity pattera ltpl2. This is tbe fheszel regime; see Fig' 7'2'

We can use an argument fa,miliar, perhaps, from quantum mechrnics to deduce the

qualitative form of the intensity patterns in these two regimes. For simplicitS let the

ioco-ing wave be planar (r' hu!e) and let it propagate perpendicular t9 the aperture as

shown in Fig. 2.2. Then geometrical optics (photons treated like classical particles) wgutd

predict that an opaque r"]r""o will casfa sbarP shadow; the wave leaves the apert're plane

as a beam with a rlr"p edge. However, wave optics insists that the transverse localization

of the wave into a region of size LlE - c must produce a spread in its tranrsverse wave

vector ,Arkr-1/o(amomentumuncer ta in tyAp.=h\k ' -h la in thelanguageof the
Heisenberg uncertainty principle). This uncertain transverse wave vector produces, after

propagating a distance r, a corresponding uncertainty (Lk"lk)r - rzr/a in the bea'm's

transverse size; and this uncertainty suPerPoses incoherently oo the apertr:re-induced size

a of the bea,m to produce a net size

Ao - tl", + (rrrlo),

N a if r < a2 f \ (Fbesuel regime)

- )irla if , > a2 f \ (Flarurhofer regime)'
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FiS. 7.2 Flaunhofer and llesnel Diftaction'

In the nearby, Flesnel regime, the apertrrre creates a bearn whose edges will have the sa'me

shape and size as the "f"**u itseU, and will be reasonably sharp (but with some oscil-

latory b1:rring, associated with the wave-packet spreading, that we shall analyze below)'

By clntrast, il thu more distant Fraunhofer regime, wave-front spreading will cause the

trarnsvense size ofthe entire bearn to grow linearly with dista.nce; and, as we shall see, the

intensity pattern tlpically will not resenble the aperture at all.

7.3 Flaunhofer Diffraction

Consider the Frauahofer regime of strong wavefront spreading, o K rp,, and for sim-

plicity specialize to the case of an incident plane wave with wave vector'k orthogonal to

iU" "pu**e plane; see Fig. ?.3. Regard the line along k through the center of the aperture

e as tbe "optic a:ris;" identify points in the aperture by their two-dimensional vectorial

separation i fro- that a:ris; ia"otify P by its distance r from the apertr:re center and

its 2-dimensional transverse separation rg from tbe optic a:cis; and restrict attention to

small-angle diffration l0l < 1. Then the geometrical path length between P and a point

on e [deiroted r in B+ (z.o)-note our change of the meaning of r] can be e:cpanded as

-2

( r2  -Zrx-  e  + r2)L l2 N f  -x '  A+ 
*  

+ -  - -

c/.Fig. 2.3. The first term on the right side of this equation just contributes a consta'nt

phase to the 4tp of Eq. (Z.G). tUe tUira term contributes a phase variation that, by

assumption, is ( l. Tnerefore, we can retein just the second term and write Eq- (7'6) in

(7.s)
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Fig. 7.3 Geometrical interpretation of tbe path length between a point Q in the aperture

anE th" point of observatiotP'

the form
,pp4)n Ia""-;rc''011*; 

:iP\' (7'10)

where we have dropped the constant phase rTtt: and constant multiplicative factors'

Thus,,t p@)in the-daunhofer r"gi-" ; gt";t bljhe two-dimeusional Foruier transform'

denoted t1a;, of tne transmission t n*ion71x1, witU x made dimensionless in the transform

by multipiying bY lc = 2r.l\'

It is usually uninteresting to normalise Ftauhofer diftaction patterns' Moreover' on

those occasions when the absolut" ,,"t* of the observed flux is needed' rather than just

the angular shape of the diftaction i"*1"*, it tJrpioqy can be derived most easily from

consenration of the total wave **gr."ihir ;-ry *" iguore the proportionality factor in

* 
ff?; the tecbniques for handling Fouri3r.TTfb."' that should be familiar from

quantum mechanil a,ad elsewhere ;il"noued to_derive Flaunhofer diffraction patterns'

In particula,r, the convolution theorem lut*'oot to be very useful' Let us grve an example'

Diffraction Gtating

A diffraction grating can be modered as a finite series of alternating transparent and

opaque, torrg, p";ll"i ,iripo. Let there be N transparent and opaque stripes each of

widtho))(Fig.7.aa),mdid""]i;; l ;;asinfinitelylongsotheirdiffractionpattern
is one-dimensional. We shall outtine no*'to use the cJnvol'itioo theorem to derive their

llaunhofer diftaction pattern. The details are left "" * exercise for the reader (Ex' 7'2)'

First consider a single transparent stripe (slit) of width a centered on c = 0' and

measure the scarar angle g from thgdirectioo oi the incident radiation- This single stripe

il

1. Difr

)J
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, )"/

9  a a
3(lrl-J'm

N

b) = (

t \ ? ZNa---.*

l l l - . .&_f l)
+ t /

l l l l . . . x J  \  4 - '
\--)a=L

l,/rN^ 
F' ge)

Fig. 7.A a) Diffraction Grating formed by JV alteraating transparent and opaque stripes
each of width a. b) Decomposition of a finite grating into s11 infinifs series of equally spaced
d-firnctions that are convolved (the slmbol e) with the shape of an individual transparent
stripe and then multiplied (the symbol x) by a large aperture function covering JV such
stripes; cf. F,q. (7.L4). c) The resulting Flaunhofer difhaction pattern shovm schematically
as the Fourier transform of a series of delta firnctions multiplied by the Fourier transform
of the large aperture and then convolved with the transform of a single stripe.
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has the transmission frrnction

7-to

(7.11)

(7.t4)

t 1 ( c ) = 1  | r l  < a / 2
:- Q lol> al2 '

gp(0\ x i1
so its diftaction pattern is

" 
f:,,tu"ikto (7.12)

where sinc(c) : sn(c)lo.

Now the idealized lY-slit grating can be considered as ̂ n infinifg series of 6-firnctions
with separatioo.2a convolved with the transmission function for a single slit,

and then multiplied by the aperture firnction

H(o)=  1  l t l  ( /Va

:Q lc l  > f fa ;
(7.13)

more orplicitly,

asinc (ry),

/: F- 
6@ -'"'''lt1@ - s)ds

r(r) - (l_ t;i_ 
s@-r",rlt,(t-.v,on)E@) ,

which is shoym graphically in Fig. 7.4b.

The convolution theorem salrs that the Fonrier transform of a convolution of two
firnctions is the product of the fnnctions' Fourier transforms, and conversely. Let us apply
this theorem to exlrression (7.14) for our transmission grating. The diftaction pattern of
the infinite series of d-fr:nctions with spacing 2o is itself an infinite series of d-functions
with reciprocal spacing,2t/(2ka) : \/2a (see the hint in Exercise 7.2). This must be

multiplied by the Fourier transform it(A) of the single slit, and then convolved with the
Fourier transform of .E(a), E(0) x sinc(N&ad). The result is shoym schematically in
Fig. 7.4c. (E""h of the transforms is real, so the one'dimeusional firnctions shos'n in the
figure firlly embody them.)

The diftacted enerry flux is lrlrpl2, where ,ltp is shown at the bottom of Fig. 7.4.
What the grating has done is channel the incident radiation into a few equally spaced
bearns with directions g - rplka, where p is an integer known as the order of the grating.

Each of these bearas has a shape grven by lIi(g)|2: a sharp central peak with half width

t .

(di,
lobr

k-
as}
att
Q :
rh
rb
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(distance from center of peak to first null of the intensity) \/zNa. followed by a set of side

iobes whose intensities are a JV-l.

The fact that the deflection angles Q = zrpf ko of these beans are proportional to

k-r = \/2n vndedies the use of diftaction gratings for spectroscopy. It is of interest to

s5k what the wavelength resolution of such an idealized grating might be. If one focuses

attention on the p'th order beams at two wavelengths ) and dl (which are'located at
g = fi,/2a and p(,\ * 6\)/2a, then one can distinguish the be^'ns from each other when
their separation d9 - p6\f2a is at least as large as the angular distance )/zNo between
the marcimum of each bea.m's diftaction pattera and its first minirnrrm, i.e., when

* -  
R = N p . (7.15)

R is cdled the grating's chromatic wsohing pouer.

Real gratings are not this simple. Firstly they usually work not by modulating the
amplitude of the incident radiation in this simple tnauler, but iostead by modulating the
phase. Secondlg the rnanner in which the phase is modulated is sr.ch as to channel most of
the incident power into a particula,r order, a technique knowu as blazing. Thirdly, gratings
are ofben used in reflection rather than transmission. Despite these complications, the
principles of a real grating's operation are essentially the sarne as onr idealized grating.
ldanufactured gratings tfpically have /V > 10, fi)0, giving a wavelength resolution for visual
light that can be as small as - l0pm, i.e. 10-11m.

Bobinet's Principle

We have shown how to compute the Flaunhofer diftaction pattern formed by, for
example, a narros' slit. We might also be interested in the pattern from a complementary
aperture, a needle of width and lengtb the sa,me as those for the slit. We can derive the
needle's pattern by observing that the sum of the waves from the two apertures should
equal the wave from a completely unaltered incident wave front. That is to say if we exclude
the direction of the incident wave, the field amplitudes diftacted by the two aperttrres are
the negative of each other, md hence the intensities lrl'12 are the sarne. Tberefore, the
Flaunhofer diftaction patterns from the needle and the slit-and indeed from any pair
of complementary apertr:res, €.g.: Fig. 7.S-are identical, except in the direction of the
incident wave (the lrecisely forwa,rd" direction).

Hubble Space Telescope

The Hubble Space Telescope, was launched in April 1990 to observe plianets, stars
aud gala:<ies above the earth's atmosphere. One reason for going into space is to avoid the
ireguiar refractive index rariations in the earth's atmosphere, known generically x seeing,
which degrade the quality of the images. (Another reason is to observe the ultraviolet part
of the spectrum.) Seeing typicatly limits the angr:lar resolution of Earth-bound telescopes
at visual wavelengths to - Ltt. We wish to compute how much the a.ngular resolution
improves by going into space. As we sball see, the computation is essentially an exercise
in Fbarrnhofer diftaction theory.
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Fig. Z.E Two complementary apertr:res used to illustrate Babinet's Principle

The essence of the computation is to ideatise the telescope as a circular aperttrre

with dianoeter equal to the dia,meter of the primary mirror. Light from this mirror is

actually reflectedonto a secondary mirror and then follos's a complex optical path before

being focgsed onto a variety of detectors. flowever, this path is irelevant to the angular

resolution. The purpos" ofth" optics is merely to bring the light to a focus close to the

mirror, in order to produce a,n instrument that is compact enough to be launched and to

match the sizes of siars' images to the pixel size on the detector. In doing so, however, the

optics leaves the angular resolution r:nchanged; the resolution is the sa.me as if we were

simply to observe the tight, which passes through the primary mirror's circular aperture,

far beyond the mir-or, in the Flaunhofer region'

If the telescope aperture were very sneall, for exarnple a pin hole, then the light from

a point source (a very distant star) would create a broad diftaction pattern, and the

telescope's angular rolLrtioo would be correspondingly poor. As we increase the diameter

of the ape*ure, we still see a diftaction pattern, but its width dirniniihes'

Using these considerations, we can compute how well the telescopb can distinguish

nearby stars. We do not expect it to resolve them if they are closer together on the sky

than ihe angular width of the diftaction patttern. Of cor:rse, optical imperfections in a

real telescope may degrade the image quality even firrther, but this is the best that we can

do, Iimited only by the r:ncertainty principle.

The calculation of the Flaunhofer a.mplitude far from tbe aperture is straightforward:

I

I

,h(o) q 
f 

a'r"-'o't

.. ( kDs\
x J l n c \ ,  

)

(7.16)

where D is the diarneter of the apertnre (i.e., of the telescope's primarSr milTor) a.nd

jinc(c) - i{t)/cwiih J, ihe Bessel frurction of order one. The flr.rx from the star observed
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Fig. 7.6 Airy difraction pattern produced by a circular aperture.

at angle 0 is therefore x5inc2(kD014. A\isintensity pattern, known as the Airy pattet'n,

is shown in Fig. 7.6. There is a central "Airy disk" surrounded by a circle where the flrur
vanishes, and then firrther surrounded by a series of concentric rings whose fltrx diminishes
with radius. Only 16 percent of the total ligbt falls outside the central Airy disk. The

radius 0e of Airy disk, i.e. the radius of the dark circle sr:rrounding it, is determined by
the first zeto of h(kDglz); 0e= L.22^lD.

A conventional, though essentially arbitrar5r, criterion for angular resolution is to say
that two point sources can be distinguished if they are separated in angle by more than

da- For the Hubble Space Telescope, D :2'4m aad' 0a * }'o/lt' at visual wavelengths,
which is over ten times better tha.n is achievrable on the ground.

As has been widely publicized, there is a serious problem with Eubble's telescope

optics. The hlperboloidal primary mirror was ground to the wrong shapg so rays pa,rallel

to the optic a:cis do not pass tbrough a common focus after reflection of a convex hy-
perboloidal secondar5r mirror. This defect, hown as ryhericol obetrotion, creates blurred

images. It is hoped that correcting optics will be installed when astronauts next visit the

telescope.

o

** **:*** * * rt* **:lc** *

EXERCISES

Exercjse 7.2, Derivation: Diftrction Grating
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Use the convolution theorem to carry out the calculation of the Flaunhofer diffraction

patteru from the grating shown in Fig. 7.a. fHint: To show that the Fourier transforsr

of the infinite ,"qo"o""k equally "p"t"a delta fimctions is a similar sequence of delta

firnctions, perform the Fo'rier transform to get D3 "i2tceao (aside from a multiplicative

factor); then use the formulas for a Fourier series e)cprnsion, and its inverse' for any

firnction that is periodic with period,tlko to shos' that li$ "i2ko'aa is a sequence of

delta functions.]

Exercise 7.3, Problem: ThianguJar Diftrctioa Grating

Sketch the Fraunhofer di8haction pattern you would expect tq T€ ll^- 
t diftaction

grating made from tbree grouPs of parau [nes aligned at angles of 120o to each other

(Fig. 7.7).

Fig. 7.7 Diffraction grating formed from tbree grouPs of parallel lines'

Exercise 7.4, Problem: Light Scattuing by Particle

consider the scattering of light by a pa.rticle of size a > L/k' one- conponent of

the scattered radiation is due to diftaction around the particle. This component

is confined to a cone with opening angle L0 - llka < 1 about the incident wave

direction. It contains power 
-Ps 

:-FA, where F is the incident enersr flun and '4 is

the cross sectional area of the particle perpendicular to the incident wave'

(a) Give a semi-quantitative derivation of L0 a^nd Fs using Babinet's principle'

(b) Explain why the total uextinction" (absorption plus scattering) cross section is equal

to2Aiod"p"''dentofthecompositionoftheparticle.

*****************
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f.4 fbesnel Diffraction

Now turu to the Fbesnel regime, where the aperture is far larger than the Flesnel length
,r *d there is a large phase variation over the aperture. As for the Flaunhofer case,L
shall sPecialize to an incoming plane wave with wave .vector orthogonal to the apertqre
plan" fto Tg diftaction aogles so that w€ can ignore the obliquit;r factor. By contrast
with tfe Fbauh-ofer case, however, we identify P by its distance zfrom the apertgre plane
instead of its distance r from the aperture center, and we use as ogr integration variable
in the aperture y' : x - r0 (cf.Fig. 7.3.),, thereby writing the dependen". of th* phase at
P onx in the form

d,scosQrs2 f2) ,,

dssinQrs2 f2) .

/ - ro

(7.18)

(7.27)

(7.r7)

Let us consider the Flesnel diftaction pattern formed by a simple aperture of arbitrary
shape, illuminated by a normally incident plane wave. It is conveni"ofto introduce Carte
sian coordinates (ot,y') and to define

Ld =/c x [(path length from x to P) - 4 = 
#

": fa)"', '.
\7rz /

r= r!)" 'o ' .
\trz /

we can therefore rewrite Eq. (2.6) (ignoring the obriquity factor) in the form

i,p - -# 
to*,or,"i^6,ta (7.1e)

: -* 
| 

a""t*stz 
f 

ate;*t'trrl,e"o'

teating $c 8 constant and ignoriag a constant phase factor, we find that the two integrals
can be e:cpressed in the form .9(s-o") - S(r-;o) aod S(tr .") - S(t_;r), so

,try - 
-j.iFG",-") - S(r-r.)l[S(r-",) - S(r-a)J ,l,e"rr' , (2.2o)

where the arguments are the lirnits of integration (which depend on the shape of the
aperture and the transverse location of p) and where

S(€) = 
lo€ 

"r'"'/rds : t/(€) + iv(€)

u@= lo
v@= f:

with

(7.22)
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Fig. 7.S Corau Spiral.

The real fi.rnctions u(o,v(f) are knoym as Ftesnel integrals.

It is convenient to erfiibit the Flesnel integrals graphically using a Corna Spiral (Fig,'

7.8). This is a graph of the para,metric equation [U(0, y(€)], or equivalenJly a graph of

s(i) = t/(€) +tt(6) in tne complexplane. The two terrns in ry- 
(7-21) can be represented

irLpltude and p[""" by arrows in the (U,V) plane reaching from f = smiz on the Cornu

spiral to € - stnett and from € = trn,i,- to { = t-."'

The simplest illustration is the totally unobscured, plane wavefront- In this case, the

limits of both integrations extend from -m to *oo, which as we.s-e9 in Fig' 7'8 is an arrow of

G-ri;;r;-*td;i*" nf 4. Therefore, gp is equal to (2Ll2siolo)"(-i/2\rh-eee' ='beeik',

as we could have deduced simply by solving the Helnholtz equation (7.1) for a plane wave'

This basic calculation vindicates three procedures that we have already used- Firstly'

it illustrates our interpretation of Fermat's principle in geometrical optics. In the tirnit of

short wavelength, the paths that contribute to the wave field are just those along whidt

the phase is stationarlr to small rnriations in path. Our present calculation shows that,

because of the tightening of the Cornu spiral as one moves toward a large argurrent, we

need only consider those paths that are separated by less than a few Flesnel iengths at Q'

(For a laboratory experiment with light ard, z - Zrn, a Flesnel lengi;h is typically - lrrtm')
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A second, and related, point is that in computing the diftaction pattera from a more

^.,rnplicated aperture, we need only perform the integral (7.6) io the immediate vicinity

"i ti" geometrical optics ray. We can ignore the contribution from the extension of the

^o"rtur. Q to meet the "sphere at infinit5f even when the wave is unobstructed there.

ihe rapid phase rrariation makes this contribution sum to zero.

Thirdlg in integrating-over the whole area of the wave front at Q, we.have sunmed

contribrrtions with increasingly large phase differences that add in such a !P,Y that the

tohl has a net extra phase of. n12, relative to the geometrical optics ray. This phase factor

cancels exactly the prefactor -f in the Fbesnel-Kirchboff integral, Eq. (7.6). (This phasg

fiiior ii unimpo*ant in the limit of geometrical optics.)

Lunar Ocaitotion oJ o Rodio Source

The next simplest case of Flesnd diftaction is the pattern formed by a straight edge.

To give'a specific exa,mple consider a cosmologically distant source of radio waves that is

occulted by the moon. If we treat the lunar limb as a straight "dgu, then as it passes in front

of the radio source, a changing diftaction pattera will be sa.mpled by a telescope on earth.

In this exa,mple, we need only consider the integration of Eq. (7.6) in one rlirnensiou and

can again use the Cornu spiral. Long before the occultation, the complex wave vector will

be given by the arrow fron (-1/2,-1127 to (t12,1/2) muttiplied by (-;1z\ttz. (The other

prefactor of (-il\rl2 is absorbed in the integration over the perpendicular direction.) The

lbserved wave a.mplitude is therefore ,lte"t".

Fig. 7.9 Diftaction pattern formed by a straight edge and graphical interpretation usiug

Cornu Spiral.

Now when the moon starts to occult the radio source, the upper borrnd on the Flesnel

integrals must diminish from srnac = *rc, a.nd the complex vector on the Cornu spiral
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begins to oscillate in length (e.g., from A to B in Fig. 7.9) and in phase. The obsenreq

Agx wiU also oscillate, more and more rapidly as geometrical occultation is approached.

At the point of geometrical occultation, the complex vector extends from (-1/2,-ll2)

to (0,0f and so the observed wave intensity is one quarter the uaocculted value- As the

occultaiion proceeds, the length of the complex vector and the observed flruc will decrease

monotonically to zero, while the phase continues to oscillate

Historically, diftaction of a radio-source's waves by the moon led to the discovery of
qgasars-the hlperactive nuclei of distant gata:cies. In the early 1960s, a tea,m of British ra-

dio obsenrers Ua Uy Cyril Hazard knew that the moon would occult a powerful radio source

named 3C273, so they set up their telescope to observe the development of the diftaction

pattern as the occqltation proceded. Ftom the pattem's ohserved times of ingress (passage

into the moon's shadow) and egress (emergence from the moon's shidow), Hazard deter-

mined the coordinates of 3C273 on the sky. These coordinates enabled Maarten $chrnidf

at Palomar to identify the 3C2?3 optically and discover (from its optical redshift) that it

was surprisingly distant and consequently had 3s 'rnFrecedesfgd lrrrninosity.

In Hazard's occultatiou measurements, the obsendng wavelength was I - 0-2m. Sioce

the moon is roughly z -4(X),000km distant, the Flesnel length was about ?F - (\z)t/z -

lgkn. The orbital speed of the uloon is z - zffim e-1, $ the diftaction pattern took a

time - Srpf u - 4min to pass through the telescope-

Circular Apertures

We have shown how the diftaction pattern for a plane wave c.ul be thought of as

formed by waves that derive from a patch a few Ftesnel lengths in size. This notion can be

made quantitatively r:sefuI if we reanalyze the rmobstructed wave front in circular polar

coordinates. Consider a plane wave incident on an aperture g and define p : lf l/rp =

irffi. Then the phase facror in Eq. (7.19) is Ad - rf and the the observed wave

will thus be given by

Ztr pd,ppi'e' ,!re"tk'
(7.23)

7-18

*p=-, I'
= (1- "t'o')rbe"t"

Now, this integral does not appear to converge. We c€rn see what is happening if we

sketch an anplitude.and-phase diagra.m (FiS. ?.10). Adding up the contributions to ry'e

from each annular ring, we see that as we integrate outward from p = 0, the complex

vector has the initial phase retardation of r 12 but tben moves on a semi-circle so that

bythet imewehaveintegratedout toaradi r rsof rp ' i .e .p=l , thecontr ibut iontothe
observed wave is ?tp - 2r!7 b phase with the incident wave. Then, when the integration

has been extended onward to 2Ll2rr, p = 2U2, the circle has been completed anad thp = 0!

The integral continues on around the sane circle as the upper-bound radius is further

increased.

Of course, the field must actually have a well-defined value, despite this apparent fail-

ure of the integral to converge. To understand how the field becomes well-defined, imagine

spiitting the aperture Q up into concentric annular rings, kno*-n as fuesnel half-peiod
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Fig. 7.10 Amplitude-and-phase diagram for an unobstructed plane yrave front, decom-
posed into trlesnel zones.

zone:s, of radius nll2rF, where n : Lr2r3 . ... The integral fails to converge because the
contribution from each odd-numbered ring cancels that from an adjacent even-numbered
ring. However, the thidcness of these rings decreases u n''12, and eventually we must
allow for the fact that any physical source of waves will have a finite angular size. The fi-
nite size calses diferent pieces of the source to have their Fhesnel riogs centered at slightly
different points in the aperture plane, and this canrces our computation of {rp to begin
averaging over rings, and the averaging forces the tip of the complex vector to aslmptote
to the center of the circle in Fig. 7.10. Correspondingly, due to the averaging, the obsened
intensity as5mptoties to ltClz.

Although this may not have seemed a particularly wise way to decompose a plane
wave front, it does allos' a particularly striking experimental verification of our theory of
diftaction. Suppose that we fabricate an aperture (""11"d a zone plate) in which, for a
chosen observation point P on the optic a:ris, alternate half-period zones are obscured.
Then the wave observed at P will be the linear sum of several dia,meters of the circle in
Fig. 7.10, and therefore will be far larger than {re. This strong a,mplification is confined
to our chosen spot on the optic axis; most everSrwhere else, the field's intensity is reduced,
thereby conserving energy. Thus, the zone plate behaves like a lens (a "Flesnel lens"). The
lens's focal length is / : kA/hP, where,,{ (tl'pically cbosen to be a few mm2 for light) is
the area of the first haf-period zone.

Zone plates are only good lenses when the radiation is monochromatic, since the focal
length is wavelength-dependent, / x \-U2. They have the firrther interesting property
that they possess secondar5r foci, where 3,5,7,... half-period zones can be obsenred (Ex.
/ . oJ .

7-19

g. = O, 2,  1r . . .
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EXERCISES

Exercise 7.5, Prcblen: hne Plate

(a) use an anplitude-and-phase diagran to explain why a zone pliate has secondary foci

at distances of f 13,l li,l /7 . "'

(b) An opaque, perfectly circular disk of diameter D is placed perpendicular to an incorn-

ing plane wave. Show that, at distances r zuch that rr K D, the disk casts a rather

sharp shadow, but at the precise center of the shadow there should be a bright spot'

How bright?

Exercise 7.6, Problem: Seeiag in the atmosphere'

Stars viewed tbrougb the atmosphere aPPear to have angular diameters of order an

arc second and to exhibit large amplitui'e fluctuations of flux with cbaracteristic fre

quencies that can be as higb as 100i{2. Both ofthese are a consequence of

iregular rnariations in the refractive indoc of the atmosphere. An elementar:r model

of this effect consists of a thin pbase-changing screen about a km above the ground

on which the rms phase variation is Ad i i and the characte-ristic spatid scale is a'

(a) Brplain why the rays will be irregularly deflected through a scattering angle L0 -

ela)Ld. Strong iDtensiry \tadafi; t"ioito that seneral rays deriving from points

on the screetr "sarated by more than o, combine at each point on thegro'nd' These

rays combine to create a diftaction pattern on the grormd with scale b'

(b) Sbow that the Flesnel length in the screeD i5 - (ob)l/2.- Now the time variation

arises because winds in the ,rpper "tmorph"r" witi #eeOs 1- ?9t 
s-r blow the

iregularities and the diftaction pattern ry, 1U9 observer' Use this information to

estimate the n}"i tengtU, rp, tle atmospheric fluctuation scale size o, and the 1ms
phase va,riation A{. Do }ou thinlc the assumptions of this model are well satisfied?

Exercise 7.7, Problea: SPy Satellites

Telescopes can also look docro through the sa,me atmospheric iregularities as those

discussed in the previor:s example. In what important respects will the optics differ from

that for telescopes looking upward?

7-5 Fourier OPtics

********+*:*:t****tt
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We have developed a linear theory of wave optics which has allowed r:s to calculate
diftaction patterns in the Flaunhofer and Fbesnet tirn;fiag regimes. That these calcula-
fions agree with laboratory measurements provides some vindication of the theory aod
the assumptions implicit in it. We now turn to the practical applications of these idu"",
specifically to the acquisition and processing of images by instruments operating through-
out the electromagnetic spectrum. Although the conceptual fra,mework and mat-hemati-cal
oacUinerv for euch image processing were developed orrer a centur5r ago, it is really only'
over the past thirty years tbat these technigues have been wid"ly ocploited. part of tnl
r9?9on is the growing realization of the great similarities between optics and cornmunica-
tion theory. In other words, a microscope is simply an image processing device. Moreover,
the development of electronic computatioD ha led to enormous strides and computers are
now seea as sctensions of optical devices. It is a matter of convenience, economics and
practicality to decide whicbparte of the image processiqg are ca,rried out with mirrors,

,. lenses, etc, and which parts are performed numerically.
We have computed the Fbaunhofer diftaction pattern of a circular aperture, for ex-

a.rnple the mirror or objective lens of a telescope, and have shown how the power diffracted
through angles 0 ) 0e may make it rlifficult to resolve two nearby point sources. One
tecbnique for improving the resolution might be to attenuate the incidlnt radiation at the
aperture in zuch a way that it has a Gaussian profile. Its Fourier transforsr then wotrld
also be a Gaussian, arrd thus would not exhibit amplitude oscillations ("fringes"). How-
ever, such a Gaussian-producing attenuation is rrifficult in practice, and it turns out-as
we shall se*that there are easier options.

Cohrent lllamination

In order to discuss the easier options, we must first introduce another distinction, the
meaning of which should become c-learer'in Chap. 8. If the radiation that a,rrives at the
input of an optical systenr derives from a single source, e.g.a point source that has been
collirnated into a parallel bea,m by a couverging lens, then the-radiation is best described
by its complex a,mplitude ,tt @ we aFe doing in this chapter). An exa,mple might be a
biological specimen on a microscope slide, ilhrminated externally, for which the phases of
the waves leaving different parts of the slide are strongly "oo"l"t"d with each otber. Tbis
is called coherent illuminatiore If, by contrzst, the sor:rce is self luminous, with the atorqs
or molecules in its different parts radiating independently, for exa,mple a cluster of stars,
then the phases of the radiation from different parts a.re uncorrelated, and it is the intensity
of the radiation, not the complex nmplitude, that obeys well-defined (non-probabilistic)
evolution laws. This is called incoherent illuminotiorr We shall devjop Fb*i", optics
for a coherently illrrrninated source. A pa.rallel theory, with a sirnilar. vocabulary can be
developed for incoherent sourcesl and some of the foundations for it will be laid L Cn"p.
8.

In our treatment of para:cial geometrical optics (Sec. 6.4), we showed how it is possible
to regard a group of optical elements as a sequence of linear devices and relate the- output
rays to the input by linear operators, i.e. matrices. This chapter's theory of diftaction
is also linear and so a similar approarh can be followed. As iE Sec. 6.4, we e'ill restrict
attention to small angles relative to some optic a:cis. We shall describe the wave field at
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denoted P21(x2,x1):

some locat ion z5 along the optic a:cis by the functios rlti(x), where x is a two dimensional

vector perpendicular Io the Lptic alris. If we consider a single linear optical device' then

we can relate the output field, rla at z2 to the input, tt at z1 usin$ a Greens' firnction

= 
| 

errt*2,x1)d.2ofi1

P31(x3,x1) = 
| 

e"r1*s,x2)d2 x2P2r(xz,xr)

*z(xz)
(7.24)

(7.25)

(7.26)

If ty'1 were a d-fiEction, then the output would be simply given by the function P21,

a,fter normalization. For this reasoll' fz, b usually known as the Point Spreod' F.nction'

Alternatively, we can fhinlc of it as a propagator'^If y".oo* combine two optical devices

sequentially, so the output of the fi*i,Y,t; rlc is the input of the second, fi, then the

point spread frrnctions Lombine in the llatural o*uloer of any linear propagator to give a

total point spread firnction

Point Spreoil frnctions

Jr:st as tbe simplest matrix for para:cial, geometric-optics propagation- is that for free

propagation tbrough some distance d, so also- the simplest point spread ftmction is that

i"t LJ propagatioi. Flom Eq. (7.19) we see that it is gven by

where d, : z2 : zt is the distance of propagation alon-s the optic axis. Not.e that this Pzr

depends upon only on xr -X2 and not t; *t or x2 individuallS as it should beca'se there

is lranslational inva.riance in the x1,x2 planes'

A thin lens adds or subtracts an extra phase A/ to the wave, and Ad depends quadrat-

ically on distance from the optic a:cis (l*lL ry 
that.tfe angle of deflection, which is pro

portional to the gradient of lue ph"*l'#[ d"pend linea.rly on x. correspondingly, the

point-spread firnction for a thin lens is

pzt="*(#) at*,-x,) (7.27)

where / is the focal length, positive for a converging lens and negative for a diverging lens'

Abb6,Theory

we can use these two point spread fi:nctions to give a wave description of the produc-

tion of images by a single converging lens, in parattet to the geometric-optics description

of Fig. 6.3. We shall do this in two stages. First, we shall propagate the wave from the

so-urce plane .9 a distance u in front of"the lens, through the lens L, to its focal plane

F a dista,nce / behind the lens (Fig. 7.11). Then we shall propaga'r'e the wave a ftrther



r
t- - r '

I
I
:

4 Diffroction- - - 1 . - - - - -

Fig. 7.11 Wave theory of a single converging lens.

distaace a - t from the focal plane to the image plane. We know from geometrical optics
that s : f ul$ - u) [Eq. (6.41)]. Using equations (7.25), (7.26), (7.27), *" e!f,ain

r -
Prs = | Pyp,d2tt5Pp,7d,2o7Ppg

J

(7.2e)

where we have extended all integrations to *m and have used the rralues of the Flesnel
integrals sf inffnif5r, .5(*o) = *(1 + i)12 to get the expression on the last line. The wave
in the focal plane is given by

= -rfi"'rtr*r) u*p (ffi) "* (-ry),

,l,r(xp) : 
t 

frra2 " sts(xs)

_ _ *,1 
_ ",r(.r*u) "* ( rm) +, e, / il

,l,s@) = 
t 

a2"sts(x5)g-ia'*' .
where
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Thus, we have shown tbat the field in the back focal plane is, apart from an unimpor-
tant phase factor, proportional to the Fourier transform of the field in the source plane.
It is therefore the Fhaunhofer diftaction pattern of the input wave. That this has to be
the case can be understood from Fig. 7.11. The focal plane F is where the converging lens
brings pa.rallel rays from the source plaue to a focus. By doing so, the iens in effect brings
in from "infnity" the Fraunhofer diftaction pattenr of the source, and places it into the
focal plane.

It now reurains to propagate the final disfanss from the focal plane to the image plane.
We do so with the frepropagation point-spread firnction of Eq. (Z-26):

(7.31)

f _
,h: I Plpdzzptl:p

J

: - (;) "i&(u*o) * (ffi) +"t*" - -x1ufo)'

We have therefore verified that, again ignoring a phase factor, the wave in the image plane
is just a magnified version of the wave in the source plane, as we might have expected from
geometrical optics. In words, the lens acts by toki'rg the For:rier transform of the source
aod then takes the Fourier transform again to recover the source structure.

The focal plane is a convenient place to process the image by altering its Fourier
transform-a process knocn as spatiol fiIteing. One simple exarrple is the low-pass filter
in which a small circular aperture or 'stop' is introduced into the focal plane, thereby
allowing only the low-order spatial Fourier components to be transrnitted to the image
plaoe. This will obviously lead to considerable smoothing of the wave. An application
is to the output beano from a laser (Chap. 9), which ought to be smooth but has high
spatial frequency stmcture on account of noise and imperfections in the optics. A low-
pass filter can be used to clean the bea,m. In the la,nguage of Fourier transforms, if we
multiply the transform of the source, in the back focal pliane, by a small-diameter circular
aperture firnction, we will thereby convolve the image with a broad Airy-disk smesfhing
firnction. Converselg we can exclude the low spatial frequencies with a high-pass filter,
e.g. by placing an opaque circular disk in the focal plane, centered on the optic arcis. This
will have the effect of accentuating boundaries and discontinuities in the source and can
be used to highlight features where the gradient of the brightness is considerable. Another
tlpe of filter is used when the image is pixellated and thr:s has unwanted structure with
wavelength equal to pixel size: a narrovr range offrequencies centered around this spatial
frequency is removed by putting an appropriate filter in the back focal plane.

Phose Controst Mitoscopg
"Phase contrast microscopy" is a very usefirl tedrnique for studying small objects,

such as transparent biological specirnens, that modify the phase of coherent illuminating
Iight, but not its amplitude. Let us suppose that the phase change in the specimen, d(x),
is small, as often is the case for biological specimens. We can therefore write the field just
after it passes through the specimen as

, h s ! ) = s i d ( x ) * t * i 6 , : x ; ) ; (7.32)
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Fig. 7.L2 Schenatic Phase Contrast Microscope.

see Fig. 7.L2. A\e intensity is not modulated, and therefore the effect of the specimen on
the wave is very hard to observe unless one is clever.

The wave in the focal plane is effectively the sum. of the Fourier transform of the
aperture fi:nction, i.e.an Airy finction of very small width, and the transform of the phase
firnction

(7.33)

ff a low pass filter is used to remove the Airy disk completely then the reuraining wave
in tbe image plane will be essentially { maguified by u/u. The flux will still be quadratic
in the phase and so the contrast in the image will be small. A better. technique is to
phase shift tbe Airy disk in the focal plane by furl2 so that the two terms in Eq. (7.33)
are in phase. The intensity va.riations [a (1 * d)2] will now be linear in the phase d.
An even better procedure is to attenuate tbe Airy disk r:ntil its amplitude is comparable
with the rms rralue of { and also phase shift it by *n/2. This will ma:cimise the contrast
in the final image. Analogous techniques are used in courmunications to inter-convert
anplitude-modulated a,nd phasemodulated signals.

Gaussian Beams

The mathematical techniques of Fourier optics enables us to analyze the structr-ue
and propagation of light bea,ms that have Gaussian profiles. (Such Gaussian be ms are
the natural output of ideal lasers, they are the real output of spatially filtered lasers,
and they are widely used for optica,l communications, interferometry and other practical
applications. Moreover, they are the closest one can come in the real world of wave optics
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tYz -

where

(r + zz lzfrlttz

7-26

to the idealization of a geometrical-optics pencil bea.m.)

Consider a bea'n that is precisely plane fronted, with a Gaussian profile, at some
location zo on the optic atcis:

to 
/ -'2\= e:!P 
\a ) 3.34\

The form of this sarne wave at a distauce z frrrther down the optic a:ris can be computed
by folding this 4o into the point spread ftrnction (7-26) (with the distance d replaced by
z). The result is

4 :k4 :Znd l \ . (7.36)

Formula (?.35) for the freely propagating beanr is \ralid for negative z as well as positive.

Notice that the beam's enerry is concentrated in a region with di^meter (bean size)

o , : o o ( L + * / 4 ) L / 2 (7.37)

This be^rn size is 3 rninimrrrn at z = 0 (the bea,m's waist), and increases away from there
in either direction.

The Gaussian bea,m's form (?.36) o* some arbitrary location z is fully characterized
by three parameters: the wavelength .\ : 2zrf k, the distance z to the waist, and the Yraist

size os [fro* which the local bea,m sir,e o, c^n be computed through Eq. (7.37)J. At

location z, the beam's wave fronts (surfaces of constant phase) have radius of currrature
R, - z(L* "81"2\. The radius of currrature is inffnite at the waist. Near the waist, in

the Flesnel t"gioo, (Xz\ttz ( o0, it decreases with distance as R' = 2fr,/2. It reaches a
rninirnrrrn rralue at the bor:ndary between the trlesnel and the trlaunhofer regions, and it

then begins to increase as R. x z. Correspondingly, in the Flesnel region the bea,rn size is

nea.rly constaot, or t os, while in the Ftar:nhofer region it increases linearly with distance,

02 = oszlzs. These are just the behaviors that one should e:rpect from the r:ncertainty
principle analysis at the end of Sec. 7.2.

It is easy to compute the efects of a thin lens on a Gaussian beam by folding the

$, at the lens's location into the lens point spread function (7.27)- The result is a phase

change that preserves the general Gaussian form of the wave, but alters the distance to

the waist and the waist size. Thus, by judicious placement of lenses (or, equally well

curved mirrors), and judicious choices of their focal lengths, one can tailor the parameters

of a Gaussian beam to fit whatever opticat device one is working with. For exarnple, if

one wants to send a Gaussian bea,m into a self-focusing optical fiber, one should place its

waist at the entrance to the fiber, and adjust its waist size there to coincide with that of

the fiber's Gaussian mode of propagation (the mode analyzed in Ex. 7.8). The bea'm will

then enter the fiber smoothly, a.nd will propagate steadily along the fiber, with the effects

of the transversely rrarying index of refraction continually compensating for the effects of

rilftaction so as to keep the phase ftonts flat and'uhe waisi size constant.
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* * * * * * ! t ( * * * * * * : * * * *

E)(ERCISES

fxercise 7.8, Problea: Guided Ganssian Beams

Consider a self-focgsing optic"l fiber discussed in tbe pre'v-t-ous chapter in which the

refractive index is
n(x) - zzo(1- o'r2)t/2 ,

where r = lxl.
(a) Write down the Helmholtz equation in cylindrical polar coordinates and seek an ar(-

is],mnetricmode for which $-: R(r)Z(z) , where R,Z arefunctions to be determined

and z measures distance along the fiber. In pariicular show that there exists a mode

with a Gaussian radial profile that propagates along the fiber without spreading'

(b) compute the group and phase velocities along the fiber for this mode.

*********:f ***tFtf * *

7.6 Diftraction at a Caustic

In Sec. 6.6, we described how caustics can be forsred in general in the geometrical

optics tirnit-<.g., on the bottom of a swimning pool when the water's surface is randomly

rippled, or behind a gravitational lens. we chose as an exa.rrple a simple phase changing

screen illuminated by a point source and observed from some fixed distance r, a'nd we

showed how a pair of i-"go would merge as the transverse distance c of the obsenrer

from the caustic decreases to zero. We ocpanded the phase in a Taylor series {(s,a) =

"try -0r", *rh"r" the coefrcients o, b are constant and s is a transverse coordinate in the

screen (cJ. i.ig. 6.10). We were then able to show that the magnification of the images

*"*ii;-r3tlr lfq. (O.O+)1, as the caustic was approached. This raised the question of

whatlappens when we take into accognt the finite wavelength of the wave'

We are now in a position to answer this question. We simply use the Helmholtz-

Kircbhoff integral (2.6f to write the ocpression for the amplitude measured at position rc

in the form 1 |
d(r) c< | ldsei6{" '"),  

(7'38)
A T J

ignoring mtrltiplicative constants and constant phase factors. The phase { varies rapidly

*tU r It h"gu [sl, so we can treat the limits of integration as *m- The integral turns out

to be the Airy fuaction

- 
d""""1o "3 F -bc-o) = 

#*r-uxf 
arlsl - (7.3e)
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Fig. 7.13 The Airy F\rngtion Ai(r) describing diftaction at a caustic. The arggment is
2 - -br/all3 where s is distan"" to* the caustic tnd a,b are constants.

Ai(r) is displayed in Fig. 7.13.
The aslmptotic behavior of Ai(z) is

Ai(r) N T-rl2 z-tla sin(223/, /l + 7r/4), z + -6

"-2zsl2 13
- ' 7 r  

1 7 7 '  z - > 6 '

We see that the anplitude r/ remains finite as the caustic is approached instead of d.iverging
as in the geometrical optics lirnif. F\rrthermore, for c > 0 (left pa.rt of Fig. 7.13), d;
an observer sees two^geometrical optics._images, the envelope of ,i, ai*i"irUl n i-r/e, so
that the intensity l$l2^{""t"*o x s-U2 just as in the geometrical optics.Iimit. The peak
magnification is x a-213. What is actually seen is " ""rio of bands alternating darha,nd
light with spacing calculable using A(Zzel2 /l) = n or As q. s-L/2 - At su-fficient rtistance
from the caustic, it will not be possible to resolve these bands and a uniform illumination
of average intensity will be observed. In other words, we have recovered the geometrical
optics limit. The scalings derived above, just like the geometrical optics ,"u1iog, are a
universal property of this t5pe of caustic (the simplest caustic of all, tle "fold").

There is a helpful analory, fa,miliar from quantum mechanics. Consider a particle in
a harmonic potential well in a very excited state. Its wave firnction is given in the usual
way using Ilerrrite polynomials of large order. Close to the classical turning point, these
{uncJiorrs change from being oscillatory to an exponential deczy,just like the Airy function
(and if we were to expand about the turning point, we would recover Airy flnciions).
What is happening, of course is that the probability density of finding the particle close
to its i;unring point diverges because it is moving very slowly there, and the oscillations

(7.40)

A i  r z ;



7. Difrrociion 7-29

6re due to interference between waves associated with the particle moving in opposite

4irections. If we just consider the motions of photons parallel to the aperture then we

have essentially the same probiem here; the oscillations are associated with interference

of,the waves associated with the motions of the photons in two beams, one from each of
/re geometric-optics images. This is our first illustration'of the formation of large contrast

i4terference fringes when only a few bea.ms are combined. We shall meet other exarnples

of such interference in-the following chapter-

EXERCISES

Exercise 7.9, Wavelength scaling at a caustic

Assume that the phase variatioa introduced at the screen in Fig. 6.9 is non-dispersive
so that the /(s,c) in Eq. (7.38) is { x }-r. Show that the pea.k magnification of the
interference fringes at the caustic scales with wavelength x ,\-lls. AIso show that the
qpacing of the fringes at a given observing position is proportional to the wavelength.

*****************

****:f rf*******:****
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T

Thc previous citaplcr dcvclopcrJ the ar:alytical tools needed for calculating
optical-ircirrrt propitgatiott itt frec space. We also rrcecl to have. irorvever. a p6ys-
it: l l  attci ittttt i t ive ttttt i t:rstiut<ling of thc propagation oI rr: l l  optical bcarrrs-arr
rrrrrlcrst;urrl itrg rvhich the ncxc trvo (:haptcrs atteurpt to devclop.

itr particuiar. t lte Hcrrtt itc-garrssii.rn or Lagucrregaussian rnodes rv[ich we
introduccd in rlte previorts (:hirpter are both nrathenraticatl_v convenient. anci
also provide vcry good (thorrgh rrot qrrite e-xact) approxirnatiops to lhe tralsr.erse
rttodcs of stablc la-ser resottacors rvith finite diarneter nrirrors. Gaussian or quasi
garrssiatr bealns are therefore very rvidely used in anal-r'zing laser problems and
rclated optical systenls. -{ good ph-vsical as well as mathenratical understanding
of gattssian beant properties is particuiarly irnportant. in this chaptcr rve thus
rtlvies' ntost of the important phy.sical properties of ideal garrssian optical beams
in frcc space.

17.1 GAUSSIAN BEAM PROPAGATION

\trte first iook in this section at what the analytic expressions for a lowest-order
gaussian beam imply physically in terms of aperture transmission. collirnated
beam distances. far-6eld angular beam spread, and other practical aspects of
gaussian beam propagation.

Ana lytical Expressions

Lr:t us assulrle a lorvest-order gaussian beam ciraracterized b-v a spot size
tr,s and a planar wavefront Bo = o. in the transverse dimension. at a reference
plane which for simplicitv we take to be z = 0. This plane rvill Senceforth be
known for obvious reasons as the beam waist, as in Fisure 17.1.
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CHAPTER 17:  PHYSTCAL PROPERTIES OF GAUSSTAN BEAMS

FIGURE 17.1 .
Notation for a lowest-order gaussian beam diverging away from its
waist.

will

= (:) 
L/2 expt- j Lz_-t igz\ "*, 

[_# 
_, r"#],

where the complex radius_of curvature ti(z) is related to the spot size u(z) and
the radius of curvature R(z) at any plane z by the definition

d e ) = { a - t @ '

In free space this parameter obeys the propagation law

c k ) = d o * z : z * j z p ,

with the initial value

* . "2
4o:  j?  =  j zn . ( { )

Ncte that the value of .\ in these formuias is always the wavelength of the radi-
ation in the medium in which the beam is propagating.
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equivalent"top hatl'

,.beam- t
I
I

l-r dr.=fr*^
|  |  A .s=  l twa l2

FIGURE 17.2
The equivalent 

"top hat"
radius for a cylindrical gaus-
sian beam.

A.ll the important, parameters of this gaussian beam can then be related to
the vraist spot size us and the ratio zlzp by the formulas

w(z) = so

,
1 n

f r ( ; , ;  = Z * - ,

.  - l
t l t lz) = tan '

In otl:er words. the field pattern along the entire gaussian beam is characterized
entirerly by the single parameter urs (or 91, or z1-) a! the beam waist, plus tbe
wavelength ,\ in the medium.

. 
ApertureTransmission

Before exploring the free-space propagation properties of an ideal gaussian
beam, we might consider briefly the vignetting effects of the finite apertures that
rvill be present in any real optical system. The intensity of a gaussian beam falls
offvery rapidly with radius beyond the spot sizew. How large must a practical
aperture be before its truncation effects on a gaussian beam become negligible?

Snppose we define the total power in an optical beam as P = I I litl2 dA
wherer dA integrates over the cross-sectional area. Tbe radial intensity variation
of a gaussian beam with spot size w is then given by

9 pI(r) = fi"-", '1-". (6)

The elffective diameter and area of a uniform cylindrical beam (a "top hat beam")
rvith the same peak intensity and total power as a cyiindrical gaussian beam will

(5)

( * )
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f-2a-Jr . l
f n l

FIGURE i7 .3
Power transmission of a cylindrical
gaussian beam through a circutar aper-
ture.

then be

dra = fr.
a

7tu_
anCl {1s = -

2

as shown in Figure 17.2.
An aperture significantly larger than this wil be needed, however, [o pass areal gaussian beam of spot size-w without serious clipping of the beam skirts.The fractional power transfer, for example, for a g"*.i"rriuam of spot size urpassing through a centered circular aperture of diameter 2o, zs in Figure I7.3,will be given by

o
I

o
o

power transmission = + [" ,or"-r,'/-' dr - I - e-2az /!r2
ru. Jo (8)

This figure plots this transmission versus aperture radius a normalized to spotsize w. An aperture with radius a = u) transmits = g6%of the tocal power inthe gaussian beam. we will refer to this as the L/e or g6% criterion for aperturesize.
A more useful rure of thumb to remembel, however, is that an aperture withradius a = Qr/2)w' or diameter d = rut, will pass just over ggTo ofthe gaussianbeam power' we will often use this as a practical iesign criterion for laser beamapertures, and will refer to it as the ,,d = 7r?o,, or gb% criterion. (A criterionof 

.9.:.3r which gives = gg.g% transmission wourd obviousry serve equalrywell') Figure 17.4 illustrates just where some of these signifi..rrt ai"*"rers for agaussian beam will fall on the gaussian beam profile.

e
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c
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i
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1..top hat'. diam€t€r
ld=  t l2w

( 1/e point
(  c t = 2 w
(  roSosb

,  l d = T w
j--i r = 99%
i  (  R i p p l e s : 1 7 %

- l  a  o a.6*
f  l F i o p t e = r t %

FIGURE 17.4
significant diameters for hard'edged truncation of a cyrindrical gaussianbeam. Note that the dr i "0"' ii# ;;; ;,;, ; ['j::';::. :,ff llT:::;: : :;: il:: :il,,,

Aperture Diffraction Effects

Optical <iesigners shorrld takc note, however. that sharp-erJged apertures.especial-v circurar.aperturcs. everr tlrougir they ,rr"y .u, on onry a very smau
ffi,:?:::riliJi:i,power in un op,i..ri:y, ,'r"r,o p-iu.. "o",,ure diffrac_

i:i,at:ffi fltj:i:#'l'fJL:l'";-l1,iii;i;:*1*Iiii::,.,;
w'e will shorv in the following chapter,.for example. that the diffraction effects'n an ideal gaussian beam of " .ir"rp-"ag.a..i..ui", ;;; even as rarge asrhe d = nu crirerior rv'r cause i.*-n.ri dift.;;;; liooL, *,rn an inrensiryrariation aI/I = x'r% in the n.;;;"il, arong with a peak inrensity reducrionctf = t?% on axis in.the far fi"rd.-\il ;; ,o enlarge rire aperuure to d. = 4.6w toget down to *.r% diffraction rippru .n".t, from a sharp_eJged circular aperture.

Beam Collimation: The Rayleigh Range and the Confocal paramerer

' Anotlter important question is how rapidly an ideal gaussian beam wille:<pand due to diffraction spreading as ii prop.g"res away from tire waist regionor' in practicar ierms,.ou"iho* roig. iirirrrc_e can we propagate a corimatedg;tussian beam before it.begins ,9 ,plr".Jrignificantly?
The variation of rhe b""- rpot-i)",ia wirh disrance as given by Equationl?'5 is piotted in Fieure r7.6 for two ditrerJnt w:.ist spot sizes rasl and ur62 ) to,or,with the transversJs3l 

ry1i1r .J;; 
.- The primarv poinr is thar as rheinput spot size ws at the waist ii m"au"..n"tt"r, trr. u""* ..'o"ro, more rapidlydue to diffraction; remains .oui*"t"J-*er," sto.t., airr"i"J" the near field;"no,!,]:'g:s ar a rarger beam "rsi;l; irrlrar neia.

. * par'cular' the distance which the beam travels from the waist before thebeirm diamerer increases by {2,".-;";;;.;e beam "r.; l;;;, i, gi.,r"n simply

C

J
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CHAPTER 17: PHYSICAL PROPERTIES OF GAUSSIAN BEAMS

FIGURE r7.5
Near-field Fresnel-diffraction
ripples produced by truncatior:
of a gaussian beam.

FIGURE 17.6
Diffraction spreading of two gaus-
sian beams with different soot
sizes at the waist.

by the parameter

t
r r  w i

z = z R
A

The term Raileishrange is sometimes used in antenna theory to describe the dis-
tance z = d2 / ), that a collimated beam travels from an anten;a of aperture diam-
eter d (assuming d )) ,\) before the beam begins to diverge slgn!ficantly. ive have

(e)
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- 1 ' -

I
I

fr*o
I

I

F:IGURE 17.7
llhe collimated waist region of a gaussian beam.

therefore adopted the same term here as a name for the quantity zR=Tu\f A-

ii,. tt"yt"igh range marks the approximate dividing line between the "near-field"

or Fresnel and the "far-field" or Fraunhofer regions for a beam propagating out

from a gaussian waist.- 
To eipress this same point in another way, if a gaussian beam is focused from

an aperture dorvn to a waist and then expands again, the full distance between

the ,,F2wo spot size points is the quantity 6 given by

" * . , ,2
b = 2zn: 

""i*o : confocal Parameter.
A

This confocal parameter rvas widely used in earlier writings to characterize gaus-

sian lreams. Using the Rayleigh range 217 = bf2, as shown in Figure 17.7, seems.

horvever, to give simpler results in most gaussian beam formulas.

Collimated Gaussian Beam Propagation

Over what distance can the collimated waist region of an optical beam

then extend, in practical terms? To gain some insight into this question, we

might suppose that a gaussian optical beam is to be transmitted from a source

aperture of diameter D with a slight initial inward convergence, as shown in

Figure 17.8, so that the beam focuses slightly to a waist with spot size ue ai one

Rayleigh range out. and then reexpands to the same diameter D two Fayleigh

ranges (or one confocal parameter) out. We will choose the aperture diameter

according to the rw or 9g% criterion, i'e', we will use D = 7r x frto at each

end.
The relation between the collimated beam distance and the transmitting

aperture size using this criterion is then

collimated rang€ : 2zn -'+ = '; (  1 1 )

Some representative numbers for this collimated beam range at two different

laser wavelengths are illustrated in Figure 17.8 and in Table 17.1. A visible laser
with a I cm diameter aperture can project a beam having an effective diameter
of a lbw mm with no significant difrraction spreading over a iength of 50 meters
or more. Such a beam can be used, for example, s 8 "weightless string" for
align:ment on a construction project. With the aid of a simple photocell array,

(10)
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1 0 3  k t

col l imated
beam range

22a

FIGURE 17.8
Coll imated gaussian beam
ranges versus transmitting
aperture diameter D, using
thed=z ruc r i t e r i on .

1 k m

100 m

D = tt \rzw|

aperturo diametor D

TABLE 17.1
Coll imated Laser Beam Ranges

Aperture
diameter

D

Waist
spot size

UO

Collimated
range,2z7
(10.6 pm)

Collimated
range,2rp
(633 nm)

l c m

l0 cm

l m

2.25 mm

2.25 cm

22.5 cm

3 m

300 m

30 km

4 5 m

5 lcm

500 km

the center of such a beam-can easily be found to an accuracy of better thanuf20, or a small fraction of a mm, oier the entire distance.

Far-Field Beam Angle: The .,Top Hat,, Criterion

suppose we next move out into the far field, where the beam size expandslinearly with distance, as in Figure rz.g. At what angle does a gaussian beamspread in the far field, that is, for z > zp?
Flom the gaussian b-ea1 

lcuarions (ri.r-iz-5), the r/e spor size ut(z) for rhefield amplitude in the far fieri for . glu.ri"" beam corning from a waist withspot size us is given by

w ( z ) = w o z  -  A z
zR jtUO

(z )) za), (12)
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FIGURE 17.9
A gaussian beam sPreads with a con-

stant diffraction angle in the far field'

(r3)

(14)

(  15)

( i6)

,vhich gives tire sinPle relation

) z
u s x u \ z ) = -

connecting the spot sizes at the waist and in the far field' The far-field angular

ir"*.pto"a for a gaussian bcam can then related lo the near-field beam size or

upartut. area in seueral different ways, depending on how conservative we want

to be'
The on-axis beam intensity in the far field, for example' is given by

Hence. lhe ott-axis ittlensilf is tlte same as if the tolal power P were uniformly

distrilrutcd over an arca zru.,2(;) 12= A2z2l2a'u,fr. The solid angle for an equiva-

lcur "top hat" augular.Jistribution in tite far field. call it Q1g(z), is thus given

ilv 
'

, rwz(z)  )2
l r a s = T = f f i , -

At the same tirne, the "equivalent top hat" definition of the source area at the

,uaist is given from Equation 17.7 by 'lrH = ru$12. The product of these two

quantities is thus given bY

At;g�x OrH = / A \  
2

\ ; /

The source aperture size (at the waist) and the far-field solid angular spread thus

have a product on the order of the wavelength ) squared.- although the exact

numerical factor will depend on the definitions we choose for the area and the

solid angle, as we will see in more detaii later'

Far-Field Beam Angle: The 1/e Criterion

Another ancl perhaps rnore reasonable definition for the far-field beam angie

is to use the I/e or 86% criterion for the beam diarneter' so that the far field

half-angular spread is defined by the width corresponding to the l/e point for

the E field arnplitude at large z.

w(2)
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With this definition, the half-angle 011" out to the 1/e amplitude
the far-fieid beam is given, as shown in Figure 17.9, by

w(z) )or!" =,,i:8.; = 
6.

Twice this angle then gives a full angular spread of

zotrc = 
h,

( l r / "=ne l , "= " tu .

(18)

which can be interpreted as a more precise formulation, valid for gaussian beams,
of the approximate relation A0 x Ald that we gave in Chapter I. W'e can then
define the gaussian beam solid angle O17" on this same basis as the circular cone
defined by this angular spread, or

(rs)

This cone will, as noted in the preceding, contain 86% of the total beam porver

in the far field.
Suppose we use the same 1/e criterion io define the effective radius of the

input beam at the beam waist (ignoring the fact that an aPcrture of radius
o = uo at the waist would actually produce some very substantial difraction
effects on the far-field beam pattern). Then tite product of the effective source
apcrture arez All, = naf,/2 and the effective far-field solid angle rgir. using

these 1/e definitions becomes

Arldlt/. - rw| x r01,. = \2 (20)

This is a precise formulation for gaussian beams of a very general antenna th+
oren whicb states that

| | 
eetde= x2 (21)

This theorem says in physical terms that if we measure the effective capture area
, (O) of an antenna for plane-wave radiation arriving from a direction specified
by the vector angle Q = (0,d), aud then iutegrate these measured areas over all
possible ar:irral angles as specified by dO, the result (for a lossless antenna of. any
form) is always just the mqrsurement wavelength I. This result is valid for any
kind of antenna, at radio, microwave or optical wavelengths.

Far-Field Beam Angle: Conservative Criterion

Finalln as a still more conserirative way of expressing the same points, we
might use the d = rw or ggTo criterion instead of tbe l/e criterion to define both
the effective source aperture size and the effective far field solid angle. We might
then say that a source apertule of diameter d = ruo transmitting a beam of
initial spot size ur6 will produce a far-field beam with 99% of its energy within
a cone of full angular spread 20" - ru(z)lz. On this basis the source aperture
area, call it.4o is rd2f 4 and the beam far-field solid angle is Oo = ilz,; and
these are related by the more conservative criterion

Andt , : ( i ) ' . r '=or ' (22)
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17.1 GAUSSIAN BEAM PROPAGATION

FIGURE ],7.10

Radius of curvature for the
wavefront of a gaussian beam,
versus distance from the
waist.

Nottc of tl:c criteria rvc have introduced here for defining effective aperture size
and effcctivc solid angle are divinely ordained, and which of them we use should
depend largely on wlrat objective we have in mind.

Wavefront Radius of Curvature

we can next look at how the wavefront curvature of a gaussian beam varies
witlr distance. The radius of curvature R(z) of a gaussian beam has a variation
with distance given analytically by

,  ( o o  f o r

R ( z ) = z + f r = l z r ;  t o ,
z l

[ " f o r

z K . z p

z = z R

z ) )  z p

(23)

This is plotted against normalized distance in Figure l7.l0(a).
The wavefront is flat or planar right at the waist, corresponding to an infinite

radius of curvature or R(0) = m. As the beam propagares ourward, however,
the wavefront gradually becomes curved, and the radius of curvature .R(.2) drops
rather rapidly down to finite values (see Figure 12.I0). For distances well beyond
the Rai'leigh range zp the radius then increases again as R(z) = z, i.e., the
gaussian beam becomes essentially like a spherical wave centered at the beam
waist. what this means in physical terms is that the center of curvature of the
wavefront starts out al -m for a wavefront right at the beam waist, and then
moves monotonically inward toward the waist, as the wavefront itself moves
ou tward tOwardz - *oo .
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Confocal Curvatures

IL::l'::: tl,:i"j.i:.:^"jT. 
occlls for. the_wavefronr ar a disrance

I,J"T"r_n:,.:::.:,:jr:.1^ ?: :_ -I: *i,l rhe.radius *rue R = i=J.* riffi"il
:ii 1ll* o::,.:T :.1T' :f ::*i'":" ,f:. ,1. wavefront "t , = i"f llil;;.;
at z = -:R, and vice versa, as illustrated in Figure 17.10.

This particular spacing has a special significance in stabie resonator theory.
suppose the curved wavefronts R(z) at tzp are matched exactly Ly ,*o curvecr
mirrors of radius R and separation L= R- b=22R. Since the'focal point of acurved mirror of radius.? is located at f = R/2, the focal points of these two
mirrors then coincide exactly at the center of the resonator. ihu two mirrors are
said to form a symmetric confocal resonator, thus giving rise to the confocalpa_
rameter b = 2zn = 2rwfi I ). such a resonator has certaii particularly interesring
mode properties which we will explore later.
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Probf ems for L7.L

l' Gaussian beam transmission through a square aperture. Find the power trans-
missiou for a gaussian beam through a sguare aperture with sides of rength 2c,in analory to the circular apcrture results given in the text.

2' criteria for ceatering accuracy of a circurar aperture. suppose a gaussian beamis transmitted through a circular aperture of diameter 
-; 

= o;. How criticat
is tbe centering of the laser beam axis with respect to tbe aperture position
(or vice versa)? Attempt to evaluate the decrease in beam transmission versus
the displacement between beam and aperture centers, using either approximate
mathematical methods or computer evaluation.

3. setting toleraaces on bean collimation and far-field beam angle.A laser oscillator
is designed to give a colimated beam at its output prane with a specified spotsize ure and a collimated wavefront with radius of curvature & = o. Due tomanufacturing tolerances, however, the actuar output *"rrafroni may come oucslightly spherical- suppose we establish as a practical torerance for good colima-
tion that the far-field beam angre of the raser output beam shourd not vary bymore than l0% from its design value. What is the resulting tolerance on & (or
L/Ra) at the laser's output prane for a fixed varue of ras? How much wavefronr
distortion does this represent, expressed in terms of fractionar waverengths ofwavefront distortion at the l/e radius of the output beam?

4' simulating an annular beam with positive and negativegaussians. A circurarrysymmetric beam with a hole in the center can be simirated by superposing
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two collimated gaussian beams to give an initial ficld distribution uo(t) =

"*p1-r '1.11 
-exp(-r2ful;  wit tr  w2 = pw1 and 0 ( P S L' Calculate and

ptor tt,. p.onle i(r,z) ofthis beam at differenr distances z in the near and far

fie lds for different values of g, with distance measurcd in the normalized coordi-

n"to, = Altwi = zf zpl.How rapidly does the hole in the center of t 'he beam

6! in as a function of dista:lce for different values of 9?

5. Locating the center of curuature ofa gaussiaa beam. The text describes how the

radius of curvature R(:) changes as we move out along the z axis away from

i gaussian waist at z = 0. Give an analytic expression for how the center of

curva[ure of the same wavefront moves.

6. Beam spot size at long djstances. Suppose a frequency-doubled Nd:YAG laser

(A = 532 nm) is transmitted through a I meter diameter difraction-limited

ielescope, using the d = r criterion, to illuminate a spot on the face of the moon

(z = 384,000 km). What will be the t/e diarneter of the spot?

As a practical matter, because of beam distortions through the atmosphere, ex-

cep! under very exceptional ,,seeing conditions" the largest aperture that can be

diffraction-limited through the Earth's atmosphere has a diameter more like 10

cm. What will be the spot size for this aperture?

17.2 GAUSSIAN BEAM FOCUSING

Besides propagating collinrated gaussian beams over long distances, wc are often

interested in iocusing such beams to very small spots. whether for recording

data on optical videodisks or tapes, drilling holes in razor blades, or counting

cell nuclei in a laser microscope. (Since the standard demonstration of ruby laser

intensity in early days was to zap a hole in one or more razor blades with a

singie ller shot, puised laser energies were occasionally quoted in "Giilettes.")

Wh]at sort of focused spol sizes and intensities can be achieved with a gaussian

beam-or for that matter rvith any reasonably well-formed optical beam?

Focused Spot Sizes

The usual situation where a coliimated gaussian beam is strongly focused

by a iens of focal length f, as shown in Figure 17.11, can be viewed as simply the

far-field beam problem of Figure 17.9 in reverse. The waist region now becomes

the focal spot of spot size u0, whereas the focusing lens can be viewed as being

in tlre far field at z = tf .It w(il is the gaussian sPot size at the iens, we then

have the same relationship as Equation 17.13 but with a reverse interpretation,

namely,

u s x w ( i l = ! )

What does this expression imply in practical terms?

It seems obvior.s that in a practical focusing probiem, the incident gaussian

beasr should fiU the aperture of the focusing lens to the largest extent possible

without a severe loss of power due to the finite aperture of the lens (and also

without serious edge diffraction effects). As one reasonable criterion for practical

o / 5

{-

(24)
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FIGURE 17.11

Focusing of a gaussian beam to a small

soot size.

designs, we might adopt the D = zru(f) or 99% criterion for the diameter d of
the focusing lens, io that we lose < 1% of the incident enerry in this lens. At the
same time we might adopt the l/e or ds = 2uo criterion for defining the effective
diameter ds of the focused spot, since this is a diameter which contains 86% of
the focused energy, and at the edges of which the focused intensity is already
down to Lf e2 = L4% of its peak value. Combining these criteria then gives

The /-number of a focusing lens (also called the re.lative aperture or the speed
of the lens) is defined by

,  2 f ^
a o =  

T

for the effective diameter of the focused gaussian spot.

r + = Lr  - D .

. 2 P Pt o = G = 6 .

(25)

(28)

(26)

The focal spot diameter, using the rather arbitrary criteria we have just seiected,
will then be given by

dg = 2f# ),.

As an alternative way of reaching essentially this same conclusion, we can cal-
culate that if a gaussian beam carries total power P and we focus it using a lers
of focal length / with the same D = rw criterion for the lens diameter, then the
peak intensity at the center of the focused spot will be given by

(27)

The peak intensity is thus the same as if all the energr were focused into a circle
with an area of 2(l# ^)2, or a diameter of (8/r)r/z f# ^ = 1.6t#4.

Influence of the Lens f Number and the Lens Fresnel Number

Whatever the choice of definitions, it is evirlent that an ideal gaussian beam
can be focused down to a spot that is roughly one to two optical wavelengths in
diameter, multiplied by the /-number of the focusing iens. Note that a iong focal
length lens, say, an f lL} lens, will generally be simple, inexpensive and easy to

f r z= l
w(t)



obtain, with quite smali aberration coefficients. Lenses with /-numbers less than

2, and especially with.f# S l, on the other hand, generally require complex and

expensive multielement designs, and can become very expensive.

Sorne optics rvorkers also like to characterize a simple lens of diameter D = 2a

and focal length / by its Jens FresneJ numbet N1, given by

t v l  = (2e)

In terms of this quantity plus our arbitrary criteria for beam and spot diameters,

t5e focal spot diameter and the lens diameter are then related by

f ^ '

d s l- = -
D 2Nt

(30)

Whereas the /-number of a given lens is independent of wavelength, the Fresnel

number depends on wavelength. The limitation expressed by Equation 17.30 can

become significant particularly for longer wavelengths., for example' in focusing

infrared beams using IR lenses. Strong focusing, down to a spot size much less

than the lens diameter, requires a lens with an adequately large Fresnel number

N 1 .
A crucial condition for accomplishing strong focusing, regardless of defini-

tions, is that the incident gaussian beam properly fill the focusing lens aperture,

since it is the gaussian beam diameter and not the Jens diametet that is the

critical dimension in deterntining the focal spot size of the gaussian beam.

Depth of Focus

The depth of focus of a gaussian beam is obviously given by the Rayleigh

range zR of the gaussian rvaist, or perhaps by 2:17. depending upon just how we

lvatrt to dcfine the depth of focus. If we use the latter definition, along wifh the

lens diarneter criterion D =zrw(f), then the depth of focus can be written as

depth of focus (31)

If the beam is focused down to a spot rV wavelengths in diameter, the depth of

focus will be = rV2 wav'elengths in length.
All these expressions for focused spot size aud depth of focus do of course

&ssume (a) that the gaussian beam entering the lens is more or less collimated,
with a planar wavefront. so that the beam focuses approximately at the focal
point /; and (b) that the beam is in fact "strongly focused," in the sense that

ruo ( ro(.f), or zp ( f , or N1 ) 1. This latter point is equivalent to saying

that the lens is in the far field, €Is seen looking backward from the waist or

the focal point. if either of these assumptions is not entirely valid, corrections
must be applied in calculating the exact location and size of the focused spot,
as illustraied in several of the Probiems following this section.

Focal Spot Deviation

When a collimated beam is focused by an ideal lens. the actual focal spot,

meaning the position of minimum spot size and maximum energy density, does

= 2 z R = 2 ; r f # 2 ^ = ;  ( * ) ' ^
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FIGURE 17.12
There is a very small  ( in practice.

negligible) shift in position be-
tween the geometrical focus of the
lens and the actual waist of the
focused gaussian beam.
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not in fact occur exactly at the geometrical focus of the lens; but rather is
located just slightly jnside the lens focal length. The amount of this focal spot
deviation-',r'hich is typically very small-can be easily calculated for a focused
gaussian beam from Figure 17.12.

Using the notation of Figure 17.12. we can let the distance from the lens to
the beam waist, or the actual focal spot. be z, whereas the focal length of the lens
is /. A collimated beam passing through a thin lens of focal length / acquires (by
definition) a u,avcfront radius of curlature equal to /. The rvavefront currcture
just be1'ond the thin lens nrust tlrerefore be given, from the conrbination of
gaussian bean lheory ald lcns theory, by

l ? ( z )  =  z + z z n l z = 7 . (32)

The difference between the focal length / and the actual distance z to the waist
can then be written as

A I = J - " = " h / " - " h l f . (33)

Since the Rayleigh range zR of the focused beam is normally much less than the
focal length /, the focal deviation is generally much lcss than the depth of focus
(which means that in fact it is really quite negligible). One way of expressing
this criterion is

a f l
T= *T (34)

As a practical matter, when adjusting an optical setup one very seldom knows the
exact value of the lens focal length, or the exact location of the lens focal point,
or the exact degree of collimation of the input beam to sufficiently high accuracy
that this focal spot deviation is of any practical significance. we usually find the
best focal adjustment in any optical system by small experimental adjustments
over a small adjustment range, after the system is assembled.

Summary

Essentially all of the results we have given in this section, for collimated
beam length, far-field beam angle, focal spot size, depfh oi focus, and focal
spot deviation, although derivcd here for a gaussian beam, will apply equally
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well in fact to any optical beam having a reasonably well-collimated or uniform
phase front and.a reasonably uniform amplitude profile across the beam. The
gaussian beanr simply provides a particularly convenient exarnplc in which the
pathematical expressions for spot size and rvavefront curvature are particularly
simple. The gaussian beam also has the special characteristic, as distinguishei
from most other beams, that its transverse profile remains gaussian "i "u"ry
transverse cross section.

suppose a uniform plane wave is focused to a spot by in ideal thin lens with
a circular aperture. The focused spot will then have the form of an Airy disk
pattern at the focal plane of the lens; but the spot size and depth of focus or trri.
focused spot will still have essentially the same dependence on l"* /-number or
Fresnel number as given by Equations 17.24 to 17.31. More detailed calculations
will even show thar the on-axis intensity will be very slightry higher, and the
average beam diameter very slightly smaller, at a transverse cross section just
slightly inside the exact focal length; and the position of this plane of rid;;
focus will be given by the same Equations 17.33 or 12.34 we have just derived
for focal spot deviation.

REFERENCES

some interesting practicar methods for measuring small gaussian beam waists can be
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Problems for 77.2

1. Focusing for absorute minimum spot size. A collimated gaussian beam of fixed
spot size ur is to be focused to the absolute minimum possible spot size (not
necessarily a beam waist) on a work pieee, using a singre lens located a fixed
distance .L from the work piece. what shourd be the exact focar rength / of this
lens, and whar will be the exact spot size of the focused spot? whaiis the waist
size and location of the same focused beam?

2' Focusing a gaussial beam with an astigmatic /ens. .4, circurar gaussian beam

11h 
an initiatly large spot size urr is focused using an astigmaric lens which has

different focal lengths -fs and /o in the a and y transverse coordinates. Develop
an analysis for the shape and location of the two different waists in the two
transverse directions. Discuss in particular how the axial distance between the
two waists rvill reiate to the Rayleigh rength ror each individual waisr if the two
focal lengths are similar but differ by, say, tO% to 20Vo in magnitude.

3' Focusing into a dierectric medium. A focusing rens of focal length / is rocated
outside a dielectric sampre with a flat front surface, a[ a dishn;e from".the sur-
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face that is less than rhe focal length /. so that the focal sPot or gaussian bea6

rvaist occurs inside the dielectric sanrple. What is the spot size at this resulting

waist; how does ir compare ro the spot size that would occur without the di'

etectric present: and rr.here does it occur with respecl to the lens position and

the dielectric surface? (llbrningl You will have to think through rather carefullv

what happens to a gaussian beam in passing through a planar dielectric surface.)

17.3 LENS LAWS AND GAUSSIAN MODE MATCHING

Acommonrequirement in laseropt ica lsystemsistopropagateagaussianbeam
through a cascaded sequence of lenses, free-space regions. and other optical el'

"rrr"ni, as shown in Figure 17.14, perhaps in order to match a gaussian beam

coming from a waist with specified spot size wr at location z1 inLo another laser

cavity-or interferometer requiring rvaist spot size u2 at location 22. The design

steps necessary to accomplish this are usually referred to as gaussian beam mode

matching.
such-problems if they become at all complicated are probably best handled

by the ganeral ABCD metbods we will introduce later- A quick introduction to

"i"*"nt"ry gaussian mode matching techniques at this point may' however' be

useful.

Lens Laws and Coll ins Charts

The lens law for purely spherical waves passing through an ideal thin leus

of focal length / (Figure 17.13) is

(35)

We follow the standard convention in this book of using positive R for diverging

waves going in the *z direction, and positive J fot converging or positive lenses.

A gaus-siarispherical beam passing through such a thin lens then has ils radius

of 
-curvature 

R changed in exactly the same way, whereas its spot size ur is

unchanged. The lens law for gaussian beams is therefore the direct analog, that

is,

l 1 I- = - - - .
R z R l l

1 1 1- : - - - .
sz ,ir I '

(36)

where { is the complex curvature parameter defined in Equation 17.2.

By applying this lens law, plus the propagation rule dz = il * zz - z1 fot a

rr"e-space section, we can then propagate a gaussian beam forward or backward

through any sequence of thin ienses and sPaces. It can be helpful to plot this

propalation as a trajectory in the complex 1/q- plane or, more conveniently, in

ite-co-pte* j/d plane with rectangular coordinates t and y corresponding to

" = llir'(i)'*i y = llR(z), respectively. FYom Equation t7'36 the effect of

a thin lens is to cause a vertical jump of magnitude -1/ f in the j/q plane'

To those familiar with bilateral transformations as used in electrical circuit

theory and elsewhere, it will be obviotts that the transformation law through

a free-space section, as given bV 4k) = do * z = z * iza, corresponds to a
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LENS LAWS AND GAUSSIAN MODE MATCHING

FIGURE 17.13

Gaussian beam transmitted through an ideal
thin lens.

F IGURE 17.T4

Gaussian beam propagation through a se-
quence of optical elements. as diagrammed
on a gaussian-beam chan or Coll ins chan.
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transformation around a circular arc in the complex jlQ p\ane, as shown in
Figure 17.14. In these socalled gaussr'an beam charts or Co.lfins ciarts-which
are very simiiar in form to the Smith charis of transmission line theory-different,
gaussian beam waists correspond to diferent points t = L/za, y = 0 on the r
axis. Free space propagation then corresponds to circular arcs passing through
these points and the origin (which corresponds to the far field at z - oo)i
whereas iines of constant zf zp for different zR are also circles passing through
the origin. Thin lenses are then vertical transitions on the same chart as shown.

Charts of this type may be of some use for visuaiizing gaussian beam propa-
gation problems or for diagramming solutions. With widespread access to com-
puters, however, their practical uses as calculational tools are negligible.
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Problems for 17.3

1. TlrjnJens imagingformuJas fot gaussian beams' A gaussian waist with spot size

urr,located a distance lr to the left of a thin lens with focal length /' is imaged

b y t h a t l e n s i B t o a w a i s t w i t h s p o t r r r z l o c a t e d a d i s t a n c e . L z t o t h e r i g h t o f

the lens. Evaluate for this situalion (a) the relationship between the "object

distance,, .L1, the .,image disrance" Lz,and the focal length /; and (b) the linear

magnifrcarion tr,t = i/., between object and image, again in terms of lr'

Lzand/ .D iscussanyd iFerencesbetweenthesegauss i in -beamresu l tsandthe

corresponding formulas for purely geometrical optics'

17.4 AXIAL PHASE SHIFTS: THE GUOY EFFECT

The propagation of a gaussian beam also involves a subtle but sometimes impor-

ta*'aadei phase shjft through the waisi region, which we wilt briefly describe

in this section.

Axial Phase Shift

The propagation equation (1?.3 or 17.5) for a lowest-order gaussian beam

includes both a spot size variation and a cumuiative phase shift variaiion with

axial distance z which are given on the optical axis (c = y = 0) by the factors

-..:, = d-{_ _ "-tr" 
_ 

- expl-ifz + itlt(z)l

W-  r -  j z / zp  u (z )

In addition to the free-space or plane-wave phase shift given by the e

there is also an added a;<ially'varying phase shift r/(z) given by

(37)

term,

(38)
{(z) = tan-r

assuming we measure this added phase shift

location.

/  z \
t - t
\ z R /

with resoect to the beam waist
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FIGURE 17.T5

Guoy phase shift through

the waist region of a gaus-

sian beam.

I

The net effect of this added phase shift $(z) fot the lowest-order gaussian

mode, as plotted in Figure 17.15, is to give an additional cuntulative phxe shift

of t90' on eititer side of the rvaist, or a total added phase shift of l80o in passing

tfirough the waist, with most of this additional phase shift occurring within one

or two Raylcigh ranges on either side of the rvaist.

This adcled phase shift means in physical terms that the effective axial prop-

agation constant in the rvaist region is slightly smaller. i.e., &"0(z) = k - A,t, or

that the phase velocity and the spacing between phase fronts are slightly larger.

i.e., up(z) = c* Au, than for an ideal plane wave. The phase fronts for a gaussian

bearn passing through a waist will thus shift forward by a total amount of half

a wavelength compared to an ideal plane wave, as illustrated in Figure 17.16.

A mathematical understanding of this additional phase shift can be obtained

by rewriting the paraxial wave equation (16.7) in the form

0 n @ , y . 2 )  _  j  n 2  , , -  . .  - ,
A,  

v  zvu \ r 'Y t :  i l (3s)

where V]" is the Laplacian in r, y coordinates. The transverse second derivatives

of tire wiie amplitude r7 thus lead, through the wave equation' io a small but

significant additional phase shift per unit length in the axial direction. The re-

rulti.rg increased phase velocity in the axial direction is exactly like the increased

phase velocity in a closed waveguide. The transverse derivatives are the largest,

and hence the added phase shift term is most significant, within one or two focal

depths on either side ofa focus, more or less independent of the exact transverse

amplitude profile of the focused beam.

The Guoy Effect

This result is in fact simply the gaussian beam version ol lhe Guoy effect,

which is valid for any kind of optical (or microwave) beam passing through a

focal region. This effect, which was 6rst discovered experimentally by Guoy in

I
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FIGURE ].7.16
spherlcat wave

/lutizi:*j...s

gausslsn boam 

I

Alternative picture of the Guoy phase shift through the waist region, as compared
to an ideal spherical wave.

F IGURE 17.17
Experimental apparatus used by
Guoy to demonstrate the extra
l80o phase shift for an oprical
beam passing through a focus.

1890, says that a beam with-any reasonably simple cross section wil acquire anextra half-cycle of phase- shift in passing througli a focal region.
Figure 17.17 shows the simple "pp"tt* employed by iuoy to demonsrratethis effect. In the original experiment the light diverging from a smail pinhorewas reflected into two overlapping beams rJflected f;; ;;rh a prana, and acurved mirror. Interference efechletween the two beams trrun proauced a setof circular interference fringes between the two beams which could be observedat transverse planes ngar 

the first image of the pinhore. Guov noti."a that thecentermost fringe in this "bulls-eye pattern" changed sign from dark to right (orvice versa) if he observed the fringls at observation planes just before or justafter.the focal point. This changeirrign implied that the focused beam hadsomehow picked up an extra n' phas. shin in passing through the focus.
we will-see shortly that hilher-order transverse modes, because they havemore complicated transverse second derivatives in Equation 17.39, have rareer
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Suoy phase shifts in passing through the waist region. In facr, if the lowest-order

eaussian mode has Guoy phase shift r/(z:) at any plane z, measured relative to

ihe focal point, then an nm-th order Hennite-gaussian mode with the same f
paranreter will have a Guoy phase shift of (z*m+ l) xz!(z).These diFering phase

,ltiftr "r. directly responsible for the slightl.v different resonance frequencies and

6ode beats of different nm-th order transverse modes in stable laser cavities.
The Guoy phase shift also explains the possibly somervhat puzzling 90o phase

shift associated with tlte factor of j in the j / D constant that, occurs as part

of rhe kernel in Huygens' integrai (Equations 16.17 or 16.19). The physical in-

tcrpretation of Huygcnsl integral considers the Huygensl wavelets as being ideal

spherical wavelets diverging from each source point on the wavefront in the in-
put plane, except that there is apparently a 90o pirase shift between the incident
waVefront and the diverging wavelet. The Guoy effect says that this occurs be.
cause each wavelet will acquire exactly 90o of extra phase shift in diverging from.
irc point source or focus to the far field, thus accounting exactly for the j factor
in the t/Z) term.
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17.5 HIGHER-ORDER GAUSSIAN MODES

Let us norv look in somewhat more detail at the higher-order Hermite-gaussian
modes we derived in the previous chapter. In doing this we will consider only
the "standard" set of higher-order Hermite-gaussians discussed in Section 16.4,
since they usually match up most ciosely with the actual higher-order modes in
simple optical resonators (at least in optical resonators which do not have "soft"

apertures or radially varying gains or losses).

68s
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Higher-Order HermiteGaussian Mode Functions

The free-space Hermite-gaussian TEI\'I'- soiutions derived in the preceding

chapter can be written, in either the r or y transverse dimensiors, and with the

il;;;;. e-ik' phase shift factor included for completeness, in the normalized

[orm

(h)"'(#)"'lfl.#1"''
"r"(#) *ol-ro'-tffil '

:  l -  - \  -
un \Lr  -  l  -

;  / r -  - \ -u n \ & ) L l  -

(  ?\" '
\  7r,/ (40)

where the I{,'s are the Hermite polynomials of order n, and the parameters

QQ),ut(z) "na t21r; are exactly the same as for the lowest-order gaussian mode

u" liuun in Equation 17.5. These same functions can be written in alternative

forir, emphasing the spot size ur(z) and Guoy phase shift ry'(z)' in the form

exp[.i (2n + t ) ' l( ')]\ 
t/ '

2n!u(z) /( ; ) " ' (

/ - \ t
I . / i + \  |  k t -

x I / .  [  
" ;  

,  I  exp l--?] '  -  ; -  -" " "  
1 , r r ( z )  ) - '  L ' " - ' 2 R ( z )

/ . r r \
\a r . ,

t a" l

w- \z)  J

wlrere ry'(z) is sti l l  given by ry'(:) = tan-r ("/"i l '

Note the important point that the higher-order modes, because of their more

rapid rransvurrl n'uriution, have a net Guoy phase shift of (n + l/z)t!(z) in

traveiing from the waist to any other plane :' as compared to only r/(z) for

the lowest-order mode. This differential phase shift between Hermite-gaussian

modes of different orders is of fundamental importance in explaining, for example,

why higher-order transverse modes in a stable laser cavity will have different

or"ill"tion frequencies; or how the Hermite-gaussian components that add up to

make a uniform rectangular or strip beam in one transverse dimension al an

input plane located in ihe near field (at a beam waist) can add up to give a

(sinr)/z transverse variation for the same beam in the far field'

HermiteGaussian Mode Patterns

Figure l7.l8 illustrates the transverse amplitude variations for the first six

even and odd Hermite-gaussian modes. Note that the first few (unnormalized)

Hermite polynomials are given bY

(42)

These polynomials obey the recursion relation

f/"*r(c) = 2sHn(r) - 2nH"-Jr) (43)

I I o = 1

H 2 ( x ) : 4 * - 2

H1(x) = l5

I{r(s) = 823

which can provide a useful way of calculating the higher-order polynomials in

numerical computations.
The Hermite-gaussian beam functions alternate between even and odd sym'

metry with ahernating index n. The n-th order function has n nulls and n + I
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FIGURE 17.18

Amplitude profiles for low-order Hermite-

gaussian modes.
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FIGURE 17.T9
lntensity profile for the Hermite-
gaussian mode pattern with a =
t n

I

i
I
I
I
i
I
I

peaks. These same Hermite-gaussian functions are also the quantum mechanical
eigenfunctiors for the linear quantum harmonic oscillator. Figure l7.lg illus-
trates the intensity variation, or the wave amplitude squared, for the n = l0
eigenmode, showing how the rva"e disiiibution approaches the classical proba-
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Transverse mode patterns for Hermite-gaussian
modes of various orders.
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bility density for a linear harmonjc oscillator. It can also be seen that for larger
values of n the outermost peaks become noticeably more intense tlnn the inner
peaks.

The complete set of Hermite-gaussian transverse modes for a beam in two
transverse dimensions can then be written re i'n^(o,V, z) = iln(z, z) x il,^(y, z),
where in the most general situation a different a(ziparameter,'arrd even a ditrer-
ent waist location, may apply to the s and the y variations. Figure 12.20 shows
how the intensity patterns of various higher-order modes "ppJ". if the output
beam from a laser oscilrating in one of theie higher-orde, *od* i, projected onto
a screen- Note that the Hermite-gaussian functions are everywheri scaled ro the
spot size u through the arguments zfu andyfw. Hence, ihe intensity pattern
of any given TEM'^ mode changes size but not shape as it propagates forward
in z-a given TEM'^ mode looks exactly the same, except for scaling, at every
point along the z axis.

The higher-order Laguerre-gaussian mode patterns also described in Section
16.4 (cf. Equation 16.64) are characterized by azimuthal and radiair;;;;
rather than by the rectauguiar symmetry oi the Hermit"-gaus"lan modes, as
illustrated in Figure lz.2r. As explained uuili"r, most real lasers prefer to oscillate
in modes of rectangurar rather than cylindrical symmetrv "rti"rst with vcry
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FIGURE 17.21

Tansverse modC pat-

terns for La guerre- gaussian

modes of various orders.

F IGURE 17.22

The "donut" mode is a l inear superposit ion of l0 and 01

Hermite-gaussian modes.

cariful adjustntent, certain internal-mirror lasers cas be made to oscillate in the

cyiindrical Hermite. gaussian modes.

The "Donut Mode'

In maay laser experiments with stable laser resonators, tbe experimental

procedure is to stop downan adjustable circular apelture inside the laser cavity

until higher-order mode oscillation is completeiy suppressed and the laser oscil-

lates only in the desired TEMoo mode. For aperture diameters slightly larger

than this rralue. lasers are ofteu observed to produce an output beam in the form

of a circulariy symmetric ring with a dark sPot on axis, as illustrated in Figure
17 ' � r '

Thjs mode; often referred to as the "donut mode,' cannot be an rn = 0 mode,

sihce an ne. = 0 Laguerre-gaussiau mode can never have a null on &di. It might be

interpreted as a higher-order'rio-(r, 0) Laguerre-gaussian mode with P = 1 and

a.rr azimuthal variation like ej-o with rn >- p. In most practical lasers, however,

'( ')
-1il*r;r-

/'F\l',-
t.-l. ,) ,
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FIGURE 17.23
The outermost peak of an n-th order Hermite-gaussian mode occurs at rr =
,fi x w. The inset shows the n = 20 mode as an example.

this "mode" is more likely to represent a linear combination of the TEMIo and
TEMgr Hermite-gaussian modes oscillating separately and independently, with
slightly different oscillation frequencies because of the astigmaiism introduced
by the Brewster windows in the laser. The time-averaged total power output is
then still circularly symmetric about the axis.

Higher-Order Mo-de Sizes

It is obvious from inspection as well as from analytical approximations that
higher-order Hermitegaussian or Laguerre-gaussian modes spread out further in
diameter as the mode index n (or p) increases. The mode pattern of the n = l0
mode function shown in Figure rT.23, fot example, rpr."d" out considerably
farther than the lowest-order o! n = 0 gaussian mode. This increase in mode
diameter with increasing index n can be put on a quantitative footing as follows.

Let us use the peak of the outermost ripple in ihe Hermite-gaussian pattern,
call its location xa, 6 a convenient and fairly realistic measure of the spread or
half-width of the Hermite.gaussian function. Numericaliy calcuiating and plot-
ting the location of this outmost peak versus the mode index n, as in Figure
L7-23-or alternatively, exploring more advanced descriptions of tie mathemat-
ical properties of the Hermite-gaussian functions-then shows that this width
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increases with n.in approximately the form

mode half-width, c, = lfi x u. (44)

In addition, since these higher-order modes hzve nf2 full ripples or periods of
approximately equal width across the full width2lfiu of an a-th order Hermite'
gaussian function, the spatial period A, of the quasi-sinusoidal ripples associated
with, or describable by, a Hermite-gaussian function of order rr and spot size ur
is given bY

691
t '

. 4 w
spatial period, A, = -,fr.

n ( lV- . ,  =  ( : ) '

(45)

Both of these criteria are very reasonable approximations to the mathematical
properties of the Hermite'gaussian functions, especially for larger n.

Higher-Order Transverse Mode Aperturing

To illustrate the use of these quantities, suppose that we have an apertute
of width or diameter 2a, corresponding perhaps to a mode control aperture
or an end mirror inside a laser cavity; and that we are considering expanding
the amplitude distribution across that aperture using a set of Hermitegaussian
modes of spot size u at the plane of the aperture. It is then obvious that only
those Hermit+gaussian modes of orders low enough so that ra S a, or with
indices n less than the value given by

(46)

will pass through this aperture. or oscillate inside this cavity with relatively
negligible mode losses. lvlodes with higher mode indices will spill over past the
edges of the aperture; and we can expect a rapid increase in energy losses caused
by the aperture for all modes with indices larger than this value. (Obviously
this criteria is the most accurate for apertures at least several times larger than
ur, since lhe sharpness of the outer edge transition becomes increasingly appar-
ent at higher mode numbers.) Larger-diameter lasers often choose to oscillate
in multiple transverse modes extending up to and includiag the highest-order
transverse modes that will "fit" inside the laser tube or the laser mirrors accord-
ing to this criterion, since all of these tlansverse modes will have comparatively
low diffraction losses at the laser tube walls or mirror edges.

Ttansverse mode-control apertures are often placed inside stable laser cav-
ities in order to attenuate or block higher-order modes from oscillating while
producing minimal loss for the lowest-order TElvloo modes. A common rule of
thumb for the necessary aperture size in low-gain lasers, such as for example
He-Ne lasers, is that the mode control aperture should have an aperture size of
diameter 2o = 3.5 to 4.0 x ur, or slightly larger than the 2a = rw or ggTo criterion
we introduced at the beginning of this section.

Numerical Herm.it*Gaussian Mode Expansions

Suppose we wish to carry out a numerical expansion of some given (or
perhaps unknown) function /(z) across an aperture or strip of width 2o using a
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FIC;URE 17.24
Expansion coeff icient magnitudes larl  versus mode index zr forexpanding a uniform

square function of width 2a using a Hermite-gaussian basis set, for different choices of

the parameter a/ru.

Her:nite-gaussian basis set in the forrn

f  (")  = |  c ' i " (z;ro),  -a !  x !  o, (47)
'  n=0

where rir(r;ru) refers to an n-th order Hermit+gaussian function characterized
by spot sizew, and N is the ma:<imum index value to be kept in a finite expansion.
Let us explore some of the numerical considerations involved in this expansion,
such as the optimum choice of the gaussian spot size u (assuming this to be a
free parameter), and the number of terms N that we will need to keep in the
sum.mation.

The expansion coefficients for a given function /(c) will be given by the
over,lap integrals

"^ = 
l:,f @)ili",)dz. (48)

Figure 17.24 shows, for example, how the expansion coefficient magnitudes lc"l
will decrease in amplitude with increasing mode index n if we expand a simple
rectiurgular function of width 2a using Hermite'gaussian basis sets of different
fundamental spot size ur. The dashed lines represent the values N-r, = (alu)2 in
each situation. It is obvious from these plots that the amplitude of the expansion
coefficienis drops off rapidiy in each situation as soon as n increases slightly
beyond this value. This fall-oft'obviously occurs because the Hermite-gaussian
modes of order higher than this extend past the edges of the aperture, or the
square input function, and hence less and less of ihe Herini'ue-gaussian function
falls within the overlap integral given in the preceding.
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FIGURE 17.25
Residual mean-square error in approximating a half sguare of width o using a trun-
cated series of Hermite-gaussian functions, plotted versus series truncation index, for
different values of o/u;.

is a sliglrtly different illustrarion of the same point, Figure 12.25 shows sim-
ilar results for the expansion of a half-square (or displaced square) function cov-
ering the range 0 1 x I a using Hermite-gaussian basis functions. The quantity
plottcd in this situation is the residual mean-square error in the series approxima-
tion to the function /(z) caused by truncating the series expansion at a maximum
value-N, for different choices of the ratio ofw. Again wesee that the maximum
error drops rapidly with increasing number of terms in the series expansion. but
only up to a rather surprisingly sharp corner at .|y' = N-* : ("/.)2. Beyond
this value, keeping additionai terms only causes a very srow further improvement
in the accuracy with which the function is approxiruated by the finite series.

Spatial Frequency Considerations

suppose as a more general exampie that we wish to describe an arbitrary
function J(z) across an aperture of width 2o with a 6nite sum of .|y' + I Hermite_
gaussian funciions iln(c;w), of arbitrary spot size ur, for 0 ( n ( N. How then
should we select the spot size ur to use in the expansion, and the maximum index
lV at which the series expansion is to be truncated?

T9 do this sensibly, we must first calculate (from experimental or other evi-
dence) what is the ma;cimum spatial frequency or spatid period A, of the fluctu-
ations in the function to be expanded across the interval -a s x < a? That is,
we must pick a value of A such that the significant variations in /(r) will be no
more rapid than = cos2zrxf lt at most.

we must then select values of rz and N so that the highest-order Hermite-
gaussian functiors to be employed will simultaneously satisfy two criteria: they
must at least fill the aperture, and they must at leas+, handle the highest spaiial

6 9 3  ' -
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rariations in the signal. But these are equivalent to the two conditions

Satisfying these conditions simultaneously then leads to the spor-size an{
maximum-index criteria

i/ 2,n,-., = (;)' "nd n^- = 
ff S rt.

- = rl-+

(1e)

and .Ar > (50)

The second of these criteria is obviously a Hermite-gaussian version of the famil-
iar sampling theorem of Fourier transform theory, which says that to describe an
arbitrary function which is bandlimited to a spatial frequency 2n f l\, we need at
ieast two sample points per spatial period A. In the Hermite-gaussian analog we
need. A/ :4a/A samples in space across a width of 2a, or equiralently N = 4a/lt
coefficients in a Hermite-gaussian expansion.
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Problems for 17.5

1. Instaltaneous beam profile for the "donut mode.,, Suppose you can take a series
of instantaneous snapshots of the outpu! beam intensity profile from a laser
oscillating in the donut mode, in a situatiou where there is a 6nite frequency
difference or beat frequency between the TEMsl aod TEMro modes (perhaps
because some Brewster windows make the laser cavity slightly astigmaric and
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slightly different in lengrh for u-varying and y-varying modes). lvhar wirr rhe
time variat ion o[ the instanta'eous intensity prof i te look t ikc?

2- Near'freld beam with a central Jroie. consider a near-fietd beam pallern ac lhe
64a6 waist location rvhich has a centrat hole in it (in one transverse direction),
produced by combining !o(z) and r i2(z) modes wirh correct amplirude rario to
produce a null value on a.tis (i.e., at e = 0). what, will the far 6eld partern of
rhis beam look like? lVill rhere stiil be a hole on axis? Explain.

3. Recursrbn relaLion for e-rpanding a half-rectangle in Hermitegaussjaa functions. If
you expand an off-center half-square function of width o into Hermite-laussian
funclions, the first two expansion coefficients are

co = (2;r7' / 4 
1w / aa)t / 2 ert(a / w)

. q - (2tr)r/a (w1o1t/, ft 
- exp(-a2 /u27] .

using the recursion and differenriat relations for Hermite.gaussian polynomials,
show that all the higher-order expansion coefficients can be obtained from tbe
recursion relation

^  l n - l 1 t 7 z  7 r t"" = 
l ;-/  Ca-2 - 

fr4[n"_,(o;ur) 
- n"_r(0;u)I,

whcre the &n(r;ur) are the properly normalized Hermite-gaussian functions of
sooL size r l .

17.6 MULTIMODE OPTICAL BEAMS

Lasers that oscillate in multiple higher-order transverse modes are alrnost alrvays
considered as "bad" lasers, since they wil.l have a far-field beam spread cosider-
ably larger than a rvell-behaved lorvest-order single-transverse-mode laser. The
quasi analytic resulh that rve have just obtained for Hermite-gaussian mode
expansions can also be applied to give a useful description of mullimode or non-
diffraction-limited laser beams, in the follorving fashion.

Description of a Multimode or Non-Diffraction-Limited geam

suppose that an osciliating laser emits a reasonably well-collimated but
obviously multimode optical beam which occupies a rvidth or diameter 2a in
the transverse direction at the output from the taser. (By ,,collirnated" we mean
simply that any overall spherical curvalure of the wavefronts emitted from the
laser has been corrected by a suitable coliimating lens.)

The far-6eld angular spread of the muitimode beam coming from ihis laser
rvil l  then be subsrantially larger than the value 46 = ),/2o thaiwould be char-
acteristic of a rnore or less diffraction-timited optical beam. From another view-
point, if the output beam from this taser consists of a mlxture of a sizable number
of difrerent transverse modes, lhe rvavefront ar the laser output is likely to be
quite random in character, with considerable spatial incoherence or variation in
iocal amplitude and phase from poin! to point across the aperture.
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Horv can sucb a strongly non-diFraction-liurired laser beam then be describcd

analytically-espccially in situations rvhere [tt le infornracion may be arai]able

concerning the detailed n1ode cbaracteristics of the laser, and where all that is

knorvn for certain ma1' be the near-field aperture width aod the far-field angrlar

spread of this beam?

Hermite-Gaussian Analysis of Multimode Optical Beams

One usefut approach can be to analyze this beam as if the output fields in

tbe beam are made up of, or can be analyzed as, a suPerposition of Hermite-
gaussian modcs having a characteristic spot size rae. This assumption might
apply quite rvell, lor example, to the output beam from a laser with a stable
gaussian resonalor, such as we will describe in the following chapter, in which tbe
natural resonaLor spot size is rls, but the laser tube diameter or rairror diameter
2a is substantially larger than us. This laser may then oscil late simultaneously
in multiple transverse modes n'hich fill the entire diameter 24.

More generally, consider an arbitrary, irregular, multimode beam coming from
any kind of laser cavitl', stable or not; and asstune that t,his beam has sizable
fluctuations in amplitude and especially in phase across its diameter 2c. Re-
gardless of wheiher the underlying mode structurc in this beam is gaussian, we
can sli l l  use a sct of Hernrite-gaussian modes lo expand thc fields. Following the
procedure outl ined in the previous scction, \r 'e can first ask rvhat spot size urs
and numbcr of nrodes rY rvc rvould need to choose so that the spatial frequen-
cies and the spatial resolulion of the sct of Hcrrnite-gaussian modes r'r 'ould be
just adequate lo dcscribe lhe most rapid spatial varialions across the aperture
of rhat particular beam. !\ 'e can thcn use thesc values to calcrl late the basis ser
o[ Hcrmite-gaussian funclions rv]rich rve can elnploy to describe that particular
bcam with adequale accuracy.

For an aperture of rvidth 2o, wherc o is at lcast a ferv times larger than
ure, the maximum number of Hermitc-gaussian modcs that will "fiL" rvithin the
apert,ure, or the number of modes that rvill be needed to describe the fields in
the aperture, rvil l  t iren be given by

N=N- " *  = (o /us )2 . (51)

The corresponding maxirnum half-angle spread of the overall beam in the far
field, using a near-field spot size of toe and modes of index running up to n = N,
rvill then be

Nr/z) oA0- * * t /Nxer , .= } ; ;a= f r . (52)

If rve consider for simplicity a circular aperture of diameter 2a, then the far
field beam will also have a circular cross section of angular diameter 28-"r. The
product of the source aperture area A = ro? and the far-field solid angular
spread O = z'9|* will tlren be given by

,4 x O = (tro2) x (z'9]-) = (N))2 (JJ, l

This product for the multirnode or non-diffraclion-limited beam is then N2 times
the diffraction-lirnited valuc .4 x O = )2 rve derived earlier for an ideal lo'*.est-
order saussian beam.
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"Times Diffraction Limited,' (TDL)

An irrcgular or multimodc laser bcam rvhich can be described in the fashion
leading up to Equation I7.53 is often said bo be "N times diffraction l imited."
That is, its far-field angular spread is = lf times as large in one dimension (or
N3 times in solid angle) as the diffraction-limited angular spread that would bc
obtained from a uniphase beam with a reasonably regular amplitude variation
filling the samc aperture. The quantity N is sometimes referred to as the ..tines
diffraction limited" or "TDL" of tbe beam. Note that if this same beam is focused
to a spot with a suitable lcns, the diameter of the focused spot will also be = N
tirnes the spot size that would be obtained with an ideal diff'raction-limited beam.

This argument can also be appiied in the reverse direction. That is, given a
beam known to be N times diffraction limited (based on experimental data on
its initial aperture size and its far-6eld beam spread), we can treat this beam
analytically as if it rvere made up of a mixture of N2 Hermitegaussian modes,
with spot size givcn by urs = df Nr/z, and rvith mode amplitude coefficients as-
sumed to be approximately equal or perhaps randomly distributcd in amplitude.
The rciatively simple mathema[ical propcrties of the Hermit+gaussian modes
then maiie it possible to calculate or at least estimate other properties of tbjs
beam that might be of interest (for example, perbaps the amount of harmonic
generation it would produce in a given crystal).

It may seem somewhat inconsistent here to employ the Hermitegaussian
modes, which are characteristic of reciangular coordinates, and theo compute
areaq and solid angles assuming circular beams, which might more accurately
be described using cylindrical coordinates and Laguerre.gaussian funcrions. T5e
only excusc is that the Hermite-gaussian properties are perhaps simpter and
rnore farniliar than the Lagucrre-gaussian.s, and the right ansrver comes out by
using fornrulas based on a circular aDerlurc.

REFERENCES

For more discussion of these topics see the following chapter, and also the references
at tbe end of the previoui section. see also z.Karny, s. Lavi, and o. Kafri, ,,Direc!
determination of the number of transverse modes of a light beam," optis Lett. g,
.109-.l l l  (July 1983).

For a somewhat different approach to other types of laser beam aberrarion, see
c. B' Hogge, R R. Butrs, and lvl. Burlakof, "characreristics o[ phaseaberraled
nondiffracrion-limited laser beams," Appt. optics 13, 106b-1020 (May lgga).

Problems for 17.6

r- Bean expansion criteria usiag Laguerre-gaussian functions. Look up sufficient
information concerning the asymplotic properties of Laguerre polynomials and
Laguerre-gaussian functions to calculate the number of Lagrerr+gagssian func-
tions of given rro that rvill fit within a circular aperrure of radius a. and rhe
number of azimuthal orders that will be involved; and then repeat [he "TDL"

argument of this section worlcing in cylindrical coordinares.

i
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Fabry-Perot cavity gravity-*ave deieCaoia
DREVER

The gravitational wave detection technique discussed here is a long-baseline
nearly-free-mass technique, devised initially with the aim of obtaining high
gravity-wave sensitivity with minimum practicable cost. The distinctive part of the
technique is the use as sensors of a pair of optical cavities formed between
mirrors attached to test masses defining two perpendicular baselines. illuminated
by an external laser source. To introduce the basic concept it may be useful ro
summarize the train of ideas which led up to it-

Experience and analyses in the early 1970s of resonant-bar gravity-wave
detectors indicated that, although it is in principle possible to achieve by this
technique the high sensitivity likely to be required for detection of expecred
astronomical sourc€s, the small energy exchange with the gravitational wave leads
to increasingly diffcult experimental problems as sensitivity is improved. Alterna-
tive techniques using free test masses at large separations, monitored by optical
or microwave methods, can sample much larger baselines and make relatively less
serious any thermal, seismic, and amplifier noise, as well as the uncertainty-
principle quantum limit for the test masses. Measurement of the small relative
displacemens involved, which might correspond at I ktlz to strains of order one
part in lfr or less in a l kllz bandwidth, is however a serious challenge for
interferometers of any kind. If a simple Michelson interferometer were used the
photon shot noise limit would demand an impracticably high light flux. One way
of improving sensitiviry was proposed by R. Weiss (1972): the use of an optical
delay line to cause the beam in each arm of a Michelson interferometer to pass
many times between the test masses, so that the changes in total optical path
lenglhs are increased. This is an effective technique, but it does require large
mirrors and vacuum pipes of correspondingly large diameter to accommodate the
many folded beams. Further, early experimental work with optical delay lines at
the Max Planck Institute in Munich, and with a White cell multireflection system
at the University of Glasgow, showed up a scattering problem. Scattering of light
from one re0ection spot to another can give competing optical paths which are
not identical in the two arms. This can give phase noise if the light wavelength
fluctuates, unless special precautions are taken.
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The 'Fabry-Perot' technique was conceived as a means of minimizing mirror
and pipe diameters, and at the same time avoiding the scattering noise problem
(Diever er aL, 1983a). The test masses incorporate relatively small mirrors, one
of which is partially transmitring, arranged to cause the light to reflect many times
between the same pair of spots and give a sharp resonance condition analogous to
that in the classical Fabry-Perot etalon. The system is then very sensitive to
changes in either wavelength or in separation between the mirron. If two similar
cavities are illuminated via a beamsplitter by light from a single source, then the
effect of wavelength changes can be discriminated against, and the system made
sensitive to differential changes in cavity length which may be caused by
gravitational radiation.

An arrangement in which, in principle, this might be done is indicated
schematically in figure 12.1. Long optical cavities are formed between suitably
curved mirrors attached to each pair of test masses, spanning the baselines
between them. Light from a laser passes via a beamsplitter to both cavities, and it

Figure 12.1. Simplified diagram to illustrate the principle of a basic Fabry-Perot cavity
gravity-wave detector. With the cavities formed between cach pair of test masses in
resonance with the laser light, it is arranged that the output beams from the caviries arrive
at the photodiode with almost exactly opposite phase to one another, giving near minimum
intensity. A small differential change in the length ofeach cavity gives a change in phase of
output light which is magtified by the number of rcffections in rhe cavity, leading to a
changc in light intensity at the photodiode. (In this and following diagrams the thickness of
lines rcprcsenting light beams is intended to suggest the rcsonance modcs in which light
builds up inside the optical cavities, and should not be taken as a real representation of
bearn diameter or intensity.)
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is arranged that resonance takes place in each cavity, giving effectivety many
superimposed bounces of the light between a single spot on each mirror. A

i ' - changrin'length'of either cavityetirses a change-n phase 6f thallghi leiving ii.
The length changes due to gravity waves would give differential phase changei in
the two arms, which in principle may be measured with sensitivity similar to that
of a delay-line system. However, the diameter required of the mirrors and the
space requircd for the light beam is significantty less for the Fabry-Perot method.

. : For this technique to be practicable, it is necessary to have ways of obtaining a
.: . ' i suitably stable light freguency, and of monitoring small changes in phase in the

cavities. Techniques for carrying out these tasks were an imponant part of the
original Fabry-Perot gravity-wave detector concept, and will be discussed below.

It may be ngled here that if a srfficiently sqbfe light source were available, a
single optical cavity which monitored the distance between one pair of test masses
might in principle detect gravity waves. unfortunately at present there does not
seem to be any light source which has adequate frequency stability over the
relevant time scales, apart from a laser stabilized to a cavity similar to that used
for the test mass measurement itself. The differential. use of at least two similar
cavities, oriented to be affected differently by the gravitational wave, is necessarv

. in the current Fabry-Perot technique.
Since the basic Fabry-Perot detector system was conceived. several further

methods for enhancing sensitivity, and for exploiting the small diameter of the
cavity beams to make possible operation of several different interferometers
within the same vacuum system, have been proposed (Drever, 19g3). The
possibility of making multiple interferometers share one set of beam pipes seems
Iikely in the long term to be an imponant aspec of this opticat sysrem.

t22 Pdnciple of basic interferometer

To achieve high sensitivity in a Fabry-Perot cavity it is desirable to reflect the
light back and forth between the mirrors for a time approaching the period of the
gravitational wave; so such a cavity wiil have an extremely narrow opticat
bandwidth, typically less than l kHz. h is clear that rhe light source used ro
illuminate the qrstem must have a bandwidth no larger than this, and a key part

._ of the original idea for a Fabry-Perot gravity-wave detector was a new way of.' 
stabilizing the frequency of the light from a laser, to a cavity of this type (Driver
et al., 1983b). Previous laser stabilizing systens usually involved operating the
laser siightly down one side of the resonance peak in the response of a cavity, and
then using changes in the intensity of light transmitted by the cavity as a measure
of wavelength changes. The concept here invotves measurement of phase
difference - and not intensity - between tight within the cavity and light from the
laser, and use of this phase difference as a measure of deviation from resonance.
A high gain sewo system can use the phase signal to bring the laser into precise

I
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Figure 12.2. A more pracdcar arrangement for a Fabry-perot cavity gravity-wavederector, in which thc taser wavetength G defined by the cavity o",i" ,ighi-lr the diagram,and rhe forcc required p T"ilgn- rhe second (rower) cavity in *r;;;; with this ismonitored' The diagram is simplified - auxiliary oomponcnts are reguired to condition thebeams and control the test m2sses in a real ,pi...

resonance. A radiofrequency phase moduration technique can be employed to
reduce effecs of low frcquency laser intensity noise; the principle is illustrated in
a simplified diagram of one version of a Fabry-p"rot gr"rity-*ave interferometer
system given in figure r2.2. In this diagram ttre opticat ""ui,y on the right-hand
side is used to stabilize the wavelength of the laser. we discrss this part of the
system first.

_ 
Plane polarized right from the raser is phase modulated by passage through a

Pockels-cell, ar a freguenry in the range of r0 to 2oMr:Iz, -a p*i. to a 50vo
beamsplitter. Half of the light goes ro the right-hand optical cavity, through a
polarizing beamsplitter 

_and 
a guafter-wave plate. The axes of the iuarter_waveplate are oriented at 45 degrees to the polarization of the input li'gt, so that

circularly polarized light enters the cavity. Light coming uact< trori the input
mirror of the cavity is circurarry porarized in the opposit! sense, is transformed
into plane polarized light with polarization orthogonal to that of the input beam,
ard is reflected by the polarizing beamsplitter to the photodetectot at the top of
the diagram. The light aniving at this photodiode can be considered to have two
components: the phase-modulated taser light directty reflected by the input cavity
mirror; and light emerging from within the cavity - which has Luilt up over the
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cavity storage rime and thus has had its modulation si4g_ba.qdl Fm,eye_d. If_ rhe- laser light-is preciselv in resfn.ma-.iirtrre'""i'ty--tnJ.;;;;;1i,, n"u.opposite. average phase, and the photodiooe ouput has no component at themodulation frequenry. If the laser is stightly off resinance, the phorodiode gives asignal at the modulation freguenry whose amplitude and phase indicate thernagnitude and sign of the error. Demodulation of the photodiode signat by acoherent demodurator gives a voltage signar which may be applied to a secondPockels cell within the laser cavity itself, so trrat tire wavelength of the li-ehr from' the laser is driven closer to the cavity resonance, *a ,i" r"r"?'f.t-*]i.u"o ,"wavelength to the cavity.
The bandwidth achievable wi&_this stabilization system is nor limited inp;ncipte bt itta6ragi tin," or trr" opti""i""uity, "na a very high roop gain canbe obtained with a suitabre amprifier iyrt"r. The waverengrrr "t?"l"ser ri_sht isthen dghtly rocked to the spacing bitween thc cavity minors, which in thediagram are shown attached to a pair of test masses which form one arm of agravity-wave detecror.

To comprete the gravity-wave detector the same technique may be used asecond time - but in this case it is emproyed to rock the rengttr of an opticar cavityspanning the second arm of tre aeteitoi to the waverength of the now-stabirizedIaser light' In figure 12.2 the light leaving the beamsplitter in rhe downwardsdirection enters the second optical cavity, and, as before, demodulation of thelight coming back from the input cavity mirror gives a signar which measures thedeviation from resonance- In this case the signar is ampfid'ed and used to appry anelectrostatic force to the rower test mass, in1 direction to bring the cavity croserro resonance- If the roop gains in the servo roops for both caviies are.high. thenthe spacing between the wo pairs of mirrors wilr be rocked ,og"ih"r, and theelectrostatic force required to maintain this condition can become a measure ofdifferentiar forces induced by gravitationar radiation or other pr,.rro."n".
The interferometer configuration just described is in principre srightry resssensitive at is photon shot noise rimit than the arrangement iniicateo in figure12'1, since the output beams from the two cavities "r" *t recomuinJ together atthe beamsplitter, and separate measurement of phase is made in each arm insteadof a single differentiat measurement. with available mirrors in " t"uo,"tory-scareinterferometer the difference is smail, atthough in a rarge system the recombinedarrangement may give a strain sensitivity which is uetter iy a factor of nearly2Y2, and' it facilitates high power opu,"tion. In designs for practicar versions ofFabry-Perot interferometers with recombined output beami, the taser may bestabilized to one of the main cavities, or to the average of both of them, usingonly a smail part of the returned light; or a separate cavity to which the mainarms are indirectly locked may be used as a primary reference for the laserstabilization.

The sensitivity of an interferometer of this type may be rimited by manyfactors, but an important fundamentar one comes from the fluctuations in tight
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intensity detected by the photodiode arising from .photon shot noise,, the
quantum 6uctuations in the number of detected photons. For a given input light
power' the photon shot noise sets a limit to the acc'urary of measurement .of
optical phase difference, and thus to change in opticat path within the cavities. A
small motion of one of the test masses wilt cause a change in optical path which is
increased by the number of times the light traverses the distance between the
mirrors forming the cavity. Early in this work it was expected that losses in the
mirrors would fimit the number of reflections which could be used; and in this
regime the sensitivity would improve with the effective number of reflections.
However, the development of low-loss mirrors for other applications has led to
the Potential availability of multilayer dielectric mirrors traving reflective losses
less than one part in ld, and with such mirrors the total time tnat the light spends
within the cavity becomes significant. If the efiective storage time of the light is
longer than the period, or the time scate, of the gravity wave there may be
reversals in the mirror motion, and some resultant cancellation of output signal.
The cavity behaves in some respects like an integrator, and.as light storage tirne
increases, displacement sensitivity improves up to a iimiting value which is
approached when the storage time matches the time scale of the gravity wave. In
the configuration of figure 12.1, this limiting sensitivity, for detection at unity
signal-to-noise ratio of a pulse of strain amplitude tr, is given approximately by
6 = [(If 

3 trh) t (I q c)1, ".

Here I is the wavelength of the light; /is the main frequenry in the spectrum of
the gravity-wave pulse: the amptitude } is assumed to be measured over a
bandwidth equal to this; i = Planck,s constant/(2:r); I = input light power,
7 = photodiode quantum efficienry; and c = vetociry of light. For ,f = 1000 Hz,
I = 514 nm, / = l0 w, and a photodiode of near uniry quantum efficiency, this
indicates a potential gravity-wave amplitude sensitiviry of order g x l0-zr.

It may be noted that in this case the shot noise limit to sensitiviry is
independent of arm length - but in pracrice limits to sensitivity set by other
factors, such as stochastic forces, thermal noise, or the unceftainty-principle
quantum limit for the test masses, make a long baseline essential.

The diagrams shown are highly simplified, and in practice it is necessary to take
precautions against many phenomena which may disturb sensitive optical
measuremenb, such as lateral and angular motions of the laser beams, nuctua-
tions in laser intensity, and spurious rcflections and scattering between com-
ponents. This makes the real s)6tem relatively complex. we will discuss some of
these practical issues later; we concentrate on basic principles at this stage.

In an interferometer s)tstem in which the outputs from two arms are
recombined at a beamsplitter, there are severat advantages in adjusting the
optical paths so that the output beam to the photodiode is near an intensity
minimum - the photodiode is near a 'dark fringe'. It can be shown that if the
measurement is limited by photon shot noise, and amplifier noise is unimpoftant,
this gives in principle the maximurn possible sensitivity. In practice a high

:W
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GquJncVF[AC moiiutdiion teah-ique may be €mplotCd to m]n'irrii2Eefet1Sbf

low frequency laser amplitude noise, and a feedback servo used to keep the

interferometer centered on an intensity minimum. This arrangement is panicu-

larly useful when light power levels in the interferometer are high, for the

photodiode lias to handle only a small fraction of the total light ffux' and a

relatively small, high-sensitivity, photodiode may be used. With the photodiode

near a dark fringe, most of the light from the interferometer Passes out through

the other side of the beamsplitter, in a direction towards the laser, and is

available for other uses if required.

Ttre potential sensitivity oJ this systelt! iS intereJting, bu! higher perfotmance

woutd be desirable. Some improvement can be obtained by increasing the laser

power, but there are practical limits to this. However, some further methods for

improvin! iChsitivity of interferometers of this type without increasing input

power have been devised, and are likely to be important in large-scale

gravity-wave detectors.

X23 Enhancement of sensitivity by light recycling

When experiments with Fabry-Perot interferometers at Caltech showed that

mirrors were potentially available which could give light storage times in

laboratory-scale optical cavities comparable with the time scales of signals of

interest, and could be expected to give much longer storage times in larger

systems, it began to become evident that we might be entering a realm of new

possibitities in optical experiments. The anount of light which has to be absorbed

by a photodetector to give a sensitive null measurement is in principle very small,

and much less than the circulating light power required in the interferometer

arms. If scattering and dissipation can be kept small in the whole optical system

there may be little loss of light in a period corresponding to the time scale of the

gravity wave, and muctr of the light may still be present at the end of this

measun ment period. Thus there is a possibility for using most of the light again.

In a suitable optical system the light may be 'recycled' many times, so that the

Iight power efiective for the measurement may be significantly larger than the

output of the laser itself. The basic concepts (Drever, 1983) may be applied to

both delay-line Michelson interferometers and to Fabry-Perot interferometers

with beam recombining; we discuss only the latter case here.

With the basic interferometer system shown in figure 12.1, the main optical

modification to achieve broadband recacling involves the introduction of an

additional mirror between the laser and the beamsplitter to return light to the

interferometer, with servo control to maintain oolrect phase of the recycled light.

A schematic diagram of the resulting arrangement is given in figure 12.3. The

recycling mirror forms what is effectively a large Fabry-Perot cavity encompass-

ing the two main cavities and the beamsplitter, and its position and reflectivity are
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Figure 12.3. Basic arrangemenr of a Fabry-perot interferomerer with broadband righrrecycring' using mirror M'.to return tL" a'oo. 
t_*- 

Efiects.rl"*ri","-".iry noisc maybe reduced by apprying high_frequcifi ;;;,"i,:": one way of doing this is shown bvoroken rines' A smart oart Jf the iteaoi ri"rJltry in the. rccycring ,yrt. is taken out toa side arm, phase modutarco,.anaaalla ,J ri'. iiu"r""tiar output of ihe inrcrferomercr atan auxiriary beamsoritter. rtasc ctranlii ; ;. 
T"r" interferometer output can bedetermined from the signals from photodiodcs Dl and DI,.

chosen to give maxinmethodu,.i,o;;"#,::::#,Tf#;li:i:iil[r-f::",r,:,,.il,#;
resonance berween the laser in figure r2.2 andtrre cavitfon;; ;;;:h"rd side ofthat 6gure. The laser beam is ifr"* 'mJ"lreturning rrom rhe recvcrin g mirror r, or"#il :t rl'iliT.T3l'#.rr"lr#demodulated, and the-resurting phase ";;;;gr"t used ro adjust either the raserfrequency or the position or ir" 

Id;;;,ioor. In the former case, the rwointerferorneter cavities are maintained in-resonance by separate servo systemsusing aux'iary photodiodes, not ,ho*n,-to-;;;:, ,t"iri.yi""grr,. by apptying
*1,1":iff::rlrt:" 

end masses i" " *"y 'iilar to rhar i"au,"Ji", the rower
For normar operation the reflectivities of the cavity input mirrors for each armare chosen to give *"i:r,:::ig: tim* o,trtf "pproximatety match rhe time scateof the gravity waves of interest. Maximum buird-up of right is obtained with a

l}:lif*t" 
for the rerycling mirror wtrictr suitaury r"t"h"I,n" ,or"ttkes in the
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The number of times that the light can be rerycled through the interferometer
depends on many factors. These include losses in the mirrors, the beamsplitter,
and other optical components; Iight removed for auxiliary servo systems; and any
residual mismatch in the wavefronts of the light from the two main cavities when
they are recombined at the beamsplitter. Reduction of wavefront mismatch by
use of a specially figured compensating plate in one arrn of the interferometer
may be practicable.

If it is assumed that all losses are made small excePt those 4ssociated with
cavity mirrors of maximum reflectivity R, then the photon shot noise limited
sensitivity at unity signal to noise ratio may approach h = {(}f}h$ -

R)\ l(Llq)|ttr.
For similar parameters to those used in section 12-2 above. with R = 0.99995,

L=4km, and /=50w, th is  g ives a sensi t iv i ty  n=t .2x l0-c.
This basic type of rerycling interferometer seems a very efrcient *'ay of

achieving a sensitive broadband instrument with minitnum light input po\r.er. lt
seems probable that when techniques for using squeezed quantum states of lisht
to reduce photon shot noise become sufficiently developed, these may be applied
to essentially the same interferometer design to give further improvement in
performance. However, another optical techniqrie, 'resonant recycling'. has been
devised to obtain further improvement in shot noise limit to sensitivity in a narrow
bandwidth (Drever, 1983). In the original version of this rcheme, the cavities in
the rwo arms of the interferometer are coupled together by a high-reflectivity
mirror in such a way that the normal resonance modes are split, with a splitting
which matches the period of the gravity waves of interest. One of the two
resonances is then made to match the frequency of light from the laser, while the
other matches the frequency of a sideband of this light produced by the mirror
motions due to the gravity wave: both resonances enhance the output signal.
Another variant of this basic idea has been proposed recently by B. J. Meers:
here the second resonance is obtained by putting an additional recycling mirror at
the output of the typc of broadband recycling s]6tem shown in figure 12.3. The
latter configuration has been called 'dual recycling'.

12.4 Resonant recyding and dual recyding

tZA.l Resonant recyding
The original idea for resonant recycling arose while trying to find a way of
detecting the very weak periodic gravitational radiation signals expected from
pulsars. It grew out of the realization that if light could be stored in an arm of an
interferometer for a time matching half a period of the gravity wave it might be
made to exchange with light from the other arm at the same time as the phase of
the gravity wave reverses, so that a signal might build up continuously (Drever,
1983). The first description of this concept, applied to both a delay line and a
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Figurc 12.4. One configuration for a resonant recycling inrerferomercr, with the main
cavities coupled by mirror M2 to give one resonance at ihe frequency of the laser and a' 
second resonancc at a sideband frequency produced by modulation by the gravitational
wave.

Fabry-Perot interferometer, was given in these terms: but in the case of the

wliiflli::ll':f ff:T:i:';H":ffJiJ";::',*,1'#::"fi f;:UH'::
; providing a resonant enhancement of a siaeband signal. A simple form of
I resonant recycling Fabry-Perot interferometer is shown in figure 12.4. Here the
. optical cavities in each arm are directly coupled to one "noth.. by a mirror M2.
, Thit has a higi reflectivity, chosen so that its transmission approximatety matches

the total losses in the pair of cavities, giving maximum build-up of laser light in
this part of the system.

' If we consider a single axial resonance mode of the same order in each cavity.: then tre coupling has the efiect of giving the combined system two modes of
oscillation, a symmetrical one - pumped by the laser - with the light in phase in
the two cavities, and an antisymmetrical one in which it is out of phase. The
degree of coupling between the two cavities is determined by the transmission of
their input mirrors M3 and M3' and also by interference efiects in the optical path
between these mirrors. To tune the interferometer, the mirrors M3 and M3, are
adjusted so that the frequenry splitting matches the frequency of the gravity wave
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of interest. A periodic gravity wave will then move the end mirrors and frequenry
tnodutate the€vities in such a'way that sideband iighr which resonates *'ith the
antisymmetrical mode is parametrically pumped into that mode. Xhere is thus
both a resonance build-up of the laser light and of the signal produced by the
gravity wave. For a fast pulsar signal the build-up can extend over many rycles of
the gravity wave, and an enhancement of sensitivity may be obtained which is
approximately equal to the number of gravity-wave periods in the light storage
time. For a measurement in which the signal is integrated coherently over a total
time r, the sensitivity for amplitude & of a periodic gravity wave, at unity signal to
noise ratio, is given approximately by h = [(lfic(l - Rl2)l(Lzl4ot)l'o.

Herc, as befqqq, !1 is 4qum9d lhat loEes 1e dglqmtlgd ogty by the 1eflectlvfty
R of the main mirrors. For / = l0 W, r = l0's, and all other parameters as in the
example in section 12.3, this gives a photon shot noise limit to sensitivitl' of the
o r d e r o f f t = 1 x 1 0 - 4 .

Other noise sources may, of course, Prevent this sensitivity from being
obtained in practice.

One possible way of exciting the interferometer and detecting the gravity-wave

signal is indicated in figure L2.4. The laser sends beams in two directions to the
mirror l,tI2 via a 50Vo beamsplitter, and light from the antisymmetrical cavity
mode returning from M2 recombines at the beamsplitter and emerges dorx'nwards
towards the photodiode. Discrimination against laser intensity noise may be
improved by introducing high frequenry phase modulation, for example by a
method like that shown in figure 12.3, in which some phase-modulated light is
coherently added to the main output signal- Techniques of this type can be
applied to most of these interferometer configurations, but arc omitted here for
simplicity.

t2.42 Dual recyding
An alternative 'dual recycling' method (Meen, 1988) of obtaining the two
resonances rcquired for a resonant rerycling interferometer is indicated in 6gure
12.5- Here a second recycling mirror M4 is added to the output of a standard
broadband recycling interferometer. The first recycling mirror lvt2 acts just as in
the broadband recpling s]'stem of section 12.3 to increase the laser light flux in
the interferometer arms. The second recycling mirror M4 is adjusted to give a
resonance with the two main cavities combined in antiphase with one another at a
sideband of the laser frequency produced by the gravity wave. This enhances the
gravity-nnave signal just as in tbe resonant rccycling system of section 12.4.1, and
detection of the signal may be facilitated by a similar heterodyne system.

In a narrow-band operation the maximum sensitivity of this system is similar to
that of the resonant recycling system of section 12.4.1, although there are
difierences. Tbe presence of the hrlo extra mirrors in the resonant part of the dual
reclcling system can potentially give it more flexibility in adjustment of overall
response. By broadening the bandwidth of the ouput cavity, while keeping the

i : : i i i  i i ' : i l i i i : : i : ; ; ; j i i . . : : r : i ; i i i i : : i i r : :  :
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Polartziag
bcamsplitter

Figure 12.5. A dual reclcting intcrferometer configuntion. The output mirror M4
provides the second resonance reguired for rcsonant recycling, with the input mirror M2
giving the resonancc at thc lascr frequency. The high-frequency side-arm modulation
method outlined in frgure 12.3, indicated by broken lines, may be used here also to reduce
intcnsity noisc.

input cavity natrow, a wider bandwidth can be obtained for a given peak

sensitivity. However, losses in substrates may be higher. It may be noted that

addition of a recycling mirror to the resonant rerycling system of figure L2-4' in

front of the beamsplitter Ml, can give that system some similar characteristics.

t2.43 Resonent recycting interferometers in general

The two resonant recycling s)6tems discussed above are examples out of a wider

range of configurations which can be envisaged. These systems are likely to have

more general application than investigation of periodic signals alone. They can be

adjusted for relatively broadband response, and then may be competitive with the

broadband recycling systems of section 72-3 for pulse searches; while for

particular pulse waveforms they may be more sensitive. Also in searches for a

stochastic background of gravitational radiation by cross-correlation technigues

they may give higher overall sensitivity. Further, it can be expected that these

techniques will be relatively tolerant of optical distortions and figure errors, for

the exchange of light between the interferometer anns tends to average out sorne

imperfections. In general, resonant recycling systems of various kinds look

promising for the future.
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IJL,S Other tedrniques for achieving high sensitivity

-lt3J- 
Use oiiq-ueezEi l-ighi Techniques

Theoretical and experimental work on quantum limits to optical measurements

has shown that it is possible to modify the statistical properties of the light in an

interferometer in such a way that a suitable measurement Process may show

. smaller fluctuations than would be obtained from photon shot noise at the same

! power level in the usual system; and this may be applied to Fabry-Perot systems
| ;s well as to other typ"r of interferometer. It has been noted by C. Caves (1981)
i ilnd others that a fundamental component of the statistical fluctuations in the output

from a Michelson interferometer can be regarded as arising from vacuum

fluctuations- at. optical frequenry which enter the system through the normally

unused direction into the beamsplitter. It is possible to modify these fluctuations

by paramepic pumping with a non-linear optical medium which covers the open

beariiiplittCr port; in auah a way that the flrlCtuationiin on€ qtadfAiur€ phas€ of

the output light from the interferometer are increased while those in the

orthogonal quadrature phase are decreased. Efiectively the fluctuations become
.squeezed'so that they become smaller in one quadrature phase than in the other.

Advantage may be taken of this by arranging that detection of the outPut signal is

made using the quieter quadrature phase alone; which may be done with another

coherently pumped optical parametric amplifier. The ultimate noise in this, and

other, squeezed light measurcment techniques can in principle be less than in

normal operation of an interferometer with the same light power-

Application of these techniques to Fabry-Perot interferometers shows promise

for the future, and may lead to improvements in sensitivity without inclease in

light power. Some limitations should be mentioned, however. Optical losses at

mirrors and beamsplitters can introduce fluctuations which are not reduced by the

squeezing, and may obviate the potential gains in sensitivity. In particular, when

recycling techniques are pushed to a Point where losses in the interferometer

arms prior to detection are the limiting factor, as in resonant rerycling and dual

recycling for narrow-band operation, squeezing techniques may not give sig'

nificant advantage. However, with broadband recycling and wide band dual

rerycting where light is detected'before losses have become large, squeezing may

in principle give a useful improvement in sensitivity.

lfLJ,2 Use of auxiliary interferometers to reduce seisuric noise

Up to this point we have considered photon shot noise as the main source limiting

tbe sensitivity of an interferometric g:ravity-wave detector; but other noise sources

may also limit practical systems. Seismic motions of the ground, which may

produce stOclrastic forces on the test masses through the mass suspension systems,

are a potential noise source which may limit performance at low frequencies.

Passive isolation techniques can provide good seismic isolation at frequencies

above a few hundred hertz, but their effectiveness tends to decrease as frequency
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fatls. Various types of active feedback isolation systems have been proposed and

dcvgloped with the aim of improving the low frequency perforrnance of

gravity-wave detection systems.
The relatively small diameter of the cavity mirrors and light beams in a

Fabry-Perot gravity-wave detector makes it reasonable to consider putting

several different interferometer beams within one set of vacuum pipes- This has

made more practical a fairly simple technique for reducing low frequency seismic

noise which was conceived earlier. An auxiliary interferometer is used to monitor

relative motions between the suspension points of the test m:rsses at the opposite

ends of each interferometer ann. The output from this interferometer is applied

to a transducer system which moves the suspension point at one end of the arm in

such a way that relative motion along the direction of the arm is decreased. With

the pair of suspension points locked together in this way, seismic motion

components in the direction of the arm become effectively equal for the two test

masses, and thus tend to cancel.

This active isolation technique is a fairly simple one for a Fabry-Perot

interferometer, and can be expected to considerably reduce relative motions of

the test masses. Experimental work on a system of this type has been done by Y.

T. Chen. Such an ar:rngement is expected to usefully improve detector sensitivity

at low frequencies. Further, as it reduces the dynamic range requirements for the

servo systems controlling the overall lengths of the main interferometer arms it

may contribute to improved performance at higher frequencies also'

t2.6 Experimentd strategics with Fabry-Perot qfrstems

The Fabry-Perot interferometer system for gravity-wave detection was conceived

initially mainly as a comPact, and therefore relatively economical, optical system

for achieving the required sensitivity. However, the compact nature of the

mirrors and beams relative to those required for delay-line detectors has

gradually led to new ideas about wap of using the interferometers which have

influenced plans for experimental strategies for gravity-wave searches. For

example, experience with searches for gravity-wave bursts using earlier broad'

band bar detectors showed the major advantage to be gained in discrimination

against spurious signals by having at least a pair of detectors operating in

coincidence at one site, along with One or more at a distant location to verify

possible detections (Drever et al., lfiR). With laser detectors it was soon realized

that if two interferometers could share a single set of beam pipes the cost of

adding the second would be relatively small. Further, when planning for

kilometre-scale interferometer facilities began about six years ago it became

apparent that it would be wise to make any large facilities capable of

accommodating delay-tine interferometers as well as Fabry-Perot ones' and this

implies that the beam pipes would be capable of accommodating several
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Fabry-Perot interferometers. Gradually it became apparent that it could be

economical ro design large detection facilities to house several detectors, and this

in turn has afieaed ide-asfor experimental search-strategies.'We mmmarize soms

of the concepts here, and their influence on the design of large detection facilities.

t2.6.1 Use of interferometers of difierent length

The first proposed experimental strategy which became more viable with the

possibility of sharing beam pipes was the concept of operating interferometers of

different length side by side. This idea grew from attemPts to find ways of

reducing the cost of using pairs of interferometers at one site to improve the

discrimination of gravity-wave signals from those due to other phenomena

_ (Dleyer et al;, 19839). O1re e.arly arlaqCeneltPlgPqsJq- inrofve! sharigg of test

masses and of some vacuum tanks, with seParate beam pipes forming the sides of

a square to give discrimination against non-gravity-wave disturbances. However,
'a performance nearly'as good may be achieved at lower cost by sharing beam

pipes, so that a single L-shaped system accommodates two interferometers which

are made to respond differentially to non-gravity-wave effects by rnaking their

arm lengths significantly. different. A convenient ratio of arm lengths is around

2:1, so that a vacuum tank half way along each main arm houses an end mass for

the shofter interferometer.
In.this case a gravitational wave will produce displacements (or forces) twice as

large in the long interferometer as in the shorter one: very few other disturbances

wilt produce displacements in this ratio. Thus a disturbance of any one of the test

masses, a release of strain in any one suspension wire. or a change in optical path

produced by a release of a burst of gas in any of the beam pipes, can be

discriminated against. The discrimination is of course only effective with signals

which are several times the mean noise - and these are likely to be the most

important signals. For signals near the noise level the technique can give only

marginal discrimination, but even in this case the addition of the two interfero-

meter outputs will give slightly better sensitivity than that of a single interfero-

meter alone,
This two-interferometer system seems capable of giving a sufrciently good

signature for a gravity wave to reject many local spurious phenomena. For

positive detection of a gravity-wave pulse, however, a coincidence with another

detector at a distant site is still essential. The tw}'interferometer local system,

giving signals in the required ratio, can nevertheless add greatly to the

significance of a coincidence with a remote interferometer, and can reduce

accidental coincidence rates by a largc factor. The efiective detestion sensitivity

for low rate bunt events can thus be significantly improved.

t2.62 Concurrent operation of interferometers for different PurPoses
The feasibility of operating several different interferometers within the same

vacuum system can facilitate a comprehensive search for gravitational waves in
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other ways. In panicular it can make it possible to develop new interferomerer
techniques without interrupting searches with existing interferometers; and it can
make it viable to operate specialized interferometer sysrems designed to give
maximum sensitivity for a specific kind of signal without stopping more general
broad-range searches. we consider some aspects of these possibiiities in turn.

(i) Gravity-wave searches end interferometer development
Fully realistic testing of long-baseline interferometers can only be carried out
when the necessary large vacuum pipe systems become available, and it can be
expected that the first interferometers to go into these systems will have far from
the ultimate performance. Further development of the techniques wilt then be
possible - and will be very important to achieve high sensitivity. Here the
possibility of operating several interferometers within the same vacuum facilities
can give another bonus - it can make it practicable to use one interferometer as a
testbed for new developments without intemrpting gravity-wave searches being
made with other interferometers. A dilemma familiar to experimenters - how to
divide instrument time between observation and technical developmenr - may
thus be avoided. This mode of operation - performance of continuing gravity-
wave searches and observation concurrently with the development of new
techniques - may be a very effective one, and is an important practical reason for
attempting to accommodate additional interferometers in a large-scale facility.

(ii) Optimized searches for specific signals
It has been shown above how a suitable choice of optical system parameters can
enhance the performance of an interferometer for certain types of signals; a
particular example being a search for a continuing periodic wave, for which the
optimum detector would have the narrowest bandwidth obtainable with available
arirror losses, centred at the appropriate frequency. Even for broadband
searches, the design of an interferometer for optimum performance at low
frequencies difren from that for higher frequencies. In the latter case, for
example, it is advantageous to make test m:rsses relatively small so that
frequencies of internal resonance modes are well above the gravity-wave
frequency of interest. In this case also, the optimum cavity storage time is shon;
and the optimum light power on the test masses - where near the uncertainty-
principle limit quantum fluctuations in radiation pressure may balance photodiode
shot noise - is higb. A complete search for gravity-wave signals is likely to involve
a range of interferometer parameten and different types of interferometer, and
here again it is clear that use of a number of interferometers in one vacuum
system may make it practicable to carry out more sensitive searches in a given
time than with a single one.

: . : . i . i I i | :  : . : : i
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t2.63 Delector and vacuum sy$em arrangements to facilitate efficient
experinents

. 'llhe..possibilities 
of mnning several interferometer. beams,within a single ,set- of

vacuum pipes can be used to the fullest extent only in vacuum systems designed
for this mode of operation, and there has already been some development in
concepts for doing this. In designing such a system using the typical interfero-
meter layouts indicated earlier it can be particularly difficult to find enough space
for those components which would be naturally located at the intersection of the
two main arms, such as beamsplitters. To alleviate congestion in the inrersection
region, a concept in which separate vacuum tanks are used for test masses and
beamsplitters was introduced by the writer in 1984. Tanks for test masses are
located along the two main arms of the system, and beamsplitter tanks are placed
along a line bisecting the angle between the two arnis, with auxiliary evaciatCd
pipes linking the tanks. One version of this arangement is shown in figure 12.6.
Auxiliary mirrors deflect the light from the beamsplitters to the appropriare main
Fabry-Perot cavity. This type of system provides several virtual intersecrion
regions, giving useful space for beamsplitters and other optical cornponenrs
outside the main interferometer arms. It was the basis for eaily plans for a system
which could accommodate up to six separate Fabry-Perot interferometers. A
fufther concept of practical importance was added more recently: the test masses
on their suspensions are lowered into position on the main beam line through
horizontal gate valves above the main vacuum pipe. A chamber above each gate
valve can provide an evacuated housing for the test mass if it is necessary to
withdraw it from the beam line, and can be used as an airlock to allow individual
test masses to be removed or inserted without disturbing operation of other
interferometers in the system. The beamsplitter tanks can be closed off from the
main system by gate valves in the auxiliary linking pipes. This overall design thus
provides a relatively economical way of accomodating several interferometers in a
single pair of beam pipes, while making it possible to access the main components
of each interferometer for replacement or adiustment without afrecting the

.vacuum in the s'6tem or intemrpting seriously the operation of the other
interferometers.

In such a q/stem it is important to avoid coupling of motion or vibration noise
from one interferometer to another. To help ensure this, the main seismic
isolation for each test mass is located in the airlock vacuum chamber above it,
and is supported from the ground by a stnrcture isolated from the main vacuum
system walls by flexible metal bellows. (The latter concept is similar to one
introduced in a vacuum system designed at the Rutherford Laboratory.)
Additional vacrum tanks to house auxiliary optical components such as beam-
conditioning cavities may be attached to the beamsplitter tanks as necessary.

There are many wa)6 of arranging a multiple-interferometer system of this
type, and the arrangement shown is just one example of a general concept which
was stirnulated by the compact nature of Fabry-Perot and similar optical

. i i - : i i . :  : " : : l '
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Figure 12.6. schematic arrangement for a gravitational wave detector system which
enables several Fabry-Perot interferometers to operirte independently within a single pair
of main vacuum pipes. Provision is shown for interferometers which moniror hatf the
maximum arm length as welt as the full arm tengh, to provide a gravitationat wave'signature'from the dependence of retative test mass displacement on length of baseline.
The tcst m.qses are housed in vacuum chambers. with access by air-locks, along the line of
each arm; while beamsplitters and other optical components are housed in separate
chambers near the corner of the L, tocated along the bisector of the angle between the
arms. The diagram is intended to indicare concepts only: layout and dimcnsions suggestcd
are illustrative only of some possibilities.
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configurations. The basic concePt can clearly be extended to other types of optical

system when necessary.

t2.7 Some prac'fical issues

The diagrams. of interferometer systems shown here are greatly simplified, and

many practical problems have to be dealt with to achieve high sensitivity. There is

not space here to discuss these in detail, but some important asPects may be

briefly mentioned.

12.7.1 Mode cleaners and fibre fitters

?ractical interferometers are usually designed to be insensitive to first order'to

fluctuations in frequency, intensity, polarization, and geometrical parameters of

the input light berm. At lhe high sensitlvity lequire!_ fo1 gravitaqional rlave

detection this is essential, and here second or higher order coupling mechanisms

which are unimportant in other 6elds can be significant. For example, fluctuations

in beam direction or position can couple energy in varying degree into modes of

the main opticat cavities other than the desired lowest order symmetrical mode-

As these modes will in general have difierent resonance frequencies, they will

cause varying phase shifs in the light. If there is any difference in the alignment,

or in figure errors in the shape of the mirrors, in the two arns, the coupling to

undesired modes may not be precisely equal, and, a differential phase shift may

result. If this phase shift is detected, either directly or by interference with the

main mode through some other imperfection, such as photodiode non-uniformity,

noise can be produced on the output. Early experimens by the Max Planck group

showed that effects similar to these could seriously limit the sensitivity of a

Michelson interferometer, and they demonstrated the use of an auxiliary

Fabry-Perot cavity befween the laser and the interferometer :rs a filter for

geometrical fluctuations in the laser beam (Rudiger et al., f981). A filter cavity

like this, used as a'mode cleaner', is also an effective way of reducing input beam

fluctuations for a Fabry-Perot interferometer.

Several other methods of reducing geometrical fluctuations in an input beam

have been used or proposed. A single-mode optical fibre, used first with a

Michelson interferometer by the MIT group, has been employed with several

Fabry-Perot detectors. This technique has the advantage of not requiring any

frequenry locking to the input tight; although with small-diameter fibres there is a

power limitation, and a possibility of non-linear phenomena at the high power

density required in the fibre. Use of one or more spatial filters for reducing beam

fluctuations has been analysed by B. J. Meers, but is in general less efrective for a

given power loss. Most current gravity-wave interferometers employ optical fibres

or mode cleaning cavities to condition the input beam.

A relatively large mode cleaner has been proposed aS an intrinsic part of the
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optical system for a Fabry-perot interferometer for operation with kiromerre_scale arms, in a design developed two years ago by thi writer. In this case themode cleaning cavity has some additionar functions "na sp""i"l i.atures. Thecavity is designed as the main frequenry reference for ttre t"p"; ;;;; ;.gravity-wave frequency region; it defines the input beam diiection ar thesefrequencies; and it arso_acts as a high-frequency amplitude, phase, and frequencv
filter. To make this cavity quiet and rerativery free irom thermar noise it is about
12 m long, and is formed between mirrors suspended by wires from seismicary
isolated points, in a way similar to that for the teit masses of the maininterferometer. The D.c- stability of the right waverength is deterrnined !y 3separate smaller rigid cavity, through a feedback ryrt"rn- to the mode cleaning
cavity which is effective onry at frequencies much rower than the gravity-wave
frequency. In this interferometer design a second similar cavity is aiso proposed
as a 6lter between the interferometer output and the main phoodetector, to help
reduce effects of scattered light and other light in undesired modes- To attow
passage of the moduration sidebands, the free spectral range of the cavity is
arranged to rnatch the rnodulation frequency for the main.intb-rferomerer.

some further points about mode cleaning cavities may be mentioned here. In a-system operating with high laser power it may be necessary to limit the finesse of
a mode cleaner to minimize heating efrecrs in the cavity *iooo, and it may then
be appropriate to use more than one mode creaner in series to achieve sufficient
filtering- In this context it is worth noting that usefur mode creaning action may be
provided in a recycring interferometer by the effective cavity formJa by the whore
system.

It may be remarked that a mode creaning cavity system may provide a more
general benefit than the controt of specific geometrical iuctuations. At the levels
of sensitivity required for gravitationar wave detection unforeseen phenomena of
various kinds may disturb operation- If, however, everything invorved in the
sensitivity region of the system is stationary for times of orier oi the period of the
gravity wave the chance of noise appearing near this periodicity is reduced. A
mode cleaner can herp ensure that ail the parameters describing the right as it
enters the interferometer are stationary, and thus may reduce risks of disturbance
by even unpredicted opticat phenomena.

y'72 Beam heating efiects in mirrors end other comporents and techniques
for reducing it
ln Jaboratory-scale optical cavities typical beam diameters at the mirron are of
order a millimetre or tess, and it is possible to get high flux densities in the beam
spot with a fairry low power raser- Losses in the mirror can then produce large
temperature gradients, reading to distonion of the mirror and changes in
refractive index in the substrate. Efiects of this kind have been observed in many
laboratories working with opticar cavities. In the interferometer arms of
kilometre-scale gravitational wave detectors, the spot diameters will be larger and

, ' . :  ' : . : ' '
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flux densities lower for the same input power. However in spite of the relativelv
small temperature gradients these cen be significant over a grearer distance in a
thick substrate, and it was noted by W. tf/inkler (private communication, 1988)
that first order estimates of the optical effects suggest thar they may be largely
independent of beam diameter for a given totat UeaL power.

Initial observations of heating effects have been made in several laboratories.
and at stored power levels of order 1kW of green light some mirrors have been
free from significant heating effects, while other mirrors. with different coatins
losses, have shown significant distortion of the cavity modes. It is not yet cleai
whether with the most suitable mirron absorption losses are large enough to
cause heating effects to
interfei6met-rs.

set limits to power levels in practical gravity-wave

The magnitude of the effects on an interferometer of the heat produced by a
given amount of mirror absorption loss does depend on the optical configuration
used, and it is possible to design optical cavity interferometers which are less
vulnerable to heating effecs than those illustrated earlier here. In a typical cavity
mirror there are two main effects: heat produced in the coating causes a change in
refractive index of the substrate, giving distonion of the input and outpur beams,
and temperature rise in the substrate causes thermal expansion and distonion of
the mirror shape. The situation may be ameliorated by arranging the cavity so
that light does not have to be transmitted by the main mirror substrates. Then
thermal lensing effects in the substrate are avoided, and, further, the substrare
material may be chosen for high thermal conductivity and low expansion rather
than for good optical properties, so the thermal effects are further reduced. one
way of realizing a cavity of this type is to introduce a thin wedged plate of
Iow-loss material, such as fused silica, into the cavity, and use this as a coupling
device. one surface of the plate may be arranged to be at Brewster's angle to the
beam and thus free of reflection, and the other surface oriented to give by
reflection the required input and output coupling to the cavity. No coatings are
required on the plate, so thermal effects in it arise only through its intrinsic
absorption, which may be sigrificantly less than in typical mirror coatings-

If cavity heating effects are sufrciently reduced by these or other means, then
heating in the beamsplitter may become a limiting factor. This may be reduced by
avoiding mirror coatings in the beamsplitter, and achieving the beamsplitting
action by evanescent wave coupling between two prisms. If heating in the main
cavities is still a limiting factor, each Fabry-perot cavity may be folded using a
delay-line mirror configuration so that the heat is distributed over several
reflection spots. Such an atrangement would use up more space in the main
.vacuum pipes than an unfolded system. In some respects systems of this type exhibit
some of the characteristics of delay line Michelson interferometers when these are
used with dual rerycling to reduce the number of reflection spots and economize
in mirror size. with equal mirror areas the two systems will be limited at about
the same power level, with a possible slight advantage to the fotded Fabry-perot
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due to the lower flux through the beamsplitter in that configuration. such systems
woufd represent some compromise between economy of bearn-pipe space and
power handling, and may be rendered unnecessary by improvement in mirror and
substrate performance.

]f,2.8 Conclusion

This overview of Fabry-Perot cavity gravity-wave detectors is far from complete,
and has had to omit discussion of many interesting and important.aspects. The
aim has been to give an understanding of the basic principles and of develop-
ment of some of the ideas. The technique itsetf is far from fully developed, and
Iarge improvements in sensitivity are to be expected. currently, the fields of
gravity-wave detection, and of the interferometers themselves, are in a state of
transition. Detailed ptans and designs for scaling up from laboratory instruments
to kilometre-baseline detectors are being prepared, while at the same time it is
becoming apparent that there is still much room for originality and variety in
optical configurations. The problems of handling high light flux in the interfero-
meter anns are likely to lead to new designs, as already indicated. Earlier systems
are likely to be superseded by configurations which may combine features of both
Fabry-Perot and delay line interferometers. currently, some recycled Fabry-
Perot configurations which may be folded if reguired seem promising and Eexibie,
but the choices depend on properties of mirror materials, and are likely to
change. In any case, the research already carried out on Fabry-perot and other
systems is likely to significantly influence the instruments which will eventually be
of practical imponance for investigating gravitational radiation.
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pscd should op€o up a new icld of astronooy.lJ

featurc of thesc &tcctors witt bc the usc of -
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assuming l,:5X l0-7 m. .

RESONANT REC'TCI.ING

While a broadband detector is desirable when looking
for unexpected sources or short bursts ofgravitational ra-
diation (GR), there are cases where a narrow-band detec_
tor is sufficient and even desirable. Examoles include
monochromatic sources of GR such as that irom pulsars
and accreting neutron stars,t while the observation of a
stochastic background of GR and of the signals from
coalescing compact binaries should benefit from an
enhanced sensitivity within a restricted bandwidth. A
possible way of constructing such a detector was pro-
posed by Drever.3 This method, known as resonanr recy-
cling, is itlustrated in Fig. 2(a) (for a delay line) and Fi!.
2(b) (for a cavity).

It can be seen that this is a very different optical ar-
rangement from that of standard recycling. In the delay
lne case, the storage time of the light in each arm of the
tnterferometer is arranged to be half a gravity-wave
|.lo0, so that the light picks up the maximum phase
shift from the gravitational wave; the light then iasses
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04)

drus, with l : l  km, A2:10-4, and r" : | rr :0.5 ms,

,r"lq*1lnrv,i?l1f li:il:7::y::!_,F jy^.I:':T:':l
;"ir6in1 on a dark fringe the remaining light travels back

,ioo,rj the laser and, in a simple interferometer, is wast-
:i . Tbe simplest version of recycling (sometimes called
-,61oadband" or "standard" recycling) consists of placing

4other mirror Ms in the beam (see Fig. l) with the
:correct position to coherently send light back to the inter- .

iiio*"tir.t The recycling mirror maly aho be regarded as
,t 4n impedance matching device which ensures efficient
f il-rf.to, of power.6 The resonant enhancement of the
i bser intensity in this recycling cavity reduces the

6gnificance of photon-counting errors: the power in-
creaSes by the effective number of times the light is recy-

RLt:l-R2rv- t-lr,A2

that ofa cavity is [cf. (3) * algebra]

R!: r - 4FA2 /r
1+F'sin26/2

l'r1sd, the shot-noise-limited sensitivity is enhanced by the

erincipally the absorption and scattering of the cavity
ninors but with possible contributions from waveform
distortions 0imiting the efficiency with which the light
fom the two anns interferes to travel back toward Mo ).
Specifically, the maximum power gain P is

where I -Rl6 is the total loss on one round trip from the
recycling mirror. If the losses are dominated by the cavi-
t1(or d9!4y lines), ag will be assumed from:row on, then
Rln is given by (10) or (9). The choice of storage time is a
trade-of between signal and losses; for both delay line
and cavity, the optimum choice is a storage time just
short of giving the maximum phase shift: arrrr(opt):l
for a cavity, rr:0.37r, for a delay line. The gain in
shot-noiselimited sensitivity ̂9 compared with a low loss
nonrecycled system is then

|  * . ,  ) - tn
s": l-::s- |-  

l4vsA '  I

: ,0  [ - l -  l ' "  [+ l ' "  [+ l ' ' ' 2 )- - t s * l o - s J  
I t n t z J  I r r m J  

1 ' - '

and

I  t .vu- l tn
s D , . : l - * |  ( 1 3 )

I  ooe '  I

While this improvement in sensitivity is optimized for
one gravitational-wave frequency, an enhancement is ob-
tained at all frequencies-standard recycling produces a
broadband detector.' In the case of a cavity, the opti-
mized shot-noiselimited sensitivity will be, combining
(12) and (8),

(9)

(10)

i sqo"r. root of this factor. The increase in power inside
. 6e recycling system is limited by the losses in tlre system,
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directly into the other arm of the interferometer where,
because the gravitational wave reverses its sign every half
period it sees the sarne sign ofphase shift as it did before,
with the result that the signal builds up coherently.
Roughly, the signal is increased by the number of times
the light is cycled round the whole optical system, which
is limited by the losses. If the losses are dominated by the
cavity mirrors, then use of (9) and an appropriate version
of (3) quickly leads to the gain in shot-noise sensitivity
SxI compared to a nonrecycled system:

1r-
S p ( D L ) : i .  ( 1 5 )

T  
o A -

Note that, because signal rather than intensity is recy-
cled, this gain in sensitivity is approximately the square
of that obtained by using standard recycling, but it is re-
stricted to a narrow bandwidth Av", since other frequen-
cies become out of step with the gravitational wave:

I  r  l - l
l i - |  H z -

I t t c m J
(  16)

a"e-rfr:vsAz:8t#
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FIG. 2- A schematic diagram of the optical arrangement for
resonant recycling (a) for a delay line, b) for a cavity.

When optical cavities are used for resonant recycling, it is
instructive to view the detector as a system of ooupled
cavities which have two nonnal modes;6'7 the laser
resonates with one of these, while the action of the gravi-
tational wave is to pump energy into the other mode. In
order to understand the reason for this, it is helpful to

ralize that light reflected of a cavity experienc6 .
freguency-dependent phase shift 0; for the laser frequq.q
cy (carrier), some manipulation of (3) gives

b-F /rlsini a-F6/r
t a l r V : = J � - . . _  r v r  e < < 1 .

F'sinzl/2-| F'6'/#-|

(l?)

Remember that 6 is a measure of how far off the lig[1i*
from being perfectly resonant in the cavity. For the side:
bands, 0 may be found by making the substitutioo
6-Etar/vs. We see that between being on resonangi
(6-0) and far otr (F6/r>>l) there is a change in 6u
phase of -180 with the phase shift being 90'4
F6/r:1. Now when a gravitational wave changes ttro
efective length of a cavity, it imposes two sidebands q.
the (carrier) light emerging from the cavity, which thel
travels (via the recycling mirror) to the other cavity.

.tlKrr5..N J. IY]'Elils!

It must be stressed that even if the isolated cavity is not
on resonance, the coupled cavity system is.

In order to make this analysis quantitative, it is neces'
sary to calculate the phase change produced by a gtavita'
tional wave on the light emerging from a cavity which Ol
itsel0 is not perfectly resonant. Reference to (3) plus,
once more, some straightforward algebra, gives an ampli'
tude E, for sideband emerging from such a cavity of

I o -  ttEs/Ear: l+ l# .  (
| ' ) o-s 

[t*r'riotszz J"'[t +r*",ffl

This is the contribution, due to a single sideband, to the phase change on the reflected light from an isolated cavity'
this sideband is resonant, it will emerge from the recycling optics and be detectable with amplitude

lEs/Eol.,: f ,snr:(  !  -R0R"2!( I  -R0R3, rr . ,  
|  + F,sin6 /2l tn f+f'ri"'f j

*o,Tt hot

Here it is reflected; if rne length of the center cavity
justed so that the reffected carrier light has the
phase as that emerging from the other arm fi.e.' the
tight is resonant), then, since the signal emerging
the two arms has opposite sign and the corresponding
sidebands therefore have opposite phase, at least one of
the sidebands must experience a phase shift on reflection
which is 180' different from that of the carrier if the sig.
nal is to be increased. Ifthe sideband and carrier also ex.
perience a relative phase shift of 180' when they are
reflected offthe original cavity, both carrier and sideband
will be resonant, with the sideband always having the
correct phase for its amplitude to be increased by the
gravitational wave. This resonance condition of an 180
relative phase shift may be produced in practice in
several diferent ways: the most symmetrical is to oPerate
each cavity so that it gives a 90' phase shift of opposite
sign to both carrier and sideband. Reference to (17)
shows that this requires F6/n:l or 6:cor/2b
orrr:2. However, it can be seen from (17) that reso
nince may also be obtained for 6:0 as long zs a"rr>>1.

( rel

, .

If we want towhere R. and R., are the reflectivity of the cavity for the carrier and sideband, respectively [cf. (10)].

rs ad.
sarne
laser
froq

tl
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gives for the gain s.tn it shot-noise-limited sensitivity over a nonrecycled system,

that the gain from resonant recycling is, within its bandwidth, just the square of that obtainable with broadbandl inp-  
- : - - -  -

5io the shot-noise-linnited sensitivity is

t*r'rin'6-7/'o

,i'(cav): [*J'' +:,*,,-" [# ]-'" [# ] [* J' [* J-'",

a 2 -t o -

Note that delay line and cavity detectors give virtually
e same performance even though the latter only use one

this is because cavity detectors can have a

Q3)

^-s,vr r-Lrr.(r rN LASER-INTERFEROMETRIC . . .

the sensitivity at one frequency, then the best choice of recycling mirror transmission is
8.F- t rz

zin, is the integration time.

Qr)

Q2')

optical system iS vro, So that otrors:2, then the
width when the detector is tuned is

Lu,-Mu," T v e o;,jlrgher Q resulting from the lower loss of a cavity .,off
'ir6onance," and therefoie the signal sideband has a
i, ligher coupling to the gravitational wave. One conse-
gumce is that the bandwidth of a cavity detector bt max-

.imum sensitivity) is somewhat smaller than for a delay
line detector: the diferent reflection phase shifts Ad for
different frequencies and the reguirement that SAg < I
Fves

A,urlcai:b Az ,

band-

Qs)

In the limit of 6=0, resonance can be obtained as long as
@sr">> l; the sidebands will then have their phase invert-
ed on reflection virtually indepsndent of their frequency.
Choice of a-rrr:(ar/2voA2)rn and Tzo:4/rsr, nitl
then give a detector with bandwidth Av,=v" anld sensi-
tivity gain Sjust equal to that obtainabli frdm standard
recycling (13). Thus, resonant recycling can be made
broadband.

a factor of ]rr smaller bandwidth than that of a corre-
sponding delay line system.
_ It is possible to tune the resonant frequency ofa cavity
9:t..!91 by altering the length of the lbng cavities 6.e.,
6), while adjusting the length of the centerlavity to keep
lhe inEnsity there a maximum. With cavities of storage
time r, one can obtain resonance at frequency al, with in
ofiser 6 of

TTJNEDRECYCLING

Just as resonant recycling can be made broadband, it is
possible to make standard recycling narrow band. One
scheme, known variously as tuned or detuned recycling,
was suggested recently by Brillet:7 it uses the same optical
arangement as standard recycling (Frg. I with mirror
Mo) but the cavities are adjusted so that it is one of the
gravitational-wave-induced sidebands, rather than the
laser light, which is on resonance with the isolated cavi-
ties. This gives a phase shift on the light of one-half the
maximuru value (cf. 18 with 6:ar/vo) while the losses
fo_r the laser light are reduced, allofuing z larger build up
of intensity in the center cavity and an improved shoi-
noise-limited sensitivity. It is also possible to view this
arrangement as a coupling of the center and interferome-
ter cavities, leading to a two-mode system. More quanti-
tatively, the maximum power gain P in the center cavity
is

r  [  . , [  4 F / r  l l - tP : j : ; : l . q - f i + - l l  ,  e 6 ll - R i r  t  t ' t + k t r r , ) z l l
where 412 is the loss associated n'ith one round trip of
the center cavity; increasing the intensity in the center
cavity enhances tbe irnportance ofany losses there. Ifthe

s:#{ ' . [ ' -[*]'J'"J Q4l

fit.h a. Aven storage time, the lowest resonant frequency
ts obtained at @rrr:2,6:fur/vo. Diflerent otrsets then

S: ,1" optical system to a higher resonant frequency.
w_tth the.saTe optics, this will give a sensitivity gain ,Stor these higher frequencies which is the same as that at
!f,=2 [to see this, substitute e4l into 09)]. In otherTords, a resonant recycling detector which is tuned to aIrequency a factor of 2 higher than that for which it was
fPttnrized will have a shot-noise-limited sensitivity a fac-tor of 2 worse than if it had been optimiJior ttrat fre-quency.

., The bandwidth of the detector increases as 6*0: iftoe lowest possible resonant frequency with a particular

I .s,,{"""): #'* lrh ] [*l t# I
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center cavity losses are negligible, then the maximum
sensitivity gain S -Ptn 6Q/&a/ctr) is obtained [cf.
(18)] when T2r: A2, i.e., the highest storage time possible
without losing signal. In this case, combining (26) and
(18) gives [remember (F /tr)o\/vs:derr)

tv"
' -  

4 v o 1 z

r*'hich is exactly the same as for resonant recycling. The
bandwidth is the same, also. Similarly, it is possible to
choose cavity storage times so that the sensitivity gain is
somewhere between the maximum value (27) and the
broadband value (12), witb a bandwidth such that the
gain-bandwidth product is constant.

A problem with tuned recycling is that it will be hard
to ensure that the losses in the center cavity are negligi-
ble; it will only be possible to obtain the maximum sensi-
tivity gain at low frequency, where the cavity losses are
more important:

|  ^ t t nv o l A ' l
v .  <<-  l -  |.  t r  l T  )

When the interferometer is operating on a dark fringe,
the laser frequency is directed toward Ms while the side.
bands travel to M3, where they are recycled; thg
transmitted sidebands constitute the siglal. It might !s
thought that this arrangement is equivalent to puttine
mirrors Ms andM3 into the arms of the interferometer d
form optical cavities which would then enhance the sig-
nal by the efective number of bounces in the cavity 1i1
least for t, 11rs). However, the system of Fig. 4 con-
tains an additional degree of freedom: namely, the posi-
tion of M3 kelztive to the image in the beamsplitter of
Mo\ This allows the phase of the recycled sideband
reffected off M3 and reentering the interferometer to be
adjusted so that it has exactly the correct phase to add
coherently with the sideband being produced by the grav-
itational wave. In this way, the signal is increased by the
efective number of bounces (set by the losses) even for a
total optical storage time longer than the gravitational-
wave period. Since there are two recycling mirrors, one
recycling intensity and one signal, this arrangement may
be termed "dual recycling".

If the arms of the interferometer have an arbitrary op
tical length /on, then only one sideband can, in general,
resonate: the mode frequency spacing c /2loo, only equals
the sideband spacing 2ri when r,:*rg. For a simple,
single pass Michelson, the effective phase change per pass
from each arm is, therefore [cf. (2)],

hot
6tb':*ot-r- . Qgl

4 ' r  5 J

The amplitude .E,, of the single sideband emerging

Laser
Beam

I

lnterferometer
arms

induced on each pass so that they always have the correct
relative phase to increase the signal. A proposed method
oldglng this is shown in Fig. 4. In its simplest form, this
consists of a simple Michelson interferometer with botl
the standard recycling mirror Ms and a new recyclins
mirror M 3 in the output port of the interferometer:

FIG. 4. The proposed ncw arrangcment for recycling ("dual.-

recycling"): the new element is the mirror M3 which ensutes :

that both signal and intensity are recycled. The opticd ele',;

ments in the arms of the interfcrometer can bc either single or,,

muttipass delay lines or cavities. Viewed from M y thc inter'
ferometer must operate on a dark fringe if dilferentiat motion ot

Q7)

: '*[# '[#]'"[*J-'n,.,,,,,

Broader band operation will be possible at higher fre-
quencies and will probably be the most useful way of run-
ning tuned recycling.

A NEW TECHNIQUE: DUAI, RECYCLING

The amplitude-phase diagram of the light emerging
from a multipass delay line Michelson interferometer is
shown in Fig. 3. It can be seen that when the storage
time of the delay line is comparable to the gravitational-
wave period, the phase changes (or sidebands) induced on
the light no longer have the correct relative phase to add
most efrciently. Resonant recycling is a method of mak-
ing the resultant 6f add coherently, but there is another
approach-that of attempting to add the phase changes

Resultani

FIG. 3. An amplitude-phase diagram for the light emerging
from a delay line Michelson interferometer with t, : frr. Each
vector corresponds to the phase change induced by a continuous
gravitational wave on one traverse of the interferometer. The
change in angle ofeach arrow is produced by a change in phase
of the gravitational wave. For r, > r' the curve is a spiral (or a
circle ifthere are no losses).

tight

the two arms is to be enhanced. ',

t
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mirror M3 is enhanced both by the resonance of Comparison with (23) reveals tbat this is the same as with
6e intensity and of the sideband, being increased by a a cavity resonant reeyeling System; as lon! as t= l.
'fsdor The bandwidth may be increased by increasing the

transmission of the mirror M3, at the coit of reducin-g the
peak sensitivity gain. The choice of nrs:vs/@, gives a
system with bandwidth Lvr=v, and a sensitivity gain
just equal to that obtainable fiom standard recycling.
Thus, greatly difering sensitivity-bandwidth combina-sberc Rp is the amplitude reffectivity of the interferome-

1et Lrm, including any losses in the beamsplitter. If Ms,

trtz, and M3 have equal losses Az and R3:t -qA2

14;' I allows for losses at the beamsplitter), then (30) may
Irewrinen as (with qAz <<ll

Er/Ero- *r3++a\q+rl tr!+ie2@+r)
(31)

fte sideband amplitude. is a maximum if the recycling
nirrors are chosen so that

r ! :r ! :bt+Di2

E l T  _ Lp s ' p s o -  
h + t ) *  

.

Er/Ers:l+t [ ,,^,

t t -R rR ,
(30)

(33)

Tbe shot-noise-limited sensitivity is determined by the
sideband amplitude. The sensitivity gain Spxl nonnal-
ized to the storage time limited case with no recycling
(when 6d:/rarlar, ) is then

(35)

. [ , , l | e ,  rson:6dr 
[ -  Jr* : f f i%r,  ,

so*:ff i -
Thus, if ?:l (i.e., the mirror losses are dominant), the
sensitivity gain isjust that obtainable from resonant recy-
cling with a cavity system. This result is not surprising:
dual recycling may be regarded as another way ofarrang-
ing a co'rpled cavity system so that both the laser light
and one sideband are resonant

At frequencies slightly diferent from the resonant fre-
quency, any sidebands will not resonate perfectly in the
cavity formed by M3 and the mirrors M2, beirtg
supprssed by a factor [l+(n"rAC)2]12 relative to the
center freguency, where LQ:Vil/d/Lv, is the phase
diference produced on a single traverse-of the inter-
lerometer between the center frequency and the detuned
frcquency, the diFerence between enhanced by the
effecdve number of bounces

8 3
n.c:!]l$-

Thus, the bandwidth of the resonant system is deter-
rnined by not\| < I or, in the case of the maximrrm qain
case 13 -kt*t)az,

our:ry

tions may be obtained by varying the transmission of a
single mirror (M3 ).

Another significant operational diference between this
dual-recycling arangement and resonant recycling is the
possibility of tuning over a large range of gravitational-
wave frequencies. In resonant recycling, signal build up
reguires a 180' relative phase shift between signal and
carder on reflection from a delay line or cavity. For a de-
lay line, this reguires 'rr:tr, so a change in tuning re-
quires a change in the storage time, or number of
reflections. A cavity system can satisfy the resonance
condition over a wide range of frequencies, but there is a
minimum frequency (arrr:2) below which the system
cannot be tuned without changing the cavity mirrors. In
contrast, the new dual recycling arrangemeit only re-
quires that the Michelson interferometer be operating on
the null of a fringe it will work for any storage time in
the arms of the interferometer and can thus be tuned to
any gravitational-wave frequency. This is a qualitatively
new feature: it is no longer necessary to have a storage
time in the delay line (or cavity) which is comparable to
the gravitational-wave period in order to obtain good sen-
sitivity. The consequent reduction in the required num-
ber of reffections should enabte delay line systems to
operate well at much lower frequencies. Also, any dual
recycling system should have considerably improved
operational fl exibility.

So far, the discussion of dual recycling has concentrat-
ed on the case of single-pass delay lines in the arms of the
Michelson interferometer. It will work equally well,
however, with either multipass delay lines or optical cavi-
ties. Such a choice has the advantage of reducing the
significance of any losses at the beamsplitter. For a delay
line with r, <<*rs but whose losses are greater than
those at the beamsplitter, Eq. (34) holds with ?: l. Jf
rr:Irg, then both sidebands are resonant but the resul-
tant phase change is reduced by r/2 due to the curvature
of the amplitude phase diagram [Fig. 3 (2)], giving a mzrx-
imum gain in shot-noise-limited sensitivity of

s:4 (38)
voA '

which is the same as that obtainable from resonant recy-
cling [cf. (15)].

With cavities in the arms of the interferometer, the sit-
uation is similar. In the absence of recycling, two side-
bands emerge from the cavities and leave the interferome-
ter, each with an amplitude i;iven by (18). In dual recy-
cling, mirror Ms is then adjusted to optimally recycle the
intensity znd M3 is adjusted to optimally recycle a side-
band of a particular frequency. The positioning of M3
must take into account the freorrencv-rlen-nrlart nhrso

To T3

|d�z'�)

(34)

(36)

B7)
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which ensures that orily a narrow range of frequencies M3-is inserted, the peak sensitivity is increaseci and 1[u l.d
(and only one sidebandi are in resonance. The choice of bandwidth narrowed. This is illustrated in Fig. 5, which li
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cavity sttrage time and phase ofset is not at all critical: shows the efect of decreasing the transmission of 14, li
application of tt Sl to (34) shows that as long as the recy- while keeping the rest of the optics fixed. It can be s{ | l
ciing mirrors are chosen such that that, as well as optimizing the sensitivity at one frequency l:

_a 4FAz /tr 
- or fora wide range of freguencies, it is possible to consid. | 

'

t;:------ (39) erably enhance the sensitivity within a significant band- | r
l+F'sinz6/2 width. For example, in the case of /: I km, l2: !0-+ * l.

and shown in Fig. 5, it is possible to arrange (with Il=9.21 I.
. 4FA2 for the sensitivity to be better than with standard recy- |

cling between l5QHz and 250 Hz, with an improvement l.
r 1 : # ( , $ 0 ) b y i f a c t o r o f 2 a i 2 o o H z . S u c h a n a r r a n g e m e n t w o u l j | ,- 

, , ,,^,-z | 6-ar/vo 
I Ue eminently suited to searches for pulses or chirps fron II+. f  Sln-  l . . ' . . . - -  |  - -^r^-- :__L:-- - :^-  l :

I 2 J coalescing binaries' I

rhen the peak gain in shot-noise-rimited sensitivitv is " #ff:i::H'fl.# :lT#[ii't]'ffn.TffJt#r:1} |
s:& (41) 

son, essentially combining (30) and (18). This gives I
- 4voA .s = sl#,r, - sl/"lr, .ozt I

which is the same as for a delay line with r, <<r, and for 
=E( : 

fhr.S."' 
t t*/t 

I
a cavity resonant recycling system' 
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oieiating on resonance (6:0) znd Tf,:4FA|/r but The pulse sensitivity SAr{/2 is virtually independent of I
without mirror M3, this arrangement is optimized for bandwidth, only time resolution is lost as the bandwidth 

Io 
+TJT,tf;ent combinations of sensitivity gain and I

.^-sExslTtvtry bandwidth are obtained, in dual recycling, by changing I'"lcltr 
S .. the transmission of the mirror M3. This may be done I

i ii physically, by changing the mirror. Alternatively, it may . I
_ | I i be possible to use a variable reflectivity mirror: one way I' 

| ,j of realizing this is to make M3 an optical cavity. Such a -: I
| / \ - cavity might have mirrors of low loss but quite high 1. I

s | / i "\ transmission. If the mirrors are of equal transmissior, :1; J
L--------f i.,i\ then, when the cavity is on resona:rce, virtually all of thc 'r*-f

1 F\ / i N light is transmitted through it, T!=1. When the cavity ;i'1

| 
-\A| 

i\t is far of resonance, Rl=I. So, tuning the length of this j,'f l
I [ / i \\tr cavity alters the transmission of the "mirror" M3 and j$fl

| ,/ i I t\ thus the bandwidth of the detector. : #l
V i I rN _ It is interesting to calculate the best combination ot'Erl

z I i i \ 
', 

\ sensitivity and bandwidth when searching for a stochaslig i$l
I i \ 

tr 
\dr t (standard background of gravitational radiation that may be a rerc =dl

| 
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| *-,., be cross correlated to pick out the common backgrouno;"$1
| '!-v'' 
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.Ed
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There are many ways in which one can imagine oPerat-
ing a practical dual iecycling system. As an example, f]+fS,,,-
c o n s i d e r a c h o i c e o f i a v i t y ' t o ' " g " t i m e s u c h t h a t L v , / v , : f f i . ( 4 3 )
@sir:l at the frequency of interest. With the cavities lr-r y

oierating on resonance (6:0) znd Tf,:4FAz/r but The pulse sensitivity SAr{/2 is virtually independent of
without mirror M3, this arrangement is optimized for bandwidth, only time resolution is lost as the bandwidth

is narrowed.
The different combinations of sensitivity gain and

gravitational-wave frequency vr. The optical 1l9ne3t in.the in- combination m"ay be found using (42) and (43): .:
terferometer arms is assumed to be a cavity which is optimized
for standard recycling (otrrr:11 at 2@ Hz. with a length l: I I 2v6A2
km and mirror loss coemli"nt A2=10-a. ia" Jir.t oi "ur"o 

'l-l(opt):;f :+ , 
(45):
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show the efect of increasing the reflectivity of the dual recy- . "dntar "'8

cling mirror M3 from zero, keeping it tuned at 200 Hz: the scn- q ,2
sitivity is enhanced within a bandwidth which decreases as the ^ ., - 

tuo ^ -

reffect ivi tvincre:"9. 
sve- '



ich gives a cross-cotrelation sensitivity l.Ol times
than if the detector operated at the peak narrow-

Senaitivity within ita tnarrow) btndwidah. The re-
ing sensitivity to a stochastic background in a band-

Lvr=v, is
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(s2)

trl/hile it is probably possible to achieve such pointing ac-
curacy, the reguirements may be relaxed by using dual re-
cycling. In a sense, this is because the rejected light is be-
ing fed back in; more precisely, any higher modes of the
beam which are required to express an optical imperfec-

,:[w]'"[*]"'I+J*

.[*J-'"[#J'" . HG-. .{. The gain S in shot-noise_limited sensitivity as a func-
tion of its maximum possible value Se at a gravitationat-wave
frequency v,for afixed optical system optimiied for vr:vro.

the beams from the two arms of the interferometer. This
increases the rate at which light leaks out of the inter-
ferometer, tending to reduce the sensitivity of the detec-
tor both by limiting the build up of intensity in the recy-
cling system and by degrading the contrast of the in-
terference fringe at the output. For example, consider
the case of a misalignment by angle g of the two arms of
the interferometer; this will reduce the amplitude Ee of
the fundamental mode seen by one of the beamss to

- -Grc-f
E O q €  

'  
,

where f. is the characteristic angle of the beam:

^ ) tv/ i  [ t l ' '
9 c : - =  l T  |  ,'  1 r u  [ / J

with u the beam radius and l, again, the wavelength. A
fraction l-expl-{f^/e,)z) of the amplitude will there-
fore emerge from the output port of the beamsplitter
rather than be recycled. If the sensitivity is not to be de-
graded, this fraction must be considerably less than the
losses in the cavities (or delay lines) or equivalently

0 /e, << l,/.sop, ,

where Soo, is the best possible gain is sensitivity with
broadband recycling. The pointing accuracy of the
masses has, therefore, to satisfy

^ [  "x,qz | tn"t 
lr"Y 1

-3x,0-6 
[* J-'" [* ]- '  [# ] '"

(  ^  1 t /z

x 1 4  l  r a a .
[ 5 x t 0 - ' m  j

(47)

t;

(48)

Another property of interest is the possible sensitivity
.when the dual recycling system is tuned to another fre-
quency by moving M3. For a fixed cavity system,

; ditrerent sideband frequencies have diferent reflectivities
'{ of the cavities [cf. (10) with 6:eoe/vs]; if the rransmis-
.;.;. sion of Ml is variable, it can be re6ptimized for each fre-
1i quency and the maximum sensitivity gain is just given by' 

(41), the optimum value. If I, is fixed at the vllue for
maximum sensitivity gain at, s?!r @ggts: l, then the side-
band build up will not quite be optimum: the sensitivity
gain .S(v, ) compared to the maximum value for that fre-
quency S,n", is

S ( v, ) _ [ 
att +t", t"rolz] f'n

S.,, lt3+l"r/uro)tlt .l
Thus, at frequencies other than the optimized frequency
vrs, the sensitivity gain is slightly less than optimum: this
is illustrated in Fig. 6. It can be seen that the possible
sensitivity is hardly reduced at all for frequencies lower
than v"oi this is a result of the small change in cavity
reflectivity for v, (yss and the way the sidebands
resonate in the cavity. For v, > 2vrs the possible sensi-
tivity falls of more guickly, ai the iavity reffectivity de-
creases, but the fall otr is modest, mich less than with
resonant recycling. This results from the liberation in
dual recycling from the resonance condition of resonant
recycting, with the consequent change in reflectivities for
both carrier and sidebandas the sysLm is tuned: in dual
I.e.Vg-Ung it is only the sideband which is not recycled op-
timatly when the tuning is altered. 1hus, as can be seen
fr.9m Fig. 6, a dual recycling system with fixea optics is
able to tune over a factor of ZO in frequency whitJ main-
taining a sensitivity within lOVo of the optimal value.

THE EFTECT OF GEOMETRICAL IMPERFECTIONS

. Another important feature of any recycling system is
tts sensitivity to geometrical imperfections in the optics:
Ehese might be misaiignments of the mirrors, deviations
lrom flatness, or birefringence. In standard recycling, be
tt broadband or tuned, the efect of such imperfections is
to reduce the accuracy of overlap, ut th" b.".rplitter, of

(s0)

(sr)
(49)
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tion will be resonantly suppressed by the recycling cavity
formed by both Ms and M3 of Fig. 4. This is the same
phenomenon that occurs when a simple two-mirror eavi-
ty is, say, misaligned. The efect of the misalignment is to
simply reduce the amplitude of the fundamental mode, as
described by (50). The requirement that the sensitivity is
not significantly degraded then becomes

o<<ec_zxLo_, [+ l- '" [ ^ , l 'nr^o .
r .  k -  . |  t sx lo -?  m J

(53)

This result is only strictly true if the cavity formed by the
recycling mirror M3 and the interferometer arlns h:rs a
high finesse and higher modes are nonresonant. For
lower finesses, the amplitude of the higher modes will be
suppressed by a factor approximately equal to this
finesse, and the required angular stability (53) will be re-
laxed by the same factor.

The mode-cleaning action of the dual-recycling system
ensures that the beam emerging from the output mirror
M3 will be pure fundamental mode, giving good fringe
contrast and hence good shot-noise-limited sensitivity.

Resonant recycling is also tolerant of geometrical im-
perfections, for two main reasons. First, the build up of
intensity in the recycling system is determined by
reflection at the recycling mirror (as in a simple cavity)
and is not dependent on interference at a beamsplitter.
Second, the two countercirculating beams travel through
the same optics, so the quality of the final interference is
not sensitive to geometrical imperfections.

Thus, both dual recycling and resonant recycling place
significantly less stringent requirements on the geometri-
cal quality ofthe optics than does standard recycling.

CONCLUSION

It has been seen that the shot-noise-limited sensitivity
of a laser-interferometric gravitational-wave detector

may be greatly enhanced by using recycling, but that t[1,
improvement may be obtained in several ways. In eaqtr
case there is no significant diferenee in the possible sensl.
tivity if delay lines or cavities are used in the arms of t1.
interferometer. The arrangements known as standard 6,
broadband recycling, resonant recycling, and the nex,
technique ofdual recycling all give, at least in principle,
the same performance both when operating in broadban6
(12) and narrow-band (22) modes. Dual recycling dogs,
however, have some desirable features. First, the optic4
elements in the interferometer anns, be they caviti* or
delay lines, are no longer required to have a storage time
comparable to the gravitational-wave period in order b
get the best sensitivity. Not only does this give the sys-
tem great flexibility, the reduction in the required nu6.
ber of reflections in a delay line may make the low-
frequency operation of such an arrangement considerably
easier. Second, while resonant recycling can be tuned
over a range offrequencies, it has been seen that dual re.
cycling has a less restricted tuning range and gives a
better performance when tuned away from its optimum
frequency. Third, the sensitivity-bandwidth combination
of dual recycling may be changed by altering the
transmission of a single mirror. Fourth, while dual recy-
cling retains the basic optical arrangement of standard
rrcycling, it has a greatly reduced sensitivity to geometri-
cal imperfections in the optics. Thus, while much work
needs to be done in order to know how to implement re.
cycling, it seems likely that the use of dual recycling will
considerably enhance the operational performance of a
gravitationat-wave observatory.
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rHE FREQUENCY RESPONSE
OF INTERFEROMEIRIC GRAVTIATIONAL WAVE DETECTORS

BJ. MEERS
pepattment of Physiaand Astronomy, UnivenityofGlesgow. Glasgow G12 8QQ Scotlan4 UK

Rcccivcd 8 Scptcmber 1989; acccprcd forpublicatiou 27 Ocrobcr 1989
Communicarcd by J*P. Vigicr

Thc frcgucacy tcsponsc of intcrfcromcuic gravitarional *ave ddccrors is derived- Tbe rnethod and rcsult arc appticable to
intcrfcromctcrs with dclay lincs or cavirics and which usc cithcr gandard, detuaed or dual recycling. This should allow dcrccrors
ro bc optimised for differcnt rypes ofgravitationat nave signal.

long baseline laser interferometen for the detection ofgravitational radiation arc currently being proposed

fu scvenl countries (see ref. I I ] for a review). The optics of these interferometers may be arranged in various
sa]6: delay lines or cavities may be used to increase the signal, and either *andard, detuned, dual or resonant
recycling [2-4] may lhen be employed to further improve performance. Here, we take a new analytical ae
proach to the calculation of the response of these systems to a gravirational wave. This approach is applicable
ro all of the opdcal systems, though a sligbt elxtension is necessary for the rather differcnr optical arrangemcnt
of rcsonant rccycling Thus, we shall end up with a single formula describing the frcquency response of a grav-
irational wave delector, which will be valid whether the intcrferomerer contains delay lines or cavities, whether
or nor recycling is used and whether the rccycling arrangement is standard, detuned or dual. This will allow
rhe detector to be optimised for types of source with differcnr spectral distributions - bursts, chirps from co-
atescing binaries. stochastie backgrounds, and continuous signals.

The basic optical arrangement of these systems is shown in fig. l. A suiuble polarised gravitational wave
induces opposite lengrh changes in the two arms ofthe intcrferomerer, producing phase shifts on the sensing
light which arc converted into intensity changes by inrerfcrence at the beamsplitter. These inrensity changes
constitute the graviational wave signal.

We shall consider a single Fourier componenl of a gravitational wave, which we wilt rcgard as phase mod-
ularing the light to give two sidebands. The inrerferometer is arranged so that, when the ligfit beams from the

Fig- t. The optical arraagcmcor ofan intcrfcromcuic gravira-
rional wave dcrcdor. Thc Mictclsoo intcrfcromc&r dcrcds in-
duced phasc differcaccg whicb art nade lergcr by the multiplc
bouuct synen forsrcd bctweca mirrors Mr etrd M:. Staadard rt-
qalhg placcs minor l{o to rlc?cle &c lascr power whilc dual
reclcliag adds M1 to rerycle sigaal sidcbasds

037t9601/E9l3 03.50 @ Elscvicr Scieoce Publishec B.V. ( Nonh-Holland )
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all the beams.' the beams.
If the transit time of one beam is t, the differcntial phase shift 60 induced on the light in one round "ip 

ti

rwo anns meet at the beamsplitrer, the original laser frcquenry heads back to mirror M6 while any sidebands

produced by differentiaf pi.t. modutation travel towards mirror M3 and the output of the interferometer' The

mirrors Ms and M3 will, ii general, have differcnt relative posidons and reflectiviries' which musr be reken

inro accounr when calculadnJ now uoth laser ligbt and sidebands resonare. So the sideband amplitude emergiug

from the ourpur mirror may be found if we regard the optical system as consisting of a split cavity, in which

the laser frequency and sidebands experience different rehecivities and optical lenglhs' The signal in this case

is jusr thar emerging from an equiralenr single cavity with (composire) input mirror Mr' and'end mirror M2'

lengxh t. The inpur mirror has amplirude refleaion and transmission coeffrcients R,o ?"1" for the carrier (laser

frequency) and Rr,, 7-," for the two sidebands (we will only consider the usual case of R1*='rRr- )' The end

mirror has refledance R2 for alt frequencies. It is the inrerpreution of R,o R,, etc. that determines the oprical

system to which the rcsults aPPlY.

For a simple delay line system, with no recycling R1"=R1,=0, R2 is the reflectivity of the whole delay line

and I must be regarded as the optical length of *. d.f"V iine. tf snndard rerycling is used' th.e carrier rc'

flecrivity Rr" is jusr equal to the rcflecriviti of the recycling mirror Me' while in dual recycling it is M3 that

determines the sideband reflectivity Rt,.

ln a cavity system, .Ra is jusr the reflectivity of rhe end mirror and L is the length of the cavity' With oo

recycling R1 is frequency iniependenq it is simply the reflectivity of the cavity input minor' In standard and

deruned recycling, R1" is determined by the combination of Me and M,' which form a caviry' In dual recycling

R,, is defrnid by rhe combinarion of Mr and the output mirror My

Lct us consider a gravitationat wave of optimum pot"tiotion, amplitude hcos(/,rt, incidcnt on the detector'

ln order to calcutate the effect that this bas on rhaliglt in our equivalent cavity' we will regard the ligbr as

being the sum of many beams, each of which has expirienced a different number of rcflections in the cavity' '

we will first determine the iufluence of the gravitational wave on one beam, then add the contributio* *1 
;

6/= i uh cos u.t dt = ! sia (ot.t | 2) {exp I iarr ( I - t/2 ) ] + exp [ - ia't(t - t | 2) ll'
. Q \

wherc we have used the exponential representation of costrlrt, and ar is the angular frcquency of the li8br

effect of this phase shift is tb multiply the field by er'= t * i67, producing sideband fields at angular frtquel

offset by t ar, from the taser frcquency. The total sideband field is found by adding the contributions

on ,""h bouics uking just the +(os field E* emerging from the cavity'

Ej - iT aT e R r( ha I ut t) sin ( alr t/2 ) exp Iiut'( t - r | 2 ) |
Eg

€
x i (n,.nr)x-rexp(ilvd.) I. [R,,Rt exp(-iar.r)]n-r exp(in4) '

^i ; l  i -  l

where E6 is the incident laser field and d is the phase offset ofthe caviry from rcsonance: 4 is rhat for

carrier, 4 that for the sidebands. The cxp( -izrort) term rc{leos the change in phasc of the signd over

history oi ttt" tight stored in the cavity- Sumrning the series gives

E. if,. fi,R2ra, sin (@s?/2 ) cxpliarr( r+r/2 ) ] cxp [i (4 + t' :a's?) ],
F�' 

= exP[i(d,-<o't)]]

which may be rewritten as

iTr.T'.Rzhtosin
cr4 t -R,.nt)!( I -Rr,R2)2[ I *F! sinz(

7 ( l+ t /2) l  [exp( c ,  
- l \ l c , \ 2 .

2) l { r+ .F l (6,-art'1/2ll
E*
E6
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yisthe finesse of the cavity. It is always optimum to:urange for d"=0, corresponding to an isolared cavity

: Ucing on resonance' or maximum power build up in a rccycled system. With this choice, (4) simplifies to

g* _ iT, "T r, R z ha sin ( ari / 2) exp lirr.r( t *' t
- - - - - - - T ^ . . -

i ( 4 -a r , t ) l -R

Eo arr( I -fir"R:) ( I -Rr,R2 )2{ I *.Fi sin2[ 16,-art1/21]

15e expression conlains virtually all of thc information we need (for the othgr {{9ban d, ur< -@r). For ex-
26ple' the enhancement of thc aideband ampli-udC by rhe choice of 6lrr'rr (as in auat ana oliunta iecvctinil
62n be seen.

the sidebands are detected by beating them with a local oscillator field EL to produce an intensity change
Nl

6l= (81* E1 + E-) (Ei+ Ei +Ei ),

wherc the asterisk denotes complex conjugation. The fluctuaring intensity 6.I is
gl = EaE a + ELE._ + EiE + + EiE - .

Etma\ be an external field or may be some of the internal field which is allowed to leak out. For simplicity
,vg will take Es to be the original laser frequency and ro be in rhe quadraturc phase (as ao internal field would
be). Insenion (5) into (7) then gives, after some considerable algebra,

tt= <r.rr( I - Rr.R: ) ( I - Rr,R2 )2{ t + F! sin2 [ (6, + a;@
t 1 2 F 2 \

x 
{sin [arr(l+r/2 ) ] sin arrr (cos 4 + 

ff t"o,4 -cos arrt))

+cos [@or( f+ r /2 ) l  f  (cosrcoscr , t -R, ,R,  l ( t *# ( r -cos4"or r , r ) )1  2F j . r ;o r4r t " t * r ] ] .

( 8 )
L _ \

This expression gives the intensity change at the output of the interferometer as a function ofgraviurional
nrave frcquency oto for any combination of detector p:u?meters. It is a little complicared, but this is a result
of its generality. Let us take a few examples.

The simplest case is that of a non-recycled delay line. purring R1.=R1,=d=4-0, (g) reduc€s to

6l=4EsEyR2(hoile.) sin(otrt/2\ coslare-r/2)) , (9)

which has the usual frequency dependencr of a simple delay line. The sensitivity limir set by statistical fluc-
luations in the photocurent cm be found by demanding thar the change in current 46/ (wherc 7 is the power

:? 
"u$3,,,:fq"ipgy of the photodiode ) is greater than &at due ro shor noise, which has linear spectral densiry

(2enE')'t'A/./lta *ittt e the electronic charge. Remembering that there are two noise sidebands, and con-
vening to a quantum efliciency e=2dtc4/e7 (i is the reduced Ptanck consnnr and ,..the light wavelength),
we find that the equivalent gravitational wave amplitude spectral density is

(  r0)

25 December 1989

( 5 )

( 6 )

(7)
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where v, is the gravitational wave frequenry. Reassurin8ly, this is the same expression that is found by rather
more direct derivations I I J.

If standard rerycling is used with a delay line, the intcnsity change (9) is increased by a fador Trcl (l-
Rt"R:).Withdelaylinemirrorsoflosscoeflicientl2 (R2+A2=l) andlossesdominatedbythedelayline,
R2=l-nA2/2d where / is the length of the delay line. The optimum recycling mirror lransmission is then
?"r.(opt)= (crAz/l)tt2, and the sensitivity (10) is improved by the same factor.

lf dual rerycling is used in its broadband mode, where the signal *orage time does not exceed j typical grav-
itational wave period, then the signal phase offset may be set to zero. The output response (8 ) then simplifres
to

Ur_ 
4EoE.T*TnRzhusin(urt/2llcos(art/2) costttrt* (?FJ rc) sin(a{/21sino\tj

tr.tr( I -Rr.R:) ( I -R!,R2) lt + Fi sinz (al,rtl2ll

or

, c,, 4EoELTrcTBRzhasin(a.t/21

arr( I  -  Rr.Rz ) ( I  -Rr,R2 ) [  I  +f ' l  sin2 (@st /  2) l t  t2'

This relation applies to a delay line with dual recycling, an isolated caviry on resonance, or a cavity Evstem
with eithersandard or dual rerycling. A delay line looks just tike a longer caviry (remember that r is the storage
time for a delay line, the round trip time 2l/c for a cavity). Indeed. a delay line interferomerer with duat re.
cycling may be rcgarded as a folded, split Fabry-Perol cavity- It is inreresting ro see that in the low frcquency
limit arrt<< I all of rhese oprical sysrems have the same frcquency response.

The broadband sensitiviry will be opdmised at frequency rre if rhe signat finesse is chosen so that
Fi sin2(rzar) = l. If we take the case of crrer<< I and the losses being limited by the delay line/caviry mirrorl

( l l )

(  12)

(13)

the shot noise limired sensitivity at u"6 is

u=(W)*.
This is the same as that obtained with an optirnised cavity system with standard recycling

The frequency response of a broadband dual rerycliag system is described by ( 12) and illustrarcd in fig Z
If a dual rerycling system is tuned to a frequency zre, so that 6,=!o)rt, then the full exprcssion (g) must

usually be used to describe rhe frequcncy rcsponse. Some differcnt combinations of sensitivity and bandwidth ,
(set by the signat stonge time F,t) arc shown in fig 3. The best combination will depend on the rype of source
being searched for.

In the case of a narrow bandwidth, {,rrt> l, but with a,rt<,l,the frcqueniy response (8) is approximatcly
: .

(14)  r '
,r_ 2EoEtTt.TrRthon

( I -Rr.R2) ( I -n,,R2){ | + f2F,r(vr_ v.�)l2lv2

for frequencies r. ctose to lhc centrc frcquency r* So the FWHM bandwidth 
's 

llF,t.If rhe maximum ecak i
sensitivity is desircd" the rccycling mirrors should be chosen so that T!r=Tl,=ctA2//. The rcsultant shot noisc .:
imited sensitivity is ni

r,^,={(znc!,'\"'lr-(#r,,-,*r)')"', ,,:if;/ \  t c p l o  /  L -  
' \ a 4 z ' ' 3 ' * ' ) J  '  

, . . *

which has an F'WHM bandwidth of c42 /x,t.If the signal is integrated for a time ?;e1, suGh as in a search for i fi
continuous graviutional wave, the measurrement bandwidth is Avr=l/t*. ,'{.N

Note that, for a detector with rerrt< I, this optimum sensitivity can be obtained at any frcquenw, witb tbc !{
same set of optics. only the position of M3 needs to be changed ro atter the tuning .,g

t*

fi
.rft
!T
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flg 2 The frcqucacy rcspoasc.ofa 3 km, | 5 rcftcoion delay linc Fig 3. Thc frcqucncy rtsponsc of a 3 Lrn, 16 rcflcction delay line
rvi66 diffetE?l degrecs of broadband (4=0) duat Ecycling Thc with difercor degrcs of runcd (6,=tttptldual rccycling Thrcc
6grves differ only in the naluc of the transmission cocfiicicar diffcrcnr $aings are shona, wirh differtrrt scnsitiviry/band-
7l= f f, of the signal recycling mirror- So dual rccycting enables wiath combinaiions daermincd by thc rt0cctivity of thc signatgood low frcquency performancc to be obuined even wi& a low rcclating mirror M3.gorage dmc dclay line.

As can be seen from (8 ) and fig 3. a narrowband delay line sysrem with sin(<i.rtl2)-l gives performance
better rhan a system with <rr.t<< I by a factor 4/r. This may bi understood if ir is realised that, although a
hctor of a/2 is lost as the sidebands add in the longer delay line l4l, both sidebands resonate in the dual
recycling system.

If cavities are used in the arms of rhe interferometer, then the equivalenr input "mirrors,' are dso cavities.we need lo know how to choose the rcnectivity of Mq and M3. The rransmission coeflicient 11. is

469
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I

i
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l i

7,,= ToT,
( r -RoR, ) 1il5'6Jintiao[JJ, (  l 5 )

where F6 is the finesse and ds the phase offset of the inpur "mirror". If the inrerferometer cavity is run onrcsonance (as an isolared cavity), then rhis (isolated ) recycling cavity should be olf resonance, in order to actas a perfect mirror. In this case, we have

71.=lTsT1 , (  t 7 )
which allows the choice of Io. A similar rclation applies to rhe sigral rccycling mirror. Note that a signal re-
3.:.tl::_":Ii,t 

which is offresonance grves the same rcflecrion coelficient and phase offset for uo,u.i!3*ar,
Jusutylng our earlier assumption.

,._ln 
d"lu.n"d rccycting the interferometercavities are nrn offresonaace, which meaas the powerrecycling cav-Ity must be oPerated nearly on resotratrce if the intensiry in the interferometer is to be kept high (i.e. 4=0).However' this means rhat thepower circulating in the recycling cavity is greatly inc:eased, enhancing rhe sig-nilicance of any losses there. our assumption ttrar ttre losses are dominatid by the cavity mirrors is probably

'..X'\,..*,*
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unju*ified in this case [3,4]. Since our analysis has shown that dual recycling has exactly the same frequeucy

response as ideal deruned recycling it would seem that dual recycling gives both the best performance and the

most flexibility.
We have not specifically discussed resonant rccycling herc, but the same approach could be Uken: in this

case the frequenry dependenr refleetion does not follow a physical separadon of the different frcquencies but

arises from rcfleciion of all of the light from a cavity or delay line. This imposes consraints on tuning [4J but

a similar frequency response to that of dual recycling will be obtained'

conclusion. we have seen that the various forms of interferometric gravitational wave detector can be re-

garded as equivatent to a cavity whose length is modulated by a g;ravitarisn3t wave and thc inpur mirror of

*rri.r, n* a frequency dependent complex rcflectivity. This viewpoint allows a common analysis of the dif-

ferent oprical amlngemenrs. We have seen that a low srorage dme delay line with dual rerycling an optimized

caviry sysrem with smndard recycling and a low storage dme cavity with dual rerycling all give the same sen'

sitiviiy and frequency response, as tong as the signal storage time.F,t is the same in all cases. The gencral expres'

sion which we have derived for the frcquency response of recycled interferometers should enable the optimum

combination ofsensirivity, bandwidth'and tuning to be found for each type ofgraviralional nave.

t would like to thank SERC and the University of Glasgow for financial support'
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Doubly-resonant signal recycling for
interferometric gravitational-wave detectors.

Bria.n J, Meers
Department of Physics and Astronomy, university of Glasgow,

Glasgow G12 8QQ, Scotlaad

Ronald W. P. Drever
California Institute of Tech"ology, Pasadena,

California 9112b.

Abrtract

We describe a Dew optical system for laser-interferometric gravitational-
wave detectors. An extension of dual recycliug, the arrangement that we pro-
pose uses a long storage-time cavity to spUt the resona,nce of the signal-recycling
cavity, allowing two signal sidebands to be simultaneoualy regonant. We show
that this couples out the gravitationat-wave signat more efrciently than a con-
ventional singly-resonant interferometer. The result is both better potential
gravitational'wave sensitivity and the possibility of making na,rrowband obser-
rrations simultaneously at two different frequenciee.

1 Introduction

The detection of gravitational radiation remains one of the great experimental chal-
lenges. With potential sources including superno\a€, coalescing compact-object bi-
naries, pulsars, cosmic strings or even the early stages of the big bang (see Thorne [l]
for a review), the rewards of detection will be high for both astronomy and physiis.
Such is the weakness of the interaction of gravitational waves with matter thar every
efort must be made to optimise this interaction in the detectors. Better detectors
will be able to see less effcient or more distant sources, or extract more information
from the signal.



A particularly promising type of gravitational-wave detector is the long-baseline
laser interferometer [1j, the basic arrangement of which is shown in fig. l. The fluc-
tuations in the curvature of spacetime associated with the gravitational wave induce
differeat phase shifts on the light in the two a^rms of the interferometer, resulting
in changes in the power emerging from the output port of the beamsplitter. These
changes in output power should be as large as possible if even weak signals are to
be seen above the statistical fluctuations in photon number. It is therefore sensible
to employ high power lasers and to use the light efficiently:.recycling [2] of the light
(as shown in fig. 1) maximises the circulating power and increases the signal. Fur-
thermore, the phase change induced on the light is enhanced if the light is allowed
to interact with the gravitational wave for a long time, by using multiple reflections
in the arms of the interferometer for example. Either optical cavities or delay lines
may be used to achieve this. Recycling with a delay line is made easier by using a
mirror to reflect the light back along itself, so that it enters and leaves on overlapping
paths. However, the gain from the use of multiple reflections is limited, for the sign
reverses every half-period of the gravitational wave, tending to cancel out the signal
if longer light storage times are used. This is why, in the simple arrangement of
fi8. 1, the signal should be extracted promptly even though the light power (carrier)
can be recycled so that it has the maximum possible interaction time, set by the
losses of the system. Nevertheless, a larger signal within a reduced bandwidth can
be obtained with somewhat diferent optical arrangements. This improvement of the
signal to noise ratio within a narrow band will be especially useful when looking for
signals that are monochromatic (such as those from pulsars), quasi-monochromatic
(from coalescing compact binaries [3, 4J) or stochastic (from cosmic strings, for exam-
ple [1, 5J). The first narrowband arrangement suggested was resonant recycling [2].
The later va,riants detuned recycling [6] and dual recycling [bJ more closely resemble
the Michelson interferometer of fig. 1. While these optical systems sha,re the prin-
ciple of simultaneously resonating the light power and at least one signal sideband
induced by the gravitational wave, the most flexible and practical seems to be dual
recycling [5]. The optical arrangement of dual recycling is indicated in fig. Z. It
can be seen that the interferometer layout is the same as that shown in fig. l, but
with the addition of the partially transmitting signal recycling mirror M3 aithe out-
put. The system works because the interference at the beamsplitter directs light of
the original laser frequency back to the power recycling mirror Me, while sidebands
resulting from the diferential phase modulation produced by the gravitational wave
travel to Ms. The position of Ms can then be chosen so that at least one signal
sideband is resonant within the signal recycling cavity that is formed between M3
and the arms of the interferometer. The flexibility of dual recyciing is a consequence



of the independent-resonance of light 
-power and sigual sidebands. with the position

of the signal recycling mirror Ms dedning the t;; the transmission determines
the signal storage time, hence the signal bindwidth. ir*rf", functions and differentsensitivity-bandwidth combinations are discussed in ref. {Z]. Thu op.r.tlon or a smalldual recycling system, including a seven-fold enhancement of the signal to noise ratio,has bgeq experimentally demonstrated recently [g].

While the power recycling component of dual recycling may be viewed as a methodof impedance matching in of the laser beam, the signal recyclii,rg part may be consid-
ered to be impedance matching out of the signal.

While narrowbanding can improve the gravitatioaal-wave sensitivity by .o orderof magnitude,'none of the previously propor.d systems gives what might be consideredto be ideal perforrnance. The reason for this is tnat oiy oorof the signal sidebands
can, in general, be resonant within the optical system. The other sid'eband usuallylies at some arbitrary fraction of the f,..e 

lnattarrange of the signal recycling cavityaway from the resonant frequency, so is of small .mplitud". This lack of contribution
to the signal from one sideband is evidently aot efficient. There is one situationin which both sidebands are resonant, that of a delay line being used in the armsof the interferometer to increase the storage time to half of the-gravitational-wave
period' The free spectral range of the tign.l recycling cavity is then equal to thesideband separatio:i, allowing both sidebands to-be rlsonant. Even in this case,the somewhat inefficient way in which the sidebands add within the arms of theinterferometer reduces the signal by a facto r r /2 from what may be regarded asits ma:rimum value t5l 1. Possibly more serious, such a system is very inflexible:changing frequency is difficult, and it may be impossible to obtain a sufr-ciently longstorage time in the arms for low frequency operation. What we want is a system thatallows both signal sidebands to be resonant for essentially any tuning frequency. Weneed a round-trip time within the arms of the interferometer that is ,m.li comparedwith the gravitatiolal-wave period, so that the sidebands generated during one roundtrip add in phase, but we also need a way of recycling the two sidebands * th.t thuyate both in regonance. Phrasing the problem in this way points to the solution-the use of a frequency-dependent signal recycling *irror. If the two sidebands seesufficiently different phase shifts on-reflection off-Mr,it can be arranged that boththe signal sidebands add coherently when recycled. The sidebands wiillhen build upresoaantly, giving an increased gravitational_wave signal.

So, how do we make a frequency-dependeut mirio. with the desired properties?
It is clear that we only need the phase shift on reflection to be diferent for the twosidebands; the magnitude of the reflectivity should be the same. we can imagineusing some sort of delay line system to change the relative phases of the sidebands,



but this suffers from the sa.rne inflexibility mentioned earlier.

use a high storage time cavity as the sigaal recycling mirror,
The alternative is to
as shown in fig. 3.

The variation of phase-shift-on-reflection across the cavity resonance then ensures

resonance for both sidebands. This scheme may also be regarded as a coupling of

the output cavity (M3) and the signal recycling cavitg producing a double resonance

in which both sidebands may resonate. The frequency splitting will be determined

by the degree of coupling of the cavities (the transmission Tsm of. the middle mirror

in ttre cavity that makes up M3), while the sensitivity-bandwidth combination will

be set by the rate of energy loss from the system (the transmission Ts" of the end

mirror).
In the next section we will discuss quantitatively the properties of this method

of doubly-resonant signal recycling. We shall consider the enhancement of photon-

noise-limited sensitivity and the dependence of the transfer function on the properties

of the output cavity. The first case to be discussed will be that of the two sidebands

corresponding to a single gravitational-wave frequency being resonant. We will then

consider the option of resonating one sideband from two diferent frequencies.

2 Response of doubly-resonant signal-recycling

2.L .dnalytic results

Ref. [7] describes a method of analysing general interferometer configurations. Any

detecior with the same basic layout as that shown in fig. 2 may be represented by a

single equivalent cavity with a frequency-dependent input mirror. Thus, the light of

the original frequency (the carrier) and the signal sidebands can have different storage

times and resonance conditions. In most situations, the frequency dependence of the

equivalent input mirror is a consequence of the physical separation of the carrier and

siiebands, followed by their independent recycling. This formalism is also ideally

suited to situations in which the two sidebands may have diferent reflectivities. With

the effective input mirror having amplitude transmission and reflectivity seen by the

carrier of Tr" and R1", while ?r+ and .811 are the corresponding quantities seen by

the upshifted (plus) sideband, the emerging amplitude E. of one of the sidebands

induced by a gravitational wave /r = io cos wrt isjust given by equation (5) of ref. [7J:

E+ - 
iTr"Tt*Rzhosin(utt f2\ei"(t+'lzl le;$+-"'l 

- Rt*R f -,
' I  t

Eo r.,g(1 - 8r".R2X1 - Rr+Rz)2 [t * "i sin2[(6a - uot) /2])'�

( 1 )

where r is the round trip time for light in the arms of the interferometer, -Rz is the

amplitude reflectivity of the arms and 6r. is the phase offset from resonance seen by



the light on a round
sideband is given by

trip of the signal recycling cavity. The finesse .F1 seen by the

4Fl n, 4Rr+Rz

f i=\ : f f i .  (2)
For the other (minus) sideband, us a -uo, Rr+ + Rt-t etc. Equation (1) just

describes how well a signal sideband resonates within the optical system. One thing
that we can see immediatelv is that the condition for both sidebands to be resonant
is that

sin[(6a -uor)12) = sin[(6- *wor)/Z]=Q . (3)

This may be achieved if the sidebands experience phase shifts 0*,0- on reflection off
the output cavity-mirror such that

0 + - 0 - = 2 r - b c t . (4)

As long as this condition is satisfied, the overall position of. Ms may be adjusted to
ensure resonance. Now the phase shift on reflection of a cavity [5] is given by

tanflq =

with the subscript of 63, z3 referring to the cavity Ms, md

(5)

(6)

Rg^, Rg, are the reflectivities of the middle and end mirrors, respectively, of the
cavity M3. For typical cavities of interest here, the ratio of amplitudes factor o3
will be a little less than 2. (Strictly speaking, the factor .Q in equation (5) should
b. * (u* * or).; fn" variation of the phase shift on reflection across the cavity
resonance curve is shown in fig. a(a). It can be seen that 0 changes by almost 2r
on going from one side of resonance to the other. So, if we arrange for the two
gravitational-wave sidebands to lie on opposite sides of the output cavity resonance
the resonance condition (4) may be satisfied. It is evident that the cavity must have
a sufficiently long storage time for its linewidth to be less than the gravitational-wave
frequency. If the losses associated with this cavity are to be small, it must also be
physically long.

This viewpoint and analysis applies equally whether cavities or delay lines are
used in the arms of the interferometer. However, the interpretation of what is meant
by the miror M3* does vary. With delay lines, this is simply the middle mirror of the
output cavity. But with cavities in the arms, the 'mirror' Ms^ must be considered

Tt^Ruo3= I= ;m.

(a3Fs/r) sin(6s * wrts)

1 - as * f{ sin2[(63 - wors)/2]



to be a composite mirror, consisting of the cavity formed by the input mirror to

the cavity in the arms and the middle mirror of the output cavity. ?3* rnay be

easily calculated using standard relations, similar to equation (10) below. Since the

length of this cavity-mirror Ms^ will be much shorter than the armlength, this extra

cornplication will have a very small effect upon the frequency resPonse. The use of

multiple reflections on either side of the beamsplitter is only necessary in order to

make the losses associated with the beamsplitter negligible.

Let us try and obtain some feeling for the required properties.of the output cavity.

If we restrict our attention initially to the case of 6g = 0' so that the sidebands lie

symmetrically on either side of the resonance curve of Ms, and low output transmis-

sion, with the sidebands lying reasonably far down the resonance curve (see fig. 4(b))'

lt - osl < fljsin2[(63 - un4)12], then a little manipulation of ( ) and (5) givbs the

requirement for double resonance:

T!^ = Ztan(wotsl2)taawor .

It is interesting to rewrite this to give the frequency w| for resonance in the limit of

w'ot < lz
, Ts^

t t ^ N : . .' 
,/"t

Thus, the resonant frequency does only depend on the transmission Ts^ of the middle

mirror, not on ?gr. This confirms and quantifies the intuition that the splitting of the

resonance is determined by the coupling of the two cavities.
The signal buildup is determined by the transmission of the signal recycling cavity-

mirror: peak signal oc l?r+l-t if the losses are negligible. This transmission is

(7)

(8)

(e)

or

l?t+l =
Ts^Ts" .  (10)

(t - &-&") [r + -F!sin2[(63 - ror"\14]*

With symmetrical operation and fairly low transmission, putting in the resonance

condition (8) gives the signal transmission purely in terms of the transmission of the

end mirror in tbe output cavitY:

l?r+l s T""rfT3.

So the peak signal size is indeed entirely determined by the leakage rate through

end mirror.

(  1 1 )

the



It is both interesting and straightforward to compare the bandwidth of a doubly-

resonant signal recycling interferometer with that of a simple system with the same

signal transmission and storage time. The bandwidth of the doubly-resonant system

*iU U" narro-rver because of the change in phase shift on reflection 0 away from the

resona,nt frequency. Differentiatins (5) and again using the condition (8) for resonance

gives the additional phase change A0 on mordng away I'so from resonance:

N x I'sor .

But, as can be seen from inspecting (1), this is just enough to double the phase shift

from resonance. So the bandwidth for a given output transmission is simply halved.

As long as the signal finesse is sufficiently low for the losses to be negligible,

the system considered above will give twice the signal (two sidebands) with half

the bandwith of a singly-resonant interferometer. With the same bandwidth, the

peak signal would b" io.r"*"d by a factor of rt. Alternatively, a doubly-resonant

interferometer with the same peak sensitivity will have twice the bandwidth of a

singly-resonant system.
If the maximum peak signal is desired then the losses, both in the arms of the

interferometer and in the output cavity, must be taken into account. The reflectivity

of the output cavity may be flund from (10), but it is sometimes more convenient [5]

to write it as

(12)

(13)

(14)

.42 is the loss coefficient of the mirrors (T2 + R2 + A2 = 1), assumed to be the same

for all of the interferometer mirrors. A typicat value for .42 might be 5 x 10-5. With

the same simplifying assumptions that we have used above, it is straightforward to

show that, if the ouiput cavity produces double resouance and is a factor 7 times the

a,rmlength of the interferometer, the dissipation associated with it is greater than that

in the arms by a factor 2lo"rt.Since 2/a3 = 1 (typically to within a few percent) for

a narrowband system and the maximum signal buildup is proportional to the square

root of the total loss [5], the enhancement factot G^o, for the maximum signal in

doubly-resonant signal recycling, compared to that in a simple system, is

ft?+=r-ffi

G^orN 
r#

So with an output cavity-mirror much longer than the arms of the interferometer

(rl > 1) it is possible to gain a factor of 2 in peak signal compared with a singly'

,"roo"oi system. If the output cavity is the same length (perhaps using the same



vacuum system), I = !, a factor of A is gained. A long output cavity is required if
the signal to noise ratio is to be significantly improved.

Note that placing the output cavity along one of the arms of the interferometer
does not change significantly the detector's output: the cavity contains a negligible
amount of power out of which ener&y may be pumped.

We have described two complementary ways of looking at doubly-resonant sig-
nal recycling: that of a coupled cavity system with the frequency splitting deter-

mined by the coupling (?s-), the bandwidth determined by the energy loss rate
(fr.); and that of a frequency-dependent signal recycling mirror. An understanding
of both viewpoints is useful. The coupled cavity view gives a beautiful insight into
the dependenee of the tuning and bandwidth on the mirror properties. Similarly,
the frequency-dependent mirror view clarifies the origin of the property of doubly-
resonant signal recycling that the bandwidth is smaller than that of a singly'resonant
system of the same signal transmission. If we seem to concentrate on the frequency-
dependent mirror model, it is because it is a very powerful and general aid to both
computation and insight.

2.2 Numerical results

By restricting our attention to symmetric operation of the output cavity and fairly
narrow bandwidth we have been able to see easily the essential features of doubly-
resonant signal recycling. The algebra is more complicated in broadband or asym-
metric situations. It is possible to minimise the inconvenience this causes by using a
computer to perform the algebraic mauipulations. We have done this using Mathe-
matica.

The output signal is a change in light power 6f produced by beating the sidebaads
with a local oscillator field 17) E6

6I = Er4 * Et E- + EzE+ + YLE- ,,

where * indicates complex conjugation. We know E. and E- from equation (1) and
following relations. The optimum phase O for the local oscillator field is the one for
which all three phasors (8r,, E+ and E-) are parallel at one point of the cycle, at the
resonant frequency ari:

* arg [r-t,;P-;']]
This is straightforward to calculate with a system such as Mathematica.

Our analysis so far has been general in that both cavities or delay lines are allowed
to be within the arms of the interferometer. Doubly resonant signal recycling works

o:;{*g[r*1,;),-' ' lJ

(15)

(16)



equally well in each case. Nevertheless, it should be remembered that with cavities in
the a,rms, the middle mirror Me^ is itself another cavity, that formed by the mirrors
in the interferometer and output cavities closest to each other. This may well have
advantages, such as having a variable transmission. But it is also somewhat more
complex: Fof simplicity, thc €xamples that w€ will specificelly consider *ill be with
delay lines in the interferometer arms. A further convenience is that a choice of 

'a

3km, 16 reflection delay line, with all mirrors having loss coefficient A2 = 5 x 10-5,
allows a direct comparison with the transfer functions plotted in ref. [7J; we also will
plot signal size compared with the lol' frequency limit of the same optical system
with no signal recycling.

2.2.1 .d single regonant frequency

FiS. 5 shows the response of such an interferometer with doubly-resonant signal
recycling, using an output cavity-mirror the same length as the arms of the interfer-
ometer. This example is of a symmetrically run system tuned to a gravitational-wave
frequency of 200 Hz. The transmission ?s- of the middle mirror of the output cavity
is just given by equation (7). The evolution of the detector sensitivity-bandwidth
combination as the output transmission ?s" is va,ried, embodied in equation (11), is
evident. It can be seen that doubly-resonant signal recycling works well even when
the bandwidth is comparable to the observing frequency. The improvement can be
seen clearly in fig. 6, in which the transfer function of a singly-resonant interferome-
ter is compared with those of two doubly-resonant systems, one with the same peak

response, one with the same FWIIM bandwidth. As predicted, the doubly-resonant
system with the same bandwidth has ,,fZ greater peak response; that with the same
peak signal has twice the bandwidth.

In the absence of a conveniently variable middle-mirror transmission Ts^, d way of
tuning the system to a different frequency is to run the output cavity asymmetricallg
slightly off resonance for the original laser frequency. As can be seen from fi9. 4
or equation (5), a greater sideband separation.will then be required in order to give

enough relative phase shift to satisfy the double iesonance condition (4). So the
doubly-resonant frequency increases with tuning ofset 63. This is illustrated in fig.
7, which shows the change in the transfer function of a fixed optical system as the
tuning of the output cavity is varied. Note the distortion of the shape of the frequency
response as the reflectivity for one of the sidebands is increased while that of the other
is decreased by chaaging the tuning of the output cavity.



2.2.2 Multiple resonances

So far we have restricted our attention to situations in which it is arranged that the
double resonance of the coupled-cavity system coincides with the two signal side-
bands of a single gravitational-wave frequency, There is no reason, however, why one
sideband from each of two different frequencies could not be resonated. We could
then make narrowband observations simultaneously at two frequencies, for example.
This would be useful when looking for different harmonics of a periodic signal, such
as that from a pulsar; simultaneous observation of two pulsars; and when making a
search for a stochastic gravitational-wave background, yet retaining good sensitivity
and timing accuracy for signals from coalescing compact binaries. In addition, with
sufrciently sophisticated control systems, one of the resonances could be made to try
and track dynamically the evolving chirp from a coalescing binary [4], with a sub-
sequent increase in signal to noise ratio, while the other resonance would remain at
the original frequency: this might allow other components (such as those produced

at post-Newtonian order [3]) of the chirp waveform to be observed.
Some feeling for the characteristics of such a system with a delay line interferom-

eter may be obtained from fiS. 8. This shows the splitting of the double resonance as
the overall position of the output cavity-mirror is adjusted, changing the frequency at
which the plus sideband is resonant from 200 Hz to (200 + f)Hr. A relatively broad
bandwidth has been chosen for clarity. In this example the output cavity is main-
tained at the same length, resonant for the original laser frequency. Increasing the
upper sideband's resonant frequency efectively pushes it to the right on the output
cavity resonance curve (fiS. 4), pulling the other resonance also to the rigbt. This
reduces the frequency of the other resonance. If the phase shift on reflection d varied
linearly with frequency, the lower resonance would decrease the same amount as the
upper increased. Fig. 8 shows that this is a good approximation for small splittings.
It can also be seen that the bandwidth of the upper resonance decreases while that
of the lower increases as the resonance is split further. This is a consequence of the
transmission through the output cavity-mirror being reduced for the upper sideband,
and increased for the lower sideband, as the frequencies a.re shifted.

Another way of splitting the resonance is to alter the tuning of the output cavity
(6s * 0). This changes the difference in phase shift upon reflection for the two
sidebands. A combination of adjusting the lengths of both the output and signal
recycling cavities will allow the frequencies of both resonances to be controlled.

It is interesting to think about an extension of a system with two resonances:
would it be possible to add on many coupled cavities, producing many resonances
which together would give broadband frequency response? Could such a system have
much better sensitivity than a conventional broadband detector? It is certainly possi-

10
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ble in principle to have n cavities producing n resonances. But these cavities also have
losses associated with them: with equal lengtbs and optical quality, the dissipation
is increased by_n. Just as the presence of two cavities reduces the maximum signal
build up by tE fromthe ideal value, the presence of n reduces it by 1fn, To cover
a frequency span / with a system of resonances of width .B requires 1fi x ,ftt
But this is just the same factor that is gained by reducing tbe bandwidth.'With

{f /Bltfr'= I the broadband sensitivity cannot change substantially and there
could be little advantage in having a multiply-coupled system.

3 Discussion

We have seen that the use of a long cavity as the sigaal-recycling mirror can ensure
resonance for both signal sidebands, thereby increasing the signal to noise ratio of
the gravitational-wave detector. With a cavity the same length as the arms of the
interferometer, such a system may be a factor of ,n better than a conventional
singly-resonant interferometer. Since the dissipation rate determines the photon-noise
limited sensitivity of an interferometer, the improvement factor may be increased to
a factor of 2 by lengthening the output cavity, as long as we do not care about the
bandwidth. The sensitivity-bandwidth combination in broader band situations, the
pulse sensitivity, would still only be improvedby ,f2,however. This is a consequence
of the nature of the frequency-dependence used to arratrge double resonance. It is
not clear whether or not the reduction of the srgnal bandwidth is a fundamental part
of the Process of resonating both sidebands. It may be that there is some better way
of arranging doubly-resonant signal recycling, waiting to be thought of.

A gain in signal to noise ratio of a factor of \n may seem modest. Nevertheless,
it allows a given sensitivity level to be reached with a factor of 2 less laser power.
AlternativelS the volume of space that can be observed is increased by a factor of
flz x 2.8.

Not only does the use of a cavity as the sigual recycling mirror allow a significant
improvement in photon-noise limited sensitivitg it also has some other advantages. In
particular, a non-confocal cavity suppresses the transmission of higher order spatial
modes out of the system, conferring much greater tolerance of imperfections in the
optics. This itself can allow substantially improved sensitivity [9J. A signal recycling
cavity-mirror that is both geometry-dependent and frequency-dependent would be a
powerful combination.

An output cavity may also reduce the detector noise resulting from light scattered
of the walls of the vacuum pipe [10]. This conclusion will have to be re-assessed,
however, if the output cavity is arranged alongside one of the arms of the interferom-

1 1



eter.
We have seen that the tuning of even the simplest doubly-resonant system may

be adjusted without changing the transmission of the mirrors. Nevertheless, going to

. lon! storage-time cavity and double resonance does lose some of the tuning flexi-

bility:of a singly-resonant system, especially one with a short output cavity [5]. This

flexibility may be recovered if the mirrors of the output cavity are themselves (short)

cavities and are therefore of variable transmission. As we have seen, changing the out-

put mirror transmission T3. will vary the detector sensitivity-bandwidth combination,

while changing ?3- will adjust the tuning frequency.

The system that we have proposed is not simple. The control of the various optical

elements will be complex. However, if we can learn how to do this, the rewards a,re

great. An interferometer using doubly-resonant signal recycling has the potential for

iruly excellent gravitational-wave sensitivity, giving an even cleaner new window on

the universe.
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Figure Captions

Figure 1: The essential optics of a laser-interferometric gravitational-wave detector.

The arms of the Michelson interferometer would, in practice, contain a multiple-

reflection optical delay line or cavity to increase the induced phase change, which is

then converted to an observable change in light power by interference at the beam-

splitter. The interferometer is arranged to operate on a dark fringe at the output,

so most of the power is directed back towards the laser. Thb partially transmitting

mirror Ms rccycles this power by coherently adding it to the incoming power.

Figure 2: An interferometer with dual recycling. With interference at the beamsplit-

ter physically separating the original laser frequency and sidebands induced by the

gravitational wave, the light power resonates in the cavity formed by Mo and the arms

of the interferometer, while the sidebands independently resonate in that formed by

Ms and the arms.

Figure 3: An interferometer using a cavity as the signal-recycling mirror. The middle

and end mirrors, Msvl and Ms", of the output cavity together form a compound mirror

Ms. The frequency-dependent reflectivity of this compound mirror allows two signal

sidebands to be simultaneously resonant.

Figure 4: (a) the phase shift on reflection d and (b) the transmission of a typical

cavity (73, = .002,7/,^ = .0049). The frequency offset from resonance is normalised

to the cavity corner frequency. Note that d changes by 2r going from one side of the
resonance to the other.

Figure 5: The frequency response with doubly-resonant sigual recycling, tuned to

200H2, for diferent transmissions T3" of the end mirror of tbe output cavity. The

signal size is compared to that of the same optical system (a 16-reflection, 3 km delay

line) with no signal recycling. Similar behaviour would be obtained with cavities in

the arms, with G" smaller by a factor of. t/16.

Figure 6: The frequency response of a lG-reflection, 3km delay line with: (a) singly-

resonant signal recycling (T! =.01S); (b) doubly-resonant sigual recycling, 4i" = .01;
(c) doubly-resonant signal recycling, ?s2 = .005. The doubly-resonant system has
greater peak response for the same bandwidth, greater bandwidth for the same peak

resPonse.

L4



Figure 7: The frequency response of a doubly-resonant interferometer with T!, = .0L.
The system is initially tuned (a) to 200H2 (6s = 0). Adjusting the length of the
output cavity allows resonance at (b) 230H2 (6a = -.016) or (c) 280H2 (6s = -.032).

Figure 8: Tbe splitting of the resonance by alteration of the length of the signal
recycling cavity (moving Ms) ro that the upper sideband is resonant at (200 + f)Hz.
Iii" = .ot.
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We introduce a new Fabry-Perot based interferometric gravirarional wave detector that. compared with prcvious designs, grearry
decreases the amount of power that must be transmirted through oprical substrares ro obrain a given lighr power in irs arms. This
sigtificantly reduces rhe effecu ofwavefront distonions caused by heating due ro absorprion in rhe optics. and allows an improved
broadband sensidviry to be achieved.

To obtain a good sensitivity in long-baseline inrerferometric gravirational wave detecrors. one requires high
light power in the arms of the interferomerer to increase the photon-starisdc limited signal-to-noise ratio. In
the standard Fabry-Perot configuration. which consists of a Michelson inrerferomeler having a Fabry-Peror
cavity in each arm I I ], this can be done by increasing the finesse of the caviries ( made possible by the avail-
ability of very low-loss mirror coatings ). The storage-time for the signal sideband.s musr. however. be kepr short
enough to give the desired detection bandwidth (since caviries acr like low-pass filrers). This determines what
is referred to as the storage-ilme limit. A high laser power. or a "power recycling mirror" I I ]. must then be
used to compensate for the limitation that the srorage-time puts on the power enhancement in rhe arm caviries.
To obtain a sensitivity and a bandwidth which are desirable in future advanced derecrors. one is then required
to have extremely high light power incident on the beamsplitrer. potenrially in excess of l0 kW. Thermarl;-
induced lensing in the beamsplitter and mirror substrates will make ir exceedingly difficulr ro reach rhis power
[ .3'r  I  .

By using the principles of coupled cavities. it is possible to increase the hnesse of the arm cavities beyond

Fig. l. Schematic diagram of the optical configuration of reso
nant sideband extraction. The srorage-dme for rhe carrier ligbr in
tbe arms is longer than the storage-time /irnir, whereas thc stor-
age-rime for differenrially generated sidebands is reduced by the
existence of the signai exrraclion mirror (Mr).
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that given by the srcrage-rirne limir, while keeping rhe srorage-time for the signal sidebands consistent with the

desired detection bandwidth. This is accomplished by adding a signal extraction mirror (M3 in frg. I ) to the

standard configurarion, the purpose of which is $ decrease the storage-time for the signal sidebands. This is

not to be confused with a "signal recycling mirror" [ 4 ] , which was proposed as a mean s of increasing the signxl

sideband storage-time. The result is that the new system can obtain very high power in its arms with only verv

modest power being present at the beamsplitter, lhus greatly reducing the heating problem. In principle' thg

power enhancement in the arm cavities could be so great that no power recycling would be required'

A suirably polarized gravitational wave will phase modulate the light in the arms, and will thus produce upper

and lower sidebands on the laser light with a frequency spacing from the carrier equal to the gravitational wavg

frequency. These sidebands are generated with opposire phase in the two arms. In a perfect interferometer oF

erated on a ..dark fringe", the beamsplitter separates these sidebands from any carrier light leaving the arms.

The carrier lighr is directed towards the laser (where it may be recycled by a power recycling mirror M6), and

the sideband light rowards the signal extraction mirror M3. The mirror M3 thus forms a coupled cavity with

the cavities in the arms of the interferomerer. Ir can be used to make the apparent reflectivity at the inboard

mirrors (M1" and M16) lower for the signal sidebands than it is for the carrier light. We will refer to the cavity

formed by the inboard mirrors and the signal extraction mirror as the signal extraction cavity (SEC).

The frequency response of the interferometer is dercrmined by the propenies of the SEC (assuming the length

of the arms are fixed by practical considerations). The reflectivity of the SEC on resonance is determined by

the reflectivities of the signal extraction mirror and the inboard mirrors. and sets the approximate detection

bandwidth and the sensirivity ar zero henz. Both the lengrh (order) of the SEC and its tuning relative to the

carrier light affect the shape of response. We classify the responses into s-vrn m etric and asymmeftic cases' In

the symmetric case, the SEC is chosen to be resonant at the carrier frequency, and the upper and lower signal

sidebands generated in the arms see the same reflecrivity of the SEC. In the asymmetric case' the SEC is slightly

detuned from rhe carrier frequency, and the sidebands see different reflectivities.

Firsr consider rhe symmetric case. If rhe lengrh of rhe SEC is infinitesimal. its bandwidth is broad. and all

signal sidebands see the same reflectivitl, and experience the same phase shift upon reflection from it- Thus.

the frequency response of the interferometer has the same shape as in the standard configuration. The reflec'

riviry of rhe SEC determines the storage-rime for the sidebands in the system. and thus the detection bandwidth'

The peak sensirivity is also affected, and increases as the square root of this storage-time. As one increases the

length of the SEC (by half wavelengrh sreps, ro keep it tuned lo the carrier frequency)' its bandwidth narrows,

q

c,
rtl
q)

G'
q)

6

(u
6

(u

(!

200 400 600 800 1000

frequency (Hz)
200 4oo 600 E00 1000

frequency (Hz)

Fig 2- Typical frequency response curves for rhe proposed syslem. (a) Dependence ofthe frequency response on the length ofthe SEC

in the tvmmetriccase. The curves coFespond to lengxhs of I , 30, I 00. and 300 m. respectively. ( b ) Dependence on the tuning of the SEC

to carrier. The broadest response corresponds to the syntmetric case. and the othen are detuned from ir (the asymmetric case). The

length ofthe SEC is 100 m, and the detuning is by sreps of2rl 1000 in d. In borh figures. the fractional power loss in the sEC is assumed

tobe5xl0-r(domiuatedbyimperfectinrerferenceofthebeamsfromthetwoarms), l i=5X10-t,andtl-5xt0-3'Thevenicalunits
are arbirrary.
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and the phase of rhe sideband ligbrreflecred from it changes. If we qhoose the SEC to- b9 undglq,o=upled *r' lhe

frequency dependence of this phase tends to cancel that associated with the transit tirne in the arms (over a

limited frequency range). This has the effect of flattening the response curve near its peak (at zero hertz ). at

rhe expenseof making the high-frequency cutoffsharper than in the standard configuration ( fig. 2a ) . The band'

width of the whole sysrem (measured at -3 dB of the peak) increases as the SEC is elongated. but typically

by a factor less than two. If the length of the SEC is increased further, then a peaked response is obtained- In

most cases, however, this is not practical, and narrow-banding is more readily accomplished in the asymmetric

case described below. By an appropriate choice of the length and reflectivity of the SEC, a suitable compromise

between the sensitivity, bandwidth and flatness of response can be found. Making the bandwidth of the SEC

comparable with the desired detection bandwidth provides the flatlest responsel

In the asymmetric case, one starts with a suitable symmetric response. and tunes the resonance of the SEC

slightly away from the camer frequency (by moving the sigral extracdon mirror a small fraction of a wave-

tenittr). firis proauCCi a peat in the reiponie, as illustrated in frg. 2b, As the detunint continues. the peak

moves to lower frequencies, narrows in bandwidth, and increases in height- The bandwidth is roughly pro-

ponional to the peak frequency, and the heiebt approximately inversely proportional (for all but the nalTowest

fana*iatns). ritit dependence on the posirion of the signal extraction mirror differs from the case of signal

recycling, where the peak sensitivity and bandwidrh are independent of the mirror's position. and only the

frequency of the peak response changes. If both configurations are optimized for the same peak frequency and

bandwidth, however, similar frequenry responses can be obtained.

To evaluate the frequency response of the system, it is helpful to apply the formalism of Meers [51. He de-

rives the frequency response for interferometers by considering rhe cavity in which the signal sidebands are

srored. In an interferometer such as ours. this is a three-mirror coupled cavity system' consisting of an end

mirror, and a compound output mirror. In this case the end mirror corresponds to M2" or M26, and the com-

pound mirror ro rhe SEC. As a major difference from those considered in ref. [5 ], our configuration exploits

the behavior of the system when the compound ourput mirror (one SEC) is nearly resonant with the sideband

light ( ref- [ 5 ] treats only the non-resonant case ). The following equation gives the rario of the signal sideband

amplitude appearing at the ourput of the inrerferometer to the input carrier amplitude incident on the

beamsplitter,

lG(<::.\ =1 sinIS@'f^) trrz
f  v \ - E l r  ' -  

( t g  l - r r r 2

t5gs ( cds )

I - r5gs(ar, ) rr exp ( ira ra. )

_rcos in ( l u t " t n )  t r r 2  , ,  
t t l 3  

, -  =- h T  
I - r / ,  i 1 + r . r , e x p { i [ 6 + ( r ^ * r 5 ) < o r ] ] |  

'

Here, ;2 is the strain amplitude induced by the gravitational wave. The complex amplitude transmittance and

reflectivity of the SEC are t5ss(@g) and r5ss(ctrr). The amplitude transmission and reflection coefficienrs for

the nth mirror (where "a" and "b" mirrors are assumed identical) are /n and r,. The sum of their squares can

be less rhan one, depending on the model for losses in the system. The angular frequency of the light and the

gravitational wave are given by ar and crr' respectively. The round-trip transit time for light in the arms is zo

and for the SEC is 15. The phase offset oi the SEC is given by d ( equal to zero in the symmetric case ). Figure

2 shows the frequency responses obtained by summing over the upper and lower sidebands, taking their relative

phase into account. Responses other than the ones described here are possible. Direct comparison of these curves

with those for the standard configuration is highly model dependent. so we do not do so here [ 6 ] - Optimization

will require a detailed analysis which includes the non-ideal aspecrs of the interferometer.

To choose the mirror reflectivities and separations, one must considerthe losses in the system. The imponant

rr In an undercoupled caviry, the amplirude of the lighr direcrly reflecred from fte input mirror is larger than that leaking out from inside

the cavity.
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losses are those in the arms. and those in the SEC. The loss in the arms is due to scattering and absorptiol;^

the mirror coatings, and ir dominates the power loss in the system. Ir does not directly affect the frequen.l

response. The loss in rhe SEC is mainly due to imperfect interference of the beams from the two arrns. Rayleipi

scauering in the oprics, and losses at anri-reflection coatings. It limits the efficiency of signal extraction 6ij
can be achieved and alten the shape ofthe frequency response. To optimize the frequency response and sen.
sitivity, rhe losses in the SEC should be small compared with the transmission of the signal extraction mirrs,
To achieve this, one may need to increase the transmission of the inboard mirrors M1u and M'0. It shoulOb*

nored that the resuldng reducrion in power buildup in the anns can be compensared by. a relarively mo6s,i
power recycling factor (perhaps on the order of ren).

ln any proposed configuration optimized for a chosen bandwidth. rhere is a minimum energy (numberof

photons) that musr be stored in the arms to achieve a given sensirivity. Future detectors aiming for a srrxln
sensiriviry of l0-2r in a I kHz bandwidth will need at least 20 J of I pm wavelength photons to be store6.
With arm lengths of 3 km, this requires an opdcal power in each arm of 500 kW 12. For the standard config.
uration, the storage-rime limit requires the effective number of beams in each arrn to be less than 50. and rhus
the power incident on the beamsplitter must be at least 40 kW. At such power levels. severe thermal distonions
can be expecred given the currently available substrate materials [2,3 ]. In rhe proposed system. numerical models

[6 ] show that finesse can be increased to approximately l0 000. which would require a power incidenr on the
beamsplirter of only 150 W. Assuming 50 ppm loss per round-trip, the reflectivity of the arm caviries should
be approximarely 0.65. and these powers should be obtainable wirh only a modest power rec-vcling factor. Of
course. the power in the arms remains high, and careful consideration must be paid to the thermal effects due
to absorprion at the mirror coatings. This, however, is common to all proposed configurations that use Fabrv-
Perot cavities in the arms.

In conclusion. using this technique of resonant sideband extraction allows Fabry-Perot based interferometers
to have long srorage-time. very high finesse arm cavities without sacrificing the detecror's bandwidrh. This makes
it possible ro have high light power in rhe arms wirhout requiring high power to be transmitted through anv
optics. This effecrively eliminates one of the dominanr distonion problems in the standard configuration. and
thus the broadband sensitivity of this configuration should exceed those of previously proposed designs.

The authors would like to thank the gravitational wave group al the University of Glasgow. especially Jim
Hough, Euan Morrison, David Robenson, and Harry Ward who all provided helpful insights into the under-
sranding of rhis system. This work has been supponed by the Bundesministerium ltir Forschung und Tech-
nologie (BMFT). One of the authors (JM) would like to thank the JSPS for its suppon.

12 The power acrually incidcnt on the mirrors may be less than this if folded Fabry-Perot caviries or delay lines are used.
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PUYSICAL REVIEW D
PARTICLES AND FIELDS

15 JULY 1988
fflIRD SERIES, voLUME 38' NUMBER 2

Noise behavior of the Garching 30'meter prototype gravitational-wave detector

.D. Shoemaker,' R. schitling, L. Schnupp, w. winkter, K. Maischberger, and A' REdiger

Mar-plqnck-lnstitut fir Quaninoptik, p-Abi1 Ga;,rching bei Miinchen. Federal Republic of Getmanv
(Rcceived 22 FcbruarY 1988)

The prototype gravitationat.wave detector ar Garching is described: in a laser'illumina:ed

Michelson inr.ir..or.t.r having arms 30 m in tength, a folded optical path of 3 km is rcalizcd' The

origin, action, and magnitude of possibh noise sources are given. Tbc agreemenl between thecx'

pectcd and measured noise is good. For a band of astrophysical inreresr, exteirding from I to 6 kHz'

t hequan tumsho tno i seco r respond ing toa l i gh tpowero fP=0 .23w isdomin rn t '  
I n te rmso f the

dimcnsionlcss strain t the best sensitiviry in a l.kHz bandwidth is Ir =3 x 10" rr ' comparable to the

most sensitive' Weber-bar'tyPe anlennas.
a

I. INTRODUCTION

Various methods have been proposed for the detection
of gravitational radiation; two methods have been

developed to a point where the chances of a successful
scarch for gravitational-wave events can be realistically
assessed. The resonant bar technique was pioneered by
Weberl and followed by further effbrts, first rvith room-
temperature bars (Bill ing et al.zl and more recently rvith

cooled bars using very'low-noise superconducting trans'
ducers (see Ref. 3 and references therein; also, for the
current sensitivities, see Ref. 4). These experimcnts have
put important upper limits on the level of gravitational
iadiation. The best sensitivities for the gravitational
strain i that have been obtained so far are ofthe order of
I l  = l0- lE.

A different approach is to use interferometric tech'
niques to sense changes in the optical path length be'
twien videly separated test masses, as first discussed by
Gertsenshtein and Pustonoit.s Early rvorkers in this field
include Weiss6 and Forward.T Since that time a number
of groups have pursued this method, and there are norv
pro-totype interfirometers at MIT,s Gtasgow,q Caltech,l0
Orsay,lt and at the Max'Planck'Institut fiir Quantenop'
tik, darching. From the best sensitivity values of these

DrototvDesi as obtained at Garching,l2 and recently also
at Glasgow,ls one can extraPolate to the sensitivity of
larse inierferometric antennas; an ultimate goal of better
ttra-n lr = lQ-21 seems attainable'

Work on taser interferometers at the Max-Planck'
irrstitute started as earty as 1974 (initially at the Institut
fiir Astrophysik, now at the MPI fiir Quantenopik) -and
lirst concintrated on a 3'm arm'length prototypc (Ref' l{
and references therein). After encouraging results it rvas
decided lhat one coutd profit from a longer baseline inter'

ferometer (30 m), the construction of which was complet'

ed in mid-1983' The goal of thc rescarch is to investigate

the noise sources in prototype gravitational'wave detec-

tors as an aid in plunning fuit-sc"tt detectors'15 This pa'

peirvil l  describe itt. lO-rn instrument, and particuhrly its

i986 itptn"emenls' in some detail, and it rvil l  present the

st.tu, oi the understanding of noise sources observed

therein.
The basic design of the 30-m.Prototype is quite similar

to the earlier 3'm prototyPe;16 a schematic diagram is

r;;; in Fig. t. A lvlichelson interferometer formed of

effectively 
"Ir.." .ots.s is illuminated by an argon'ion

iaser, ,"i ih the l ight path folded in the optical delayJine

"onngut"tionl? t6 increase thc sensitivity of the inter'

ferorieter to gravitational waves' The interference pat'

tern (on dioae D I ) is held to a minimum of intensity by a

,.r"ory*,.t, and the controt signal of this servo rvould

"on,oin the gravitational'rvave signal' This control signal

i"n U. interireted in terms of equivalent mirror displace'

*.n, t; rhis is convenienl for cornparison with noise

sorlrces.
Because the response of thi interferometer to gravita'

t ionalty incltrcetl strl l ini is broadh:rnd in nltture' as are

rort of the noise sotrrccs encounlerecl, it is lrclpiul to

rvork rvith noise spectral densities (that is, the noise con-

tributed per unit tandrvidth). Rigorously' such spectral

Jensities are delined as the squared devirtions per unit

blndrvidth, say, in m2/Hz. It has become customilr) ' '

hori,.u.t, to .ipt.tt thcm in lin eor rneasttre, so that the

units come out as n11y'-Hz. In this paper, such linelr

spectral clensiries wil l be charlclerized b1' a ti lde above

tire symbol. In Fig. 2 the spectra of anticipated notse

.orr"t, are i ltustrnted, expressed as eq!5lent mirror

motion .t, catibratcd in units sf n/y'Hz' To caleu'

iare the corresponcling sensitivity in gravitatiorial str:rin'

d r l
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E =6t /L the mirror motion .r
ferometer arm length I (30 m
fcrometer).

is divided by the inter-
for the Garching inter-

FIG. l. A schematic vicw of the interferometer.

forms pan of the mechanical isolation system (see Secs.
IV and V, and Fig. 3), and the other oprical eomponenb
are treated similarly. Thc coarsc alignment of the inter.
ferometer is achieved in the vcrtical axis with rotation ol
the pendulum suspension points (motor driven) and in the
horizontal axis by screw adjustment of the point at which
the pendulum wires leave the optical component. Fine
adjustment is achieved with offset currents in the coils of
the active pendulum damping system (see below); this al.
lows optimization of the contrast in the interferometer.
The best contrast K:( f ,n".  - I^,nl / ( I^r  * / . ;n) ob.
served with the 90 bcam delay line is K :0.992, /r., and
f,o;n being the photocurrents at the maximum and the
minimum of the interference pattern. Thc contrast is
limited primarily by imperfectiens in the delay-line mir-
rors themselves. The optical system holds a contrast of
K >0.96 for several dais without readjustment.

If the only limit to determining the position of the
masses were the shot noise of the photocurrent in the
photodetector, and if the contrast of the interferometer
were perfect, the noise'equivalent position fluctuation
would beII. QUANTT'M NOISE

The two arms of the interferometer are at right angles
to each othcr (Fig. t). The optical path in each arm is
folded in a dclay-line configuration and the beams return-
ing from the two delay lines are brought to interference.
The separation between the mirrors (which have a radius
of curvature of 31.6 m) of the delay line can be varied be-
twecn 29 and 32 m to obtain the desired number of beams
in the delay line. For the data presented here, l{ =90
beams are used, giving a light storage time of r:9 ps.
The separation of the delay-line mirrors can be adjusted
wilh motion-driven translation stages to find the "reen-
trant condition" for the delay line. This leads to a first-
order independence of the path length on til ls, rotations,
and lateral translations of the far delayJine mirrors.16.le

The beam splitter and each of the delay-line mirrors
are balanced in a simple wire sling pendulum which

t t  t l 0 2  '  , ' n t  t l o i  ,  t  " t  t l O {  ,  t

freguency / l l tr l

FIC.2. Spectral densities ofvarious noise sources, expressed
a c  a a r r i v r l ; n t  m i r r n r  m ^ t i a .  P  i n  r , - i r c  ^ f  ^ t / U ,  '  - L ^ t ^ 6

. . & !  v r  P . r v r v . .

shol noise; D, rcsidual gas f,uctuations; c, filtered ground morioni
d, elcctronic damping systcm; e, pcndulum rherma! rotion; /,
mirror thermal motion; g. laser frequency fluctuations; 5, quad.

':**l*1"'[#

S

c

!

o

where I is the wavelength of the l ight used lo i l luminatc
the interferometer, e the elementary charge, and / the
measurement frequency. For the storage time z given,
and the frequencics / considered, the factor in the second
set of parentheses is close to unity. The finite contrast
compromises this sensitivity. as do technical noise
sources (Johnson noise in the photodeteclor, amplif ier
noise); an expression which takes these factors inlo ac-
count, and which is relevant for the modulation scheme
used, is derived in Appendix A. In the ideal case
(K = t.@, no technical noise), it reduces to the simple
form above. For the data presented here (with thc exper-
imenta l  condi t ions .M:90,  t r :514.5 nm, K :0.96,
.f-nr:70 mA, corresponding to a maximum of about
0.23 W on the photodetector), the calculation rcsults in a
shot-noise level qbich is equivalent to a displacemcnt of
2.5 X lO-lt m/6z,shorvn as curve a in Fig. 2. This is a
factor 1.25 (2 dB) greater than the ideal case of perfect
contrast and no additional noise sources. The influcnce
of radiation pressure ffuctuations20'6 is completely negli-
gible at thc power levels encountcred here.

III. FLUCTUATIONS OF RESIDUAL GAS PRESSURE

The entire interferometer is contained in a vacuum sys-
tem to reduce the effect of refractive indcx fluctuations
and ambient acoustic noise on the apparent path length.
The vacuum system has three vertical tanks, 1.0 m in di-
ameter, l. l  m in height. The "central tank," which
houses the beam splitter, the near delay-line mirrors, and
the input optics, is connected to the two "end tanks"
(which contain the far delay-line mirrors) by horizont:i l
tubes 0.4 rn in dirrmeter. The end tanls are on a system
o f  r a i l s ,  l nd  i t  i s  po - ' s i b l e  t o  ad . l  PY r - " s i nh  t r r h r c  lm l r -
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.onks, Only the central tank is in the laboratory; the end

ilntr "r" in separate end houses. The horizontal tubes

nrc supported by steel guides on a concrete bed, which in

lurn is covered by a semicircular concrete cover and

ipout one-half meter of earth. Rotary and turbomolecu-

61 pumps allow the_ system to be pumped from atmos-

.hc r i c  p ressu re  (10 'Pa )  t o  l 0 - z  Pa  i n  6  h ;  w i t h  t he

lrrpt turned off, the system Pressure rises to I Pa in 24

i. fne measurements presented here were performed

with pressures between l0-' and I Pa.
A noise source to be considered, although not a

significant one at Present, stems from the residual gas in

ttri faeUum system. The number of molecules in the

tight path fluctuates, leading to small changes in the ap'

oirent optical index, and hence in path length- An esti'

mate2t of the magnitude of this effect, valid for the exper-

irnental conditions in the 30-m prototype, gives an

cquivalent mirror motion with a l inear sPectral density

I zGtro-Dz {t I p1 = l w r [ ;

where A'o is Avogadro's number (6.02X l02l
molecules/mole), Zo is the volume of one mole of gas at
standard temperature and pressure (22.4X lO-3
m3lmole), ns is the index of refraction of the gas, cp is
the most probable thermal molecular speed in the gas (for
nitrogen at room temperature I:300 K, no = I
+2.7X10-{ and cs=400 m,/s), and ps and Ie are the
standard pressure and temperature. For these values and
typical measurement pt.siut"t p one finds i =2X l0-le
m/{Hz (curve b in Fig.2).

IV. MOTIOI\{S OFTHE OPTICAL COMPONENTS

As mentioned, to isolate the optical components from
movement of the suspinsion point, they are hung as pen'
dulums ol&lgth l, and thus ofresonant angular flequen'
cy ros:qi. The kts/co)z isolation that one woutd ex-
pect from an ideal pendulum is compromised by the finite
quality factor Q of the pendulum, and by the suspension
wire resonances ("violin string" modes); a model rvhich
predicts well the measured transfer function ff(ar) (ratio
of mirror motion to suspension point motion) of the sus'
pension system is derived in Appendix B, and the mea'
sured and predicted transfer function are plotted in Fig. 6
below. For the pendulums in use at Garching, one finds a
transfer function which can be roughly characterized as
kos/alz to the first "violin string" wire resonance of 212
Hz, then exhibiting a complex resonant structure rvith an
isolation typicatly better than t0-4.

This wire sling pendulum is suspended in turn from an
upper pendulum, consisting of a massive plate suspended
by coil springs 0.1 m in length (Fig. 3). In addition to the
improvement of the isolation in the longitudinal direction
due to the two pendulums in series (see Appendix B), the
vertical compliance of the coil spring provides isolation
from vertical and rotational rnotions of the overall sup'
port structure rvhich could be cross-coupled into horizon'
tal motion of the optical componcnt. Up to 60 Hz. thc
measured transfer function (see Fiq. 6) of the connoound

FIG. 3. The seismic isolation systcm. The upper stage, sup-
poned by four coil springs, carrics translation and rotation
stages for the mirror suspension wire. The upper suspension is
0.10 m in length, the lower 0.72 m. One of the scrervs for coarse
adjustment of mirror t i l t is indicated.

(two-stage) pendulunt falls as latrcoslz/ota, rvhere o, and

{rs ?rc the angular resonant frequencies of the top and

bottom pendulums; above a transition section extending
from 60io 200 Hz, rhe attenuation is typically 10-6. The

ground-noise spectrum of the laboratory in Garching'
while neither stationary_ nor smoo-th, can be roughly
character ized by 3Xl0- ' ( l  Hz/ f l 'm/VHz betrveen I
Hz and I kHz. Hence, the residual rclative motion of the
optical components can be estimated, and it is shorvn as
the hatched area labcled as c in Fig. 2.

The pendulums are electronically damped at lorv fre'
quenciesz2 to prevent large motions due to the ground
noise at the resonrnce frequency. To detect the motion
of the pendulum rvith respect to the suspcnsion point, lbr
each degree of freedom to be damped a small vane is
mounted on the optical component, and an infrared
tight-emitting diode (LED) and opposing sil icon photo'
diode are mounted on the suspension point base. The
vane partially interrupts the l ight, developing a signal
proportional to the displacement of the vane. The elec'
tronic noise of this transducer, for the geometgaused, has
a d isptacement  equivatent  of  5x l0-e m/v 'Hz at  0.?5
Hz, and thus is s'etl hclow the v:rtues of the order l0-7
mi(Fz actualiy bcing measured. This elecironic noise,
from a total of l6 transducers, causes moliotts of the nrir-
rors via the damping coils (see belorv). Htrrvever, the
i n f f r r e n c e  O f  t h i s  n o i < e  i s  r e d t r p d  h ' r r h  n l r " r ' n ^ : ^  ' l "  L '
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fi lters in the damping servoamplifiers and mechanically
by rhe mass of the g-ptical componenleading to expect'
cd motions of l0-tv(l Hz/fl" m/VHz, much less than
the present sensitivity.

The damping forces are applied by a small permanent
magnet mountcd integrally with the vane, and an aircore
electromagnet mounted concentrically with the LED'
photodiode assembly. The coil is positioned so that the
magnetic field gradient is maximized at the magnet; this
results in the best decoupling of the forces exerted on the
optical component from (ground-noise-induced) motion
of the coil. Assuming an error in the coil position of as
much as I mm, and the largest control current possible,
thc natural ground motion could lead to optical com'
Donent molions of the order of 4x l0-'"(l Hz/fl '
m/:r'F2, a negligible level at thc present sensitivity.
Noise in the coil current due to the final amplifier, which
is left widcband to allow the use of the coil-magnet sys'
tem in thc interferometer locking servosystems, must be
takin into account; for the present system, this noise re'
sults in a motion of the optical components of
6.8x l0-r'( | Hz/flz m/{Hz, il lustrated as curve d in
F ig .2 .

The thermally driven noise of the pendulum can be es'
timated by considering it as a damped harmonic oscilla'
tor; here the p is that due to the pendulum without elec'
tronic damping, because thc damping servosystem gain is
rolled off at high frequencies. For the thermal motion of
an oscillator with an inlernal energy of |k, 7'one expects
a spectral density

, (3)

which for the pendulum, in the limit of frequencies high
compared.with the pendulum resonant frequency, gives
7.4x l0-r'( | Hz/fY m/vHz. This is shown as curve e
in Fig. 2. Lossy isolation systems (for instance, lead and
rubber stacks) have been avoided, as measurements show
that only relatively littte isolation with a complicated res'
onance spectrum is achieved. The tcndency of such sys'
tems to "creep," and their unknown thernrally ?riven
motion, make them unattractive for ftlture designs.

The thermatly driven motion of the internal modes of
thc mirrors themselves must also be considered. The
delay-line mirrors and the beam splitter are made of cir'
cular substrates 150 mm in diameter and 25 mm thick.
The previously mentioned wire sling suspension system
keeps the mechanical resonances simple and of high p.
The observed frequency of 6.3 kHz for the lowesl mode
of the mirrots "gre.s wett with catcutationzJ for a free
cylinder; the Q of this resonance is 500 (limited by the
plastic clips which guide the suspension wires, and the
material of construction, Zerodur). The motion mea'
surect at the peak, 5X l0- tz ̂ r'v/-Hz, is about a factor of
7 less than that which one calculates. This can be ex-
plained by noting that the lowest mode has ra'Jir! rodal
l i nes ,  and  t he  na t l e rn  i q  s lmn led  hv  l he  hp j  m  sh ( r l s

roughly equally ofren on the approaching and reccdinp
sections of the mirror, leading to a noticeable canccllal
tion of the efrect of the path-length change. The calcular.
ed contribution to the displacement noise is shown i1
curve I of Fig. 2. For frequencies much.lower than the
resonance the noise is at a level of I x l0- te m/y'{2.

V. FLUCTUATIONS OF LASER LIGHT POWER

The interferometer output falling on diode D I (sec Fir.
l) is held to a dark fringe with a modulation method:6 1]11
both arms of the interferometer, Pockels cells (P I and P2
in Fig. l) in thc tight path between the beam splitter and
the near-delayJine mirror are uscd to impress a high.
frbquency (10-MHz) phasc modulation on the light. The
light falling on the mcasurement photodiode D I is dcmo
dulated, and the resulting crror signal is amplified,
filtered, and applied lo the Pockels cells to hold the inten.
sity on the photodiode to a minimum. The voltage ap-
plied to the Pockels cells, which is a linear function of the
change of the light path in rhe delay lines, would carry
the gravitational-wave signal. The phase modulation fre-
guency is chosen to be in thc frequcncy range where the
annplitude noise of the argon laser is limited (at the power
levels used) by the photon shot noise, typically above 5
MHz for the Coherent Innova 90'5 employed. To reduce
the light reffected from the measurement photodiode Dl
(EGG type DTlt0), it is held at the Brervster angle (for
siticon =75"), thus achieving a quantum efficiency of
about 807o.

Keeping the interference Pattern at a minimum of in'
tensity reduces the sensitivity of the measurement to am'
ptitude noise in the illuminating laser beam, keeps the in'
tensity on the measurement photodiode Dl at a manage'
able levet, and allorvs the other outPut beam of the inter'
ferometer to be used for other Purposes. The unity gain
frequency in this servoloop must be high for two reasons:
first, to give a very large gain at dc, ensuring that the in'
terferometer is hcld accurately to the dark fringe thus el'
iminating the inffuence of low'frequency laser intensity
fluctuations on the signal; and second, to give a reliable
measurement signal at the highest signal frequency of in'
terest (about lO kHz). Because, in the present optical ar'
rangement, the light passes through the Pockels cells
both before and after the delay line, the unity gain fre'
quency is limited by the time delay in the delay line to
about 60 kHz (for 90 beams in the delay line)' To reducc
the dynamic rrnge of the signal appl ied to the Pockels
celfs ct very low frequencies (where the signals ate larg'
est) this control signal is also sent, suitably filtered, to the
damping coits which exert forces on the far mirrors. The
unity-gain point in this slorv servoloop is set to about 30
Hz, a comprornise betrveen dynamic range reduction and
the desire not to be acting on the mirrors mechanically in
the frequency range of interest (above 100 Hz). This ser'
vosystem reduces the inlluence of amplitude noise to a
negligible level.

VI. FLUCTUATIONS OF LASER LIGHT FREQUENCY
AI\{D POSTTION

The l ight.-hirh i l l11771ip2rt-.  ?hr i . ter ' f :rometer mrrst be

\ l . | l . : t ; ' . . { i . f . . ^ , , . ^ . . . . r . ' ^ . , , . 5 ^ l : _ . . ' . r . � � � � � � � � � � J
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t
l l ^otical sysrem. The delay-line mirrors are nor all of ex.

ll rlut thc.same :d1'-ol:^1ii"lll'l lJ',*^li1T i:::"^iiti"g 
the reentrant condition for both delay lines does

'"o, 
r.tuf, in total path lengths that are exactly equal' but

,"tirn aif.t by a static offset AL' This directly translates

irrqutn"y fluctuations 6-v ipto aPParent mirror motion i

- AL 6-v, : T ;

A total path-length difference of about 2 m is observed

than Uoit, 90 beam delay tines are reentrant, implying a

ncr mismatch in curvature of about 0'02 m for the

present mirrors.' 
In addition, stray l ight in the delay l ines (due, for in'

stance, to scattering from the mirror surfaces) allorvs in'

ierf"r*". belween light having traveled different Path

icngths;16 ' lE for  N=90 beams in the delay l ine,  the

cha-racteristic difference is about 3 km' The high

reflectivity of the mirrors allows significant contributions

even from "trapped;' stray l ight which has made a large

number of round trips of the delay l ine (corresponding to

path differences uP to the order of l0O km)' The current

rittott employed show a scattering coefficient a (relative

amplitude bf in" scattered l ight which then interferes

wit'h thc main beam) of about tO-a; given the mirror

ref,ectivity of 0.997, one finds that the fluctuation in ap'

parent paih length due to this effect is of the same order

of mainltuae ls that due to the static pathJength

dift'erence. Thus, the coefficient that relates frequencl'

noise 6-v to aPParent mirror motion i is about 7X l0-"

mftlz.
The frequency is stabilized in two steps (see Fig' l)' In

the first ti.p,'c some of the tight leaving the laser is

directed through a Fabry-Perot reference cavity; the

transmitted l ight intensity is compared with a reference

beam intensity, and an crror signal is formed' Suitably

amplified and filtered, it is applied at low frequencies to a

pieioelectric transducer holding one of the laser mirrors'

and at high frequencies to an intracavity Pockels cell'

The unitylain fiequency of this servoloop is about 400

kHz. l imited bv the bandwidth of the electronics'
In'the secon-d step,12 a fraction of the light leaving the

interferometer on the input sidc of the beam splitter is

brought to interference with a fraction of the input l ight'

The ihase difference between these two beams is a func'

tion Lf the average path lcngth in the trvo arms and the

remaining frequency noise on the laser light' The error

signal iJ deviloped with a modulation-demodulation

,.i".. similar tothat described for the main signal path'

uti l izing Pockels cell P3 and photodiode D2' At frequen-

cies in ihu t"ng. of a few hertz, the Fabry'Perot cavity is

the more stabli referencc, and the error signal is used to

prevent common'mode motion of the delay'l ine mirrors

ii.e., the interference Pattern on D2 is held to a minimum

of intensity). At freiuencies higher than a ferv tens of

hertz, the length of the delay l ine is a quiet and more sen'

sit ive lcngth ieference; the error signal in this frequenc-v

range is ied back to the laser' The gain possible in this

..."-oloop is primarily l imited by the time delay in the de'
t . . ,  l : ^ . .  l ^ .  '  c t ^ - . -  n f  O  , ' c  l a n r r p c q r n e l i r ^  r a

1y =90 beams in the delay l ine) it is about 60 kHz. An es'

ri lnate of the irtffuence on the interferometer 9l t le

r.maini-g l i-quency noise is shown as curve g in Fig' 2'

The resonance structures secn around l0 kHz are due to

thermally driven motions in the Fabry'Perot cavity'

Fluctuations in the beam ge€metry can bc translated

into apparent mirror motions'" In a simple Michelson

interferometer, a misalignment of the beam splitter leads

to a sensitivity to changes in the beam position; a

diFerence in the length of the two arms leads to a sensi-

tivity to beam direction. In addition, there remains a sen-

sirivity due to irregularit ies in the optical components
(miirirs and Pockeli bells in particular) even when the in-

terferometer is rvelt aligned and symmetrized'

A single'mode opticat fiber is -used to suppress such

fluctuati6ns in the beam geometryza and to carry the l ight

from the laser table into the vacuum' Thc fiber employed

here (the fiber used is an experimcntal type, unfortunatell '

not in production, kindly donated by AEG) has a mode

radius rp =2.7 Fm, and microscope objectives (l0x) are

used to couple into and out of the fiber' It is not a

polarization-holding 6fiber, and to correct for slow

itrermal drifts in the polarization a 1'/2 plate in front of

the input to the fiber is used. The fiber output assembly

is isolateO from grotrnd noise by suspending it on an elec'

tronically damped pendulum mass; this is necessary to

oblain a-jitter-iree 
-beam, 

and allows convenient adjust'

ment of the input beam angle and position as rvell '

A coefficient for the sensitivity to beam motion can be

obtained by giving a catibrated motion to the beam and

vierving ttre efeci in the aPparent r-nir19r -motion 
spec'

trum, ivhich in the system rvith N =90 bounces gave

2x l6-6 m/rad. AttemPts to measure the residual beam

5iiter after the fiber ari limited by measurement noise

ishot noise in the guadrant photodiode current) at

3 x l0-12 ,s61{Tz for all frequencics higher than 50 }Iz'

T'':rs tlre upper limit for the influence of be:m jitter on

th* interferometer spectrum lies at 6X t0-lt m/y'Hz' a

factor of 2 higher than the observed interferometer noise

tevel in the kilohertz range; clearty, a more sensitive in-

dependent measurement of the beam motion after the

nU.r is needed before it can be eliminated as a possible

noise source.

VII. PERFOR}TANCE OF THE INTERFERO}T ETER

Estimates of the contribution to the noise "btrdget" by

eac.h of the noise sorrrces rnentioned ahove have been

maOe in Fig. 2, as rvell as a quaclratic sum- of all of these

toui".t (cu-rve S). The figure for beam jitter is rrot in-

cluded in this sum because it is only an upPer l imit ' The

o",p"i signal of the interfertrmeter-the control signal

foritre Po.-ckets cells in the arms of the interferometer-is

usuatty analyzed by a Fottrier-transform spectrum

;;tt;.r ttrpisszet. continuous measurements of 30
min or an hour are possible, and rvhen the interferometer

loses "lock" (usuetly due to a longitudinal mode hop in

the taser) the servosystcms are automatically sequentially-
Jt.to.[.d." Figure '1, curve ,t ' , is a com.position of

several 2-nrin avcrages at ctift lrent samPling ratis (to cov-

er the hroad frequency range Presented), rcsrrlt ing in the
, - . l a 1 i q , o l 1 ' q m r l l  l n n r r t l i n t v  i n  t h p  r t n i r >  l p v ' ' l  A l "

(4)
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FIG. 4. Thc interfcrometer noise spectrum. ,{, mcasured; S,
prcdicted.

shown is the quadratic sum of all noise sources (curvc .Sh
it is seen that'the noise is in excess of the estimate.

Up to frequencies of several hundred hertz, multiples
of the 5OHz main supply are quite evident. Also scen are
several suspension wire resonances ht 212 and 424 Hzl.
The overall level lies above that predicted; possible ex-
planations are that remaining cross coupling in the pen-
dulum isolation system allows ground motion to drive the
mirrors, or that thcre is insufficient decoupling between
the laser and the interferometer.

At higher frequencies the mirror resonances at 6.3 kHz
are visible, as is the remaining inf,uence of resonances in
the Fabry-Perot cavity used as the frequency stabilization
reference. Therc are still contributions from the mains
harmonics, although they arc not resolved in the spcc-
trum. In the quictest frequency banC, betwcen I and 5
kHz, there is a discrcpancy of a factor of 1.4 (or in loga-
rithmic measure 3 dB) bctween the prcdicted shot-noise
tevel and that obsened. Experimcnts with thc 0.3-m in-
terferometer kee Appendix C), and with ditrerent power
levels (sec Appendix A), suggest that this excess consists
of two parts: I discrepancy betwecn the calculated and
observed shot noise, which causes a scaling error (i.e., a
constant crror in logarithmic measure) of 1.05; and a con-
stant noise (measured_in mirror displacement) at a tevel
of 2.5 X l}-tt m/fHz. The latter noise sourcc could be
onc (or several) of the prcviously mentioned white-noise
sources. To gain more knowledgc in this frequency re-
gimc thc shot-noise limit must be significantly rcduccd,
requiring considerably more light power.

,vI[. coNcLustoN

Thc Garching prototype interferometer, with an opti-
cal path of 90X30 m, is very close to the shot-noise l imit
calculated for the relatively high power available, and
over a broad frequency range of astrophysical interest.
Even though this prototype has a delay-line storage time
of only 9 ;.ts, it already has a sensitivity (expressed as an
equivalent  d imensionless srra in h o i  3X i0-r t  in  a i -kHz
bandwidth) which for many predicted sources is compa-
rable to the most sensitivc bar-type antennas.2J Optimiz-
ing the storage t ime for  the f reouencv ranse envisao.d

would allow an increase in sensitivity by almost 2 order.
of magnitude. Much of. the.technology dc.veioped.hei
Ean bc extended to full-scale gravitational-wave inreil
ferometers,r5 lcading to optimism for the feasibility i1
gravitational-wave detcction in thc near future.

APPENDIX A: CALCULATION OF THE SHOT NOTSE

. The current /or,(r) in the measurement photodiode Dl i
t s .

r  - l
ror(r) : /n.rn+ff [ l -cosf(r) ]  (Al ]

with

Qftl=kx *$^ sinat^t

and

x :xo*6r  ( t )  ,

where k =(2trl/lt,.xe the static difference in optical path
between thc arms of the interferometer (the "operating

point"), 6x (t) the signal (small in cornparison with 1., and
slowly changing in comparison with the modulation fre.
quency), d,, the amplitude of the high-frequency phase
modulation applied by thc Pockels cells, and ar," the
modulation frequency. This photodiode currcnt can be
erpanded in a series of Bessel functions Jn(6^l; keeping
only the lowest-order terms (this corresponds to bandpas
filtering the photodiode signal around the modulation frc-
quency and at dc) one finds

I -n
rd"=J' in*; t  l -J0(6^)cos/ ix l  (A4)

and

I - *
Io^=iU1(f-  )s inf tx sinro- l  .  (A5)

with an effective currenl swing of .I.6=(/rr* -frrn ).
The servosystem is arranged to hold the output of the

interferometer on diode Dl at a minimum of intensity;
this corresponds to /<x << | (modulo 2rl, or

1.,
Id,=I^tn*;t I -Jo(d- )] (A6)

and

I -^ = I r6J 1(6^lkdx (t) sinar, t (A7)

The signal is demodulated by multiplying by a square
waye at ot^; taking a net mixer gain of 8, and keeping
only terms around dc, one finds

Y' i r :RI rd 1(6^lk6x ( t l  ' (AE)

The noise that competes with this signal is the shot
noise due, to the flow of current in the photodiode /6.,
and the technical noise sources Oohnson noise of thc pho-
todiocie internai resistance, amplif ier electronic noise).
The latter can be characterized as an additional f ired vlr-
tual current /0., in thc photodiode. The noise due to

c

E

c

E

(A2)

(^3)

1
I
I
I

I

I
t

I
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normal conditions, the voltage noise on the Pockels cells
in the quietell !19queqcy qngc (4-5 klzl ya9*9_bs91ve_d
for a variety of conditions (changes in i l luminating inten-
sity, depth of modulation, contrast, and excess white l ight
on the photodetector). A tit rvas made to the experimen-
taf data rvith three free parameters: scale factors p and x
which describe errors in I/1 and /6.1, rcspcctively, and an
additive constanl e which describes a constant excess

Vnoi*=R/1/zeu # I d,) .

.ru of ffi l at the photodiode; it is fittered by
]i.j ohotodiode amplifier so that the amplitude is negtigi-

lr] ior ft.qu.ncies outside of the band @^!tori* with ar.,*

Iic (angular) signal frequency. This noise is then multi '

"lira Uy the square wave in the mixer, resrrlting in noise

lgmponents which are mixed down to the signal frequen'

cYi

the fi. is due to the fact that the noise above and betorv

the carrier are mixed down to the same low (positive) fre'

6uencY, and add incoherentlY.
'Equating 

the signal and the noise, one finds that the

squivalent displacement noise due to the shot noise can

be cxpressed by the l inear spectral density

1 , - t@+16)x"r':iuz- fr

Vrhot:i1F

vn^=*

noise motion of the mirrors:

xz  - [Pv^ l ' 131 ;0 , ,+ /0 . )  .  - :vinot.at:  
[ ; ; lW*' '

the expression for .116o, as a function of {- has a gentle

minimum, ind the {- corresponding to this minimum

should be applied to observe the highest sensitivity. The

signal which is used for the output of the interferometer

is the control signal to the Pockels cells; in the l imit of

targe loop gain, this voltage is related to the position

noise via the Pockels cell voltage Z1 that causes a change

in optical path by one wavelength L. Then the noise volt-

age expected for the shot-noise l imit is

The argument d- in the Bessel function J{6^'t can be
derived from the measured values 16",1^in,I..6, as shown
in the beginning of this appendix.

The resutt for the 30-m interferometer is shown in Fig.
5, where the measured noise in V2t17z is the independent
variable and the calculated noise in Y2/Hz is the depen-
dent variable, and the measured points are compared
with the ideal case, a one'to-one relationship. A logarith'
mic graph *as choren4o allow the large range of value.s

to be ctearly presentecl; horvever, a graph linear in both
axes is a more usuful cliegnostic tool' rvith the advantage
of allowing errors in the fit to apPerr in a simple graphi-

cal form. For inrlancc, an error in the Pockels cell
coefficienl l ' , . appclrs ls a slope error, a constant addi-

t ive noise f  i r \  i t  c ! i rp l lccment ,  and an crror  in  the

ef fect ive technic: r l  t t t t isc c t t r rent  /u" ,  as a dcr iat ion f rom

that  rvh ich shorr lJ  be a st r l ight  l ine.  For  the data
presented,  thc hcst  /?  is  t .05,  the best  r  is  0.88,  and the

Lest  e is  2. -1;  > '  l0  1 \ ' / \ '7 l t  ( rhe la t ter  correspondi t lg- to
a  no i se  i n  m i r ro r  r l i sp l : t cc rnen t  t r f  J .5X  l 0 ' t 6  m /y 'Hz l .

Because the orrgrn of thc'se difl l 'rc'nces from the expected
vatues is  nol  )c l  crphined,  the equat ion wi thout

modification is uscct to calculate the expected shot'noisc
timit for the 90 helm dehy'-l inc intcrferometer, as given

t o -  l :  -

to-  l i
T 1 . -  - - . - . :  , " ' , . t - :  '  ' - r u {

t o . . r r  
r  :  " o t . ' l o - t :  ,  I  ' t " ' i o - t t

'mcasured 
no'se Ivt lHrJ

FtG. 5. Comparistrn of measured and calcutated sh6t noise.

The solid line indicltes the locus of perfect agreetnent belrveen

measured :rnd calcul l ted noise levels.

(A l0 )

(Ar  t )

An approximate expression, valid for typical conlrasts
(^|(  >0.9) and modulat ion depths ( /d.  <0.2I*, ,  ) ,
simplifies the calculation of the volhge shot noise (nn,:

l t  
/2

I
(Al2)

2e (I  o"+ I  o,r l

o. -froin )f.11 -*(fd" -frin )2

Under these circumstances, an approximation giving the
optimum modulation depth can be found. The observ-
ablc quantity fo".oo, corresponding to this optimum is

f6",oo, = [ ](frin * fder )fr-, ltn (A l3 )

Measurements were performed on the 30-m and
simplified 0.3-m interferometers (Appendix C) to verify
the accuracy of the exact expressions. The photodiode
currents f.r*, fr;n, and f6" were monitored with a Pre'
cision resistor; the technical noise was measured by com'
parison with the noise due to an incandescent lamp at fre'
quencies near the modulation frequency of l0 MHz
where it is assumed that the lamp has no noise above shot
noise. The V1 for the Pockels cells rvas measured in situ
by finding the voltage step which resulted in a change of
exactly one I ofoptica! path lengih in the cell, and tested
separately for nonlinearity (the voltage for a jtrmp of 2l' is
within high precision twice that needed for l l ').

With the N =90 beam interferometer operating rrnder

!
0

a
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in Fig. 2. However, it is reassuring that the errors are
small, and that the functional dependence of thc noise is

APPENDIX B: TRANSFER FUNCTION
OFTHE PENDULUNI ISOLATTON SYSTEM

The pendulum can be treated in close analogy to an
electrical (loss-free) transmission l ine, terminated with an
inductance (to represent the inertial termination by the
impedance Zr=iam of the pendulum mass m). The
characteristic impedance /,-Vmgy of the mechanical
transmission line is given by the tensile force mg on the
wire and thc linear mass density f . The propagation con-
stant k --a/u., is determined by the velocity
urr:{mg/y with which a transverse motion propagates
along the wire.

As in an clectrical traasrnission line, the displacement
.rp at the termination (pendulum mass) is transformed to
the front end (suspension point) via a transformation

1 2 , . . . .  . . 1ro:xp l ; i  s inkl  *coskl  |  ,  (Bl)
l ' r  I

and one arrives.at the transfer function magnitude

H(a i l : xP -
xe cos&/ _ 

ffsinkl
The lowest resonance ,p:Qi (the pendulation

mode) and the rvell.known low-frequency transfer func-
t ion f f (cr) : f l -ko/ap)t ]- '  are easi ly der ived by ex-
panding for kl << l; for I :0.72 m we have f 2:atp/2r=O.59 Hz.

All further resonances (the "violin string" resonances
at atnl can be found from the approximation kl=nr,
leading to

with p:71 the mass of the wire sling (two wires). In be-
tween these resonances, the transfer function H{al pro-
vides an isolation that is at best

7  , . ( - - l ' n
Hk)= L -= la I 1B,+)

@ m  @  l | n J

For the values used (n =l.l kg, steet rvire 0. 1 mm in
diameter), the mass ratio m/p is about 12500, and thc
wire resonances are in very good agreement with the
measured peaks at multiples of f ,=212 Hz. At these
frequencies, the pendulum suspension not only loses its
isolation feature, it may even enhance the pendulum mass
motion. Figure 6 shows the measured (curve a) and cal-
culated (curve b) transfer functions. The additional
peaks observed in the measured transfer function at 300
and 550 Hz are due to pickup of harmonics of the 50-Hz
line frequency.

Thc influence of the damping due to internal losse.s in
lhe suspension syslem can be thought of as entering in
tlvo rvays: f irst, as a modification in the high.frequency

' n l

to- I

to-3

to-5

to-1

to-e
I ir l

frequency

FIG. 6. Pendulum transfer functionr. a. measured. single
stag,e; D, calculated, single stage; c, measurcd, double stage; d
calculated, douhle rtlgc'.

transfer function of the simple penclulunr model, and
second, as a change in the form of thc "violin string" res-
onances. The finitc Q of the pcndulum motion, in partic.
ular if i t is due to internal friction in the suspending
wires, causes a trlnsit ion from H =(ah/al' to
H =ao/ktQ) at a transition frequency of kos/2tlQ
However, under normal conditions, the pendulum Q is
primarily l imited hy damping from the residual gas: the
measured pendulum Q shows a monotonic dependence on
the residual gas prcssure. At the lorvest pressure attain-
abte ( lo-l Pa) it reaches Q^.^= t05; at the normal
operating pressure of I Pa, it is Q:3X10{. If we take
this Q,',.. as an upper limit for the internal losses, one
calculates a transition freguency .f g on the order of l0'
Hz where the transfer function is dominated by the string
resonances. These string resonances have measured Q's
of the order of 2X l0r, rvhich docs not lead to a
significant compromise of the transfer function; the pri.
mary effect is to keep the wire resonant peaks in the
transfer function finite, in our case at values below unity.
Thus, damping mechanisms do not significantly influencc
the performance of the isolation system.

The two-stage pendulum currently in use at Garching
can be similarly analyz.ed. By trvofold application of thc
transformation from the pendulum mass to the driving
point, a transfer function for the compound pendulum is
found. In contrast with the single pendulum, where there
are no free parameters, it is necessary to characterize the
coil springs (which form the upper pendulums) in terms
of a l inear mass density based on the measured transverse

g
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-xo1rant frequencies and the length of the springs. With

1l;" oarameter adjusted for thc best f it, the measured and

l'"'rcuf",.a transfer iunctions (in Fig. 6, curves c and d; re'

llecrivety) again are in reasonably good agreement.
otTh. 

t.ttrrement of the pendulunt transfer function is

-ade diff icutt by the large (120 dB) difference in ampli-

1,,}s of mechanical motion between the pcndulum sus'

L-rnsion point and the mirror, and all acoustical or

Irechanical 
"short circuits" must be carefully avoided'

ior ttris reason, the measurement is performed entirely in

,he uacuurn system of the interferometer. The pendulum

"uspension point of one of the far delay'l ine mirrors is
j6ven parallel to the interferometer arm axis by an elec-

iromagnetic 
"shaker." The motion at this point is moni'

iored rvith a Piezoelectric accelerometer (Endevco model

7705-1000), and the motion of the mirror is measured

wi th the a id of  the X:90 beam inter ferometer . .  The

driving function for the "shaker" is a srvept sine rvave,

the frequencies close to the "violin string" resonances

having been avoided. A two-channel Fourier transform

spectrum analyzer (hp3582A) calculates the rarv transfer

function, which is then corrected for the accelerometer

response and the interferometer low-frequency servoloop.

The resulting measured transfer functions agree rvell rvith

thi predictions (see Fig. 6).

APPENDIX C: THE 0.3.m INTERF'EROIIETER

An alternative configuration of the interferometer is

formed by turning lhe near delayJine mirrors arotrnd so

that the beam is immediately returned to the beam

splitter, for a total path of 0.6 m. The sensitivity of the
interferometer to mirror motion is nruch redrrced, and
the optical path is simplif ied. The reduction of scattered
light and the abil ity to bring the interferometer to near
perfect symmetry strongly reduces the constraints on the
laser frequbncy stabil ization. The frequency stabil ization
servoloop bandrvidth 

' achievable rvith the piezo'
controlled laser mirror sufEces, and this allorvs the opera-
tion of the laser rvithout its internal Pockels cell, leading
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chapter one

Introduction

1.1 CONTROL SYSTEMS

In this inrroductory chapter we attempt to familiarize the reader with the following

subjecs:

l. what a control system is.

2. Why control systcms are imponant.

3. What the basic components of a control systern are.

4. Why feedback is incorporated into most control systcms'

5. Tlpes of control systems. :.'

With regard to rhe first t*o ir"-r, we cite the example of the human being as

perhaps the most sophisticated and the most complex system in existence'

An average human being is capable of performing a wide range of rasks, including

decision making. Some of thest usks, such as picking up objecrs' or walking from

one point to -oth.t, are normally carried out in a routine fashion' Under certain

condltions, some of these tasks aie to be performed in the best possible way' for
instance, an athlete running a 100-yard dash has the objective of running that

distance in rhe shortest posslble time' A marathon runner' on the other hand, not

only must run the distance as quickly as possible, but in doing so, he or she must

control the consumption of energy so that the best result can be achievcd. Thereforg

we can state in general that in life there are nu[terous "objectives" that need to be

accomplished, anA *re means of achianing the objeaives usually involve the need for

control systenrs.



lntroduc{ion

Figur€ 1-1 Basic comPonenrs
ot I control system'

t

In recenr years control systems have assumed an increasingiy important role in

rhC-ttwelopn-enr zmd advanimenr of :modern civilizarion-and rechnology-Jpracti'

,.ity ""tty asPect of our day-to'day-acl"itiT is affected by some type of control

,yr,'.r. For cxample, in the domeitic domain, automatic controls in heating and

air-condit ioniogryrr" trregulatethetemperaureandhumidityofhomesand
l"1ai"g, for dmronable living. To achieve maximum efficiency in energy coDsumP-

iion, r-rn' modern heating ani air-conditioning systems in large office and factory

buildings ate computer controlled'
Controlsystemsarefoundinabundanceinal lseclorsof industry,suchas

oualitv control of manufactured produc$, automatic assembly line, machine'tool

:ffi,j, ;;;;',IrtoJosy and weapon systenrs' comPuter - @ntrol, transportation

GC pto*ef syStCms;iobotics; ani many oihers;ven such problems as inventory

control, and social and economic systems control' may be approached from the

theory of automatic controls'
Regardless of *irairype of iontrot system we have' the basic ingredients 0f rhe

system can be described bY

l. Objectives of control
. 2. Control sYstem comPonents

3. Results

Inblockdiagramform,thebasicrelat ionshipbetweenthesethreebasic
ingredients is illustrated in Fig- l-l(a)'

In more scicnmc;;a; oese tnrce basic ingrediels ry be identified with

inputs, system components, aird outpus, respectively' as shown t ftt' 
l-l(b)'

In general, ,h. ;6i". oi ,fi. "onttA system is to control the outputs c in

some prescrib"a *"no.iLi the inputs_nrbrou'it tt" elementl of the control systcm'

The inputs of the sysiem 
.",'" 

"b" catled the actttating signak, and the outpu6 are

known u lhe contolled oariables'
As a simple ";i; oirire controt systen fashioned in Fig. l-1, consider the

steering control of an iutomobile. The diicction of the two front wheels may be

.:

i
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Load torque

Engine specd a:
Figure 1-2 ldle-sp€€d control
system.

regarded as rhe conrrolled variable c, or lhe outPut; the direction of the steering
wheel is the actuating sigral l, or the input. The control system ot Process in this

case is composed of the steering mechanisms and the dynamics of the entire

auromobile. However, if the objective is to control the speed of the automobile, then

the amounl of pressure exerred on the accelerator is the actuating signal, and the
vehicle speed is the controlled variable. As a whole, we may regard the automobile

control sysrem as one with two inputs (steering and accelerator) and two outPuts
(heading and speed). In this case, the two controls and outputs are independent of

each other; but in general, there are systems for which the controls are coupled.

Sysrems with more than one input and one outPut are called multioariable systems.
As another example of a conrrol system, we consider the idle-speed control of

an automobile engine. The objective of such a control system is to mainnin the

engine idle speed at a relatively'low value (for fuel economy) regardless of the

appti"a engine loads (e.g., ransmission, power steering, air conditioning, etc.).

Without rhe idle-speed control, any sudden engine load application would cause a

drop in engine sp"-d *,hich might cause the engine to stdl. Tbus, the main objectives

of the idle-speed control system are (t) to eliminate or minimize the speed droop
when engine loading is applied, and (2) to maintain the engine idle speed at a

desired value. Figure l-2 shows the block diagran of the idle-speed control system

from the standpoint of inputs-system-outPuts. In this case, tbc throttle angle c and

the load torque ?, (due to the application of air conditioning Power steering,

ransmission, or biakes, etc.) are the inpuS, and the engine speed o is the output.

The engirre is the conrolled process or system.

Open-Loop Controt Systems (Nonfeedback Systems)

The idle-speed control sysrem illustrated in Fig. l-2 is rather unsophisticated and is

called an open-loop conrrol slsr€m: It is not difficult to see that the system as it is

shown would not satisfactorily fulfill the desired performance requirements. For

insrance, if the throttte angle c is set at a certain initial value, which corresponds to a

certain engine speed, when a load torgue I" is then applied, there is no way to
prevent a drop in the engine speed.'The only way to make the systern work is to have

means of adjusting c in response ro a change in the load torque, in order to maintain
t.,r at the desired level.

Because of the simplicity and economy of open-loop control systems' we may

find this type of sysrem in practical use in numerous situations. In fact, practically

all automobiles manufactured prior to lgEl did not have aa idle'speed control
system.

anEIe

l_



fntrocluction

. 
Figure 1-3 Elements ot an op€n-loop control "yO"t.

An electric washing machine is another example of an open-loop system
because, typically, the amount of machine wash time is entirely determined by the
judgmenr and estimation of the human operator. A true automatic elecric washing
machine should have the means of checking the cleanliness of the clothes being

The elements of an open-loop cootrol system can usually be divided into two
pans: rhe controller and the c6ntrolled process, as shown by the block'diagfam in
Fig. l-3. An input signal or command r is applied to the controller, whose outPut
acrs as rhe acruating signal u; the actuating sigral then controls the controlled
process so that rhe conrrolled variable c will perforni according to some prescribed
standards.

In simple cases, the controller can be an amplifier, mechanical linkages, or
bther controt means, depending on the nature of the system. In more sophisticated
electronics control, the controller can be an electronic comPuter, such as a micro'
processor.

Closed-Loop Control Systems (Feedback Control Systems)

What is rnissing in the open-loop Qontrol system for more accurate aod more
adaptive conrol is a link or feedback from the outPut to the input of the system. To
obtain more a@urate control, the controlled signal c(r) should be fed back and
compared with the reference.input, and an actuating signal proportional to the
difference of the input and the ourput must be sent through the system to correct the
error. A system with one or more fleOUacf paths such as that just described is catled
a closed-loop system.

The block diagram of a closed-loop idle-speed control system is shown in
Fig. l-4. The reference iaput ar, sets the desired idiing speed. Ordioarily, when ihe
load torque is zcro, the engine speed at idle should agree with the reference value co'
and any difference between the actual speed and the desired speed caused by any
disturbance such as rhe load torque I. is sensed by the speed transducer and the
error detector, and the conuoller will operate ou the difference and provide a sigtal
ro adjust the throttle angle c to correct the error.

Figure l-5 illusrrates a comparison of tbe tlpical perforannces of the open-loop
and closed-loop idle,speed control systems. In Fig l-5(a), the idle speed of the
open-loop sysrem will drop and settle at a lower value after a load torque is applied.
In Fig. l-5(b) the idle speed of the closedJoop system is shown to recover quickly to
rhe preset value after the application of 7i.

I
t
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Figur€ 1-4 Closed-loop idle-spe6d control syst€m.

Dcsired
idle-specd

('),

Figure 1-5 (a) Typlcal idle.
speecl respons€ ot 8n op€n-loop
system. (b) Typical idle'sp€€d
respons€ of a clgsect-loop sye
tem.

The idle-speed control rystem illustrated above is also known as a regulator
system whose objective is to maintain the system output al some presaibed levcl.

As another illusrative example of a closed-loop control systetn, Fig I-6 shorn
the block diagram of the printwheel control system of a word processor or electronic
typewriter. The printwheel, which tlpically has 96 or 100 characters, is to be rotated
to position the'desired character in front of the harnmcr for printing. The character
selection is done in the usual manner from a keyboard. Once a certain key on thc
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key oard is depressed, a command for the prin*-hcel to lQBt€ fro@ ilre prescat

poiitioo to the next position is initiated. The migroprocessor comPutes the direcdon
'-a 

tn" distancc rc be rraveled, and seods out a control logic signd to the Pfyer

amilifier, which in turn controls the motor that drivcs the printwheel' The position

of the printwheel is detected by a position sensor whose output is compareil with the

desired position in the micropio"otot. The motor is thus controllcd in such a way as

rc drivi the printwheel to the desired position. Ia pracrice, the control signals

generared Uy itre microprocassor controllir strould be able to drive thc printwheel

iro111 on, pbsition ro another sufticiently fast so that the pristing can be done

accurately within the specified time frame.
Figure l-7 sbo; a tlpical set of iuput and output of the system. whcn a

reference command input is gven. the signal is represe,nted f ".ttP function. since

the electric circuit of fre moior his inductance and tbe mechanical load has inertta

the printwheel c"nnoi111on ro the desired positiou instantaneously. Tpically, it will

follow the response as shown, and settle at the new position after some time rt'

prindng "-not begin until the printwheel has comi to a stoP; othenrise, the

character will be ttot a. Figure f-7 tho*t that after the Pdntwheel has settled, the

period from l, to l, is terrr".i for prinring, so that aftet t=t2, the systen is ready to

receive a new command.

Figur€ 1-6 Printwheel control system.

0 ,t tz

l- Po6lioning -F ninting*l

Figure 1-7 Typical input and output ot the printwh€€l

control system.

Printwhecl

0, (rcference inPut )



1.2 WHAT IS FEEDBACK AND WHAT ARE ITS EFFECTS?

Eigure 1-8 Feedback sy$€m'

The moiivation for using feedback iiiustrated by the examp{es. in sedon l'l is

somewhat oversimpUnea.-In these examples the use of feedback is shown to be for

,rr. purpor. of reducing the error between the reference input and the system outPut'

However, from a trrrorZri"at sundpoinr the significance of the effects of feedback in

control sysrems is much *or. profound than is demonstrated by these examples'

The reduction or ,y,t.* .*o'.i' merely one of the many important effects that

feedback may have opon "ryt,.m. We sirow in the following sections that feedback

also has effecrs on such ,yrr.nl performance characteristics as stability, bandwidth,

overall gain, impedance, and sensirivity'
To undersrand the .ff*r of feeiback on a control system, it is essential that

we examine rtris prrenomeiln-*itit a broad rnind. When feedback is deliberately

introduced for the Purpose of control, its existence is easily identified. However,

rhere are numerous riiu'"ti*t *fterein a physical system that w9 normally recognizc

as an inherendy nonfeedback system may tum out to have feedback when it is

observed in a certain;;;;t.'I" general we c.as srarc that whenwer a closed

sequence of cawe-and-effect retatainips exists among the vzriables of a systerD'

feedback is said ,o "*iti. ritis ui"r"point will inevitably admit feedback in a large

number of systems that ordinarily would be identified as nonfeedback systems'

;;;;;;r, ;ii, tr,. ;dtrr,t; rhe feedback and control system theory this

general definition of feedback enables numerous systems' with or-without physical

feedback,tobestudiedinasystematicwayoncetbeexisrcnceoffeedbackinthe
above-mentioned sense is established'

we shall nou, inuirtilate the effects of feedback on the various aspects _of

systemperformance.Withoutrhenecessarybackgroundandmathematicalfounda-
tion of linear system theory, at this point we can only rely 9n {mple sratic system

noration for our air.uttion.'U.t us consider the simple feedback system codigura-

rion shown in Fig. l-8, where r is the input signal, c the output ligttt' 
e the error'

-J A ,n, feedbalk signal. The parameters G and H o'no,y be colsidered as constant

a;; ;t simple ag.fr"i. manipulations it is simple to show that the input-output
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relation of the system is

htroduclign

M = 9 =  G
r  l t G H ( t - t )

Using this basic relarionship of the feedback system srructure, we can un@ver some
of the significant effects of feedback.

Etfect of Feedback on Overall Gain

As seen-from.Eq.�(l-l), feedback 4ffccts thegain Gof a oonfeedback sysrem by a
factor of I+GH. The reference of the feedback in the sysrem of Fig. l-g is negarive,
since a minus sign is assigned to the fe€dbac! $g;nal. The quantity Gff may irsetf
include a minus sigr; so the general effwt of feedback is thar it may incriase or
decrease the gain. In a practical control system, G and, H are functions of freguency,
so the magnitude of | + GH may be greater than I in one frequency range but less
than I in another. Therefore, feedback could increase the gain of rhe sysrem in one
frequency range but decrease it in another.

Etfect ot Feeclback on Stablllty

Stability is a nodon that describes whether the system will be able to follow the
input command. In a nonrigorous manner, a system is said to be unstable if is
output is out of control or increases without bound.

To investigate the effect of feedback on stability, we can again refer to the
expression in Eq, (l-l). If GH= - l, rhe output of the sysrcm is infinite for any finite
input. Thereforg we sny state that feedback can cause a systen that is origlnally
stable to become unstable. cenainlx feedback is a two-edgcd sword; when it is
improperly used, it can be harmful. It should be pointed ou! however, that we are
only dealing wirh the stadc case here, and, in general GH= - I is uot the only
condirion for instability.

It can be demonstrated that one of the advantages of incorporating feedback is
that it can snbilize an unstable system. Let us assume that the feedback system in
Fig. l-8 is unstablc because GH=-I. If we introduce another feedback loop
through a negative feedback of 4 as shown in Fig. l-9, the input-output relation of
the overall sysrem is

c G- = -
r  l+GH+GF (l-2)

It is apparent that although tbe properties of G and H are such that the
inner-loop feedback system is unsable, becausc GH= - l, the overall system can be
stable by properly selecring the ourer-loop feedback gain F-

t
I
i

{
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Figure 1-g Feeclback system with trvo teeclback loops.

Eflect of Feedback on SenglUvlty

Sensitivity coirsiderations often play an important role in the design of control
sysrems. Since all physical elements have properties that change with environment
and age, we cannot always consider the parameters of a conEol system to be
completely sradonary over the entire operating life of the system. For instance, the
winding resistance of an electric mQtor changes as the temperature of the motor rises
during-operation. In general, a good control system should be very insensitive to
these parameter variations while still able to follow the command respoasively. We
shall investigare what effect feedback has on t}re scnsitivity to pafttmeter variations.

Referring to the system in Fig. l-8, we consider G as a parameter that may
vary. The sensitivity of the gain of the overall system M to the variiatiou in G is
defined as

s(=w (l-3)

where 3M denotes the incremental change in M due to the incremental change in G;
aM/M and 1G/G denote the percentage change in M and G, respectively. The
expression of the sensitivity function Sf can be derived by using Eq. (l-l). We haw

s{=Y#=# (14)

This relation shows that the sensitivity function can be made arbitrarily small by
increasing GH, provided that the system remains stable. It is apparent that in an
open-loop system the gain of the system will respond in a one-to-oDe fashion to thc
variation in G.
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. lg gele-ral,,the_ggn5ltivity_oJ rh9 sysrquain of afeedback sysrem rc paramerer
variations depeads on where the parameter is located. Ttre reaier may derive the
sensitivity of the system in Fig. I-E due to the variation of I/.

Ettect of Feedback on Ertemat Dlsturbance or Nolse

All Physical control systems are subject to some types of extraneous signals or noise
during operation. Examples of these signals are thermal noise voltage in electronic
amplifiers and brush or conunutator noise in electric motors.

The effect of feedback on noise depends greatiy on where the noise is
introduced into the system; no general.concl.usions can be made. However, in manv
situations, feedback can reduce the effect of noise on system performance

Let us refer to the system shown in Fig l-10, in which r denotes the command
signal and n is the noise signal. In the abserice bf feedback, r/=0, the output c is

c=G ' tGre* Grn

u,here e=r. The signal-to-noise ratio of the output is defined as

(t-s)

ourput due to signal _ G tGze _ r: - g
output due to noise Gzn 

- | n
(r-6)

To increase the signal-to-noise ratio, evidently we should either increase the
magnitude of G, or e relative to n. Varying the magnitude of G, would have no
effect whatsoever on the ratio.

With the prcsence of feedback, the system output due to r and n acting
simultaneously is

Simply comparing Eq. (l-7) with Eq. (l-5) shows that the noise component in the
output of Eq. (l-7) is reduced'by the factor l+GrG2H, but the signal component is
also reduced by the same aoount. The signal-to-uoise ratio is

' - -1tr616111'- 
f i6gg"

output dle to sigrral - Gtc2r/(l+GP2H) =,c_!
ourpur due to noise Grn/(l+G$2H) .- | n

(t-7)

(t-8)

and is the same as rhat without feedback. In this case feedback is shown to have no
direct effect on the output signal+o-noise ratio of the system in Fig l-10. However,
the application of feedback suggests a possibility of improving the signal-to-noise
rado under certain conditions. Let us assume that in the system of Fig. l-10, if the
magnitude of G, is increased to Gi and that of the input r to r', with all orher
parameters unchanged, the output due ro the inpur signal acting alone is at the same
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Figure 1-10 F€€dback system with a noise signal.

level as that when feedback is absent' In other words, we let

G"Grr'
r ,  ^ 3 - - = J r G r r' r 4 = o  

l + G i G z H

With rhe increased Gr,Gi, the output due to noise acting alone becomes

1 1

(l-e)

(l- lo)

which is smaller than rhe output due to n when G, is not increased. The signal-to-noise

ratio is now

n t - - - L- r z=o  l+G iG.H

ffi=#tr+cic2')
( l - l  l )

which is grearer than that of the system without feedback by a factor of (I + GiG2If ).
In general, feedback also has effecs on such performance characteristics as

bandwidth, impedance, tranSient resPonse' and frequency response. These effects

will become known as oDe Progresses into the "15rrin$ material sf this rcx!.

1.3 TYPES OF FEEDBACK CONTROL SYSTEMS

Feedback control rystems may be classified in a number of ways, dc'pendlne u-lon

the purpose of the tlassification. For iastancg according to the Eethod of andysis

and-design, feedback control systems are classified as linear and nonliaear, time

varying or rime invariant. According to the tlpes of sigoal found in the syrstssr,

reference is often made to continuous-data and discrete-data qrctems, or moduiated

and unmodulated systems. Also, with reference to the type of systeo @trrPoneEts'
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we often come across descriptions such as electromechanical control systems'

lifdiaulic-Eontrol sjslems, Fndimttie rysFerns;:mdaiobgiel conroi systems:€on-

tiol sysrems are ofr.n classified according to the main purpose of the system. A

positional control system and a velocity control sysrcm control the output variables
'according 

to the wiy the names imply. In general, there are many other ways of

iaenrifyiig controt systems according to some special features of the system' It is

importanithat some of these more common ways of classifying control systems are

known so thar proper perspecdve is gained beforc embarking on the analysis and

design of these systems.

Llnear yersus Nonllnear ControlSyslems .

This classification is made according to the methods of analysis and design' Strictly

speaking, linear systems do not eiist in practice, since all physical systems are

nonlinear ro some exrent. Linear feedback control systems are idealizecl models thar

are fabricated by the -"tvt, pureiy for the simplicity.of analysis and design' when

ti. In"gniruaes or rf;rg;ad in a control.sysrem are limirgd jo- a rq4ge in which

sysrem coxrponenrs "*ftiU-it linear characteristics (i-e., the principle of superposition

"'ppfi.O, the sysrem is eiientially linear. But when the magnitudes of the signals are

ixtended ouside ttre range of tire linear operation, depending -upon the severity of

rhe nonlineariry. rhe ryri". should no longer be considered -linear' 
For instance'

amplifiers used in *"i.f systems oflen -exhibit saturation effect when their input

signals become r"rgr; ih" rugnetic field of a motor usually has saturation properties'

other common nonlinear efftts found in control systems are the backlash or dead

;;ft;,;; *"pfra'ggai members, nonlinear characteristics in grings, nonlinear

fricdonal force or roiqu, between moving mem!9rs' and so ou' Quite ofrcn'

nonlinear characteristics are intentionally introduccd in a conuol system to improve

its performance or pr*ra. mo-re- efiective control. For in$ance, to achieve

minimum-dm, .onrroi,-"* on-off (bang-bang or relay) t3'pe of controller is used'

This type of conrrol it ioonA in many-mitti]l" ot spacecraft conuol systems' For

insrance, in the attirude control of misiiles and spacecraft' jets are reounted on the

sides of the vehicle to provide reaction torque for attitude conuol' These jets are

often controlled in a irfu or full-off fashion, so a fixed amouut of air is applied

iior " given jet fot a c.ruio time duration to control the attitude of the space

vehic!e.
For linear systems there exisu a wealrh of analytical and graphical techniques

for design and analysis purPoses. However, nonlinear systems are very difficult to

feat mathematically, and there are no general methods that may be used to solve a

wide class of nonlinear systems'

Tlmelnvarlant vercug TlmeVarylng Systema

WhentheParametersofacontrolsysrcmaresradonarywithrespecttotimeduring
the operation of tire sysrcm, ttr" wtt:* js called a time time-invariant systerr- In

;;;.,i;;";t prryti"i tittems contain elements that drift or varv with dme' For
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example, the winding resistance of an elecric moror will vary when the motor is
being first excited and its temperature is rising. Anodrer example of a time-varying
system is a guided-missile control system in which the mass of the missile decreasei
as the fuel on board is being consumed during flight. Although a time-varying
system without nonlinearity is still a linear system, the analysis and design of this
class of systems are usually much more complex than that of the linear time-invarianr
syslems.

Gontlnuous-Data Control Systems

A continuous-data system is one in which the signals at various parts of the sysrem
are all functions of the continuotls time variable r. Among all continuous-data
control systems, the signals may be further classified as ac or dc. Unlike the general
definitions of ac and dc signals used in electrical engineering ac aod dc conrol
systems carry special significances. When one refers to an ac control system it
usually mcans that the sigrrals in the system are modulated by some kind of
modulation scheme. On the other hand, when a dc cohtrol systen is referred to, it
does not mean that dl the signals in the system are of the direct-current tlpe; then
there would be no control movement. A dc control system simply implies that the
signals are unmodulated, but they bre still ac signals according to the conventional
definition. The schematic diagram of a closed-loop dc control system is shown in
Fig. l-l l. Typical waveforms of the system in response to a step function input are
shown in the figure. Typical components of a dc control system are potentiometers,
dc amplifiers, dc motors, and dc tachometen.

The schematic diagram of a typical ac control system is shown in Fig. l-12. In
this case the signals in the system are modulated; that is, the information is
transmitted by an ac carrier signal. Notice that the output controlled variable srill
behaves similar to that of the dc system if the two systen$ have the same coatrol
objective. In this case the modulated sigrals are demodulated by the low-pass

71 3 i
:

Ll
Refercnce

lnpul
Controlled

variable

Figure 1-11 Schematic diagram of a typical clc closecl-toop cgntrol slrtem.
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1.3 Types ol Feedback Cgntrol Systems

Figur€ l-13 Block ctiagram ot a sampleddata s€ntrol slstem'

Figure t-14 Digital autopilot ststem for a guided missile.

1 5

characteristics of the control motor. Typical components of an ac control system are

synchros, ac amplifiers, ac motors, gyroscoPes' and accelerometers.
In practice, not all control systems are strictly the ac or tbe dc t1pe. A system

may incorporate a mixture of ac and dc components, using modulators and

demodulators to match the signals at various points of the system.

Sampled-Data and Dlgltat Control Systems

Sampled-data and digiul control systems differ from the continuous-data systems in

that the sigrrals at one or more points of the system are in the form of either a pulse

train or a digital code. Usually, sampled-data systems refer to a more general class of

systems whose signals are in the form of pulse data, where a digital control system

tif.rt ro the use of a diginl computer or controller in the system. In this text the

rerm "discrete-data control system" is used to describe both tlpes of systems- For

example, the printwheel control system shown in Fig. l-6 is a tlpical discrete-data or

digital control systcm, since the niicroproccssor receives and outputs digital data
In general, a sampled-data system leceives data or information only intermit-

tently at specific instants of time. For instance, the error sigral in a control system

may be supplied only intermitrently in the form of pulses, in which case the control

sysiem receives no informarion about the error sigral during the periods between

two consecutive pulses. Figure l-13 illustrates bow a typical sampled-data system

operates. A continuous input sigral r(r) is applied to the system. The error signal
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e(r) is sampled-by rsampling device, the sampler; andthe output-of &e sampler is a- , -

sequence of pulses. The sampling rate of the sampler may or may not be uniform.
There are many advantages bf incorporating sampling into a control systcm. One
advantage easily understood provides time sharing of expeosive equipment among
several control channels.

Because digital computers provide many advantages in size and flexibiiity,
computer conrol has become increasingly popular in receut years. Many airborne

systJms contain digital controllers that can pack several thousand discrete elements
in a space no largei than the size of this book. Figure l-14 shows the basic elements

of a digital autopilot for a guided missile.
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LECTUR"E 7
LASERS AND INPUT OPTICS-I

Lecture by Robert Spero

Assigned Reading:
Q: A; Rtidiger; R. Sdrilling;' L. Schnupp; W. Winkler, H. Biling and If. MdiS&bCigef,

"A mode selector to suppress fluctuations in laser beam geometry," Optica Acta,28,
641-658 (1981),

R. "Noise in Optical Detection and Generation,"
tronics (Saunders College Publishing, 1991).

Suggested Suppledentary Reading:

Chapter 10 of A. Yariv, Optical Elec-

The following two articles explain how frequency noise originating in vacuum fluctu-
ations is fundamentally independent of the properties of atoms and depends only on
the mirror properties and other cavity losses, and that the sensitivity of interferomet-
ric gravitational wave detectors is the same whether the arms are empty ("passive")
cavities, as in LIGO, or idealized (uactive" cavity) lasers.

S. "Comparison Between Active-cavity and Passive-cavity Interferometers," Abram-
ovici A., Vager Z, Phys. Rea. A33 (5), 3181-3184 (1986).

T. "Passive Versus Active Interferometers-Why Cavity Losses Make them Equiva-
lent", J. Geabanacloche, Phys. Rea. A 35(6), 2518-2522 (1987).

T.M. Niebauer, R. Schilling, K. Da,nzma^nn, A. Rudiger, and W. Winkler, "Nonsta-

tionary Shot Noise and its Effect on the Sensitivity of Interferometers' Phys. Reu
,4 43(9), 5022-5029(1991). This paper resolves a long-standing 15% discrepancy be-
tween the calculated and observed shot noise in the German 30 m interferometer,
having to do with the shape of the waveforms used for modulation and demodulation.
P.H. Roll, R. Krotkov, and R.H. Dicke, Ann. Phys 26, 442 ( 1964). This paper, though
long, is fun to read. It describes a classic experiment to measure the equivalence of
inertial and gravitational mass, and is an excellent example of how experiments are
designed, operated, a^nd analyzed. The pages excerpted for the handout show how
an optical lever reads the torsion balance deflection. Dicke's clever design, using a
vibrating wire that casts a shadow on a photdetector, is a prototype for the use of
modulation to reduce noise.

A Few Suggested Problems:
The 40 m interferometer operates in an ounrecombined" configuration: the reflected

beams from the two arms'input mirrors do not interfere, and are separately detected. The
shot noise levels from the two photodetectors add in quadrature; in the case of identical
arms the total shot noise equivalent displacement is

U.

V.

^L(fi = i(r) : ftfof# tt + tl rrJ')f



where f contains terms that depend on the depth of modulation I. (I - 1 corresponds

to phase modulation of amplitude 1 radian.)

L | 14-t + A2J3 - 2AJ8 +2AJoJ2f- : 5 L  J

M is the (energy) mode matching fraction; 0 < M 1!, M - 1 being the case of perfect

alignment'of th" mirrors and proper matching of th9 laser ga]fTiq1 b"T llar.a'ureters 
to

the cavity mirror curvatures and separatiou. the mismatched fraction of the laser bearn

(M - 1) does not participate in the interfence, but does add to the shot noise' The 40 m

interferometer operates with M = 0.9. Jo, Jr, J2 ate Bessel functions evaluated ai f' Each

cavity has input 'qirror transrrission ? and the suur 9f :t\:t.tg:=t,1. 
re, the cavity

"r"rfo storage time, is the time it takes the intensity of the light "lealiing" out of o1e of

the arm cavities to drop from its starting level by a factor of e, after the input light is

turned off; rB : r1f (Lj r), with 1 :2llc the round-trip transit time a^nd I th-e length of

each arm. The cavity knee frequency is f p - I l( trr"). A - 2T l(L+?) is ihe amplitude of

tbe cavity field leaking back out through the input mirror on resonarrce, in the absence of

modulation. It is normalized to the input amplitude, and is constrained by 0 < A < 2' ) is

the optical wavelength, P is the toi,al po*", ("ot ected for inefrciency in the photodiodes

and other losses outside the arm cavitils) incident on the beamspiitter, and / is the signai

frequency.

suppose the bea^rrsplitter is not symmetric: that is, if R and Pz represent the power

incident on the two-arms, Pt : Pc,' Pz : P(1- a)' a + 0'5' How does the sensitivity

change from the symmetric case? How much asymmetry is required to degrade the

sensitivity by l0%?
Verify ttrat ifre mod.ulation function f has a minimum value of 1' What parameters

a"e ,Lquired to approach this value? Opiimization of interferometer sensitivity re-

quires miaimizatio" "f f. Explain how the optimum value of I depends on the mode

matching M and the mirror transmission and loss, f an.d L'

Even with I as short as 40 m, it is possible-using readily available very low-loss

mirrors-to ma^ke f1 iower than the lowest expected detectable signal frequency / of

approximately 100 Hz. Verify that for f > fr, the shot-aoise limited strain sensi-

;#t ir7) -- i(f)I is independ.enr of l, and maJse a plot sketching h(/) for various

*lrr", oil, utt oih., p*r*"t"rs beld fixed. The currently achieved shot-noise limited

displacement sensitiiity of the 40 m interferometer is approximately the sarcne as the

,"q-oir"*"nt for initial LICO (t - 4 km) detectors. What are the implications for the

a"rigtr of LIGO detectors? For R&D on the 40 m interferometer?

Corrip""" the shot noise sensitivity above to the "recombined" but not recycled cal-

culation of Lecture 4. Explain why the sensitivity is worse for the unrecombined

configuration.

1 .

2.

3.
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LECTUR.E 8.
LASERS AND INPU? OPTICS - N

Leeture by Alex Abraaovici

Assigned Reading:
W. A. Riidiger, R,. $ch;lling, L. Schnupp, W. Winklff, E. Billing and K. Maischberger,

' uA node selector to auppress fluctuations in'laser bea,m geometry;z''Optico Acto;2E; :
641-658 (1931). [This paper describes, first in simple termg and then in terms of a
mode decomposition, the use of a mode cleoning Fa,bry-Perot cavityto precondition the
light that is injected into an interferometer. The preconditioning includee suppression
of bean dggl", suppression of beam-diameter pulsations, ed suppreaeion of other
unwanted spatial modeg of the laser light. Also described is the use of lenses to
adjust the radius of curvature of the beam's phase fronts so as to matcb the desir€d
eijenmodes of the mode clea.ner and of each aln of the interferometer. Note that, at
the time thie paper was written, "supemirrors" with loeees far far lees than 0.01 were
not yet anailable, and the degree to which oue cau control mirror heating by keeping
the mirrors extremely clean was not yet underatood.J

X. Those students who are not farniliar with the physics of lasers should also read the
introductory drapter of a good text on laser physics; for exa,mple, Chapter 1, "Io-

troduction" of W. Koechner, Solid-Stote Loser Engineeing (Springer Verlag, Berlin,
1988), which ie being passed out.

Suggested Supplementar5r Reading:

H. R€ad more deeply into your favorite laser physics text. Most especially, read the ma-
terial dealing witb Gaussian beams and their manipulation, e.g. the materid already
suggested in Lecture 4: Reference H - chapter 17, "Physical Properties of Gaussiao
BeanE,' of A. E. Siegman, Lasers (University Science Booke, Mill Valley CA, 1986).



A Few-Suggested Probie-,n

l. Laser Stabilization by Loching to o Covity. The frequency of a laser is stabilized by
locking it to an eigenmode of an optical cavity using a feedback loop. Suppose that,
in the absence of the feedback loop, the laser'g frequency differg from the cavity's
eigenfrequency by an amount Av:vo (tbe 'initial dsfrrning'). When the feedback
system is turned on, the residual dgfrrning is Ly - v1 = v.l0 + G), where C > I
is the gain of the feedback system, which is proportional to the power f of the light
bea,m. What ie the rrns frequency fluctuation o, induced by an rme fluctuation a1 of
the optical power?

2. Mode Cleaning Cavity-l. The Fabry-Perot cavity that will make up each a.lrn of
LIGO'a standard, broad-band interferometric gravitational-wave detector will have a
corner minor with modest power transmisivifi T. = l-?-. -'l0-2 and an end mirror
with tiny transmissiity T. - 10-5. With this huge difference of transmissivities,
almost all the light injected into the cavity through the corner mirror ultimately
leaveg back through the corner mirror; hardly any leaks out the end mirror. In a
mode cleaning Fabry-Perot cavity, by contrast, the two mirrors are choeeu to have
identical transmisivities 7. In this case show that, if the cavity (wbich ie idealized
as having no absorption or scattering) ie driven on reeonance through the left mirror,
all the light leaves the cavity through the right mirror. If the cavity is driven off
resonance, what fraction of the light goes out each end?

3. Mode Cleoning Cavity-Il. Consider a mode-cleaning evity consisting of two identical
concave minors with radii of curnature .B: lm and power transmissivities 7 = 0.fi)5,
separated by 1.5m along the optic axis. The cavity is driven by laser light that is
primarily in the TEM69 mode, with a small admixture of TElvIor; and it is driven on
a TEMse resoaance so all the light in that mode pass€s tbrough the cavity from one
side to the other. What fraction of the light in the TElvIor mode passes tbrough?

4. Changes in uaaefront cuntatufie on rcflection firom a cunted mittor. The phase varia.
tion in the transverse plane (i.e. at constant z) for a diverging Gaussian beam prop
agating in the z direction (e t 6 s*i(kz-u'4), with a phasefront radius of curvature
R, iE 4, o ";*212n ["f. Eq. (3.5) in Reference W above, or Eq. (7.35) of Rcference G:
clrapter 7, uDiftaction," of Blandford and Thorne, Applicatiorc of Clossical Physics.l
What will be the transver:e variation of thie s{une wave (a) after reflecting off a planar
minor set up normal to the z axis? (b) after reflecting of a concave spherical mirror
with mdiue of cunature R^ = R? (c) after passing lbrough a converging lens with
focal length /?



- ' Ph i03c

LECTUR.E 9.
OPTICAL ELEMENTS

Lectureby Rick Savrye

Assigned Reading:
Y. W. Winkler, K. Danzmann, A. Riidiger and R Schilling, "Optical Problems in Inter-

fereosietric Gravitational Wirve Antenrras," in-?he Sixth- Matwl Gtossm:ann Meeting,
eds. E. Sato and T. Na,ka,mura (World Scientific, Singapore, 1991), pp. 176-f91.

H. A. E. Siegman,, Losers (University Science Books, Mill Valley CA, 1986), chapter 17
?hysical Properties of Garrssian Bea,ms": Section 17.1 uGaussian Bea,m Propaga-
tion,' (pagee 66&67a); gegtion 17.4 "Axial Phase Shifts: T[e Guoy Effect," (pages
682-685), and section 17.5 'Higb;r-Oidei Gaussian Modes,t (p.go 68t691). [This
material was suggested reading in Lecture 4.1 If you did not read it then, you should
read it now.]

Suggested SupplementarSr Reading:

Z. D. Malacara, Opticol Shop Testing (John Wiley and Sons, New York, 1978), section
1.2, "Fizau Interferometer,n pp. ff37.

AA. H. A. Macleod, Thin-Film Optical Filters,2nd edition (Adam Hilger Ltd., Bristol,
1986), "Introduction,n pp. 1-10.

SS. J. M. Elson, H. E. Bennett, and J. M. Bennett, "Scattering from Optical Surfacee," in
Applied Optical Engineering, Vol. VII (Academic Prese 1979), Chapter 7, page l9l.

[ThiE is reproduced liater, in connectiou with Lecture 15.]



A Few Suggested Proble''n"

L. Goussian Beam Propagation. The preaent conceptual design for the 4 km long LIGO
arm cavitiea apecifies that the input mirror be flat and the end miror crrrrred, with
a raditrs of currratr:re of 6 km. The bea,m waiet ie therefore located on the flat input
mirror and the spot size is significantly Larger on the curved mirror than on the flat.

a. Consider employing a slmnetrical currred-curved mirror configuration instead of
the flat-curved geometry. Wbat is the required radius of currature of the mirrore
(Er = R2) to maintain the cavity g farjtor product at gtgz = 1/3?

b. Calculate the spot size at the bea,m waiet and on the mirrors. What is the
Rayleigh range for thie configuration?

c. What factore might influence the decision to adopt ejther the flat-cunred or tbe
symmetrical, crrrrred-cured geometry?

2. Scattering from minor surface inu-gularities. Consider the following simple model
for scattering from mirror surface irregularitiee. Represent the mirror surface height
z -- p@,y) as a superposition of a number of spatially monochromatic terms. Assune,
for the moment, that only one term is non-zero, and let that term have peak height c
and wavelength A; i.e. set

P@,v) : occr,(zlrr/L)'

Idealize the mirror to be of inffnite extent and irradiated by a plane wave at normal
incidence.

a. Show that the wave reflected from the eurface has spatial eidebands that propa-
gate at some angle d relative to the specularly reflected bea,m. What is d? [Hint:
Thie can be regarded as an exercise in Ibaunhofer diftaction (}[IhV?); see, e.g.,
Section 7.3 of chapter 7, "Diftaction", of Blandford and Thome, Applications of
Aassical Physics (which was passed out in Lecture 4).1

b. Find the power scattered into theee sidebaodE as a frrnction of the arrplitude of
the surface nariation, a.

c. Generalize to find the total light scattered into all anglea from a surface with a
total rms irreguladty a.



R er. Wac

,--.Tl €ravitati-onal wave detector being deveroped [r ,zf at the ]Iax-pranck-
,Tj:.::: 

firr Phvsik und Astrophvsik is intended to measure ihe smalr strains drz| .  ' -v ! ' .vr" , 'ers ro r r r r l t rqs(r  lu r r rcasufe [ne Smal l  St fatnS dLr;Llnduced by gravitational radiation. The most promising sources are catastrophic
lil*:.^,3:::1q_Ttt a fey miiliseconds, wh;in ,r"r,r,lii-ii.i, r"rgest spectralgontributions in the range from a few hundred to a few thousand;"r--i:il J";r;
Flh-"sensit iviry 6LlLof abo't10-2lsoastobeabletodetecteventsasfarawavas
lhe virgo crustaa. 

vs 4v'E rv uslsul' .

,1 
-_,1 1I i che Ison in terferomet er

: 1'he detector is a laser-illuminated Nlicherson interferomerer. Its totar ootical.  c r  rv t4 l  uPt tcar

|f,t"* 
Z has an optimum at- half the rvavelength of the gravitational radiation,-;il ;; ;:'il;:",Hf":T:il,"li; ;;;1; #;;;' il,l'i,,?lT ; ll a t r A - t : -  F  ,  -  - - s . e s g t r l v  a , 4 J

I111*t:.1 
for N:4 passes. But el,en rhen, variations dI in path difference;"::";fiTfi:

28,  No.5,641-658

mode selector to suppress fluctuations in
er beam geometry

Introduction

* lg-?lg_-r& R. scHrLLrNc, L. scHNUpp,
W. WINKLER, H. BILLING ANd K. MAISCHbERGER
Max-Planck-lnstitut ffir physik und Astrophysik, Institut ftir
Astrophysik, D-8046 Garching bei Mfinchen, F.R. Germanv

(Receioed 3 Juty 1980; ra,ision receh:ed ll July.l9g0)

Abstract our deveropment of a gravitationar wave detector requires aIvlichetson interferometer of exrreme r-.".i.i"ir-u capabre of measuring t0- 15 m(i-e- some t0-19 of a waverength ,i orti"-iiru-i"o.;;;-r;.;-tiJr,;l: E'en afterpainstaking alignment of the inierferometercomponents, and after considerabrermpro*ement of the raser,stabiriq.. noige contribuiions,",;"h;;;.s-s of this goal*'ere obser'ed. due partrl' to flucruations orthe taser beam geometrl.. The trvomost obvious q'Pes of geomerric beam flucruarions are o tur"rli L."- jirrer and apulsari,n in beam rvidth: the"e lead ,,, ,f'r;nu. ;",.*.""-.*rli'nafs ;f tf,eirrterf'ering rra'efiorrrs are misarign.J iilna, rirts or in their cun.aruresrespectir-el1'.
The geometry of rhe raser beam can be considerabrl. stabirized b1. passing itthrough an optical rcsonator. The geometri" u.o- lluctuarions, as vierr.ed fromthis resonator, can be described 

-or' 
" t-=ri-"entred ground mode TELIoq,contaminated b1'transr.erse modes T'Eu.", rvith ampritiau, a..r.""ins rapidrl.s'ith the mode order zr*n.-In the simptlst case, the rresonator consists of nroidentical concave mi*ors of high ..n.Jron". p{'il;;;;I.o'""r"i,", can bechosen such that, rvhite the resoiator;. *i.Jrir-aximum transmiftance for rheTEJIr,.r mode. the lor' order ,.on....rr. n.,,,a., TEJ[-, are almost totalr'suppressed, in anrplitucle b1' factors of the orcler o f | - pt. ion";a.roiior- f.".f ,,,ito a practical implementation are discussed, and esperim.;i ;Jr" are gir.er.

(X). ;( l - . i9{t9l8l  2Et) i  { t6+t S0:.{) t}  r-  t9l i l  . l . r r lor 
S.
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Figure 1. \,Iichelson interferometer rvith folded light paths L = 41, N = 4. BS beam spliner;

\{ mirror; PC Pockels cell; D*, D- photodiodes; SA sen'o amplifier' .'.{

i l luminating laser light (Ar* Iaser, i-:5l1nm). Throughour this paper, path

differences 6L rvill be expressed b-"- rhe resulting phase differences

6:h6L:2tr\Ll)., ( 1 . 1 )

n.ith A:2zli the propagation constant. ln terms of these phase differences, our

sensitivit.v goal {, is of the order of 10-e rad. The interference of the recombined

beams is monitored at one or both of the output ports b1' photodiodes D* and D-, I
s'here, for parallel rvavefronts, the light Porn'ers P3 would be

D

P!  = ;0 tcos<D) .

A chosen operating point @6 is maintained via a servo loop, by applying a

V"(t) to a Pockels cell such that the change in optical phase 1(t) in the

material compensates the changes in geometric phase {o(r):

(1.2)

<Do = {o(t) -I(t) =const. (1.3)

One choice [3] of the operating point is to make the two output powers equal; the

other [4], which we have adopted, uses a modulation technique, allowing operation

at a power minimum of P-, i.e. at

@o:0 mod 2n. (1 '1)

Both choices represent nulling methods, making the measured signal XG) very

insensitive to fluctuations in the laser power.

t-f"'*""'
-o{ ''it'

volrrge j

Pockels
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Mode selector ruppression of laser bean fuctuations 643

1.2. Local phase oariatiotzs and fuld fuctuations
: This paper is concerned with the noise effects that can arise when-in contrast to

3[e rrssumptions of equation (1.2Fthe interfering wavefronts are not parallel, but

liathcr arrive at the photodiode D- (ry-plane) with a phase difference

Q(x, y; t) : $(x, y; t) - XG) (1.s )
that is a function of .r and y, owing to imperfections in the interferometer. In the

' . : j  -  
J J

i or, shorving more clearly the phase dependence,
ra',
{Yi
*:.

*
(r'7)

r (with 2=JGo/tto) the vacuum impedance). For sufficiently narrow beams, the
,. integration over the photodiode surface can be replaced by an integration over the

infinite plane -r,;u.
The interferometer signal is gir.en by the Pockels cell phase 7(t), which is sen'o-

:. coDi ' rlled in such a rvay as to make the pow'er P(l) on the photodiode a minimum. A
. necessary condition for a minimum is APleT:Q, rvhich leads to

t f I
P(O = :u 

I ) 
Iei + e| - zz,e' cos Q\ dxdy

| | ErErsinQ dxdy
tan l \E /=#

ll ErErcosQ dxd-,*'
(1 .8 )

where Er, E2and @ are functions of x, y and r. If 7-,.(t) is a solution leading to a power
- minimum, so are the solutions given bJr Z.,.n(t):7-,n(t)mod Ztt, whereas the odd

solutions Zaa!):7",.n(t)+n would lead to power maxima on the photodiode.

1.3. The error signal
\ c rvill narrow down the discussion to cases in which the geometric phase can be

. wrinen

6@,y; t ) :$s@+$(_r ,y) , (1.e)

, i.e. separated into a main signal {e(r) and a stationary phase'ripple'6(x,-v) that

. does not depend on the time t.
Such time-independent variations 6@,y) in the geometric phase can result from

. misalignments of the beam splitter, or from mismatches between the optical
components in the two interferometer arms. They can nevertheless lead to time-

'depe:-'-ient 
spurious fluctuations 67$) in the compensating signal 1(r) if the-'htericring 
field strengths E, and E2 are time-dependent functions E{x,y;t),

' !E'(* 'n '  r)  or x and v.
.t , By minimiz;ng 

-f1r1 
of equation (1.7) with respect to the 'error signal'

a : .
A'7Q):7Q)'QoQ), ( 1 . 1 0 )
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i.e. to the deviation of 7Q) from the main signal @o(t), one can derive, as an alterna
form for (1.8).

t I r. n- "in A ),-,1,,
tan AT(t) : i  i  I ' I '  

-" ' 
!T-; '.

J ) E t E z c o s Q c l x d t '

611,r:l I I!:-,_r,;t)6k,9 ara:,-"\-' 
JJ/(*,-r'; t) dxdy '

( 1 . 1 t

If we make the assumption that the trvo interfering beams have identical inr,.1r;n.
profiles I(x,),it), i.e. thefields.81 andE, differonlf in theirphase Q@,y;r), th.,ionii
can substitute -I(x,y;t) for the product E1E2 in equations (1.8) and (1.11).

With the further assumption that the phase ripple 6@,1) does not c
drastically inside the spot illuminated by I(x,y;r), we arrive at a lineariz.d solutfJ

(1.12):.

the error signal A7(l) being represented b1' the original phase ripple 6k,:,) a"eraged.i
over the photodiode surface u'ith the localll' ffuctuating intensitl' {,t,-r.;r;-25;,
s'eightins factor.

Firrallr'. assunring tlrat the intensitl ' distribution /(.r', -r: l) fluctuates br. orr 11. ,, . ,nall .fi
anlourlt r)/(.r,-r': /) arourrd a corrstant tinre average.lo(.r.-r.). the fluctuation rfTil);,,i. f,
sig'nal 7(l) becomes. ,..F

e . \  [ fd / ( r , - r . ; r )d ( r ' , - r . )d . td . r ,  jS
t , / ( t )=+  (1 .13)  ; i

J 1 /s(.t,-r') d.td-r' "i

2. Fluctuations of laser bearn geornetry .':f

In this section, ttvo t]'pes of fluctuations in the beam intensiq. distribution "re F
considered, both of s'hich lend themseh'es to simple geometrical interpretari,,,-.r. It i ..
is onll 'after rhe discussion of these trvo special cases that a nrore general r-ierv is r .n, l
as required for the understanding of the proposed mode selector scheme for reducin,{ ,.
beam geometn'noise. 

;' ..t:

2.1. Lateral beam jitter !j
Let us arisume an incoming laser beam s'hich, presen,ing its shape, -or,", *i

laterallf in the x-direction b1'a time-dependent distance a(l): rve have to substitute t
Ilx- a(t)l for.I(x). Furthermore, let ,r, "rr,lrn. a tilt a, berrveen the tu,o interfering €
*'a'efronrs. then ;i

d(s):r ,A. . .  ' ( l . l )  Ss
Such a tilt could, for instance, be the result of a misalignment of the beam splitrer Ul. :#
an angle a"/2- Within the approximation of equation (1.13), the spurious signal due ,Sto the excursions a(r) becomes '.,,$

r- .  [ { I (x-a1-I(x)\a,hxdx .^  ̂ .  Sdx:# (2 .2)V,^ 
J I(x) dx ' \-''' 

.a
*which redlces, when the integration is taken from -co to +o, to 4

57Q):a,P6121. (2.3) lE
*This seemingly trivial result would, of course, also have followed from a rnocrr,l 
.Bj

considering only a singie ray, displaced sideways by a(t),but here it has been derived ;
for an arbitrary intensiry profile .f(.r). jl!

1::
'i'
't

ri.::':
t,:
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Figure 2. Confocal resonator used as beam syrnmetrizer.

hertz),

(2.+1

(1+rc ) / [ ( l * rc ) * ] , (2.s)

Er

.4: .  .  -g es4rr c,  urr trsLrtzer.

t '
:i;"

.$1 
,* 1i:,t=:plitter 

can, in a rather straightforward procedure, be aligned such that
i"- the mterterrng wavefron* differ in t't by ress than n,=to:r;a.'iti"*#""0
ir maintaining a tilt of 10-6 is about the best that can be done ih our.resenr cFr-,rh$, rt,..-_- ]rl]]-l^:'^';."="' 

uraL can De oone rn our present set-up.

i: .-- ;::::"-:1":^r-:gr^ange 
of interest(from a few hundr"a to " few rhousand hertz)-=:f i:'::.:::"",:tlT':,ltl"1:1':-a;('if Fffi ;;i;Ifi li:ffi:[i;: ;lj,: j: .:::T:,J^ smalt .when . colnnSred *i,r, ir,u ;iJ;;; "f ;:'i*:T;tjtll3i:::Tl: jli,::::":q":i',',r-':-**";.;;;;;#;;:;"."J:;TI

;-the eventual sensitiviry go"l of 6s:'10-srad.

2.2. The'beam symmefiizer'
The estimate of rhe noise contribution 67(r) demonsrrates clearly the need forreducing the laterar jitter a(t) of the beam, before it enters ti*lr,r.rr.rometer. A firststep in that direction was rhe introduction of a ,beam symmerrizer, [5].'r optical resonaror is praced into the light path, """rlr,irg of two confocalmir' ' 'rs (figure 2), i 'e'mi.rois w'ith a spacing dequarting rheir radius of curvature R.when runed to the laser frequerr.-n', ,hi"r.ronaror has a hign rransmiftance for rightcomponents rvhich are symmetrical rvith respecr to its optical axis. A small lateral

li:::'jtl 
can be approximated bv adding a smat off-axis component a(r).I,(-r). Inhgure 2, the admixture- of such "n "r1,-rrr.trical component is indicated schemati_cally b-".. a single incoming ray Ein. rr rpr;i, up into trvo outgoing ra]-s, symmetrical

lith 
resoect to the opticar a.*is, and ,uiti a ratio E1/E,of their fierd.strengrhs which isg:ven b1' the product p2 - p oz of the fierd ..ffectiriri. " p , o,,a p rof the *vo mirrors.The relatir-e field ,tr.ngth difference (Er_E,)/(Er*E), and thus the beam,slate: ! excursion, appears reduced bl a facror

|  1 - p '  l - o z

{E=FFFFFFFF�=T
wth reflectances of g2:9s per cenr, the resurting suppression by a factor s, =40was sufficient for our present requiremenrc.

2'3. Pulsation in beam width
Another wpe of flucruation in rhe intensir.v profire can be interpreted as aPuls"'v''' 6w / w'inthe beam width 2at.For simp riciry, let us consider a case where .I(x)ts re,. ,aced by

;n:Tr';::'.'J:jl the'sicth in the x-direetion is affected, and, moreover, rhe totat



646 A..Ri)dign et al, 
R-aJ

In the frequency u'indow from 500 Hz to afew kilohertz, our Ar * laser exhiur-Si
r e l a t i v e w i d t h v a r i a t i o n s 6 w l w : r c ( t ) o f t h e o r d e r o f i 0 - 5 [ 5 ] ' � � � � �

The s1'mmetrical beam pulsation (2.5) is an even function of r, and it leaA" .E
spurious signals 6z(r) onl-v if the phase difference fr1r; between the wavefronol,ff
includes even functions of r, in the simplest case 

E
'6{-'):r*t.

(2.6):::

An appropriate measure forthe cur'arure of the phase ripple 6(x) is czr2, for whi.lr.nt
upper limit can be gained from a measurement of the light power "t it t.rf.r"nf$
minimum. It was found to be of rhe order of 10-r rad. . .ri

The spurious signal

6t:

becomes (neglecting a terrn in 12)

u'here the numerical factor

Jif t  +r)/[(t  +r)r] -I(x)]cx2 dx

I l1x1dx

5z: -Zxct;2u2,

. i l f

ri5

Q.7f€,;z
' - $

' t''
. i ? .

(2.8) .

:.:

:r(2.e) .,

depends on the model assumed for.I(x), but not ven'strongll.. For an .I(r) constant"
f rom -z ' to  +zc,  oneobta ins z '2: l /3 : fora gaussian,  dorvn toe-2 at .T:a. , r . t rvould _
be 1,t2: and for the slortlv decreasing profi le.I(.t):[1 +(x/zc)2]-2, rre har.e z.:=1.

\\: ith the empirical data for x=6u,tu and cu2 as quoted abo.e, equatior,. '2.g) 
:

gives a noise contribution of about one po\{er of l0 above the sensitir. it l . g,... i  of
de:10-9. so the beam pulsation also calls for a suppression u'ith similar
effectiveness as tve had been abte to prouide in the case of the lateral beam jiner.

The confocal optical resonator used there does not suppress the pulsations in
beam rvidth. We are particulartf indebted to Dr. A. Brillet for pointing out that, by a
different choice of mirror separation, the exrreme degeneracy of the confocal case is
lifted, and a strong suppression both of the lateral jitter and of the width pulsation is
made possible.

The follou'ing sections will treat, in a more general u,ay, the characteristics of i.
spherical optical resonators, and hou'they can be used to suppress deviations f;-om ,i*
the ideal shape of a laser beam. '-g

fi
3. Modes iu optical resonators ,+

The view taken in this section can be summarized in the following manner. fne 
'-$

laser beam, on its way to the interferometer, passes through a high-p optical ,$;
resonator. As viewed from this resonator, an incident field distribution E(.r,y; r) can $
be expanded into a series of eigenmodes e^n(x,y) with (possibly time-dependent) .t

tiamplitudesa^^(t). 
r - i , ,i::The desired fundamental mode eoo(x,y) is a gaussian beam centred on the 

-11

resonator's optical axis. By adjusting the mirror distance, the resonator will be tuncd .-*
so that this fundamental mode has maximum transmission. The higher modes cu,n, 

':.-.�.

describingthe unwanted pernrrbations'of the gaussian beam, will in general not be in ;
resonance, and will thus be almost totally suppressed t

t
;
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:1 :.t. Theory of optical resonatorc

;;!"^.::.rr?:.7r*""focal 
optical resonators was first expounded simultaneously by

,!' Fox and Lr [6J and by Boyd and Gordon [7], and later generalized by Boyd and
iqr,Kogelnik [8].
i; i,' some formulae used below are taken from reviews and apprications [9_1 1], but in
.X.*.1" they are easily derived from the orignal ""pr"r"rr-.".ioor.

i..t3.2. Notation

;..; The notation used by the authors gr,roted is not consisrent, so we will starr off bv
]:; defining some of the symbols ,o U. ,rl.a below.
il The optical resonaror is composed of two highty reflective mirrors, separated by ait:,3ist,rnce 

!:.^\d usualry facing .""tr *i., with their concave surfaces (figure 3 (a)).jl. Their radii oicurvature are denoted by R, and R2 (or iii,i.y are identicar). As an- important speciat case we have the coniocal resonator, said to have the characteristic
.length b, if distance dand curvature radius R have a common varue 6 (see figure 3 (b))-' The field propagates in the e-direction, i.e. in the optical a-ris interconnecting the' centres of curvature of the two mirrors. The transveie directions are denoted bv x''rdy, and the distance from the optical aris by ,=Ja;;;;;;. i;;;;;;r.distribution E(x,y) of the beam wil be expressed by normar modes which ail have acommon gaussian factor exp (- rzlwz)-This factor is do*rnn ro l/e at the characteristichalf-rvidth zr rvhich is a function of :. so-.ti-.r-i,-ir--r,rr"nient to use the. no.".:rlized transverse coordinates.

6 : - ,
a)

v
4 = - (3 .1 )

The mirror diameters are considered to be large compared rvith the beam widths.

Figure 3. Optical resonarors: (a) general cqnfiguration; and (D) confocal case.



as a product ts
c.zl$

' ' f*

e^,xh-(Oh,(4)

of two gaussian-hermite functions of the type :'t$
r*..

TAm+ l \  tEL / i \---\ / ' -- '  - '  r I^(JZE)exp(-(2), 
t l . lyf i, r ^ \ 9 ) : @ r z n ( V 4 g l e x P \ - g  / ,  

. . &

rvhere the arbitrary factor fG*+1)ll(n+1) was chosen such that for even ora.o:*
m=Zj we have l/lrj(O)l:1. The hermite polynomials fI- of the argument /26 4.ii
defined b1' F

H ^ 1 J z q 1 : 2 - ' 1 2 e x p ( 2 i ' ' , ( # ) -  e x p ( - z E 2 ) . ' . r n l , r { .
. :

it
Figure 4 (a) shou's the first three of the gaussian-hermite functions, :l

i ro (O:gxp( - (2 ) ;  h r (Q:JQn)6exp( -E2) ;  h2$) : (1 i2 -1)exp( - (2 ) ,  l . : -
and figure 4(6), as examples of higher orders, h"(O and hlO. ,;

When we add to the purell' gaussian ground mode ho(O a small contribution of i'
/r t (q) (of relative amplitude at ) this is equivalent to a lateral shift of the beam axis by r'.

\ - 1  t

t., I '/

\ - / '
-1

*,-.{:.

Figure 4. Gaussian-hermite functions: (a) ho($, hJ}, ir({); and (b) ho($, h1G).
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6E=!x!w!@/2lar. A small contribution of h2g) (amplirude ar), on the other .
hand, leads to a change in the beam width by 6w7i:zor. Th. phenomena of lateral
beanr_jitter and pulsation in the beam width, discussld in tire previous secdons
($$i't and 2.3), are thus expressed as contaminations by low-order 6ansverse

3'' If for the moment we ignore the phase facror, we see that the modes rnaintain" their general appearance, onll'that all lateral dimensions of the field distribution areI scaled b1' a common factor zc(:). At the rvaist of the beam, at ::0, rhe gaussian

exp ( - C: -f :) :exp (- r' lwt),

i inctrrded in h^(i)h,(q), has a l/e radius zu given by.
l

W O =  l ; :  l l  -  |

v e V\zol'
'' The minimum rvidth aro is uniquely determined b-,- rhe rvavelength ,i and thei characteristic length D of ihe confocal-resonaror. n, i"ai""LJin n*r.5, the beam' radius zc' increases rvith rhe distance : from the central plane according to

modes.

3.4. Non-confocal resonators
From the 6eld distributions (3.2) on the confocal mirrors, the fietd distribution at

inl' value,z can be^calculated, again using Hu;;gens' principle. with the use of the
an-hermite functions introduced "uo"", Boya'and bordon,s equation (20)

becomes very simple:

(3 .6)

u(s):woJ1l +e2).
Hei ' lve have introduced the normalized rongitudinar coordinare

' t -

5 : - -
D

todescribe the propagadon along the optical axis-(z-axis), counting from the cenralplane.

i  _ -

r u 1 Z 3 { E )

Figure 5. Gaussian beam and surfaces of consrant ohase.

(3 .7)

(3.8)



The surfaces of constant phase have radii of curvature

Rey:!-l!z ,:(r*l\1;
z t  \  t l z

(3.

.4 gaussian beam u'ith given propagation constant A: Zttliisfully determir,.d foi:

;il;:ix:::,il,ii"':Ti.:'::,::'zo 
rrom the beam's waist anv two our or the rn'.ii

following variables are known: :i:

I  I  l t i t :' - "-4;i

The mode pattern remains unchanged if one places two appropriately "rr*"dt!
mirrors at any two of the surfaces of constant phase. The field distribution in thu'i;
non-confocal resonaror thus formed can be derived from an equivalent co.nfssxl '

resonator of characteristic length D, s'here 6 can be determined from Rr, R3 ..,rd d
rvith the relation . i

having a minimum (R:D) at the confocal
approaching infiniqv (plane wave) at the beam
distance (:: t cc).

distance z=*bl2 (( :+t) ,  "naT
waist (a:0),.as well as at i:rfin16".1;

:it

( 3 . 1 1 ) '

(3.12)

(3.  1  3)

b; zoi eo:f, nlzot:((o.!)i, *ki:JLI(l+*l

uz _4d(& 
- d) (Rz- d) (& + Rz- d)

(Rr  +R2 -ZA2

The condition that 62 be positive describes the region of stable configurations, i.e.
configurations in u'hich the beam is being refocused on successive round trips, rather
than becoming progressivell' more divergent.

3.5. f,'Iode selectite Fabry-Pirot resonator
The resonator can be treated as a Fabrl'-P6rot, in rvhich the field. on each r. :drn

trip :, -s2-zr, is w'eakened b1' a facror p1pr, u.hen pi and pl zre the po*,er
reflectances of the tu'o mirrors. We rvill from now on assume mirrors of equal
reflectances, p2, and of common transmittances t2.

In contrast to plane-rvave optics, the light phase @ r'aries u'ith c (or rvith i) not
in a l inear fashion 6(z)=kz, but rather in the form

u'ith

The additional phase contribution A{ : (l * m * n)$(z) has a high rate of change in a
region around z:0, extending, say, out to z: *b.

what is impoftanr in our application is that A@ depends on the mode order
N=m*n, i.e. on the sum of the hermite indices m and, z. This will allow us to
discriminate between modes that have different orders .A/.

The resonator can be tuned, by fine adjusrment of the mirror distance 6l:7 7 - z2t
such that the ground mode (N:0) reproduces itself u,ith zero phase difference

& o: 2hd + 2(t r - t ) : 0 mod 2n
on one return trip z, -22+zl.

(3 .1+)

Qk): kz+(l + m+n)tl t(s),

/(z) =arctan (.
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higher modes m*ntO, the successive field contributions being
I are then out of phase by an angle

For the

AQ n : (m * n)2(* t - t ) : N2Y.

re, Y stands for the single-trip phase difference

Y : * r - t z: ^tctzn (, - arctan (r.

adding up the field contributions one derives the fraction
transmitted'by this Fabry-e6rot iisonator as

?+

t x : @

$ L : . w r l r . r  
' r v  " r r r  s 4 I

! t i

*$fansmrttance ?'.
l i -
H;::i
tf 4. Choice of resonator parameters
1.4' In this section we will discuss some of the considerations
:::lparameters of an optical resonator so that it best utilizes the
j expressed in equation (3.17).

(3 .1s)

(3 .  1  6)

Tn of the incident

tg . i7 l

in choosing the
mode selectiviry

j - :

' 4.1. Mirror properties

,', ;,r equation (3-17), the first term ?o:t /(l-p\2 is the porver throughput at: rest ' tance' [t rvould reach uniry only for ideal mirrors in which power reflectance p:" and porver transmittance z2 add up to unir-,- : p2 + tz: l. In the presence of losses o:
.. (absorption or scaftering), with pi + ot + i, L 1 , one ""o.*or.r. To by

: j r

: To:#t' (+'1)
- lor a high throughput ?o of the ground mode, the losses o2 harre to be smarl
; compared with the mirror rransmittance c2, which in itself is a small qrr"ntit;, i;;;,
thjsir-9 resonaror. With a commercial resonaror (Tropel, g2:9Sper cent), rve were' 

able :o obtain a throughput 16 of about 75 per ".nt, b,rt U"n.. values are technicallv
:, reaLzable.

.nt

..r- 
' n. relarrve suppression of the non-fundamental modes (l/> 0) is determined by

" rne second term in equation (3.17). We shall define it by rhe reverse square root of
;: this second term:

,.. r"=./[r *(!",",*)'.l. $.2)"  Y L  \ r - p -  / J
l ?  .

.unless the phase angle Alfl is extremely close to a resonance A/ye:Q mod z, thesuppression (in field amptirude) is
: ^ 2 P
. 5,v=ll lsiniW:S.u,s,v.

Ut.  ,
:r'.i'rth 1ir19rs having a reflectance p2 of 95 per cent, a maximum suppression of
1]o".- = 2p/( 1 - pt) - +0 can be obtained, which is considered sufiicient for cur current,rteeds ($ 2.2).



a .  1 \ 4 4 a E a t  v r  d t .

Should higher suppression ratios .S-", be required, one can either increase
reflectance p2 of the mirrors, or use two resonators in series. In both cases one
have to expect a deterioration in the throughqut ?e of the fundamental mode..

1.2. The phase angle V
Perturbing modes of the orders N:l and N:2 have a simple ge,r:-.

interpretation, rvhich allowed a direct measurement (cf.$$2.1 and 2.3). Ever,
their field strengths are about six powers of 10 belou' the fundamental mode,
nevertheless give rise to intolerable error signals. Thus, in the choice of
appropriate phase angle Y, one has to make sure that the modes u'ith N:1 and N=
are suppressed sufficientl-v, i.e. one wants sin Y and sin 2Y to be sufficientll'far
rrom zero.

I\{odes of order higher than N:2 represent rather complicated patterns. tt ..i*
be assumed that they are contained in the incoming beam u,ith amplitudes th$
decrease rapidll, u,ith increasing N. Furthermore, in the interferomet.t ,il;;frS
become effective only in combination u'ith a corresponding phase ripple uf tft{:
interfering u'avefronts. 4. . .6  r ,F  

ts i
The need to suppress modes of medium order (N : 3, 4) has not ]'et been clearlytff

established. But a suppression u'ould be u'elcome, and it can be had at little extrai;;:
expense b1' an appropriate choice of Y. '..#,

Using (3.16) and (3.8) and u'ell-knorvn addition theorems, one can express Y byi?
. . 4 ;

l f l  d \ ( ,  d \ l  ' P
c o s Y : _ / l  l 1 - ; ,  t t - ; ,  l .  ( 4 . 3 ) t i

V L \  x r l \  x z / J  
l *

The condition that the radicand be positive, and not exceed 1, leads to the sameir-
stabi l i t l 'cr i ter ia as those derived from equarion (3.11).

F i g u r e 6 s h o r t s p l o t s o f  s , r : s i n . \ ^ P f o r N : 1 , . . . , 4 ( f o r N : 5 , 6 , o n | } ' t l r . z e r o ; i
crossings are indicated). From these curves (special cases of Lissajous' traces) one 1i

canp i ckva luescosY fo r r vh i chs ,  ands2ha r reh ighva lues (above0 '5 , sa1 ' ) , and fo r l j
rrhich none of the further traces is very close to zero. i.x

discussion to this special case, in which (4.3) becomes

cosY: t - f ; : t -a. i*.4);

Only 6 : dlR, the ratio between the mirror separation d and the radius of curvature,
R, enters into Y. ,

In figure 6, the lower axis is denoted by this relative mirror separation 5:dlR=
I -cos Y. Beneath it some representative resonator configurations are indicated.'

sion, as all even-order traces s2, vanish at cos Y :0.
One has to go rather far in either direction, before the most important of the even #

modes, N:2, shows an appreciable suppression, e.g. to lcos Yl> 0'1 26 forlsrl>o'25. .i
r€

ri
. ?

";
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2 t - eI  r = ! + - -  0
H

o)J

con- COn- plone-
centric focol porollel

E 4 A - ' w
Figure 6. Coetficients rr:sin iW, plotted versus cos y (upper axis), or versus 6: I - cos y(lorver axis). Three represenutive mirror .onfi'g,riotions are .indicated.

, .lh. 
plane-parallel limit (cos Y : 1, d:0) and rhe concentric limit (cos y: - 1,o=:) are degenerate with respect to alr orders, so here we would have no modeselection at all. The suppression of the most important pernrrbing mode (N:1)

rncreases most slowly with departure from these limiting cases, but rapidly enoughto assume values sr>0'5 in the r inge from cosy:-o.soo to cosv:*0.g66
t0=0.134 to  6 :1 .866) .

, Configurations that come close to the plane-parallel or concentric limits shouldoe. avoided anyway, for reasons of mechanical stabiliry. Small tilts of rhe resonator
mirrors would cause the optical axis to deviate strongly in irs position (plane-parallel
case) or in its direction (concentric).

I'ithin the limits dictated by s, and J:, on€ can easily pick configurations whichpro' ide reasonable suppression also for ihe medium-order modes.

1.4. Mode matching

*- 
In orfer to achieve a high throughput ?0, the beam emerging from the laser must'c matched to the fundamental mode of the resonator. This matching can, forrnstance' be made with the help of a singre adaptation lens as shown in fieure 7.

J J RW
l;}{-
i ' ,n,: lt{

l i i r  \ !  ;
l i \ z

i i  \ / '
I j \,/'

i\ i f".: \ . '  /  \  Ii 1l.. -,( \. I

l i  !  i l  !  i :
l i  I '  i  ' :

l \  i  !\ , ! !' \  i  !' \ i  
i'\i 
i
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Figure 7' Matching 
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raser beam (R"u) and

In calculations for this mode matching, repeated use must be made of
interrelations (3-10) betu'een the characteristic tariables of a gaussian beam.

From the configuration of the laser mirrors, one can derive the spot diameter
on the ourpur mirror (rvith cur*ature radius R,). Afrer passing through.the
substrate and an optical isolator, the beam arrives u'ith zr1 and R1 at the ad,:;.-ratiojl
lens.

actual beam radius zr,r.
This choice of :*, also determines the radius of curvature, Ru. The matching inii

the curvature of the beams is pro*ided b1' a tens s'ith a focat length / given byj

1 1 1

/ : &  
? E ; '

In case of a mismatch, either in the cun'ature radii R of the phase fronts, or in the:
beam s'idths 2zc, the incoming field distribution E(x, -r,), expanded with respect to the ,,
resonator modes, rvill have appreciable contributions in the non-fundamental modesr!
(N> 0). Ttrese extra modes are almost totalll' reflected, the loss in power throughput!
beingproportionaltothesquareoftherelativemismatch 6R/Ror6wlarespectively.,"i
This loss becomes negligible when the relative mismatch is belou,, sa1., lOper cent.i!

.H
4.5. Powet density on optical surfaces ..-*

In our application, we want to transmit high laser powers P, ar present abour 1 W,*
and perhaps up to 100W in the eventual experiment. Intensities (pou'er densiries)t
I:Plrczpz above an -I-", in the order of 10flmm2 can inffict thermal damage on the-$
multi-layer coatings. So we have to keep the spor area fiw2 on the mirrors above.$

o*A:*. (4 6ttf
-nrar 

.#
For mirrors of a given curvature radius R, the equations (3.7) and (3.6) define aa
characteristic spot radius ,,':.,8

t/2R\ ll N.\ . , ,i'$w n : - / ( ?  l : -  / ( =  l ,  \ + . , t  8v \ R /  v \ z /  ? i
..t7

describing the spot size on the mirrors in a confocal arrangement (d:R,(=1). .*
':?
-n
,1j:

1 t

t A  ? r ' t

- _ -  
f
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The intensity in such a confocal arrangement would be

, P'" =Ff"

For the same mirrors in a non-confocal configuration (d*R), one can derive fromrp.7) and (3.9) that the rado of acnrar spot area tw2 tothe ,confocal, 
spot areanwz*is

w 2 , d

frf,:r:-'
only configuradons with sufrciently high

(4.8)

(+.e;1

P:€'.. ()(,nio:-#

$i l  
'2enin:m (4.10)

'$.ire allorved, i'e' configurations with rerative mirror separations
iili.

S.t r d^i. 2r2.

it' 
'-'n:t'd: &.r)

' 'J ' In an example rvi th P=1!V, . f - . r=5!!- /mm2, R=0.1 m, i :0.5 l - lx l0-6m, rr ,ei;have i-i ':3'9. The.resurting .Jing.r*tion has " ,.L-.-in.--irror separation of' d^;JR= 1'88, rvhich is about L "roru',o-the concenrr;" t;-iti 'g case as one rvourd''dare to go' from the considerations of mode suppression "r,J -."i,onical stabilin.' discussed in $ 4.3. lVith mirro* of ",rrr."tu;";;:;.. ;:-"7
no I, .ser b. obl. to reconcire ,n.r. ,.0,1,1"";::::.'*t 

than R-;':0'l m, one ruo,-,ri

4.6. Structural length

,.i"tT::::,""".T:T:*:.::*::tl.Xnration of a mode serector is the rength d"t"i":::::,::1.,,Y;;J;;ff ;.il*.l;,Tff .'i::ffi'_:
111,:r::*:1':"::,*"d;,!;;;#;?;il:::.H:"ff L"_r,arues

i:;**T:":"1:::ai"*.i.,;;';;;;;,ilT:ff :"#ff :::"i;(symmetrical) resonator becomes

d^^=Yr,.

6;n ot  ?

(+.1 2)

H"r:";:::Tl:1"r1 
:0.5, we arrive ar a resonator of length d:0.19m, to beXf * T.i f: :.: o r ; J*;;,"0, ".' "r'.',.,i.1;: I ;:, rTi A;' ::L:i,T*uJ' o. &: 1'+: m (near pl*.-;";";l;'

i:;* i::X::-:l':l:*u 
l;"sth t incruding the mode-rnatching optics, weL-- v. !.r! vvsrau rsngrn /./, lncludlng the mode_matchi

;rJ::T*: i.fty 
further assumptilns. rn our "ppfication, ii. u."*i[]::*,::*iif:d4.#i:JiH;,ff :"i"::"::",?,:$H:i:il,Ieiffi

il'.fi..';T:Tls';11-1T."-;i;;.i;l;1;ffi 'Jli'.'::il.'fi #iii:",::ilf r  
- - - '  \ - . l r w lu equals 2;*, (see figure 7).

* "li.,1'lfi:I'o**"hing lens each (at s: tgv) is used, the overarr rength can

o=ff,,. (4 .13)

i:ill,3J-t^1t-tlll:9lt mm and si:Q.-i, the totat tength D wourd be 0.57m.Tr ' - m - v 4J rrrr ' '  
Tr:r, ' !t 

mm and .s1 :e.-i, the totar rength D wourd be 0.57 m.' ',s length can be reduced by the "". oi" diverging lens neai the resonator mirrors.
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By using plane-concave or symriretric bi-concave substrates for the ,u.o..$
mirrors (the latter case being indicated in figure 7 for the right-hand *"ilF
mirror) one can reduce D to 0.48 and 0.40 m respectively d

In our current gravitationa! rvave experiment, bi-concave mirror substrates 'Sgoing to be used, both radii of curvature being 0'10m. The adaptation lenses-wft
then need focal lengths of 0.15 m. ,.$

4.7. Puformance 
€The suppression of the low-order modes was tested with a commercial opticaf

resonator (Tropel, R:50mm), at reduced laser powers to avoid damage ;-rft
optical coatings. The transrnittance / of the mirrors is approximat.tl'O p.ri"nt,;F
to explain the resonance throughput of only 50 per cent we have to assume lo*."8
of 2'5 per cent. This surprisingl-v high value may be due to an inadvert.rrt th.*,.*
damage. with the resulting reflectance of p2 -91.s per cent we find " *oi*uff
suppression S.". : 2p/(1 - p2) of 22.5. -it

The resonator *as operated at its maximum mirror spacing of d:6lmm,'F
configuration rather close to the confocal case, q'ith a first-order "o..,i.ni.l
sr:0'975, and reasonable coefficients sx for the next feu, orders N. 

-i.

As pointed out in $3.3, an admixture of a first-order mode (of relative 6eldr
amplitude ar) results in a lateral beam jitter (by dxlw:l.z5ar). This jiner can be-l
measured rvith a position-sensitive photodiode. Tu'o plots of the spectral distri:a
bution of this jitter are shou'n in figure 8, u'ith and u'ithout the mode selector. The:
spikes near 1'8kHz represent an artificially introduced lateral jitter u,hich clearlv'
confirms the expected suppression by'stSn,.r:2Z.The continuous spectrum *ith.,
mode selector (los'er trace) is dominated b1' additional perturbations such as shot i
noise and harmonics of the 50 Hz mains, making a judgement of the suppression
impossible. For the modes of order N:2 (the rridth pulsation), and even mor,. for
the higher modes, measurement as u'ell as artificial generation become mucl-t :,rore
diffjcult. The suppression of such higher modes has been checked onll. qualitatively,
b1'obsen'ing that despite gross variations in the incoming beam shape (shadou'ingby
masks) the outgoing beam maintained a sufficiently gaussian appearance of
practicalll' constant u'idth.

N

I

T

I tn-10
E ' v

r
6

r n - l l

Figure 8.

f(kHz)

Spectrum of lateral beam jitter, without (upper trace) and with (lorver trace) mr,,ie
setectton.
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{ LToise ,f, Optical
Detectisn illrd
Generotion

{0.0 INTRODUCnON

ln this chaprer we study the effect of noisc in a number of important physical
processes. wc will take the term noise to rcpresent random electromagnetic
fields occupying the same spectrar region as that occupied by some ..signal..'
The efTcct of noise will be considercd in the following cases.

l . Measurement of optical power. In this casc the noise causes fluctua-
tions in the measurement. thus placing a lower limit on thc smallest
:urounl of power that can be measured.
une*idth of laser oscillators. The prcsence of incoherent spontaneous
emission power will be found to be the cause for a finite amount of
spectral line broadening in thc ourput of single-mode laser oscillarors.
This broadening manifests itself as a limited cohercnce time.
optical communication system. we will considerthe case of an optical
communication system using a binary pulse code modulation in which
the informarion is carried by means of a suing of r and 0 purses. The
presence of noise will be shown to lead ro a cenain probabitiry that any
given pulse in the reconstnrcted train pulse is in error.

In this chapter we consider optical detectos utili.ing ligtrt-generated
charge catriers. These include the photomultiplier, the photoconductive de-
tector. the p-n junction photodiode, and the avalanche photodiode. These
detectors are the main ones used in &e field of quantum electronics, because
they combinc higb scnsitivity with very shon responsc times. Other types
of detectors. such as bolometers, Golay cells, and thermocouples, whose
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operation depends on tempenture changes induced by the absorbed 66o.
tion, will not be discussed.'

_ Two types of noise will be diseusscd ia derail. The first type is thetrrr,
(Johnson) noise, which reprcsents noisc power generated uyttrermallv rl
itated charge carriers. Thc cxpression for this noise will be dirived bv u.I-
the conventional thermodynamic trealnent as wel as by asatirtl.d ";"1;:i:
of a panicular model in which thc physical origin of the noise.;r .*iapparent. The second type, shot noise (or generation-recombination ns-i*'
in photoconductivc detectors), is attributable to the random way tn whi.r
electrons are emitted or generared in the process of interactine *m il
diation field. This noise exists even at zero temperature, whlre. theral
agitation or generation of carriers can be neglectcd. In this case it rcsuttr-
from the randomness with which carriers are€eDerated by the very sig4
that is measured. Detection in the tinrit of signal-generaied shor nois. r-
called quantum-limited derection, since the corresponding sensitivitv irlr.l
allowed by the uncenainry principlc in quantum mechani-cs. ntir pii* ffibe broughl out in the next chapter.

IO.' UMFANONS DUE rO NOISE POWER

Meosurement of Opllcol power

Consider the problem of measuring an optical signal field

g(t) = 7s cos rof

rrbe berested rcader vill fin<t a g;d descripdon of thesc deviccs ia Refcrcace [61.

in the presence of a noise fierd. The instantaneous noise fietd that adds rothat of the sigrral can be taken as the sum of an in-phase componenr afi 1quadrature component according to

p,r,(r) = Vrrcf) cos er, + V.vs(r) sin r,rr

where vnc$) and vp5(r) are slowly [compared to exp (r'arr)] varying nndoo
uncorrelared quantities with a zero gteaa. The rotal field at ihe derana
a(t) = o5(4 * or,,(r) can be wrinen as

u(t) = Re{[Vs + VNCU) - iVns?]it#]

= Re[ Kr)c-]
The_total (sipal plus noise) field phasor V(r) is shown in Figure l0t.

In most siruations of ioterest to opticar detection the sources of mfrc
are due to the concened acdon of a large number of independent agenrs. h
this case the central limit theorem of st"tistics [lJ telts us tlat ttre proUabilia'
function for finding Vnc$) at time I berneea Vp6 and. Vxc * iVnr'olo

lr0.r-rl

(t0.u1

t|qNl

0aH



scribed by a Gaussian

P(Vpd dV61s =
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noise) field phasor V(r)
projection of

-ric>, 
dvnc (r0.r-sl

Vy6 for p(Vrvs). Since
between -co 3p! :c, it

Flgure lO-t A phasor diagrann showing rhe toral (signal ptus
at time r. The instantaneous field is given by the h;rizontal
V(t) exp (iotl.

I
: - P

VZzra 
-

Td .b.V." similar expression in which Vn5 replaces
YyS@ has a unity probability of having s-ome value
follows that

r_p(Vpd dVslg - 1 (10.t{)

It follows from o0.r-5) that 7,"", the ensembre averages (denoted by ahorizontal bar) of Vrvc, is zero,3 *llr"", ,h" ,'.* squ:*e value is

:Thc ensemble average b of a^quantity e(l) is obtained by measuring /t simurEneously attimc r in a vcry farge uumber of ivsrems ttzt, i n, ur'rii*-iLirii, are idenrical.Mathernatically,

- . f t x 'l
ett) = 

,E [" "-), ̂'t"1
where A-(r) denores the obsenraion ia the ath systcn. In a tnrry madom phenomeaon. thctime avenging and cnsembrc averaging r."a o ti" o-. resurt. rc tbe ensembre avazge isindependent of the timc r io which ri i. p..ro...J-a ."o arso bc obrained from

P
^ = 

J_A A,t dA

whcre p(A) is thc probabiliry functioo. in rhc seasc of (10.1-g. of rhe variable A.
'The neason for Vpc$l = 0 caatc apprcciarcd from Figurc ttt. ypc(r) has an equal probabilityof bcing in phasc yith y, as of beini ou, pt "r., O* averaging our ro zero.
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Flgure lo.2 The inrcnningling of noise p9:"I. with that of a signal causes the total

;;;; ,; f,o"ru",r. ri,e irs-nuctuation AP limits thc accuracv of power

measurements.

6 =ffi = 
[--v?u.o{vnc) 

dVNc = a2 (r0J-7)

The "power" in o(t) is obtained using (l'l-12) as

P(t) :- tV(t)e-lt Y*111e''-l
= V? + ZVsVNs * Vltc + Vfus

The ensemble average (ot long time average) of P(0 is

F = f r = V 3 + 4 * % = f i + 2 t 2
where use has been made of the fact that F'uc = 0 and of{10'l-7)'

Th;;hyttJ significancg 9f.-th. time-varYins !:Y:t 
P(r) and its long'

time (or eniembte) average F is iilustrated by Figure lG2'
) (or gnsg[llrulgr 4ve,c6v ' rc I&-g$-

tiis ctear from the fluct'ating nature of P(t) that any measurement er

*'il;"Tf '""oilli,Jiilffi ;iilA"i'.tt'"ry:t:.1L"111l.-:ti::Tl
ilrtiil.i}#;; measure of the uncertainty in power-mersurement' wc

- - - - ^ -  i - - - l ^ o l ^ -

r"i *oo"abiy take the root mean squarc (rms) Power deviation

ap=1ffi121n

Using (10.1{) and (10.1-8a), we obtain after some algebra

AP= @Vm+26-26f f iYn
Using (10.1-5) we obtain

ffi = 
[-v;'rn<v'd 

dVxc = 3ca

so that usingw = i4 = c2 in (t0.1-9) results in

Lp = za(77 + ar\tn = Zo(Ps I s'2)tt2 (r0.t-fi1

(10.t-8ol

where according to (10. t-8) we may associate Ps ='Vi with the signal power
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A real function r:(l) and its Fourier transform V(o) are related by

that is, the power thar would be measured if V,,q!nd Vrg wele,.hypotlet-
ically, rendered zero.

A question of practical importance involves the minimum signal power
that can be measured in the presence of noise. we may, somewhat arbirrarily,
take this power Ps-;1 to be that at which the uncenainty ap becomes equal
to the sigaal powerP5. At this point we have from (t0.1-lt)

P$6, = 2o(P1i,rir+ o2)tn

or, after solving for Prr'i,,

Pr-r, = 2a2(l + tEy = p*(t + tfr) (t0.r-{2)
where Px = 2".? = T2Nc+ vts is the noise power. *ii.ror."o convention
chooses to define the rninimum detectable signal poweras eiual to p6, instead
of 2.414Pp, as obtained above. This simplification is undeisrandabie, since
our choice of the limit of detectability Ap = ps was somewhat arbitrary. In
any case the main conclusion to remember is that near the limit of detectivity.
the rms power ffuctuation is comparabte to the signal power. The next task,
which will be taken up in this chapterand in chaptei ll, is to find our the
main sources of noise power and conseguently ways to minimize them.
Before tackling this task, however, we need to develop some mathematical
tools for dealing with random processes.

v(u) = 
* [:-ol)e-b'dt

r-
a(t )= |  v(a)eNdo

J - *

In the process of measuring a signal u(r). we are not in a position to use
the infinite time intenal needed, according to (10.2-l), to evaluare v(ar). If
the time duration of the measurement is T' we may consider the function
a(r) to be zero when r = -Tl2 and r > TIZ and, instead of (10.2-l), get

V7fto) = ! f" t6t)e-tu dt
z7t J-rn

Since p(l) is rcal, it follows that

V7@) = v?(-a)

I i5 u5rrelly called the resolution or integration time of the systern.

(10.2.{)

(102-21

(r02€)
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Let us evaluate the average power P associated with u(l). Taking the
instantaneous power as rl(r), we obtain'

,=+f

(r02-E)

p = + f*, cttt o, = L, fi"{^ul[--r,r,r"-' a,f] a, (r02-sr
Using (10.2-3) and (10.2-4) in the last equation and interchanging the order
of integration leads to

p =+ [**lr,{ol)1, a,

lV7(.ro\12 da

where *'e used

lim (2rr)- t f'o dt exp [(ro + u')tl = d(at * ar')
7-x J -TI2

If we definc the spectral densiry function S"(r.r) of u(l) by

-.  nlVrfu)|z
S,(orr = iim

T-e t

then, according to (10.2-7), S,@)do is the portion of the average power of
p(l) that is due to frequency components between o and @ * d.or. According
to this physical interpretation, we may measure S,(a,) by separating the
spectrum of t(t) into its various frequency classes as shown in Figure l&3
and then measuring the power output S"(ori)Aat of each of the filters [2].

Wlener-Khlnichlne lheorem

We will next derive another formal result involving the spectral density
function.

Consider the time average of the product of some field quantity u(0 with
its delayed version u(t + r'1

CJt) =ffi lto2-el

The function C"(r) is termed the autocorrelation function of u(r). We use
(t0.2-2) to carry out the integration indicated in (10.2-9)

l r n
C"G) = :- 1 pQlu(t + r) dt

I  J - T N

= 
* L L I:da 

dot' dt vr(urlvr(s)')sib+o'tte"'' (r02Jl0l

'It may be convenient for this purpose to think ofo(r) as the vohage across a one-ohm resispncs'
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$(.+)a,

9(or) a<.t

Sz(srr)Ao

4@+o ' l t =1z r4a*a , )

VTQo')V7@l{ar + a)san du da'

t f f i$& ' ' )A . r
Figun l0'3 Diagrarn illustrating how the spectrar density function sr(ar) of a signat.r(t) can be obtained by measuring the power due to different frequeiry interuals.

In the limit I+ co,

so that

fTtz
Iim I dt
7-a J -Tl2

^'iIJ

(r02.'H)

tr02-{2)

fl02-l3l

Coftl =

=lg:f-ryd*dot

F. qlT{ry  /V/o)12/Iis, according to (10.2€), the spectral density func-tion of .Slar) of p(r), so that

c,()=)l-_t,rrrebda
so that using (10.2-l)

l r n
&(4,) = 

; J_-cl..)e-* dr (ro2.r.)

The last two equations state that the spectral density function ̂ sJc.r) and the

-J
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autocorrelation function C"(r) form a Fourier transform pair. This result is
one of the more important theoretical and practical tools of information
theory and of the mathematics of'random processes, and it is known, after
the American and Russian mathematicians who, independently, formulated

. it, as the Wiener-Khintchine theorem. Its main importance for our purposes
Iies in the fact that it is ofien easier to obtain, experimentally or theoretically,
C,(r) rather than 5,(ro), so that SJar) is derived by a Fourier transformation
of C,(r).

IO.3 THE SPECIRAI DENSITY FUNCIION OF A TRAIN
OF RANDOMTY OCCURHNG ryENTS

Consider a time-dependent random variable (l) made up of a very large
number of individual events f(t - t) that occur at random times l;.5 An
observation of (0 during a period I will yield

N7

i r ( r ) = I / t r - r , l
t - l

where Nr is the total number of events occurring in L Typical examples of
a random function r(r) are provided by the thermionic emission curent from
a hot cathode (under temperature-limited conditions), or the electron current
caused by photoemission from a surface. In these cases J(l - l) represents
the current resulting from a single electron emission occurring at li.

The Fourier transform of ir{:.) is given according to (10.2-3) by
Nt

ITQo) = ) fitri
i _ l

where 4.(ar) is the Fourier transform6 of f(r - r)

0 s r s I n03-l)

(10.3-2)

I f- e-iot; 7e
F,.(r) = - | f(t - t)e-,- dt =': I ftO e-io, clt

l i  J - n  Zz r  J -n

= e-M,F(sr)

tThis mcans that thc a priori probability that a giveo event will occur in any time inrerval is
distributed uniformly over the interval. or cguivalently. that the probabiliry plnl for a cvents
to occur io an observation period f is given by thc Poisson distribution function l2l

(n"e-"
A n ) = T

where i'is thc average number ofevents occurring in f.

6We assume that the individual evenr f(r - rr) is overin a shotl tine cornparcd ro thc obscnation
pcriui 7, so the integrarion limir can bc raken as -c lo * insrcad of 0 ro L
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From (10.3-2) and (t0.3-3) we obeln

Nt Nt

Vr@)12 = lf(r.,)13 ) ) s-i.(rr-,ir
. _ t  j - l

/  N t N t  \= lF(o)12 (Nr * ) ) e-t,r-,,r 1
\  , * j ;  /

If we take the average of (10.34) over an ensemble of a very large number
of physically identical systems, the second rerm on tr,, ,igiriiioe of (10.3-4)
can be neglected in comparison to Nn since the times rr-are random. Tirisresults in

(r0.3-4)

WP = F F(r)lt = Fr p1r.,)1, (r0.$s)
where the.horizontal bar denotes ensemble averaging and where .F is the
average rate at which the events occur so that.F, = Fr. The spectral density
function s'(ar) of the function rr(r) is given ac.cording to (10.2i) and (lOi-j)
as

S(ar) = aaF|fla,)F (to.s.6)

In practice, one uses more often the spectral densiry function s(y) defined
so that the average power due to frequencies between v and v * dz is equal
to .S(v) dy. It follows then, that S(y) dv = S(co) dar; thus, since co = Zrn.

5(z) = gl;.4f'zrv)lz
n0.$7)

The last result is known as carson's theorem and its usefulness will be
demonstrared in the following secrions where we employ it in deriving the
spectral density function associated with a number oldifferent ptryiicat
processes related to optical detection.

Equation (t0.3'7) was derived for the case in which the individual evenrs
f(t - t) were displaced in time but were otherwise identical. There are
physical situations in which the individual evenrs may depend on one or
more additional parameters. Denoting the parameter (or group of parameters)
as c' we can clearly single out the subclass of events f ,(t - r) whose a is
nearly the same and use (t0.3-7) to obtain directly

5.(y) = EriF(a)ld,p n)12 Aa (t0.3-sl
for the contribution of this subclass of events to .S(y). F,(ar) is the Fourier
transform of f'(r), and thus F(a)Ac is the average numb", of events per
second whose a par?meter falls between a and a + ao.

r_F(o) do = F

-J
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Tbe probability distribution function for a is p(c) = F(oyF; therefore,

I  P -

J__p(a) 
da = 

F J_- 
N(a) lq = 1 (lo.lel

Summing (10.3-E) over all classes a and weigbting each class by the prob
ability p(a) A,a of its occurreDce, we obtain

S(z) = ) S"(r) = *tf ) F(6')F.12 n)12 h,a

= 8z:F 2lF"(2w)l2p(c) Aa

: Ez:F lF"(2zn)Pp(a) da = B;ffi (ro:-ro)

wbere the bar denotes averaging over a. Equation (10.3-10) is thus thc
extension of (10.3-7) to the case of events whose characterization involves,
in addition to their time r;, some added parameters. We will use it further
in this chapter to derive the noise spectrum of photoconductive detecton
io which case a is the lifetime of the excited photocarriers.

10.4 sHoT NorsE [3J

Let us consider the spectral density function of current arising from random
generation and flow of mobile charge carriers. This current is identified with
"shot noise." To be specific, we consider the case illustrated in Figure lF4'
in which electrons are released at random into the vacuum from electrode

Flgun lG4 Random elecron flow beween two elesrodes. This basic
configrrarioa is uscd in thc derivation of shot noise.



-

sHot NorsE

,{ to be collected at electrode J; which is maintained at a sligctt positivapotential relative to A.

- The average rate F of erectron emission from r{ is F = Ve, wherel is
the average curent and the electronic charge is taken as -e. ii.;;;;
pulse due to a single elecron as observed in the externat circuit is

(r0.4-1)

where u(l) is the instantaneous velocity and d is tbe separation between A
and 8. To prove (10.+l), considerthe case in which the moving Elecrion is
replaced by a thin sheer of a very large area and of total chargJ-e moving
between the plates, as illustrated in Figure lS5.

It is a simple marrer to show (see hoblem l0.l), using the relation
Y 

' n: ple,ttatrhe charge induced by the moving sheet on the-left electrode
ls

i,o=ry

a== 7

d Q 2  e d x  e  . -
T = _ _ = e ' \ r )

A  e ( d - x ), , = T
and that on the rigfir clccrrode is

lloA-21

(r0.4.4l

(r0.,4-3)

1'here x is the posirion of the charged sheet measured from the left electrode.
fire current in the cxtcrnal circuit due to a single electron is thus

i,(t1 =

in agreement wirh 00.+l).

Flgwe l0€ Induced charges and ficld rines duc o a tbin charge laycr betwecn the
clecuodes.
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The Fourier transform of a single culTent pulse is

F(&,) = * [i atn-* a, n0/^51

where t. is the arrival time of an electron emitted at I = 0. If the transit tine
of an electros i5 $rffigigutly smdl tbat, at the freguency of iutercst r.r,

o t o 4 l (10/.61

i.e., L(r) a 6(t), we can replace exp (-iat0 in (10.+5) by unity and obtain

!g!

lls4.71

since.r(r,) is, by definition, equal to d. Using (10.4-7) in (10.$7) and recalling
tUarT= e.Fgives

5(z) = (r0,4-81

The power (in the sense of lO.2-5) in the frequency interval v ro v = Lv

assoiiared wirh the curTent is. according to the discussion following (10.2-il.

given by S(y) Av. I is convenient to rePresent tbis power by an equivalent

noise generator ?t v with a mean-sguare culTent amplirude

?-(r) = S(v) Av = ZeT Lv tr0.1-91

,  e f ' .dx eFko)= f rJ "  Aor=G

8#F (iJ' = 7,7

Tbe noise mechanism described above is rcferred to as sftol noise.
It is intercsdng to note that e in (10.+9) is the charge of the Particlc

rcsponsible for thJ current flow. If, hypothelcatly, these carriers had a

charge of 2e, then at the same average cunent| fhe shot'noise power would

doublc. Converscly, shot noise would disappear if the sragnitude of an in'

dividual charge tenOeO to zero. This is a refleldon of the fact that shot noisc

is causcd by fiucoations in tbe current that are duc to the-discreteness of

the cbarge carricrs and to the random electronic emissiori (for which thc

number of electrons emitted per unit time obey Foisson statistics t2D. Ttt:

ratio of the f,uctuatiotrs to the average cutTent decreases with incre.asin9
number of events.T

Another point to remesrber is that, in spite of the apPearance of / on

the right side of (10.+9), F(r) represents an alternadng curent wirh frr

quencies near v.

tMore prcsiscly. for evcns obeyurg Poissoo sratistics we have (Rcfcrence ill or dcrivablc

dircctly from footnotc 5)

tiIffl'n I
T=ifr;;

rrrberc N is thc nunber of events in an obscrv'ation rirnc. F is thc averzSe valuc of il. #

( A { F - ( f f - m : .



JOHNSON NOISE

tg.s JoHNsoN No!g!

J-9hnson, or Nygzrsr norse describes the fluctuations in the vorr'ge across a
dissipative circuit element; see References [4, fl. These fluctuations are most
often caused by the thermal motion of the charge carrien.s The charge
neutrality of an clectrical resistance is satisfied when we consider the whole
volurae, but locally the random thermal motion of the carriers sets up fluc-
tuating charge gradients and, corrcspondingly, a fluctuating (ac) voltage. If
we now connect a second rcsistance across the first one, the thermally
induced voltage described above will give-rise to a current and hence to a
plower transfer to the second rcsistor.e This is the so-called Johnson nobe,
whose derivation follows.

consider the case illustrated in Figgre lG6 of a transmissioo lin" ioo-
nected between two sirnilar resistances R, which are maintained at the sane
temperaturc 7. we choose the rcsistance I to be equal to'the characteristic
irnpedance zo of the lines, so that no reflection can take place at the ends.
The transmission line can suppon traveling voltage wa"ei of the form

where' k = 2d).-a ,fr" pilf.
For simplicity we reguire

= A cos (att * k) (r05rl
veloci ty isc=olk.

that the allowed solutions be periodic in the
distance l,ro so if we extendthe solution outside the limits 0 s z = L we

rWc usc thc word "carricrs" rathcr than "clcctroas" to includc cases ofionic conduction or
conduclioo by holcs.
"The sarne arguae[t applies o thc second rcsisror, so at thermal equilibrium the ncr power
Icaving cacb rcsistor is zero,
roThis sceminly arbitrary typc ofboundary condidon is uscd cxtensively in sirnilar situations
in thcroodynamics to derive thc blackbody radi:tioo dcnsity. or in solid-srarc physics to dcrive
thc density of elecuonic sBres i! crystals.

Rr l

Fgun l0{ Losslcss transmission line of characteristic impedancc 4 connected
between two matehed loads (R = 4) at rcmperature L
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dt)=Acos[ar = Ic(z+ L) l=A ses(o'r  = &:)

This condition is firlfilled whcn

I c L = 2 m r  m = 1 , 2 , 3 , . . .  0 0 5 {

Therefore, two adjaccnt modes difei in their value of & by
'r-

ok = 
t 

(10531

and tbe numbcr of modcs baving tbcir t values somewhcrc between zero

and +& isrt

or, using /<= Zrttlc, we obtain

obtain

KL
/ Y r = I

vL
x\v) = 

7

for the uumber of positivcly l6veling modes with frequencies between zero

and v.
The number of modes per unit frequency intcrval is

dN(vl L
A v )  = T = ; no.$5l

Consider the power flowing in the +z dircction across some arbirrary

plane, A - ,t, sai. Ir is clear tbat due to the lack of rcflection this powcr
'r*iirlgtr,e 

innr. Since tbe poweris carried by the electromagnetic modcs

of thc system, wc bave

power = 
ffi 

(velocity of energyj

We find, t^king the velocity of ight as c, tbat the power P duc ro frequencics

between v and v + AY is givcn bY

" = (i)("**i:fffff*"'n) t"n"'g' Pcr modexc)

=(i)(:^r(fr) ,,
or

P=ff i-krL'v (kr>hvl f l0561

,[ff, *ues eorrespond. according ro (lO.sl). to erav6 uzvcling in thc -: ditcctio{t"

Our Uoorfc€pilg is rhus limircd to nodcs carr':ring prower ia tbe +: direction'
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? - =  h v
" - 

;h"tlr=l n0.$7)

This result is also obtained in Appendix D from a different point of view.
.An equal amount of noise power is, of course, g"n"o,"d i;;. right resistorand is dissipated in the left one, so in thermar equiliurium 

-the 
net powercrossing any plane is zero.

. . T" powergiven by (10.5-6) represents the maximum noise power avail-able from the resistance, since it ii delivered to a matched load. If the loadconnected across R has a resistance different frorn:n;ifrJ nlise power de_livered is less than that-gived by (10.5_6). fire noise_po*., foof*eeping isdone correctly if the resistance R appearing in a circuitl, ,rpr"""a by eitherone of the foilowing two equivaleniiircuits-: a noise ;;";;;; in series withR with mean-sguare voltage amplitude

4hvRA,v
It-nlv) = 

@T *;r"4kTRA,v flo.sa)

or a noisd current generator of mean square value

-Tr-.r _ 4hvA,v 4kTLvt'N\v) = 
@*rir^,-f (ro.$9)

in parallel with R. The noise representations of the resistor are shown inFigure lG7' There are numerous other derivations of the formula for Johnsonnoise. For derivations_using rumped-circuit concept;;;J; anrcnna ex_ample, the reader is referred to Rlferences [6, 7], ,..p"rtiuJy.

Stotlstlcql Derlvoflon of Johnson Nolse
The derivation of Johnson noise reading to (r0.5{) reans heavily on ther-modyna'ic and statisrical mechanics cJnsidi-ti;. il;y be instructiveto obtain this resurt using a physicar moder for a rcsistan* "'"0 apprying the

*'here we used the fact that ih tharmar equilibrium irie JneiE, or:given by [7] 
'a{rr ulat ln hermal equiltbrium the energy of a mode is

Flgure le7 (a) Voltage and o) current noise eguivarent circuits of a resistance.

= 4 k T R L v

-1
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Cross-secrional
att3 A

Flgure l0€ Model of a resistance used in deriving the Johnson-noise formuta.

NOISE IN OPNCAI DEIECNON AND GENERAIION

mathematical tools developed in this chapter. The model used is shown in
Figure lG8.

The resistor consists of a medium of volume v = Ad, which contains
N free electrons per rinit volume. In addition, there are N positively charged
ions, which preserve the (average) charge neutrality. The electrons mJne
about randomly with an average kinetic energy per electron of

E = t*r = L^(d +8 +FS (ro.$l0)

where ai = ri - r{ refer to thermal averages. A variety of scattering mech.
anisms including electron-electron, electron-ion, and electron-phonon col-
lisions act to intemrpt the electron motion at :rn average rate of r;t times
per second. ro is thus the mean scattering time. These scattering mechanisms
are responsiblc for the electrical resistance and give rise to a dc conductivitytr

(ro.sfil

where m is the mass of the electron.t3The sample dc resistance is thus

d m d
t < = - = -

oA Ne2hA

N drs
o = -

m

v

(r0.$r2)

while its ac resistance R(ro) is md(l + Gf)tN*roA.
we apply next the results of section 10.3 to the probrem and choose u

our basic single event the current pulse r,(0 in the external circuit due to
the motion of one electron between two successive scattering events. Using
(10.+l), we wrire

i,(t) =
0 s t s r

otherwise

r:The derivation of (t0.5-l t) can be found in any introducrory book on soti&srate physics.
trln a scmiconductor we usc thc cfrective mass of the clurge carrier.

- x  , \
+ + + \ \ '

a  : -
t l '
: + +

- j



where o' is the .r component of the velocity (assumed constant) and wherer is 1!e sgglleri ng time o{ th e er ecrron un d ei obse;;;. ". }.ti, g the Fouriertransform of t(r), we have

I.(a, t, oS = 
* Io' ,.r,rr-* a, = W k-* - ll (ro.$r4)

from which

According to (10.3-10) we need to average fl; (o;tu,)12 ovei the FaramEtCrsr and p'. we assume that r and u, ao inaepenoent variabilr-n", is, thatthe probability function

p(a) = p(t, a,) = g(r)f(a,)
is the product of the individual probabilities [IJ-and take b(r) as,.
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(ro.$ls)

g(d = ! r-n-
7g

and, performing the averaging over,, obtain
?-

ll"(o, u,)12 = 
Jo SG)lI"(u), n,, r)12 dr =

and thus

as in (t0.5-15).

[r0-$t6l

2e=drii
4#d\r + ri:.fi) r'

The second averaging- o-u:l ,i is particurarly simpre, since it resurts in thereplacement of d in ( r 0-5- r 7). by iti averag. E, *niLi, r* " r"*pr" ar thermalequilibrium, is given accordin! ro (10.S-'t0) by d = kTtm. The final resultis then

ll.1o11z = 2e2rtkT
4zfmdz(l + oi"i) (r0.$rEl

t'If thc collision probabiliry pcr carrier per unit rimes is t/ro and g(r) is thc probability tlat anelcctron has not collided by time l, *. Lr.,

q'Q)=-qe)  I+n,  =c- t ' ,o
f9

T*int 
g!t) dt as the probability tbat a collisioo urill occur betweeu r and t + dt, itfollowsthat

e ( r ) = t - f s t a r

s( t )= -#=* . , "

tr

t
I
: '.
t '
1.1

Fr
e
F
if
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The average number of scattering evelts per second F is equal to the total

number of electrons fW ainia"a UY the rnean scanering time ro

rw
fg

(r0.$r9)

(r05201

thus, from (10-3-10), we obtain

S(r)=8'o,f,@iF=ffi

Another type of noise that Play.s ?n 
itl-o113n' role in quanrum elec8ontcs

is that of sponraneous emission in laser oscillators and amplifiers' As shoY

in Chapter 5, a n."es'if,;;;il"" for-laser amplifrcation is that the abmtc

population of a pair ;i"#l;Ji.u" invertid' If E2 > Er' sain occurs

when Nz > N,- essurre it'"i- opti'a *u"'iii[ rt"qutn"v v = (Ez - E)lh

is propagating ,r,,oui "i lil;;:F;uhrion medium' This wave will grow

coherently due ro ,h" ;;;;"i stimutatea .ttittion. In addition. its radiation

will be contaminateo Uvioi'" radiation-ca.used by sponnneous emission

from level 2 to levet ;'#;"i-,n; ,"ai",i* emitted by the sPontaneous

emission witt propagai; ;;-;it aong ti" s"r'e direition-as that of tbc

stimulated emission -a "*no' be separated from it' This has two man

consequences. First, ;;;;;""tput las " fi;it" 
spectral width' This effect

is described in this #;; S";;to" 'lgttt+o-noise ratio achievable at

;" "".p"r :r'T:,T{ffffi:i'm*:rirj*f,*rHff 1"9
sDonta8eous emlsslol
frt"i:,l,lir#l"T:":*l3i'q 

L*r."'clllor' we represe't it bv ̂ R+9
circuit, 15 5[ewn in Figrrre l$l0' The p"t"n"t of the laser medium witb

and, after using (10'5-12) and limiting ourselves as in (10'4-6) to frequenctes

where crrTo € I' we get
4kTA'v

T=nr,r\ =.s(Y)Av = 
75-

in agreement with (10'5-9)'

,,Orle*-^"-"*cransitionwithN:>N'providinggarnforlaseroscil lation'
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: 4hr.r6" Ar.r
, a - = +

13ru.Jtf- 1 1 ro
.f_-4hoG- A<.rw-i;Irffi

Flgure 10-10 Equivalent circuit of a laser oscillator.

negative loss (that is, gain) is accounted for by including a negative con'
ductance -@- while the ordinary loss mechanisms described in Chapter 6
are represented by the positive conductance Go. The noise generator asso'
ciated with the losses Go is given according to (10.5-9) as

izN =
4fu'fio6ol2r)

ehot*T _ |

where I is the actual temperature of the losses. Spontaneous emission is
represented by a similar expression15

(E),*,,, = ah4:Ggt)(Ltl27r)
ctrussron e'-tkr* | 

(10'61)

where the term (-G^) represents negative losses and I- is a temperature
determined by the population ratio according to

A? - ,-^-rr- (ro.ez)
Nr

Since N2 ) N,, then I- < 0, (F) in (l0.Gl) is positive definite.
Although a detailed justification of (lO.Gl) is outside the scope of the

present treatment, a strong case for its plausibility can be made by noting
that since G^ n Nz - N,, (tir) in (l0.Gl) can be written, using (10.G2), asr"

(-,ir:n*,"""ffi4 =4houatNz (10.63)

and is thus proportional to Nz. This makes sense, since spontoneous emission
power is due to 2 -+ I transitions and should consequently be proportional
to N2.

tiThc 2rr factor appearing in the denominators of iF is due to thc fact that herc we use E(r)
instcad of ii,(v) with

iF(r)a, = ii,-(r) A, 6,o = 2r\v

r6The proponionality of G- to Nz - Nt can be justified by noting that in thc equivalent circuit
(Figurc t0-10) the stimulated emission power is given by dG- wherc u is the voltagc. Using
the field approach. this power is proponional to E'�(N: - Nt) wherc E is the field amplitudc.
Sincc o is proponional to E G--is proponional to N: - Nr.
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Returning to the equivalent circuit, its quality factor p is given by

Q - ' =

where d = &C)- r. The circuit impedance is

Zko) =
(Go -

t(t

V(a)
t= -
C [(<od -

which, near o, = roo, becomes

I

mean-square values

m--#(#)

G o - G ^  I  I
,',"c = 

6"- d

G^)+ ( l / i aL )+ io f

I (r0.6sl
C (iox'nlQ) + (0f - G)

so the voltege across this impedance due to a culTent source with a complex
amplitude l(or) is

I(a)
60.6{)

G)la) + (io,olQ)

i.-i;
lIl(Jd)l-

qC2 @o - a.lz + (ai i laC.)

The current sources driving the resonant circuit ar-g.tfrose showqr in.FigUr.e
lGt0; since they are nor correlated, we may iake lfililr as ihe suin of their

=4ha, [#*-#,)# fl0.&8)

where in the first term inside the square brackets we used (10.62). In the
optical region, .tr = I pm say, and for I = 300'K we have halkT: 50; thus'
since near oscillation G^ = Go, we may neglect the thermd (Johnson) noise
term in (10.G8), thereby obtaining

o d o (r0.e9l
kl5- dz + (ait4f.)

Equation (10.69) represents the spectral distribution of the laser output. If
we subject the output to high-resolution sPectral analysis, we should, ac'
cording to (10.69), measure a linewidth

Lot = (t0.er0l

between the half-intensity points. The rouble is that, thougtr correct, (t0.Gl0)

is not of much use in poiri... The reason is that according to (10.6-4), 0-t
is equal to the difference of two nearly equal quantities neither of which is

known with high enough accuracy. We can avoid this difficulty by showin$
that Q is related to the laser power output, and thus Aar may be expresse0
in terms of the power.

cro

a
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D _ ^ f-lv(,rrl2r  - , . r o J o T o ,

= h G ^ G o /  &  \
2tCz \lU= -  tt,/ Io-

since the integrand peaks sharpry near a, - &b, we may rephc! ro in the
numerator of (l0.Gl I) by r,ro and after integration obtain

P=ry(#)

a dot
(a ro- r r r )2+(o+/ZQ)2 (r0.&rr)

(r0.&r2)

(r0.&t3l

which'is the desired result linking p to g.ln alaser oscillator rhe gain very
nearly equals the loss, or in our notation, G^ - Go. Using this result in(10.6'12), we obtain

o =  g /e ;  t ' )  "
which, when substituted;,rr:TJ ,,J;, 

) 
'

5, =2ilro(!rr,")t (tr\,)

where Azp is the full yidth of the passive cavity resonance given in (4.7-6)
as Arv2 = volQo = Ql2zr)(QdA. It is worthwhile to recall here that Ayrepreseats, in the quantum limit, the laser field spectral width. The expres_
sion (10.613) is known as rhe schawlow-Townes linewidth after the twoAmerican co-inventors of the raser [tg] who first derived it.

Equation (10.613) does not predict an inverse dcpendence cf Ay on p,
as ma!, be deduceci at a n:st glance, because of tire ciependence of N3 0n p.
For very large powers, P -.+ a, Nz is proportional io p, while Nz - N,rgmainl clamped at its threshold value. This leads to a residual poiver in_dependent value of Av. To appreciate this argu'ent qualitatinely, we notethat unless the lifetime t1 of the lower laser level is zero, ,, F in.r""res, N'must increase since the increased (net)-induced transition rate into level Imust equal in steady state N,/r1, the rate of emptying of level l. This causesthe population .t\I2 to increase in order to keep N, I iV, and thus the gain,
a constant- At sufficiently higlt values of p, Nzbecomei and stays propor_
tional to P and the ratio N2lp in(10.613) approaches a constant value, thus
Ieading to a residual power independent ld;width.

To obtain the power dependence of the factor

Nr, r=Fm
we solve the rate equations for the atomic populations plus the equation for

<
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the photon number p(p = number of photons in the optical resonator)

+ =R - N, - (N, - Nr)w,
d t L \ '

l L+(Nr -Nr ) r { ,

in

#=r*=-N, lw, -1 ,

N ' - N , - R ( l : - l t )
| + wiIT

- r y - - R t : ( l + w ' r t )-  l + w ; t 2

_ - N t  - =  t ,  
( I + % r , )(Nz - Nr)u tz - tr

where.the subscript "th" indicates the value at threshold. The power outpur,
including "wall losses" of the laser, is

P = ( N : - N 1 ) , 5 W ; h v

which, when used togetherrvith (t0.Gt9) in (l0.Gl3) gives

dN,
)t

Nn+ -
t2

(r0.rr4l

The first two eguations are similar to (5.G3) and (5.6-4) wirh R, = g,
t2+ trwnt, frz - R, I7r is the induced transition rate and N:, Nr, representing
the tord atomic populations of the laser transition leveli 2 and 

-1, 
respecl

tively. The third equation is a conservation equation for the totat number
of photons. Wiis the induced transition rate. Thl photon lifetime l. is related
to the cavity linewidth A,v12by Ayrn = (Zzrt")- t- At equilibium, dldt = Q,
we can solve (l0.GI4) to obtain

so that

(r0.&16l

l1o.6t7l

where 6veia is the linewidth of atomic transition responsible for the laser
garn. V is the mode volume. In obtaining (l0.6lE), wl use

00.e|9)

which is obtained from (6.1-ll) if we put Au3"in = llg(v). The first term ot
the right-hand side of (t0.GI8) is the conventionil schawlow-Townes
expression containing the inverse p dependence. The second term is power
independent and corresponds to a residual linewidth as p -* -.

To get an idea of the magnitudes invorved. we consider the case of s

(N, - Nr)u = 
ry 

(r: = r"pon,)
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0.6328 ,cm He-Ne laser with mirror reflectivities of R = 0.99, a resonator
lengrh of I - 30 Crn; and ttke tlli== 6 1 We"o-Utain

and

The residual linewidth thus dominates at power levels exceeding a few mil-
liwatts.

ro.z pHeSOn DEnNArtoN or rHs usgn LlxEunorH

The derivation of the laser linewidth in Section 10.6 takes advantage of the
highly sophisticated and efhcient concepts and phenomena represented by
the seemingly simple circuit model of a laser oscillator. The price we pay
when taking this approach is a certain loss of physical insigfit into the mech-
anisms'whereby spontaneous emission affects the laser linewidth.

In this section we will derive the expression (10.&t3) for the laser
linewidth using a different approach. This is done not onry for pedagggc
purposes, but because some of the interim rcsults involving phase fluctua-
tions are useful in their own rieht.

The Phose Nolse

An ideal monochromatic radiarion 6eld can be written as

8(t\ : Re[Q'l"o'*c1 (r0.7-rl

where t.lo the radian fr,equency, ̂$ the field amplitude, and g are constant.
A real field including that of lasers undergoes random phase and anrpl,itude
fluctuations that can be represented by writing

t(t) = Re[E(r)4l.o'*eror1 (t0.7-2)

where E(t) and 0(t) vary only "slightly" during one optical period.
There are many reasons in a practical laser for the random fluctuation

in amplitude and phase. Most of these can be rcduced, in theory, to incon-
sequence by various improvements such as ultrastabilization of the laser
cavity length and the near elimination of microphonic and temperature vari-
ations. There rcmains, however, a basic source of noise that is quantum
mechanical in origin. This is due to spontaneous emission that continually
causes new power to be added to the laser oscillation field. The electro-
magnetic field rcpresented by this new power, not being coherent with the
old field, causes phase, as well as amplitude, fluctuations. These are re-

Lvrn(Hz) =#= 1.6 x 106

a,vv,.,(Hz)= ffi 
+ 3.8 x to-4
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sponsible ultimately for the deviation of the evolution of the laser field frosg
that of an idcal monochromatic field, i.e., for the quantum mechanical noise.

Let us consider the effect of one spontaneous emission event on the
electromagnetic field of a single oscillatinglasermode. A field such as (t0.7-l)
can be represenred by a phasor of length Es rotating with an angular (radianl
rate &ro. In a frame rotating at ob we would see a constant vector Ee. Since
Ed n fr, the average number of quanta in the mode, we shall represent the
laxr field phasor before a spontaneous emission event by a phasor of length
Vn as in Figure ltrll. The spontaneous emission adds one photon to the
field. and this is represented. according to our conversion, by an incremental
vector of unity length. Since this field increment is nor correlated in phasc
with the originat field, the angle Q is a random variable (i.e., it is distributed
uniformly between zero and 2zr). The resulting change A0 of the field phasc
can be approximated for E'> t by

A g o n e e m i s s i o r = * c o s d

(tA0(N)]1 = ((A0-,..-i,"io,J2) N

i

(tAa(N)I2) = I (cos2 d) Nn

(r0.7.31

Next consider the effect of N spontaneous emissions on the phase of the
laser field. The problem is one of random walk, since e may assume wirh
equal probability any value between 0 and Ttr. We can then write

(r0.74

and from (10.7-3)

where ( ) denotes an ensemble average taken over a very large number of
individual emission events.

Equation (10.74) is a statement of the fact that in arandom walk problem
the mean squared distance traversed after N steps is the square of the sizc

Flgure l0-ll The phasor model for the effect of a single spontaneous emission
event on the laser field phase.

Real part
of field

ficld increment duc
to onc photon
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of one step times il, The mean deviation (At(n0) nftCr lV spontaneousemissions is, of course, zero. Any one experimeni, ho.r"r.r, wilr yierd anonzero result. The mean squared deviation is thus nonzero and is a miasur.
of the phase fluctuation. To obtain the root-mean-square (rms) phase devia_tion in a time t, we need to calculate the average number of spontaneous
emission events N(l) into a single laser mode in I time r.

The total number of spontaneous transitions per second into all modes
is N2l1,*n,, where N: is the total number of atoms in ttre upper laser levet2 and. l.*n, is the spontaneous lifetime of an atom in 2. The total number oftransitions per second into one mode is thus

N.*r., Nt
second-mode t"pon.p

&lo* = = *. ,.: 
(NJ' - (N:)'

second-moda t"' t' - 
AN, 

- 
(N, : N,)

N @ ) = E
tc
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(r0.7-s)

(r0.7{l

(r0.7-9)

where

8rri  Lvvns
P = - r

is the number of modes interacting with the raser transition, i.e., partaking
in the spontaneous emission. vis the mode volume, and Ayis the linewidth
of the atomic transition responsible for the laser gain. we can ,.*ri,. ( 10.7-5)as

ff ** = / iL-\ (aN,)
second-mode \AN,/ t"oontp

(10-7-71

where AN, ir the population inversion (N: - Nr) at threshold. Next we usethe result (6.1-tt)

AN' = PlsPont

tc

where l. is the photon lifetime in the resonator, and obtain

(r0.7-61

The number of spontaneous transitions into a single mode in a time r is thus

We recall here that in an ideal four-level laser N1 = 0 and AN, = N2, i.e.,p = l. [n a three-level laser, oD the other hand, g-can be appreciably r"rg"i
than unity- In a ruby laser at room remperature, for examile (see section
7.3), p = 50. This reflects the fact thaifor a given gaintie total excited
population N: of a three-level laser must exceed that of a four-level laser
by the factor rr, since gain is proportional to N2 - lf1. Equation (10.7-g) is
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also equivalent to stating that above threshold there are
emitted photons present in a laser mode.

p spontaneously

(l0.7.lll

we can cast the last result in a more familiar form by using the relations

using (10.7-9) in (10.7-4), we obtain for the root-mean-square phase
deviation after r seconds

A,o(t): (tA0(r)J:)t1, = ,lLE\?fr t,
The maximum time r available for such an experiment is the integration

time I of the measuring apparatus so that

t l  p . T6o(n = ,,lrT Fo-7'to)
The rms frequency excursion caused by A0 is

, A _ . \  _ L l ( n _  r .(Aar/nus =T = 
YfrI].f

,r=-ry

(Ar.,)a', = lH t

B=+ (r0.7-flol

Here P, is the power emitted by the atoms (i.e., the sum of the useful power
oytput plus any power lost by scattering and absorption), and g is the band-
width in bertz of the phase-measuring apparatus. The result is

1ro.7-r2l

_ From the experimental point of view (Aohrrs is the root-mean-squarc
deviation of the reading of an instrument whose output is the frequency
a(t) = d1ldt. we will leave it as an exercise (problem l0.l l) for the studenr
to design an experiment that me:rsures (Ar.r)nr.as.

Ring laser gyroscopes sense rotation by comparing the oscillation fre-
quencies of two counter-propagating modes in a rotating ring resonator. Their
sensitivity, i.e., the smallest rotation rate that they can senie, is thus timited
by any uncertainty Aar in the laser frequency. Experiments have indeed
demonstrated a rotation measuring sensitivity approaching the quantum limit
as given by (10.7-t2).

Ihe Loser Fleld Spectrum

Next we address the case where one measures directly the spectrum of thc
optical field

8(t) = Re[E(f)e'1"ot*e<trt1 (r0.7-13)



using, say, a scanning Fabry-psrcsetaion. If thE eralon hai e suffitienilvhigh spectral resolution, the measurement should yield the spectral densityfunction .s.(ro) of the laser fierd. we wil, consequentry, proceed to obtainan expression for this quantity. we make use of the wlener-Khinrchine
theorem (10-2'14) according to which s.(ar) is the Fourier ilr*", transform
of the field aurocorrelation function C.(y'

PHASOR DERVANO}.J OF rHE USER IINEWIDIH 3Er

110.7-t4l

8(t1s-''' ,,

(r0.7-ls)

t10.7-t7l

(r0.7-,r8)

(10.7-ie)

I(r) = (Ezle'n gteo.n 110.7-201

ss(.,) = 
: [:_ctl)e-i- dr

s6(r.,) = 
!l*rt'r1= vr@)

C3(t )=($( t )E( t+r) l

where the symbol ( ) represents an ensemble, or time, average.
Using (10.7-13) we obtain

t
C3ft1 = 

4 
(egrn*'+e(r)l f E*(r)e-,I"or*ero1

- x [E(t + r)414t*,t+e(r*')l + FQ + 7)s-4,4t*,1*err+rrl1) (10.7-16)
Now, for example,

(E(t)E(t * r)sit2-a'*e111+e(r+r)l) - 0

since it corresponds to averaging a signal oscillating at twice the optical
frequencv over many periods. so if we keep only the slowly varying terms
in Cs(r), we obtain

t
Csli1 = ; EOfiQ * r)41-''v'*err-o('+dl + ;.r.e)E(t4

= U(r) + /*(r)J
I(r) = (E@nQ * z)e'trAotr.r)+orl;

A9(t, r) = 0(t + r) - 0(t)

* t) git "or- etrl+ o(r+r)l)

I Stn= -  |
2zr J -rn

The main contributions to the laser noise are due to fluctuations of thephase 0(t) anO not the amplitude E(r), since the amplitude fluctuations arekept neetigibly small by garn saturation. Taking "d-;;tag; oitrris fact, wewrite (E*(r).E(r + r)) - (el = constant so that

Given a (normalized) probability distribution function for A0, g(A0), theexpectation value of exp {rAg(r, r)} is obtained from

(eou'., = 
[:_riteo.,>g(a,o) d(Lo) $0.7-al



382 NOISE IN OPNCAL DETECNON AND EENERANON

since.the total phase excursion Ad is the net result of many small andstatistically independent (spontaneous transitions) excursions, the central
limit theorem of statistics applies, and g(A0) is a Gaussian, which we write
as

g6o,0) = J=- e-u,o".n<',oz,
vZzr((A0)z) t1o.7-221

where

(A gF) = 
[:- @ilzeoo)d(^o)

Using (10.7-22) in (10.7-21), we obtain

(eaeo."l1 - e-</60r2',n = g-rttt4ht.l

where in order to obtain the last result, we used (r0.2-r0) with T =(10.7-24) in ( 10.7-20),

Cs(r) = 
|<e=1"--n 

'c(e..4r + e-h,)

The spectral density function of the laser field Sc(@), the quanrity ob
::1v_ed by a spectral analysis of the field, is given acco*rding,o (10.7_14) and(t0.7-zg 6y

Ss(co) = 
E f -st-1*tlitg)-i'(C.do" + e-,,q, dt) dr g0J-26,

=Q( .  ! ,orr.  =, r t l4tu. \- 
4, \@.- grt4nt,yz + (. + ,+F) tro.7'271

we have defined in (10.2-7) the spectral density function in such a waythat only positive frequencies need to be considered. For or ) 0 the secondterm on the right side of (10.7-27) contributes negligibly so thar

S"(a,r) = @1 Pl4-nt,
4n Qul4fit.): + (a, - @dl

llo.7-21't

r. Using

(10.7-25l-

(10.7-zEl

which corresponds to a Lorentzian-shaped function centered on the nominalIaser frequency @\ wirh a fuil width at half-rnaximum of

(Aar)*., = 
#, t10.7-zel

Recalling that rhe total power emitted by the electrons is p = ihohlt,an_ddefining the passive resonator linewidth Arrn = eit"j:i,*. "* rewrite(10.7-29) using (tO.7-ila) as

rr
i
t
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(Ay)r . " . ,=*=y

which, recalling the definition (10.7-8) of p,, is identical to (l0.Gl3).

(10.7-30)

Numerlcol Exomple: Linewidth of a He-Ne Laser and a Semiconductor Diode t aser

To obtain an order of magnitude estimate of the linewidth (A y)r..., predicted
by (10.7-lO;, we wiil calculate it ih the casi of two largetydidffi;iyp;;;;
CW lasen: (t) a He-Ne laser and (2) a semiconducror Galnasp hsei.
l .  He-Ne laser.

v = 4.741 x l0r Hz (A = $2g A)
/ (distance between reflectors) = 100 cm
Loss = (l - R) = l7o per pass

From these numbers we get

( a v ' n l =  I  = ( l - R ) "
zzr t ,  z# 

=5x lo5

(i.e.. r. = 3.2 x l0-7 s) and from (t0.7-30), assuming p = | (i.e., N, <
N:t'

( A z ) * * = 2 x 1 0 - 3 H z

a t a p o w e r l e v e l P =  l m W .
The predicted linewidth is thus so sma[ as to be completely masked

in almost all experimental situations by contributions dui to exuaneous
causes. such as vibrations and temperature fluctuations.
semiconductor laser. we use as a tlpical example the case of a GalnAsp
(,'\ = 1.55 g,m) laser with the following pertinent characteristics:

P = 3 m W
y = 1.935 x l0r4 (,\ = 1.55 pm)

Aytn:#

R (reflectivity'1 = 3gVo
l = 3 0 0 p m

n = 3 . 5

t L = 3 ( a t I = 3 0 0 K )

*_-
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This results in Aus/3 - 3 x l0t0 (i.e., t, = ll(Zr\'vtn) = 5 x I0-r: s)

and
(AY)r".., = 0'817 x 106 Hz

The experimental curve of Figure lGl2 shows the predicted [Equation
(t0.t-30)l F-t dependence of (Ari"*,, but the measured values of the line'

*iatth "r" l.rg", 
-by 

a factor of -70 than those predicted by the analysis'

This discrepancy iras been studied by a number of investigators l2L22L

*t o t a"" st o*n that the analysis leading to (10.7-30) ignores the modulation

oi tn" index of refraction of ine laser medium' which is due to fluctuations

of the electron density caused by spontaneous emission. when this effect

is included, the result is to multiply Equation (10.7'30) by the factor

where An' and An'are, respectively, the changes in the real and imaginary

p"ni of tn. index of refraction "seen" by the laser field due to some change

in the electron density' The factor I + (An'lAn")2 can be calculated from

measured parameters of the laser or measured directly t6]. Its value is -30

in typical cases, "nough to reconcile the observed data of Figure lrl2 and

the prediction of Equation (10.7-30).

v 0.5 l .o l  -5

tnvcrsc power lmW-l I

Flgure l0-t2 The mcasured dependence of the spectral linewidth of a

semiconducror laser on the power output. (Afier Reference [19].)

,.(#")' (r0.7-3ll
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COHERENCE AND INTRFERENCE

The big difference, over nine orders of magnitude, between the limiting
Iinewidth of conventional, say gas lasers and semiconductor lasers, is dul
mostly to the very short photon lifetime r" in semiconductor laser resonators.
At a given power output we have from (10.7-30) (Ay)r."* a (A,vtn)z q r.-3. In
the above examples we obtained r. = 3 x l0-s s in the case of ihe Hl-Ne
laser, and tr- 5 X lQ-t: s in the semiconductorlaser. Since l" - Inlc6 -
R), the main hope for increasing r. in a semiconductor laser, thus decreasing
the linewidth (A z)6".,, is to increase / by placing the laser in an external
resonator and by using high reflectance mirrors R - l. Semiconductor laser
linewidthi in thC kilohertz regimE are obtainibiC.

An actual (measured) GaAs/GaAlAs semiconductor laser, Lorentzian
field spectrum is shown in Figure l&13.

H 4OMHz
Flgure 10.'13 The measurcd Lorcntzian field spectrum s.(or) of a semiconducror
laser. (After Refercncc [19].)

IO.8 COHERENCE AND INTERFERENCE

In Section I0.7 [Equation(10.7-E)] we have derived the following expression
for the autocorrclation function of the single-mode laser field

Cs(r) = (A@AQ + r)) cr cos oste-r,tai,

= cos ebre-rtt

4frt.
T " = -

lL
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where i'is the number of photons inside tlte resonator, tL = N?(N: - N,)
and t is the photon lifetime (the decay time constant for the mode opticat
energy if the gain mechanism were turned off).

Ttry nlqmeter r. is called the coherence time of the raser field. According
to (10.7-29) it is equal to Zl(a,o),-.o where (Aar)o".. is the laser outpur fielJ
iinewidth. In practical terms it is the time duration. dul.ing which we can
count on the laser to act as a well-behaved sinusoidai oscillator with a well-
defined phase. If we try and correlate (by means to be discussed below) the
laser feld with itself using a time delay exceeding r., the result approaches
zero. one form of a field 8(r) that will display this behavior is ihown in
Figure lGl4. The feld undergoes a phase memory ross on the average every
z" seconds. It is intuitively clear that performing the autocorrelation opei-
ation as defined by the first equality of (10.&l) will yield a resuh whose
roughfeatures agree with the form (cos @or)e-,n..

Next we will considerhow the autocoreration function cs(z) is obtained
in practice. The configuration used most often is the Michllson interfer-
ometer illustrated in Figure l&15. An input field €{r) is split into rwo com-
ponents. one of these fields is delayed relative to the second by a time delay

2(L' - L,l
i = - : - -

c

The two fields are then incident on a square-law detector whose current
constitutes the useful output of the experiment.
_ Assuming equal division of power, the total optical field at the detector

plane is

E / t ) = 8 ( t ) + E ( t + i

According to the discussion of section ll.l, which the studenr
to preview at this point, the output c'rrent ofthe detector is

ia= affi
a is some constant that is irrelevant in the present discussion, and the bar

Flgurc 10-14 A sinusoidal field whose phase coherence is intemrpted on the
aver?gc every 7c seconds.

(r0.8-2)

('r0.8-31

is advised

(r0.E{}
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Mirror
----- /2,////2.

l l

I r
| 1-r,

L r l

I t,.
. f f i

I
I

I

t l
t l
t l
t-J

lrilu,.
mttlor

Jr(o)

La_.,
Flgure 10.15 A Michelson interferometer "splits" an input beam into a two-
component beam and then rccombines them with a controlled time delay z =
Z(Lr - L)lc.

indicates, as it does throughout this book, time-averaging. The duration of
this averaging depends on the detector and its associated electrical circuitry
and in the very fastest detectors may be as short as l0-rr s. [t is thus always
very long compared to the optical field period which is -10-15 s.

The detector output is then

i a=a I f f i+ f f i+ f f i1
=b[* +Eiffit (r0.E-5)

since ETi = Wrl = E':.Itr" output curent fro* th" d"t."tor is thus
made up of a dc component ?t82 and a component Za6(t)U(t + r). The ratio
of these two current components is, according to (10.2-9), the (normalized)
autocorrelation function of the optical field E(t).

"rG) = 
rdcpadcat pn'r of rle c< cr(r) (ro.Edl

?indcpcndcot prrr

The spectral density function Sr(ro) is obtained, according to (10.2-14), by
a Fourier transformation

Ct(r')e-* dr (r0.8-71s*(r) = 1 l*
7f  J - -
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The above scheme foq gbtaining the spectrum (spectrar density function)of optical fields is termed Fourier-trantrirr .j"-.ir**or, ""0 the config-uration of Figure IGl5 is representative of commercia iniiruments desigrredfor this purpose. Theseinstruments are popular especialty in the far infrared(say r ) l0 pm), since the rerative inefficiency oroet""tom in trris wavelength
fg'ol.€r, be compensated to some degree by3 srow scanning rate (of r)that allows for long integration times an-a u"tiir;"ir. ";;;;rg.

A basic resurt of the f'gurier integrar transform retationTtrips (10.2-13)
and (10-2'14) between cs(r) and &(ar) is that in oro", to *rotve ^s.e(ar) towithin. sy. &o, i.e., to discern rt*"iur" in ss(&r) on the scare of 6c,r, weneed to employ time derays r) rr&tt.If we werc, as an exampre, to emproyintcrfcrcnce spectroscopy to measure the output spectrum of a commercialsemiconduclor laser with a linewidth of (Aar)r.*, = 2tr x 106 Hz, we wouldneed a delay time z that could be varied fronrO to S x tO-, ,.

ln rhe case of rasers the finire spectrar width of ttre optiJ fierd is duepredomr.nandy to phase, rather than amplituae, fluctuaifi;.-h this case aralher simple rechnique that involves mixing ft et"roOvniiJj ile hser fieldwith a delayed version of itself is sufficient to obtain- the-Lser specrrum.This method. which emproys a fixed deray instead of the u*i"ut" deray ofthe Fourier transform method, is described next.

Deloyect Setf.Hetepclynlng of Loser Flelcts
consider the confguration of Figure rtrr6. An opricar fierd is split into twocomponents that, aftera relative path delay t41?rerecombined at a detector.The spectrum of the resurting photocunent is'aispr"v"o [v-" ,p".,*m ana-lyzer- This detection method is referred to as delayed self-heterodyning sinceit involves a "ndxing" of the fierd with a derayei r"rrioo oi il.r.

since the main fluctuation of raser fierds is that of tdpi;; and not theamplitude (see commenl fo{owine Equation r0.7-r9), we'can approximatetbe field at rhe detecror by the f"J*pi""ipr,."o,

4orer = 
lU",^n +l4^er.o'.rr*,,n tr0.E-81

This field is illustrated in Figure lGl7. For delays r, that are considerabtys!on91than the phase coherlnce rime r. of the taser netJ tOefineO Uy Equa-tion (10.7-24)), 0(t * t) - 0(r) and the magnitude of the tor"t n.ta phasoris a constanr as shown in Figure lo,t7. Alth-ough thepi;;" G. o(l) variesranlomly' the angle a that determines the magnitude of E ,"l depends onryoT lh: difference eQ + u) - 0(t) and, in ne timit r, < ,-6., not changewith time. The output current from the detector is cCnstani, and nothing canbc learned from it about the laser field spectrum. It is clear that we need ro
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Figure t0-r6 An interferometric arrangement employing a 6ber delay for obtaining
the specrrum S.c(ar) of the laser field. (After ReferencJ[23].)

consider the case of t6 * 2.. In what fofiows we will consider the general.case of arbiuzry t4.
The output current r,' is proportional to the time average of the square

of the total optical field incident on the detecror. It is thus p-roportional (see
Equation l.l-2) to the producr of the complex amplirude oi trris field and irs
complex conjugate. Using (10.8-8) leads to

ra = SE6 {eiail + eil'4ld+e1t+'drl} x {g-iart + 2-4oota.ert+ratty n0.g-9)

= SEi 12 + 4ttrrr-ntd-e/u+ril + e-rlo{rr-..ror,r-ee+rdtl1 tlO.S-fOl

Real pan of ficld

Hgun lGlT construction showing the totat optical fietd at the detector. For shon
delays. ta 4 r., 0(t + t) = 0(r) so that a and, conseguently, thc total field
amplitudc are constant.

0

ao

l , - l k m

t d + e ( ,  +  t d )
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I$tf :':j:1,::T:*r*?^rj:gT jl.^d:l..tor.wewirlderivethespecrru0r
lt",,iy,:T:r-r*::l1;*y::tfu ntcrrinetneorernieq""u";"ioTliilT
llt*1:: ::: 1,: ::11ir_g.ru,o"orr"l"ti on fun cti on of c ;.(r)"r ii;,",13.1;ra. Defining as in Eguation (10.7-19)

4 , 0 ( t , r )  = 0 ( r +  i - 0 e ) (10.8.il1

we have reasoned in the last section (see discussion folrowing Equationl0'7'2t) thar A0(r, r) is a random Gaussian u"ri"ii.. il-f;ii;*, thar tbedifierence a'(t, r) - L'(t * ta, r) is arso a Gaussian ""ri.ur. ,o that, in arnanner jdentical ro rhar used ro derive Eguation A0.7_2q: ;obtain

Now

( [ A a ( r , d - A e e +

where we used

(e|I A otr.r)-A at p u."ll) - g - | t2/(,,, ott.zt- L o ( t + t a..i,l) (r0.8-t2)

ta, r)f2) = 2(A0(r)J3)

2(A,0(t, iA,o(r I ta, r)l (to.&t3l

C4(r),"o,, = JPE6 (e + e-#:J

([Lee, r)J2) = {Lfl(t + ta, r)Iz) = ([Aa(r]J:)

From the eguation preceding (10.2_10) and putting r = z

{A0(r)12) =# =': t,= 41r!p,
ht, Tc

Using (t0.S-13) and (t0.&I4) in (t0.&12) anA (lO.gl0), we obtain

Ci"G) = StE6 [4 + Ze-#e6c(r.,)ao(r+rd."))]

Special Case t6 ) r.
In the special, but important, long delay case t4 * r",we have

Iim (A0(r, r)Lfl(r * ra, r)) -.+ Q

and
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FT.rplo.tins (t0.7-t+i oi using oiiectii iire resutts of (t0.7-28), we obhin rhefollowing expression for the spectrai density of the ;;;;;;

(10.8-r8)

(10.8-r9)

(r0.6-20)

The spectrum thus consists of a dc, 4z.d(o), term plus a Lorentzian distri-bution centered (if we count negarive frequencies il < 0) on O = 0 with afull width at half maximum of
A

( A O ) F w H M = j : 2 ( A o ) 6 , . ,
. c

The last equality, derived from (10.7-29) states that rhe width of the specrrum
of the photo-detected current in the limit r, ) r" is twice that of the laserfield.

The rigorous treatment of the general case involving arbitrary varues ofth_e delay ra is beyond the scope of ttris book. since it rJquires a knowledge
of the function (A,'(t, r)L'(t * ta, r)). The derivation of this function in-volves the solution of the nonlinear, noise-driven laser equation. The resultis (see Reference [22J)

(AA(r, r)L'(r * ta, r)) =
- t  L  -

min(r. t.)
. c  . c

wf9r9 {ntr' ra) signifies the smallest of r and ra. The last result together
with (10.8-13, 10.8-20) when substituted in (t0.&i5) give

c6(r) = (ia$)iaG * z)) = s2E3 t4 * ls-1.2admia{t.tat1
r r- 

r [to'&al

s'(o) = 
; J _- c,Jt)e-n' dr

= 85PE (l + e-z'd,.) 6(f,})

.(#J| , - ,-rr,, /.o, or - 2 sin ora\ I
L \ ' r--r,r)J

(r0.E-221

|.;J + o2

The integration leading to (10.&22) is long but straighforward. Equation(10.&22) reduces, as it should, to (10.&lg) when tatrl- r. In summadon,
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0 t

Hgun l&lE The spectral density S,.fO). as given by Eguation (10.&22) of the
photocurrcnt in a delayed self-heterodyne detection of the output of a laser. Thc
ratio of the delay time (la) to the laser field coherence time (r.) is a parameter.
The freguency abcissa is in units of r.- r. r. = (Ay),;,!.

we recall that only in the c?se t6l4 > l, i.e., a long relative delay, is the
spectrum S,-,(O) a Lorentzian. A typical spectrum of a serniconductor laser
obtained with a setup similar to that of Figure tG'!6 is shown in Figure lGl3.
A plot of the theoretical spectra of (10.8-22) for the cas€s 16112. = *, t, 0.2
is contained in Fieure 1G18.

IO.9 ERROR PROBABILITY IN A EINARY PULSE CODE MODUTATION SYSTEM

The simplicity and reliability of digitat processing by integrated electronic
circuits has made it increasingly attractive to transmit information in the
form of binary pulse trains. For optical communication systems. the analog
data to be transmitted are coded into a train of I and 0 electrical pulses so
that each pulse carries one bit of information. The electrical signal thus
generated is impressed, say, by means of a modulator, on an optical beafi.
resulting in an optical train pulse. The optical signal having propagarcd
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Comparison betwecn active- and passive-cavity interferometers
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Department of Nuclear Physics, The Weizmann Institute of Science, Rehowt 76 100, Israel

(Rcceived ll Octobcr l9t5)

Both active- and passive-cavity interfcrometcrs 8re considercd at prcent for displacenant sensing
in broadband gravitational-radiation detectors. ln spite ofan apparent differcncc between thc noise
sourcc that limit their performance, wc show that active- and passive-cavity interferomcters are of
the same strain (or displaccment) sensitivity if idcntical rsonators and storcd fields of equal intensi-
ty are assumed.

I. INTRODUCTION

There is a strong belief that long-base-line laser inter-
ferometers will sooner or later achieve sensitivities that
will allow detection of gravitational radiation (GH. Ac-
cordingly, large interferometers have been built and are
currently undergoing a process of testing and upgrad-
ingr-: while very larie ones are seriously being con-
sidered.45 In order to achieve as long an dfrctive base
line as possible, the arms of these interferometers contain
citber optical delay lines or optical cavities. These are
passive optical systems, since they receive light from an
cxternal souroe, usually an argon-ion laser.

Active-cavity systems that take advantage of the very
high sensitivity of laser frequency to changc in resonator
lcngth are an alternative approach to GR detection.qT A
prototype gravitational-radiation detector employing an
active-cavity displacement scnsor has recently been con-
structed, with a noise level cquivalent to displaccsrcns of
3x lO-t5 cm/tlztn,above 2 iclz.s

In the early development stages, therc was hope that
active-cavity detectors could be made more scnsitive than
passive-cavity detectors.5 On the other band, since the
phasc noise of laser light, due to spontaneous emission, is
higher than the one due to shot noise that limits the pcr-
formance of passive interferometen, it has bean argued
tbat active-cavity systems are intrinsically lcss scnsitive
than passivc ones. We show in what follows that for
ficlds of cqual intensities stored within identical resona-
tors, active- and passivc-cavity intcrferometers a.re of the
same displacement sensitivity, although the typcs of noise
which limit thcir performanoe are apparently of different
nature"

II. ACTryE.PASSTVE C\CMPARISON

Consider the interferometef, geometry shown in Fig. l,
consisting esscntially of two pcrpendicular Fabry-Perot
cavities and a beam splittcr. If an active medium is added
to the resonator!, they become lascrs operating in a
heterodyne configuration characteristic of an active.cavity
interferomctcr.t If, on tle other hand, tle active medium
is removed and the system is fed light from an external
laser, the geonetry of Fig. I corresponds to a passive-
cavity interferometer of the type usd for tle

gravitationat-radiation detectoC at the California Institute
of Technology. For the sake of comparison, we shall as-
sume a passive- and .an active-cavity interferometer with
idcntical Fabry-Perot cavities.

A parameter crucial to interferometer performance is
the amount of light handld by the system. For conveni-
ence, we chose to describe this parameter by fr,, the inten-
sity of the light stored within the resonaton, integrated
over the cross section of the beam. Active and passive
systcsrs will thus be compared under the assumption that
they employ fields with the same .Ir,.

In an active-cavity interferometer, the laser bcams of
frequencies ar1 and ar2 combine at the bean splitter (see
Fig. l) and provide, after photodetection, a beat signal of
frequency @B:o)z-@r. When the mirror spacings in the
two lasen change by Alr and AL2, the beat frequency
changes by an amount LoD:a(ALz-LLr)/L, whqe ot
is the mean value of r,r1 and ot2, while .L is the mean value
of L1,L2, the optical length of the laser r6c,nators.
Changes in a4 are monitored by frequency denrodulation.
The intrinsic noise that limits active-cavity interferometer
performance consists of laser frequency fluctuations due

FIG. l. Optical layout of the active-cavity interferomctcr.
I'i, mirrors; AM, active mcdium; BS, bcam splitter; PD, photo-
dioda
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FIG. 2. Optical rconator gconetry. A and B arc the ampli.
tudcs of the inconing and outgoing ficlds, C is thc amplitude of
thc field transmincd by'the coupling mirror, r is thc amplitudc
transnissivity of the coupling mirror, and r.,r 8rc amplitudc rc
llcctivitics.

operated at resonance (O: l), whene {'is the largest.
For givcn mirror losses, i.c, for grvcn a it is found that

thc coupler reflcctivity that minimizes 6ff is rc:r3. LJs-
ing also the explicit form of the cavity quality factor
Q:2trL /]'(l-r"rl, the noisc limit for an interferomctcr
with arms consisting of passive optical resonaton bo
com6

6L3:

33

to spo,ntancous *rnission. The spcctral dcnsity 6f,2 of the
smallest displaccrnents detectable with an activocavity in-
tffferometero can be written as

^ - ' iuttL2
b L 2 : -  ( l )--a 

lr.gze-R1R2) 
'

where the subccript I stands for the active cavity, e is
the quality factor of the resonators, and R1,R2 are the
power reflectivities of the laser minon.

The limit to the measurement of small displacernens
with a Michelson interferometer is determined by the shot
noise generatcd by the pboton flux impinging on the
photodetector. The spectral dansity of disptacerrents
equivalent to the shot noisc ise'lo

6Li :4,-  
Zq l@' l ' '  

(2 )

where the subocript P stands for the passive system, 4 is
the quantum efficiency of the photodetector, .I is the total
intensity of the light leaving the inerferometer, and
Q':dQ/dL is the sensitivity of-the phasc shift in cach
arm to changes in arm length.

Optimization of Eq. (2) is now carried out for an inter-
fsometer that contains a passive Fabry-pcrot cavity in
each arm. Thc scnsitivity of this configuration is com-
pared in Scc. III with that of a Michelson interferometer
which eurploys delay lines.

Assumc tlat one of the resonator mirrors has zero
transmittance and an amplitude reflectivity r such that
Rr:r2. The fractional ioss tle Ueam .ip"ri.rrc"s fo,
each reflection on this mirror thus is l-r2.- Further, as-
sume that the coupling mirror has amplitudc reflectivity
r' such that .R2:rj and that the losscs are the sagre as
for theligh reflector. Ifwe choose r and r. rcal and neg-
ativg the amplitude transparency cocfficicnt r has to be
taken purely imaginary (scg-c.g., Rd. ll). Coupler
transmittance thus is Tr:-g2-72-r"2. Undcr steaay-
state conditions, the incident amplitude l, the outcoming
anplitude B, and the amplitude C of the stored neH (scc
Fig. 2) are related as follows:

B: reA+t rQC,  (3 )

C:tAlrrr(bC 6)
where O:exp$4TL /I) is the phase factor corresponding
g.1fullround trip in the resonator. Solving eqs. 6l ani
f) for B and C yields the output-to-input power ratio €,
the- rynsitivity of the phase to changes in arn len4h {,,
and the relation between the intensities of the output beam
and the stored field for the resonator witb loss€sl2 opcrat-
ed as a reflector:

7 {r, -r3)2
9 : - :- 

fo (l -r,rl2 '

I T
. ,  l + r r l  r b ,2 - r2 )

v - r T r F'  
[  , ,  J  { r . - r 3 ) t t  _ r c r l  '

G- -1312
I :7 f r1" r .

z\r- -r; )
Equations (5)-(7) are evaluated for an

reflecting
r9t,
TZ
w
Vz
w
w
Vz
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ql

%
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z
Vz
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B

(r)

(s)

4qrilue2,l-ral 
'

Under thc assumption that the active and thc passive
interferometer employ idcnticat Fabry-Pcrot cavitie and
contain storcd fidds of the same intensity, comparison of
Eqs. (l) and (8) yiclds

6Ll
-_ .16  (g )

6L| 
-''r '

where the fact that ra- I has been taken into account. In
other words, the ultimate sensitivity of the interferometcr
is the same, irrespcctive of whether it employs active or
passive optical rconaton. The rcason for this is that io
both cascs the noisc levd is dcteimined by the stored coer-
g[, oD one band, and by thc magnitude of the losscs, oo
the othcr.

UI. COMPARISON BETWEEN PASSTVE CAVITY
AI{D DELAY LINE

In an optical delay line the light beam is rqatrdly
bounccd back and forth betwecn two highly reflecting
minors of powcr rdlcctivity R:rZ. The noise level for
an interfcromcter with anns consisting of detay linc is
obtained from Eq. (2) by r4lacing I:QIs and takinS
into sccount the fact that for e rcflcctions €:X' ald
6':Qn/j' l(z +ll:

lu)
il0)6L3:

zr t lokzR ' tz+ l )2 '
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Equation (13) shows that the optimum noise limits are

similar for interferometers using either passive Fabry-
Perot cavities or optical delay lines.

We conclude this section by stressing that, for given
nirror losses, the Fabry-Perot cavity is optimized by
eatisfying the condition rc:r', whilc the delay line is op-
,frrzld by an appropriate choice of z, the number of re-
flections.l3

ry. DISCUSSTON

The way to obtain the higb strain sensitivity required
by gravitational radiation detection is highlighted by
evaluating the spectral density of the smallest detectable
strzrn 6L2/L2 by use of Eq. (8) [or of the equivalent Eq.
(l)]:

6L2 l-ra
f 

:"oost"4 ' (14)

where the constant has dimensions cnergyxlength2.
Equation (14) follows e.g., from Eq. (8) by replacing the
cxplicit form of Q and the optimum coupler reflectivity
l c : f  

- '

In an activecavity systern, fr, can be increascd by cm-
ployrng a high-gain anplifying medium and high pump
ing levds. For passive-cavity devices, one has to increase
the power of the laser beam injected into the cavities. It is
also desirable to have mirrors of lowest possible losses and
a long cavity. In tbe case of a passive resonator, the re-

lH. Biling, K. Maischbcrger, A. Ruediger, R. Scbilling, L.
Schnupp, and W. Wiaklcr, J. Phys. E 12, lo4'3 |1979).

2R. Schiling, L. Schnupp, D. H. Shocrnaker, W. Winkler, K.
Maischberger, and A. Rucdigcr, Max Planck lnstitute for
Quantum Optics Rcport No. MPQ 88, t9t4 (unpublishcd).

3R. W. P. Drever, in Prcceedings of the NATO Adwnceti Study
Institute on Grauitational Radiatio4 I*s Eouches, 1982, eiht-
cd by N. Denrelle aod T. Piran (Nortb-Hollan4 Amsterdam,

3 l  t 3

sulting nartow bandwidth sets critical frequency stability
requirements upon the lascr which provides thc light to
the-interferometer.- On throther hard;' a-long laser-reso-
nator means close mode spacing. The resulting large
number of modes that may simultaneously oscillate is not
an attractive possibility for an active-cavity interferome'
tcr. Thus, the natural way to inprove the sensitivity of an
active-cavity system is to increase both I and f' by use
of top qudity optics and by choosing a high-gain active
mediun, while kecping the resonators reasonably short.

It should be kept in mind that the active-passive cavity
comparison in Sec. II has been made under the implicit
assumption that the active medium of the laser does not
affect resonator Q in any way. If very high quality mir-
rors and low output coupling are used, this reguires the
active medium itself to be of very low scattering and that
virtually no absorption should take placg except for the
laser transition itself. . Mor@ver, worries have been ex-
pressed about the active medium contributing excess
noise, e.g., gas pressure fluctuations and plasma noise in a
He-Ne laser tube,la thus preventing opcration at the
spontaneous-emission noise limit. Nevertheless, wc have
been able to operate an activecavity detcctor ernploying
two low-power HeNe lasers at the spontancous-esrission
noise limit, wbereas we measured a displacemcnt noisc
Ievel of 3xl0-t5 m/Hztn in the kilohefiz range.t
While gas-pressure fluctuations and plasma noise might
become a problerr with long anUor high-powcr gas
lasens, we expect that it will be possible to improve dis-
placcment sensitivity by 2-3 orders of magnitude by cm-
ployrng a propcrly selected solid-state amplifying nedi-
um.t Finally we note that, in the case of passive Fabry-
Perot cavities, it might prove difficult to match the reflec-
tivities of the mirron as required by the optimum condi-
tion r.:73.

v. coNcLUsIoNs

It has been shown that for identical r€sonators and
stored fields of equal intensity, active- and passive'cavity
interferometers considered for gravitational'radiation
detection are of the same sensitivity. However, the practi'
cal approach to high scnsitivity is differcnt for the two
kinds of interferometers. Thus, high quality optics, high
gain amplifying medium, and short resonators are the best
way for activecavity systems. For practicat reasons, only
a limited artount of optical power can prcsently be inject'
ed into passive'cavity systems. This is compensated for
by an increase in arm length.

1983).
aP. Linsay, P. Saulson, and R. Weiss (unpublishcd.
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COMPARISON EETWEEN ACTryE. AND PASSNTE.CAVITY . ..

arlere the subscript D stands for tbe delay line and

Y=2tr/)''" 
For.given Rrtherinimum value ot EL,| as a function

of zis"

^ - i l .8}lu/t-r2)2
bL-D: 

,nlrkr,-

The optimum noise limit tEq. (8)l for an interferometer

with passive optical cavities is rewritten by using Eqs. (2),

(5), and (5) and the optimum condition rc:r':

^ -  ,  la \ - r2)2bLF:att zro '

6iomparison between Eqs. (l l) and (12) yields

0 l )

(r2)
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PIfYSICAI REVIEW A

I. i}ITRODUCIION

ln tbc usc of intcrfcromctry for ccnain high-prccision
mcasurcmcnls-(ag-, rotation scnsorsl or gravitational.
e/avc delcctorsl) it is common to distinguishtt*on p"r-
sivc dcviccs (whcn light from an cxtcrnat sourcc is injcctcd
into an cmpty cavity) and activc dcviccs (whcrc thc light
is intcrnally gcncralcd by a gain mcdium insidc thc cavi-
ty). In both cascs what is bcing m-<urcd is thc dcruning
of thc cavity from rcsonancc, which is proponional to thc
signal (rotation ra!c, for cxarnplc) rbat onc is rcally in-
tcrcstcd in. ln a passivc cavity thc detuning causcs a
phasc shift; in an active cavity it causcs a frcqucncy shifr,
that is, a phasc shift which grows lincarly with rimc. For
lhis r.^<on activc cavitics appcar lo bc porcntially morc
s:rrsitivc than passivc cavitics ovcr a sufficicntly long
mcasursmcnt timc.

On thc othcr hand, whcn thc noisc limiting thc pcrfor-
marcc of both kjnds of systcms is rakcn into account, it is
found rhat rhc scnsitivity (signd-renoisc ratio) is esscn-
tially thc samc in both. The signa.l-to-noisc .ratios for op-
timized pa<<ivg ard activc systcrns diffcr only by numcri-
csl factors dcpcnding on thc cxpcrimcrrtal arrangcmcnt,
but tbc order of magnitudc and rhc dcpendcncc on rhc
cavity losscs and thc powcr is thc samc. Thc limit for rhc
passivc dcvicc is usualJy dcrivcd by considcring shot noisc
at thc photodctcctor; for thc active dcvicc, instcad, it is
givcn by fluctualions in thc tascr phasc-the fluctuations
vbich givc risc to tbe lascr lineeidrh and which arise
frorn spontancous cmission in thc gain medium.!

From a fun&rncrrtal point of vicw, this is a profoundJy
unsatisfactory rcsult. It is as if two diffcrcnt systcms a-nd
two diffcrcnt noisc sourccs somcbow corspircd to producc
thc sr-c rcsult. Evsn morc amazing is the fact that
csscntially thc samc limit rccurs in cvcry conceivable
d.tetion schcmc, in very diffcrent cxpcrimcntat arangc-
mcnls, froa lascr gyroscopcs{ to gravitational-wavc dctcc-
ton.) Yct no cxplanation for this rcmarkablc coincidcncc
appca-rs to havc bccn prcscntcd in thc litcraturc.

Onc w91ds6, of corrrsc, whethcr there is a sort of fun-
dara<ntd limit lurking in the background. Yct ncirhcr
sbot noisc nor spontaneous cmission noise arc uitimatc
limits to signal proccssin3. Shot noisc can be reduced by

YOLI'ME 3J, NUIdBER 6

squc-'ing thc vacguai,5.7 and phasc-scnsitiyc amptificrs
may bc conccivcd which nccd nor dcgradc apprcciably thc
signal-tonoisc rario of onc guadraturc (the phasc. for in-
stancc) of rhc signal -rhcy amplify (in rhc tanguage of
Cavcs's classic papcr,t thcy may havc ncgligiblc addcd
noisc for that quadrarurc, alhough thcy stitt havg 1e 2rr-
plify thc signal's inhcrcnr noisc along wirh thc signal ir.
sct0. Such an amplificr, operating with a squ-'cd-statc
input, would havc ncgligiblc spontancous-cmission.
induced phasc fl uctuations.

l{lhcrc, thcn, docs thc ulrimatc limir comc from? A
carcful study of rhc problcm rcv.^ls rhal rhc caviry lcscs
play a crucial rolc, and rhis note cxplairs why. Thc coin-
cidcncc of thc Umis for activc and passivc dcviccs is nor,
as it could not bc, a coincidcncc ar alt: thc diffcrcnccs bc.
twctn thc two kinds of dcviccs arc not, in a rray, as dccp
as onc might havc cxpcctcd; and, from a ccrrain point of
vicw, it, is thc flucruarion-dissipation thcorco wbich lics
at thc hcart of thc mattcr. In rbc proccss of rcaching this
conclusion, just about cvcry fundamcnral problcm in
quantum optics, from squezing to vacuum fluctuations

il:.:n. 
lascr lincwidth, malcs at l.-sr a carDco app<:l.

II. PASSIVE CAVITIES

Thc first point thar nccds to bc cstablishcd is what is
common to tbc rcsponsc of both activc and pa<<iys 6svi-
tics to a cavity dctuning, and we bcgin by sbowing rhal
onc can look at tbc passivc cavity in a way tbat srakcs it
look vcry similar to an activc onc, and whicb shows cxait-
ly what it is that the activc onc docs tbar makcs it dif-
fcrcnt. All thg clisc,ssi6n5 that follow will cooccntralc oo
the ficld insidc thc cavity onJy, in a singte modc, and in.
quirc as to how well its phasc is dcfincd; rhc problcms as-
sociatcd with cxrracring tbe lighr and actruJly pcrfortsing
thc m...urcmcnt will bc ignorcd, sincc thc fundamcnBJ
limit may bc found in tbc inrracaviry ficld alrcady.

Considcr, thcn, first thc responsc of a passivc cavity to
an clemcnary cxcitation of tbc ficld; specificaily, considcr
thc frcc dccay of a modc of thc clcctio-"gn.tic ficld, of
nominal frcqucncy ar, insidc a cavity which is slightly dc'
tuncd (lct thc cavity r6onant frcqucncy bc O aad thc dc-

Rs r. -A
I{ARCH t5, l9s7

Passive versus active interferometers: 'Why 
cavity losscs make them eguivalent

J. Gca-Banacloche
&{s'Planck lttstitut fir euantenoptir<, D-ga$ GorcAiag bei Minchen, rtat German,

aad Ccater for Adunccd &udies, Departmeat ol Physics and Asrrcnomy, (tniversiry ol New rt{ezico, tllbuguerque, Ncu Msico g7! jl
(Rcccivcd l6 Scprcmbcr !98d)

Activc and passivg inlsrfgsomctcr: (as rscd. for cramplc. for rotstion-ratc scnsing or gravita-
tional'wavc dctcction) atc &noqn to havc csscnliatly thc samc uttimarc scnsirivity, although they ap
pesr to work differcntly. havc signals of diffcrcnt sizcs, and b< limitcd by different tcjnds of noisc
khot noisc for thc Passivc clsc, spontancous cmission for lhc activc casc). This papcr cxplains this
rcroarkablc coincidcncc. Thc undcrlying physics common to borh stircms is broughr fortlr and thc
rolcof  thclosscsin l imi t inglhescnsi t iv i ty isctar i f icd.  Thcpossib i l i ryofsqucczingrhcf ic td isapl i -
citly considcrcd; it is shown wbcn it can o, cannot hctp, and why.
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trraing 6O-ar-O). Scnriclassically, thc boundary condi'
*ros rcsult in a diffcrtrrcc cqr:ation which, for small

iJt, ."y bc approximated by a diffcrcrrtial cquation for

rhc (slosrly varyin$ complcx amplitudc 8(t),

8=UAO- f ' t g  ,  ( l )

*bcrc 'y is thc dccay ratc duc to losscs- Writing
ggl:E?)e-' i(t l , onc sc^ from Eq. (l) that thc phasc

docs Srow lincarlY with timc

sball rcgard this systco as bcing roughJy cguivalcflr to q
continuots rcpcririoo of an "clcncnlsry mr:rsuremtrrt." i'
qrhich somc intracsvity ficld is allowcd to cvolvc frcs1,
samplc tbc cavity, "116 gvcnlr'clly dic away; thcn anogf
frcsh ficld is allowcd ro do tbe s'-q tlcn anothq, qk.
This point of vicsr givcs t}lc corrcct rcsu.lt for thc scls;.
tivity of a Fabry-Pcrot-ty?c P'..ivc dcvicc [Eq. (121
bclowJ asidc from nr.rocrical factors crhich dcpcnd on t[,
cxpcrim cntal sctup, and E crsurcment stratcgy.

To procccd crith thc study of gnc of thcsc "clcm:nhry

mcasurcslcnts," it is convcnicnt' to rcplacc thc ptrasc 4'
crhicb is not I good obscnrablg by soorcrhing morc suii.
ablc. Wc introducc tbc guadraturcs Xs and X1 of thc

t2l

TJ'

f{r):6rt ,

but tbc aoPlitudc is damPcd,

9111=-yE l r ) .

Eguation (2) cxprcsscs thc csscntial similarity bctwe=n thc

activc and passivc cavitics, Eq. (3) thcir only csscntial

diffcrcncc; namcly, rhat in thc passivc c:qs lh6 ficld dics

away in a timc of thc ordcr of T-'. It is imPortanl to

rcalizc, in particutar, that thc lincar growrh of rhc phasc

12;, wbich is usually said to bc charactcristic of thc activc

syslcms, i5 361rtally alrcady prcsDt in rhc passivc cavity.

Tbc dccay of thc ficld, bowcvcr, prcvsnts onc from ob-

saviag it for timcs mucb longcr tban 7-l [comparc thc

discussion bclow, in tcrms of X2; in panicular Eq. (6)J.

Tlc cootribution of thc activc mcdiurn in an activc sys-
!a, thcrcfore, is only to kap thc ficld from dccaying by
rmplifying it fin a pbasc-prcscrving way, that is, cohcrcnt-
ly), rlus malcing tbc phasc grounh (2) obscrvablc.

Accordingly, Eq. (2) might bc dcrivcd by simply taking
ric phasc and amplitudc cvolution cquations for an activc

systcm (for cxarnplc, thc ring gyro cquations from Rci l)
and formally rcmoving thc activc mcdium by sctting a.ll
tbc gain cocfficicnts cqual to zcro; thc rcsult is nothing
but Eq. (l), which shows that (2) may inded bc rcgardcd
&s a propcny of thc passivc cavity alonc. [Equation (l)

oay, of coursc, also bc cstablishcd dircctly for a passivc
cavity, as mcfltioncd abovc; for instancc, onc may b.kc thc
cvolution cquations for an ordinary Fabry-Pcrot (sec, for
cxamplc, Rcf. 9) and just sct tbc injcctcd ficld cqual to
zso: thsn (l) givcs thc frc= decay of thc fidd in thc cavi-
rr.l

Tbc main point of tbis discussion is tlat it is lcgitimatc
to considcr an activc syslstu as just a passivc cavity *itb
an amplifying mcdium insidc. Tbc conscqucnccs of this
sill bc discusscd in Scc. III.

Somc passivc schcmcs do actually cxhibit a "growing

phasc" in a sensc; for instancg thc "dclay linc" or
Michclson-typc intcrfcromctcrs in gravity-wavc dctcction
(tbc pbesc diffcrcncc bctwen the two arms grows with
cvcry round trip of thc tight bctwsn tbc mirrors), and
siogle-pr.., many-turn optical fiba: for rotation-ratc
scnsing (tbc phasc diffcrcncc bctwccn thc couaterpro'
pagaling bca.os grows witb cvcry turn). Passivc cavitics
of tbc Fabry-Pcrot-typc, instcad, arc uscd srost oftcrt
witb sn injccted ficld to kep rbc intcnsity insidc constant.
Tbcn thc phasc of tbc intracavity ficld docs not grow
bcyond a 1s2ig1rrm valuc {--:[O,/7, bccausc thc ficld
thst bas bcn in tbe csvity for a long timc (accurnulating a
Ia.rge phasc sbift) dics away, and "frcsb" Iigbt, with a con-
slqnt pbasc, is continr:ally coming io to replar,c it. Wc

clcctric fidd by tbc cquation

E( r , t : r - t1o(Xr  * iXr )  .

Hcrc Xl and )K2 21'g Jeal (or, as quantum opcraton, Hcr-
mitiaril and {e is thc initial valuc of thc pbasc, so thar ini.
ridly X2:0; thcn, as thc phasc grows, q/c may rakc X2 to
bc our signal (X2 is thc ibasclikc guadnturc, X1 rhc ar1.
plituddkc quadraturc). Eqr:ations for.ifl and X2 follow
immcdiatcly from (l):

*1 : -yX1-6 f , IX2 ,  6a)

*7 : - lX2*6 f lXr .  (5b)

Thcsc cqr:ations arc -.ily intcgratcd. Wc sball consid.
cr onJy tbc cesc when thc signsJ is vcry small, so that 6Or,
and thcrcforc X2, is always mucb smallcr than l; thcn rhc
tcrm in X2 may bc ncglcctcd in (5a). Thc solution for X,
grows at first lincarly, aad tbcn it is dampcd,

Xr(t)=e-7'6f lX1(0)l  ;

i t  is maximum prcciscly whcn t:7-1, so that thc mar.
imuro signal 6qr'^15 {r--=e-t6nXrrc)/, .  Notc that
X1(0) is just thc dcctric ficld a::cplitudc at ,:0. Wc shall
usc units sucb thst, qua.rrtum mcchaaically,
Xi+Xl:n+{, wbcrc n is rbc pboton numbcr opcraror.

rhcn  (Xr (o) )  = (n) 'n ,  i f  (n  )  i s  l r rgc .
Wc nctd !o cnquirc now about rbc prccision with erhich

thc s:'gruJ (6) cer bc knonn-that is, about t.hc "noisc."

Tbc quant"--mccharricsl opcrators for X1 and X2 bavs
an intrinsic r:nccrtainty cxprcsscd by r.hc rclation

AX1AX12 {  ,  (? )

but this by itsclf docs not tcll ts bow largc or small &t1
hes to bc. In perticular, wc migbt considcr a squeczcd
statc *ith ncgligiblc AX2.

Thc cruciai point, bowcvcr, is tbat Eq. (6) has bc=r ob
aincd as tbc solution of a systcm of cquations (5) for a
damped fidd. Now, if this ficld is a qr:anrtum-mcchanjcal
onq tbc prcscwation of tbc commutation rclariors (ulti.

maldy, tbc uaccnainty principlc) rcquircs tbat tbc dasrp
ing mebaniso (wbatcvcr it is) introducc noisc, whicb will
bc rcprcscrtcd by noisc opcrators in tbc cguariors of
motion. It is tbis noisc tbat is goirg to dctcrsrinc tlc ulti-
matc scnsitivity.

Tbc cxacl fora of tbc noisc opcrator is roodcl dcpcn-
dcnt. Thcit corrclarions, whicb arc al.l wc nccd hcrc, arc
dctrrmincd by thc fluctuation-dissipation tbcorcs:;1o for
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- definiteness, the reader may wanc'to think of the classic
model of damping by a bath of harmonic oscil latorsll
{with the standard lvlarkov approximation). At any ratc,
what wc havc to do is to rcwrile Eqs. (5) as Langevin
equations,

* 1 : - 7 X 1 + F 1 ( r ) ,

Y,= -7X2*6fLY1 +F2(r)

(as explained bcfore, wc have neglected thc tcrm propor-
tiona! to X2 in the cquation for X1), Thc noisc oplr9lors
.F1 arc F' and Hcrmitian. They arc uncorrclatcd in the
sensc that thcir Hcrmitian correlation function
(^F1(r)F1(r ' )+F ( r ' )F, ( r ) )  vanishes [ the non-Hcrmi t ian
corrclation function (Fs(r)F1(r')) is purely imaginary].
lvlost importantly, thcy satisfy

( F r ( r ) F r ( r ' ) )  : ( F { i l F z ( t ' ) ) : * 1 6 ( r  - r ' )  .  ( 9 )

The crucial point, apparent from Eq. (9), is rcally that thc
losscs arc phase insensitfue.' thc'damping bath puts thc
same amoun( of noise in cach quadrarurc. It is for this
reason that squcezing is desrroyed by losses (as alrcady
pointcd out by Cavcslz); it is from this facr that a funda-
mental I imit arises.

When the system (8) is integrated, onc finds for thc
noise in X2

axl t r t -e  -zr \6x3lo+ 
* t  r  -  e  - : r , )  , ( t 0 )

aside from terms which are smaller rhan rhose kept by a
factor of 6O,27 (which was assumcd carlier to bc very.,
small). Equation (10) shorvs that, rcgardless of what the
init ial noisc in the quadrature X' is, the noise associated
s'ith damping wil l (because of its phasc-insensitivc naturc)
tend to put in X2 the noise associated rvith vacuum
f luctuat ions- that  is ,  AX1:AX2:  f  .

i t is norv a simple e.rcrcisc to use Egs. (6) and (10) to
calculate the nraximunr s ignal - to-noise rat io .  The resul t
depends somcrvhat, of coursc, on the init ial amount of
squeezing that is prcsent Ithat is, the value of (AX1 )s], but
not in order of magnitude: the marimum signal-to-noise
ratio is always reached after a time of rhe order of 7-l; by
that t ime, the noise in X2 is alrcady of the ordcr of mag-
nitude of that for the unsgueezed vacuum (i.e., 1 ), and
rhe minimum detectable signal 6fl (defined as the value of
6O giving a signal-to-noise ratio of unity) is, rherefore, of
th: ordcr of

6f!^i^-y /X {0) .  t i l l )

We must take into account now rhe possibi l i ty mcn-
t ioned earl icr of repcating the measurcmcnt a large num-
bcr of t imes. Sincc each elemcntary measuremen! lasts for
a t imc of thc order of y- 'over a total measurement t ime
lh, we may perform N :Tl^ elementary measurements,
and the signal-to-noise rat io wil l  improve by a factor of
rY l / : .  Then the  min imum detec tab le  6O bccomes

r  t l / 1

60-,--  l - l -  |  ( r2)
l a ' ^  |

r " -here  r le  have rep laced the  X1(0)  o f  Eq.  (1  |  6 ' i  G,  a

being thc al'cragc numkr of photons in the cavity- TLil- -

is indccd thc rcsult obtaincd for passivc intcrferooctcrs il
which onc is constantl,v injccting lrcsh light, as was said
abovc.

liy'c have sern now the two ways in which losscs affcct
advcrscly the pcrformancc of a (passivc) intcrfcromctcr.

First, bccause the field is damped, thc "phasclikc quadra.

ture" which carr ies the inlormation about thc signel doo
not Brow past a ccn3in milimum valuc (rcachcd aftcr s
t imc of thc ordcr of 7-t).  Se'cond, thc losscs introducr

somc noisc whosc cffect is to cnsurc that, aftcr a timc of
the oidCr of y-t alain, thc n6isc in.that quadraturi  is tbi

samc as for unsqueezcd vacuurn fluctuations, rcgardlcss of
whether onc started *'ith a squeezed state or not. It is
prccisely this latter effcct rvhich cnsurcs that thc "sbot.

noisc l imit" calculat ion givcs thc same ordcr of magnitudc

as Eq. (12), sincc shot-noisc may bc rclated in varioru

ways (dcpcnding on thc c.rperimcntal arrangcmcnt) to vac'

uum f luc tua t ions  a t  the  photodetec tor . ' ' ' '

J. GEA.BA}IACLOCHE

(8a)

(sb)

3J
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Sincc we havc idcnti f ied what l imits thc sensit ivi ty of a

passive intcrfcrometcr, wc might think of doing sooa

ihing about ir  in rhc fol lowing way (which, as discusscd

carlicr, Icads esscntially to arr "activc" schcmc): to col'!'

teract thc damping of rhe f ield due to thc losscs, introducc

a gain mcdium in the cavity which cohcrently rcg3ncralcs

th-c signal. Then, *'ith the losscs cffcctivcly gonc froo

E4. (81) (and Xs, thc "ampli tudcl ikc" quadrarurc, loclcd

to somc saturation valuc), Xl would bc fre to grow

lincarly rvi th t imc instgad of evcntual ly decaying as in Eg'

(6 ) .
\\rhen thc opcrarion of an activc dcvice is undcrstood il

this way, the ic"son *'hy it docs not work (bcttcr than tlc

f"t  i r .- iyrr. . ,  thet isi  is actual ly almosr obvious: tbc

gain medium cannot but ampli fy thc signal and rhc notr

iogether. Thc activc s) 'stcnt could not, thercforc'  h"t: . :

laigcr signal-to-nois3 rat io than thc underlying passlvc

syStcm.
This may be formally shown *' i thout much dif f iculry'

Assumc that the ."olut ion of X1 is givcn by Eg' ( lbl

without the losses, and rvirh a constant X1:X/01' w-c,

are neglecting any "addcd" noise ( in lhc rerminology ot

Rcf. 8) introduced by the ampli f ier which might '  thar

fore, be a totally clasiicat device, or a phase'sensitivc am'

p]intf uii r.itig;ut. Ja.o ""it. r*ih. qurd,ttott Xt'

i t  migtrt  s*rn 
-rt- f i rst 

sight that se are r6tncl ing otJ' '

, . frcsio l inear ampli f icrs-only, bur rhis is not so'- *"*.

only requir ing lhat the ampli f ier 's trcalrnent o/ the guw '

rorure X2 be, to a good approximation, I in.tr '  This bto

bcttcr be the casc, ", *t;'.i;, ;i;;.'"iitlt*i* trtc rclstint

of the output of the device to rhe signal of intcrest ls n6'-

tr iviaJ rask; in any event, the val idity of rhis assumption 
l '

practical ly guaranrecd in a] l  the "as.s of interest hctt

(namely the dclet ion of very * 'eak signals' ,-wrbd

6Ot-  44  l ,  so  tha t  Xz<< l ) .  The ampl i f ie r  t ' y - '? i ,1 . *

!hc case of an ordinary laser medium, * ' i l l )  treat tnc e-" '

ra tu r :  X1  non l inear ly ,  bu t  rhe  l inear  approx ina t ion  
sdr

describc i ts processing of X1 quite well '

Th :  so iu t ion  fo r  x : ( t )  i s  then
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consistcntly with Hermitiar opcralors, it is not surprising
to find one-half of the spontaneous cnrission to comc

from amplilicd vacuum flucruations (the missing half

would comc from thc amplifier's own addcd noisc, which r

wc have ncglcctcdh comparc this with rhc rcsults in Rcf-

16.
Onc final comment may bc madc. It sems rcasonablc

to assumc, as wc havc donc, that by ncglccting thc

amplificr's addcd noisc wc arc indccd looking a! thc most

favorablc sccnario, from thc point of vicw of kceping thc

signal-ronoisc ratio as large as Possiblc" Wc might' how- I
cvcr, wondcr about the possibility of thc amplifier intro-

ducing somc noisc which might bc anticorrelated with F

in thc cquation of motion for X2. But, sincc Fs is un'

corrctated with any othcr noisc in thc problcm fincluding'

in thc sensc mcntioncd carticr, F1 ), rhis could only happcn

through somc kind of fccdback of X2 upon itsclf, that is,

somc nonlincarity in thc amplificr's trcattncnt of X2, ,

which wc hdvc alrcady discardcd as bcing ncgligiblc" Thc

amptificr's addcd noisc could thereforc only makc matters

worsc, as it docs indced in thc case of ordinary lascr mcdia
(by thc factor of 2 mcntioned abovc).

IV. CONCLUSIONS

Atl thc forcgoing, cithcr as containcd in the mathcmat' 
'

ics or in thc simplcr slatcmcnt: "Thc activc devicc sus'

tains (against thc cavity losscs. i-c., by amplifying it) and

adds up both thc signal and thc noisc of rhe passivc dc'

vicc," explairu how "shot noisc" and "spontaneous cmis'

sion," apparcntty conspircd to makc activc and passivc

systcms cquivalcnt' In rcality, "passivc" and "activc" sys'

tcms arc onty diffcrcnt ways to Proc6s a singlc clcmcnta' 1

ry mcasurcment-onc whosc maximum duration and as'

sociated noisc is dctcrmincd solcly by thc cavity losscs.

Thc limit cncountcrcd hcrc is "fundamcntal" only in as

much as thc losscs arc unavoidablc- It would sccm from

what wc'havc prcscnrcd hcrc thlt onc always has to gain

from incrcasing thc mcasurcmcnt timc l-, cvcn as to

makc t- >>l-'i if that wcrc thc casc thcn all thc systems I

s,ould bc "loss limited", as thc oncs discusscd bcrc. Thcrc

arc, howcvcr, cases whcrc ,a cannot bc incrcased bcyond

ccnain limits (in a gravity-wavc dctcctor, for insuncc, it

shoutd not bc choscn larger than hatf tbc crpcctcd pcriod

of thc wavc; in ring lascr gyros, thcrc arc othcr sourccs of

crror whicb dcgradc thc pcrformancc for very largc in'

tcgration rimcs). If thc tosscs can bc rcduccd to rhc point

whcn 7-l is grcatcr rhan rhc alloc/ed mcasurcment time,

the syslcm is no longcr toss limitcd. In this casc

It^ <y-t),  the activc and passivc deviccs arc st i l l

cquivalent [cxpand lhc cxponcnrials in (6) and (?)' and

compatc with (13) and (14)] but aour the initial amount of

squeezing becomes relevant, and can indccd incrcasc thc

scnsitivity substantially, as cxplaincd, c.g., in Rcf. 12, for

gravi!y-wavc detcctors.
Aside from this, of coursc, in a practical aPParatus thc

passive and activc dcviccs will not in gcncral bc cquivalcnt

from an cxpcrimcntatist's point of view, cach onc having

orhcr mcrits and problcms of its own (in diffcrcnt con'

tcxts, th6c havc bccn discusscd in Rcfs' l' 2' and 5'

among mary othcr placcs). It is in this contcxt that all

rhose "numcrical factors of thc ordcr of unity" that wc
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*bich is csscntially thc samc as Eq. (12). Thc only advan'

1agc ovcr Eq. (ll) is the onc arising from a large numbcr

oflndcpcndcnt mcasurcmcnts, which wc might say thc ac'

tivc cavity pcrforms automatically for us, not surprising'

h. sincc e/c arc sustaining thc ficld insidc: thc passivc

oy;sy "/irtt a @nstant injccted fictd did thc samc. Onc

6igbt say that thc onJy diffcrcncc bctwccn thc two sys'

t-s is that thc activc cavity is an "intcgrator," in that wc

aigbt think of it as adding up thc rcsults of di rhc clc'

odltary measurcmcnts [which accounts for thc lincar

soeah of Xl(r)J; cach onc, of coursc, with its corrcspond'

ig noisc. Thc rcsult is, of coursc, neithcr morc nor lcss

pr.cis. (sauc, pcrhaps, for a numericzl faetor of thc ordcr

of Utyl than thc "avcragc" X2-n, calculatcd by thc pas'

sivc dcvicc.
This continuous adding up of noisc rcsults in thc dif'

fusio:r process of Eq. (la), farniliar indecd from discus'

sions of thc laser lincwidth.r{ Notc that. scmiclassically,

Xlttl-n[Ottl-Co]t, ro rhat Eq. (14) docs dcscribc a

pbasc-diffusion proccss.
What is rhc origin of this noisc, whcn wc havc ignorcd

tbc "addcd noisc" inrroduccd by thc amplificr? Formally

it comcs from thc noisc opcrator F2 associatcd erith the

damping of thc ficld. But all that thcse opcratos did, in

ilc passivc cabc, *'as to rdtorc thc normal vacuum fluc'

nrations. Thus thc noisc in (t4) is, roughly spcaking, am'

plificd vacuum fluctuations. (Jnsgueezed vacuum-thc

pb:sc-inscnsitivc naturc of thc losscs secs to that. Physi'

cally, onc might think of thc losscs as lctting unsquetzcd
vscuum "lcak into" thc cavity $ust as thcy lct thc insidc

fidd "tcak out"), with quotation marks to indicatc that wc

arc not in gcaeral rhinking of transmission losscs (shich

rre cssentially rcversiblc, and can bc countcracted in vari-

ots ways) but of irrcvcrsiblc absorption (maybc dso dif'
fraclion, ctc.) tosscs.

Tbc proccss (14) accounts for one-holf of thc phasc dif-
fusion in a lascr, shich is usually attributcd cntircly to
tpontanco[s cmission. It is somcwhat odd to scc thc
losscs takc half of rhc credit for it hcre, although this is
tbe way it comcs naturally from a Langcvin approach
(compare thc discussion in Rcf. 14, and thc rrork of Lax
il Rcf. l5). In this contcxt, it is wctl known that diffcrcnt
ordcrings of thc opcrators lcad to diffcrcnt intcrprctations.
In fact, with thc choicc we have made hcre of working
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might afford to igaorc in this papcr will; of coursc; bc-
come rclevant.
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pFYSICAL REvIEw A

I. INTRODUCTION

Tbe goal of gravitational-wave (GW) detection places
extremely high demands on the sensitivity of interfer-
ometric measurements. The existing prototype detec-
tors are able to measure fluctuations in the optical phase
difrerence between two interfering beams with a sensi-
tivity on the order of l0-8rad/Hzrl2 in linear spectrat
density.r'2 Some of these measurements go down to about
I}-s rad-l&zl/2 and have been within a few dB of the
theoretical shot-noise-limited sensitivity of the optical
setups.3'{ Note tbat in the literature it is more corrmon
to specify the sensitivity of the prototypes to gravita-
tional waves (strain in space) or mirror motions. How-
ever, in this paper we are more interested in the limit that
shot noise places on the resolution ofan optical fringe.

These highly sensitive arrangements employ internal
phase modulation. As a consequence the output light
power exhibits a time dependence containing the har-
monics of the modulation frequency, and the associated
shot noise is nonstationary. The standard shot-noise
formulas assumes constant light power and is not suited
without some modification if the detected light power is
time dependent.G The object of this paper is to describe
the effect of the modul*ion on the shot noise, derive
its frequency spectrum, and apply the results to signal
detection in modulated interferometers.

It would be tempting to assume that modulated shot
noise can be described as a white-noise source with a vari-
ance proportional to the time-averaged light power. We
will see, however, that the shot-noise characteristics de'
rived by appropriate consideration of the nonstationary
random process alter this conclusion. Although it wiil be
shown that the noise spectrum is indeed white (frequency

r MAY l99t

independent) with a nariance given by the mean ligbt
power, this spectrum difiers from stationary white noise
in two important ways. First, the modulated shot noise
contains correlations between different frequency comPo
nents. Second, the noise is not equally distribut€d itr
phase. In fact, the noise for a modulated interferometcr
may be anomalously high in the signal quadrature. These
subtle differences in the noise statistics significantly affect
the optimal demodulation strategy.

The mathematics used in this Paper can be generdlJ
applied to the problem of signal detection in any tyPc
of nonstationary noise. The noise power spectrum is de
rived directly from the time domain correlation functiot'
We limit, however, the disc'ssion to the speciat case of

modulated laser light.

II. MODULATED INTERFEROMETEN"S

VOLT'ME43, NI'MBER 9

T. M. Niebauer, R. Schilling, K. Danzmann, A. Riidiger, and W. Winkler
Mas-Plorck-Iwtitut 16r QaantenoptiL, D-t016 Garching ki M&nchen, Cerrnang

(Rcceivcd 30 Au$$t 1990)

We treat the shot noise of a light source modulated in power as a nonstationary random

p!oc6s. Thc spectrum of such modulated shot noise, although it is still white, is shown to

contain correlations between different frequency components. In addition, the noise is not

egually distdbuted in phase. These effects can deteriorate the shot-noise-limited sensitivity of

nodulated ilterferoncterc. Maximizing the signal-to-aoise ratio (Sl{R) introduces constraints

on both the modulation and dcmodulation waveforms. The sensitivities obtained with several

commonly used modulation schemes are calculated, and new modulation strategies are proposed

to realize good SNR. We apply the results to the case of laser interferometer gravitational wave

detectors where it is esscatial to reach a shot-noise-limited sensitivity. By taking into account

the additional noise contribution from the modulated shot noise, we reduce the 3-dB discrepancy

between the measuied sensitivity of the Garching prototype detector and the theoretical shot-

noise limit to about 1.5 dB.

Interferometers with phase modulation of the interfer'
ing beams provide an example of oscillating output ligbt
powerr and thus of time-dependent shot noise. Typicar
ias"" "re two-beam interferometers, e.g., of the Michelson
or Mach-Zehnder type, and Fabry-P€rot cavities used in
the rf reflection locking technique.T'E For the latter ii s

not the interference inside the cavity that is interesiing'
but the interference between the phase rnodutated figbt

reflected off the front mirror and the unmodulated light

leaking out of the cavity.
Let us consider the simple case of a Michelson inier

ferometer, as it is used in GW prototype detectors' ̂
schematic diagram of the operational princiRle is shown
in Fig. l. The phase difference between the two artD

is moduiate<i with an elecireopticai phase modulator
(EOM1) at a frequency much high"t than any anti*

43 5922 @1991 Thc Aoerican Phfical Soctctt
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using phase-sensitive demodulation as will be described
la0er. In the last term' 62 is the ratio of che background
Iight to the increment iu average light, power due to the

modulation. This term introduces a constant noise back-
ground which for an ideal interferometer would be zero.

Ho*"t"t, in practical situations this term is never totally

negligible, and the amplitude of the modulation is usually
chosen relative to this background light power.

III. MODULATED'SHOT NOISE

A. Time domaia

Consider a me:rsurement of the power P(t) of a mod-
utated light source over short time slices of length At
during an observation time ?. The time slices are un-
derstood to be short relative to the modulation period so

that the average light power in each interval can be ap-
proximated by the value P(t), constant during At' The

observation time T is chcen to be an integer multiple of
the modulation period and the length of the time slice'

The shot noise during each time interval is found by con'

sidering the statisticd fluctuation in the photon number'

Assuming that the arrival times of all the photons are

uncorrelated, the statistics for each time interrral follow

the Poisson distribution. The associated noise in each

time slice is then descibed by a random variable Pn(l)
with zero mean and a nariance proportional to the aver-

age photon count in each time interval. The correlation

function of the noise can be written as

(P^(t)P^(t')) = !e6'1tr,*, (2)
AI

where lrv is the energy of each photon and the Kronecker

delta expresses the fact that photons in diferent time

slices are uncorrelated. This treatment assumes that the

light field is in a singlemode coheren[ state, in which

.i"" th. second order coherence 9(2)1t; is unity'e

The shot noise described by Eq. (2) is 6 correlated

in the time domain but is nonstationary because the

variance is time dependent. We will see that this pro

duces correlations in the frequency domain which are not
present in the standard case of unmodulated shot' noise'

B. Frequency domain

1. Amplitule depndene

The discrete Fourier transform of a single member

P^(t) of the ensemble of noise realizations over the fi-

nite observation time ? is defined bY

' Tl2

F^@) = + I z"A) u-tut 61. (3)
'  

t= -? �12

The variable t is an integer denoting the time slice (of

length At) and ro is also understood to be an integer

multiple of 2r lT, running over positive and negative fre'

FIG. f . Intcrnal modulation in a simple Michelson inter-

ferometer, BS being tbe beam splitter, M the mirrors, EOM

tlc electro-optic modulators, PD the photodiode, PSD the

pl""ot"*iti". demodulator, and SA the servo amplifier'

pated GW signal freguencies- The signal is recovered

Ly phasesensitive demodulation (PSD) and also is used

o " f""aUt t signal to lock the interferometer to a dark

fringe.
The light power at the output of an ideal Michel-

son interferometet near the dark fringe is gven by

Posinz$O/z), where Pg is the input lighc power and

dd is the phase difference between the two arms. This
phase diference is the sum of the internal phase modula-

tion m(t) and a signal s(f )- The function s(t) represents
the unmodulated phase difference between the interfer-
ing beams due to the signal to be measured, e.g., mirror

motion or gravitational waves.
In addition to this ideal output, we also include a con-

stant background light power P-;,, to describe the effect
of imperfect fringe contrast. In the limit of small mod-
ulation and weak signals, m(t) < 1 and s(t) q m(r), the

light power at the interferometer output can be written
as

P(r) = ! l^"t l+ 2m(t)so)l * Pmin

[-' (r ) + 2n (r )s(t ) + b'� T'� (qf (r)

The first term describes the oscillating light power caused
by the internally modulated path difference- The second,
much smaller term is proportional to both the signal and
the modulation. The signd is amplitude modulated at
the modulation freguency ar-, whereas the (much larger)
first term is ccillating at twice this frequency- This
makes it possible to sepa.rate the small signd contribution

Po
4

Signol
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I quencies. In the limit of A!+Q, this equation is simply phase. To see this, we calcutate the expectation value
i ttr. complex Fourier series expansion for the noise real- of the sguared noise spectrum at a frequeniy r.r with a

fuztion for an obsernation time ?. phase angle d. This can be found bg evaluating the ex.
The frequency components ?"(ar) are also random pectation value of the real pa,rt of P"(u) in a reference

variables with zero mean. The correlation function of frame rotated by 0:
these components can be derived using the definition

Eq. (3), and the time domain conelation function Ee. (2)

which collapses one of the sums:

At2
q4^t )F;{,'D = + I DAtr )pn(r')le-i't ei-'t'

t t '

These formulas can also be treated in the continuous
sense by letting the time slices become infinitely thin.
The term in the curly brackets is then the Fourier series
expansion of the modulated light power P(1). The noise
correlations in the frequency and time domains can be
written in t,he following compact forms:

(F^@)F;@)) = +F(u-.')
(P"(t)P^(t'�)) - hv P(t) 5(t - t ') .

llF ̂ @, 0)1" | = (l i F" (r)'- ;' + F;1r1r" 1127

n,  t ' l '  .  - .  , . -= 
,r; J 

dt P(t) [l + cos(2.,t + 2e)J. (9)
-Tl2

This equation shows that the noise contribution in two
quadratures can be different. The deviation from a uni-
form distribution over phase angle 0 can be seen by nor-
malizing Eq. (9) to the average squared noise:

u4=o,q?i =! (r*
(lP"(u)lzl z \

P(t)cof,(?ut +2e)

P(t)

Setting d = O.in the above equation gives the noise in the
cosine quadrature. For the case ofa constant light power
we recover the usual result that the shoi noise is equally
distributed in any two quadrature components separated
by 90o. But for the example already mentioned above,
i.e., a light source narying according to Eq. (8), we get

UF^@,tP)=*_4
(lP"(u)l2l ' a cc[(ar" -zu)t-20]

= + (+f r1r;.-'t'-''uo,) . (4)

)
(10)

and

(5)

(6)

The frequency domain description is of course still dis-
crete but the frequency resolution AI = lfT can be
made as high a.9 desired by lengthening the observation
time.

The expectation value of the squared noise spectrum
is given by Eq. (5), setting .o = tt', _[ 

tr- lcx20 for ur = urlz g\- 
t * otherwise'

This shows that an unequal distribution of the noise oc-
curs at the first subharmonic ur/2 of the light power
modulation frequency, where the squared noise in anl
one quadrature can vary between l *a i times the usud
mean value. This is particularly iriportait for modulated
interferometert, where the power ccillates at twice the
freguency with which the signal is modulated. Unfortu'
nately, tle enhanced noise "l*"y" aPpea$ in the sipal
quadiature. Thus, one will lose a factor ,M,in signal'
tonoise ratio (St'[R) if one filters out the signal frequenc]
only. However, one can almost fully recover the loss tn

Sl.lR using a proper demodulation scheme.

C. Geueral remarks

Summarizing the above: Modulated light power pre
duces nonstationary shot noise. The spectrum of tbc
noise is white but is no longer equally distributed in
phase. In addition, different freguency components are

correlated.
We note that the white power spectrum [Eq. (Z)] is. a

direct eonsequence cf tbe 5 correlation assumed for tlc

correlation function tBq. (O)1. The time-dependent noisc
variance results in correlations between different comP.o
nents in the frequency domain, but is not evident in tnc

power spectru-. On" can see by analogy that correla-

(7)

where the bar denotes the average over the observation
time. Thus, we see that the speclrum of the shot noise,
Eq. (7), is frequency independent or white with a value
proportional to the average light power. This result jus-
tifies the intuitive notion mentioned in the introduction
that the average light power produces a shot noise with
a white spectrum. However, Eq. (5) reveals that the
modulation introduces correlations between different fre-
quency components of the noise. The frequencie con-
tained in the Fourier expansion of the time'dependent
light power P(1) give the separation between these cor-
related components. For example, a dc light source
has white noise with uncorrelated frequency components,
whereas a L00Vo modulaled light source given by

P(t) - P"" (1- cosoot) (E)

introduces correlations between all noise components at
frequencies separated by utr. The latter case occurs in an
internally phase modulated interferometer with perfect
fringe contrast, where aro equals twice the phase modu-
Iation frequency.

2. Phose depndence

Another interesting consequence of the modulation is
that the shot noise may be unequally distributed in

11F^{,)1")= lrol= l-6,
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which the SI'[R approaches that of the un-

case. This can only be achieved by utilizing

noise components at the higher harmonics

ulation frequency to reduce the overall noise

. DEMODULATION AND SIGNAL
EXTR.A.CTION

of the modulation in a twobeam interferom'
to Eq. (f ) is to produce an oscillating light

ional tom2(t) and a signal which is ampli-
:d by m(t). A modulation m(t) - sinr.r-l

al to r.r-'whereas the light power is mod-

ir-. Th" signal is returned to dc by mul-
r a demodulation function dQ) that is peri-

frequency is chcen much higher than the sig-
:ies expected, the demodulated signal can be

to the product of the signal, modulation,
ation functions, d(t)m(t)s(t). Since both

An equation similar to Eq. (5) follows immediately which

shows that correlations exist'between different frequency

components of the demodulated noise that are separated

by fiequencies contained in the Fourier series expansion

"i e6\f1t7. More importani, however, 5 t-hat the lower

frequencies'of tbe demodulated noise which survive the

lowpass filter stage are not correlated' This means that

standard matched filter signal processing can proceed

with the assumption of uncorrelated white noise'

The demodulrrted noise is pa.rticularly simple for the

case of an ideal interferometer, P6;n = $, with a small

modulation index, and small signals s(t)<m(t)(l' In

this case, P(t) = Psmz(t)l4and the sguared noise, given

by Ee. (u), ihen is ptoportiond to the time average of

gl(t) = &(t1nz1t1. This can also be written as a sum of

ftuqn*.y components using Pa,rsenal's theorem:

time domain would give rise to a frequency

or colored sho'u noise Power sPectrum' Thls
if one cbooees a light s'ource with a

second-order coherence function.
also mentioned that for the case of modu-

the shot noise is larger in the sig'

We will later investigate demodulation

tiplied by the square of the demodulation function' Thus,
the correlation of the noise in terms of the demodulated
photodiode current becomes

-2^
(2"(tlx"(t')\ = 7i d2(t) P(t)t(t - {) ' (13)

This demodulated shot noise is alrc nonstationary and

has the same form as the modulated shot noise given

in Eq. (6). Thus, all the results derived for modulated

shot noise a,re still vdid with ttrp simple replacement of

P(r) bv &OP(t) and a proper scale factor converting

from light power to photodiode current' For example,
the power spectrum of the demodulated noise is

(i"(")lr)
. 2 n -

= #e(t)P(t ) .

(8"(u,)11 =#m (r5)

(  l6 )

(  14)

The
eter

Porver

nal
lorPass with a cutof frequency well below r.r-'

A. DemoduLation of the signal

of the signal produces a new function

and
mod functions are assumed periodic, the product

q(t) = d(t
pansion
damental r.r-. The signal s(t), on the other

hand, is to have Fourier components 3(ar) only

at mue.h lower than o,.. The product g[)s(t)

understood in the frequency domain as a

l) is also periodic with a Fourier series ex-
ining a dc term and harmonics of the fun-

fl(ar)*3(ru) in which the signal freguenciesale
idc and repeated at harmonics of r.'-. For
less than u^12 the demodulated photodiode

be expressed in the frequency dornain as

= #i'(o);(r.,) 
for r., ( u^/2 ,

= ffi, the guantum eficiencY of the

is 7 and the elementarY charge is e.

B. Demodulotion of the aoiee

to describe the demodulation of the noise we

time domain correlation function Ee' (6)'

ion of the nonstationa,ry shot noise by the

t) does not alter the 6 correlation in the time
[e expectation nalue of the demodulated noise

!F{")l ',

where the sum has to be taken over negative and positive

frequencies.

V. SIGNAL-TGNOISE IT.ATIO IN
MODULATED INTERT'EROMETEITS

For a sinusoidal signal with unknown phase we define
(12) a SNR as

/Vsrya(ru) =

where the numerator is the Fourier cornponent of the sig-

nal and the denominator is the noise contribution that

can be calculated quite generally using Eq' (la)' Maxi'

mizing this ratio will constrain the optimal modulation

and demodulation waveforms. We will investigate this

formula in detail for the case of twebeam interferome-
ters, and also briefly for Fabry-P€rot cavities used in the

rf reflection locking technique.

is most

located
reouenc
current

7.@)

where fl(O

function
domain.
remains

(17)

In or
modify

ezqPo
- 

LhvT

(8"(")12)

at any given instant, but the variance is mul-
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I For the following discussion it is convenienc to split ofi
from the Sltlft, c factor F (J 1) that depends only on the
6odulation and demodulation waveforms:

/Vsxn(r.,) = F/Vsp6o(ar) , (18)

where .fVspx. is the maximum tbeoretical signd-tenoise
ratio that could be obtained under ideal conditions. For
twobeam interferometers we have

/ np.'r\ ll2

/vsxn (,) = (ry ) F(,)1. (le)
\ n v , /

When comparing this equation with shoi-noise sensitiv-
itie guoted in the literature one should remember that
ihe imi value of a narrow-band signal is y'2 larger than
t he double-sided Fourier comp onent f 3(ar ) | for frequencies
, * o -

A. Two-beam interferometers

For simplicity, we will still mike the assumption of a
quadratic tesponse to phase differences, as was already
done in Eq. (l).

1. Pe$ect tringe ontmst

Let us first consider an interferometer with perfect
fringe contrast (P-;n = 0) and small signals. Using
Eqs. (12) and (15) we can write

, '=w. (20)
e()m2(t)

It should be noticed that the fact that F is independent
of the modulation amplitude originates from the approx-
imation s<m < I rnade in Eq. (l).

The factor f is always less than or equal to unity. It
becomes unity only when the product m(t)d(t) is time
independent. Thus, the optimum demodulation function
for the case of modulated noise is d(t) c l/m(t). This
condition is automatically met in the case of square wave
modulation and demodulation. Sine modulation, on the
other hand, would be best demodulated using an inverse
sine (but such a waveform cannot be fully realize?). This
result is quite different from the usual notion that the
best Sl'[R would be obtained using identical waveforms
for modulation and demodulation. Another interesting
fact is that the $,lR is,symmetric with respect to the
modulation and demodulation waveforms for interferom-
eters witb perfect fringe contrast.

2. Imperlect ldnge contmst

In practical situations the assumption of a perfect con-
trast is not valid. Including the background light [6'> 0
in Eq. (l)l tLe factor F' becomes

Now .F is
plitude;

{3

no longer irndependent of the modulation ar*

The second term in the denominator containing D2 31-
fects the SIIIR in two ways. First, it reduces the achiev-
able value of F below unity for all choices of modulation
waveforrns. This is simply due'to the fact that there is
noise, but no signd contained in the background light.
The second effect is more subtle. A poor fringe con-
trast introduces a nonmodulated noise component that
is uncorrelated in the frequency domain. Thus, as thc
background light increases, we expect that the impor-
tance of the frequency correlations should decrease. In
the limit of high background noise the optimd modula-
tion and demodulation waveforms are identical instead of
reciprocal as in the case of a perfect interferometer. The
introduction of a rninirnurn light power therefore changes
the condition with respect to the optimal demodulation
waveform,

B. Fabry-P€rot cavities

The case of a single Fabry-Pdrot cavity used in the
rf reflection locking technique is somewhat more difficult
and we will present only the results for sine-wave modula.
tion and demodulation here. For highly reflecting mirron
and assuming that only the carrier (of the phase modu-
lated input light) enters the cavity, the time dependence
of the light power hitting the photodiode can be written

5026 T. M. NIEBALIER aal

I
P(t)- Polr-M(2A"- A\JS

\

-4MAcJoir* "osz&r-r) , (22)
t = l  /

where M S I is the mode-matching factor (for light
power), .l{" is the relative amplitude of the light leaking
out of the cavity in resonance for perfect mode-matching
and without modulat ion Qq,.= t* , t f f i iFd, and J are
tbe Bessel functions of the first kind. The phase modula'
tion of the input light is assumed to be /(t) = $^sinunt,
where {- is the modulation index that has to be used as
the argument of the Bessel functions.

The signal term in the above equation has been orrut-
ted. A deviation 6z(t) from the resonance leads to a
phase shift s(r) = 26v(t)/Av of the carrier lealing out
of the cavity, *h"t" Ay is the FWHM bandwidth of the
cavity. For s(t)(l, the signal term becomes

P.(t) = 4s(t)PsMfuJoJr sinaht , (23l'

where the higher harmonics have been dropped sincc
they do not contribute after sine-wave demodulation' wc

can calcutate a factor f modifying the Sl{R where 9Q
for the Fabry-Pdrot cavity is two iimes larger than tbal

found for the twobeam interferometer [see-Eq. (19)]:

- t

t l ( t )m(t '1 '

| - M(zA" - AlJt +2M A.JoJz
p 2 - (21) g'2 - Ql)
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waveform would also be a square wave ac-

to the matc.hed filter theorY.

VI. EVALUATION OF MODULATION AND
DEMODULATION SCHEMES

In this section we will'discuss different modulation and

ion sc.hemes that improve the StfR by appro

i equatioa deviates from a treatment using the aver'

light power in the standard shot-noise formula only

tbJaddition of the third term in the denominator pre

,tiood to Jz.r0 tnvestigation of Eq' (2't) shows that-dn 
rtilercotrpled Fabry-Pirot with optimal modula-

' inao (6^ = 1) the correction due to this term is

a few percent if .A" stays below 0.5. In dl other

, the full equation must be used- For example, with

= !, Ag = 1, and a small modulation indot, the out-

;;il;t** has a form given bv Ec. (8) and F2 =3

orpected-
It is obvious that, also for the Fabry-P6rot' square

re modulation avoids the time dependence of the light

ihe photodiode. Thus the corresponding optimd de

to an oyerall reduction in noise. This is due to the corre

tition of noGe oomPonents ieparated by twice the phase

modulation frequencY.
In order to clarify this statement let us assume sine

wave modulation and consider the effect of adding the

third harmonic with amplitude a !o the demodulation

function:

m(t) = sinat-t

' (25)

d(l) = sino-t * csin&r'!l '

Tbe product C(t) = d(r)m(t) in the frequency domain has

a dc'compouent, t 2nd and a 4th harmonic' The noise

powerr calculated according to EC' (15), is proportional

io *+o2-o and obtains aminimum value when the even

i*'-tii." of c(t) are of the same size, i'e' when o= !r-

Thus, the adOiion of a third harmonic improves the F

from 0.816 to 0.894.
The process of adding harmonics t9 th-e demodulation

function can be extcnded in order to further improve the

SlrlR. The optimum demodulation function containing N

odd harmonics is given bY

tf- I

d(r)= Dtt-a/N)sin[(2z+ l)o-t] '  (26)
a=0

The product function g(t) contains a dc term and JV even

ha,rmonics of equinalent strength' The squared noise con-

triUution is proportional to I + lleM) and approaches

"iity * tfr" n,rmber of odd harmonics is increased' These

,"l"iioos show that better SlrlR can be obtained by se'

lecting the optimum strength of the higher harmonics'

This :is desirable for designing waveforms which have

ioth good 9{R and relativety small bandwidth' How'

"""r, i"" note that the energl, ic', the time average

if ii" squared function d(l), increases proportional to

lvlO+ i4+UQZN) as more harmonics are edded'

B. ImPerfect fringe contrast

In the case ofimperfect fringe contrast, the bad<ground

ligbt contributes uncorrelated noise reducing the adran-

tige of adding higher harmonics (that do not contain any

signal) to the demodulation function'-For'the 
example of sine'wave modulation, there is a

break-even point where sine-wave demodulation becomes

superior to -quare wave. Equating the values of F2 given

bf Eg. (2f) for these two demodulation waveforms, we

nna tn"i for relative background levels 62 ) l'14 sine'

wave demodulation is preferred- On the other hand, us-

ing the optimal modulation amplitude usually leads to a

value for D2 less tban unitY.
If only the third harmonic is added to tbe demodula-

iion function [Eq. (25)] the optimal amplitude becomes

o = lll2,(l + l2)J instJaa of I as was found for perfect

fringe'contrast. Determinini analytically the oRtur.lal

"nrplitndo for a finite number of additional ha'rmonics

bectmes increasingly difficult. It is more practical to first

oriate utilization of the correlated noise in the harmonics'

We will limit the discussion to twobeam interferometers

enl guadratic approximation of the phase response [see
Ec. (i)J, with emphasis on'the typical case of sine-wave

modulation.

' 
L. Perfect fringe contrast

Let us now return to the formulas for perfect inter-

ference, 62 = 0, and quote results for eeveral redizable

modulation and demodulation schemes. For square-wave

modulation, demodulation using square or sine wave-

forrns yields a correction factor f to SlilRo of l'0 and

{glo = 0.900, respectively. Using sinernodulation, the

.iio, "qu"tu and sine demodulationX JElt = 0'900 and

rEB =0.816, respectively. We notice again that the re

sults are symmetric with respect to the modulation and

demodulation waveforms.
The case of sine modulation deserves special attention

for two teasons. First, this is easiest to achieve exPer-

imentally and in fact is tbe dominant modulation used

in existing setups. Secondly, from a theoretical point of

view, sinJ modulation reveals a surprising effect' Con-

rider the results quoted above which state that it is

better to demodulate using a square wave than a sine

rave. This result agrees witb the graphical picture that

s square wave bettei approximates the ideal inverse sine

demodulation function. On the other hand, this result is

rurprising since one would expect the higher ha'rrnonics
contained in the sguare wave to demodulate extra noise'
but certainly not to increase the signal contribution' In
the case ofwhite uncorrelated noise, the sguare-wave de-

modulation would clearly be inferior for sine-wave mod-
ulation. The improvement is only possible in modulated
ahot noise becauae the additional noise components de
modulated by the odd ha^rmonics in the square wave lead
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ciicuiate the ideal demodulation funetion and ttuneatg- 
-" 

ltrlsi-- ,- , ;
after the desired number of ha,rmonics, accepting some
deviation from the optimum 9{R-

In order to arrive at an optimal 9[R" the demodulation
function in the time domain must be proportional to the
signal modulation and inversely proportional to the time.
dependent squared noise. For the case of a sinewave
modulation, this gives

t t
ta

E

c
o
E
J

o
A

.!
o

(27)
sin ar-ls ( r r=W

This equation shows explicitly that the optimal demod-
ulation waveform is an inverse sine in the case ofperfect
fringe contrast (62 = 0), as mentioned earlier. We also
recover the expected result that for poor fringe contrast
(r'> l) it is best to match the modulation function using
sine-wave demodulation.

The Fourier series expansion of Eq. (27) consists of si-
ruusoidal terms at the odd harmonics (21+l)t.r- with am-
plitudes proportional to ce, rvheie o = l+bz-r1ffi.
The rms value of this function, found by adding the
squared frequency components, can be s.en to be finite
for dl values &2 > 0 in contrast to the case of perfect
interference, where Eq. (26) gives a diverging serie of
harmonics for N - o. The value of l'? for sine-rvave
modulation and optimal demodulation can be wri$en as

F 2 = r - 4 .
t/2 + bz

VII. COMPARISON WITII THE
STIINDARD SIIOT.NOISE FORMULA

A. Galculating a correction factor

We define the quantity .R2 as the ratio of the noise level
calculated with the standard shot-noise formula (using
the average light power hitting the photodiode) to the
actual noise level (including the correlations in the mod-
ulated shot noise). This quantity is independent of the
existence of a signal and gives a measure of the effect
of modulation on the noise level. If one uses the power
spectrum of modulated noise given by Eq. (7) and ignores
correlations, the expected noise level, after demodula-
tion, would just contain another normalization constant
equal to the rms value o$the demodulation function. The
ratio B of the noise ignoring frequency corelations to the
actual noise level is given by

(2e)

This ratio approaches unity as the stationary white noise
contribution from the background light increases. One
should note, however, that at the same time the Sl.[R
decreases.

(28)

10. 103 10.
Fr-guency (Hzl

FIG. 2. Noise level of the Gardring 30-m prototype detcc-
tor. The straight line denotes the calculated shot-noise limit.

B. Applicatiou to a prototype GW detector

To our knowledge, the efect of correlations in modu-
Iated shot noise has not yet been included in pubtished
derivations of the shot-noise limits for gravitationat wave
detector prototypes. We find that the extra contribu-
tion from modulated noise can explain much of the dis-
crepancy between the measured noise and the theoret-
ical shot-noise limit reported by Shoemaket ct al.3 for
the Garching prototype experiments. In these setups
the modulation was sinusoidal. The demodulation wave
form can also be taken to be sinusoidal since the higher
harmonics were removed with a bandpass filter before
demodulation.u For the erperiment with the B&m pro
totype a nalue of b2 = 0.22 is estimated which gives a
correction .R et 0.84, or about l.S dB. The corrected
shot-noise limit for the Garching prototype is graphed in
Fig. 2 in comparison with the measured noise. The higb
porrer orperiment described in Appendix C of Ref. 3 nor
shows excellent agreement between calculated and mea'
sured noise above 800 Hz.

VIIL CONCLUSION

We have shown that the modulation technique com-
monly used in making highly sensitive measurements
with laser interferometry raises a special problem of dc'
tecting a signal in modulated, nonstationary noise. I0 is
not sufficient to treat the resulting noise as a white dis
tribution with a power spectrum egual to the average ett'
ergr of the noise, because the modulation introduces cot-
relations between various frequency components in the
noise spectrum.

This can significantly alter the optimal demodulation
scheme that one would.fotlow if the noise were station'
ary. The usual procedure is fo construct a demodulatioD
function using only frequency components contained in
the signal but to avoid inctuding components that contarn
noise but no signal. Thee considerations lead to the con'
cep tua ]  p i c t u re  t ha t .  t ho  nn l i n> l  . 1 . - ^ . 1 ' . t - ' : ^ -  r " - - t i on

L  + b 2
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I

.hould 
"match' the.modulated signal' In nonstationary

- :-; howevet. we nave seen that one c:ln gain by in-

itiiiriti-ft"otencies in the demodulation function that do

::;;;iltignal' These components contain correlated

l]* -it1.ft tJnds to cancel that contained in the signal

*,fr"rTiliitg the stilRfor a modulated interferometer re
-.,i'* ifrtt th1 modulation and demod ulation waveforms

;;;;t; be- reciprocal in case of perfect fringe contrast'

nn the other tranq' tn the limit of very bad interference

Ilt" "pif-"f choice is.to make both waveforms identical'

cnilarewave modulatton and demodulation satisfies both

]*q;"riteria simultaneously and from this point of view

l'*ia* the ideal modulation technique' This is in some

i.iri tu"i""s since square-wave modulation produces a

.""rt*t light output which gives stationary white noise'

ii" pt*dd disa'dvantage is that infinite.bandwidth is

i|i;d for both the modulation and demodulation wave-

ltrn S""*.,ion. It is possible, hou'ever' to design mod-u-

ili""'""rr"*es in which 9dd harmonics are added to the

,ioiuft ioo and/or demodulation n'aveforms in order to

.o.pt".i"" between $'lR and low bandwidth'

F\rrthermore' we want to emplrasize tlrat the effect de'

,"rii"a in this paper is caused by the time dependence

oiii" "utput light power' In the case of two-beam in-

i"ri"ro*"i"t", tf,is results from internal phase modula-

;;. Clearly, for schemes where the out'put power is

ooi m"dul.t"d, thu usual shot-noise formula applies' For

I*ptu, a Michelson interferometer with external mod-

uf.rio", as has been propced for future GW detectors'rz

ii"Jfy will not have correlations in the shot noise' Also'

for a suffi cien lly tn d ercotrpled Fabry' Pdrot interferometer

iLaO.S), using the rf reflection locking technique with

iio*oid.i modulation and demodulation, the corection

to the Sl[R is not higher than a few percent'

li ,tti" p"per, molulated ehot noise has been consid-

i."d fo, inte*eromiiers. The results, however' are also

i"i"t*t tooptical experiments which produce modulated

iisht ,rtrrooiusing an interferometer' For example' Caru-

"iito rr cLB haJe made accurate mpasurements of the

iagnetic birefringence (Cotton-Moutor.effect) of qTo

LV iroauUting the polarization state of the light and de

iecting the tight after it passes an analyzer' The system

i" "p"i"t"a nL extinction so thar the light power oscil-

iates with 2u^ and the signal is recovered at r''r- using

" ph.""-"eositive demodulation' This leads to the same

a"-piia"o"u of the Sl'lRon the modulation and demodula-

tion wavefouns as wasi derived above for interferometers'

Finally, we note that shot noise formulas for the case

of moduiated light sources can be derived placing the av-

"t"S" ltJh, powir in the standard shot-noise formula and

.ori""ti-ng this result wilh the factot lf R which accounts

for the ninstationarity. Applying this correction to the

calculated sbot-noise limit for the Garching prototype

experiments improves the agreement with the measured

sensitivity considerablY-
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A Mode Selector to Suppress Fluctuations in Laser Bea"' Geometry

A. Rffdiger, R- Schilling, L. Schnupp, W. Winkler, E. Billiqg and K. Maischberger

Optico Acta,28, 641-658 (1981)

This reference turns out to be the s:une as Reference Q, which appears earlier in this
volume. Therefore, we do not reproduce it here.
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1. fntroduction

Ez-  &-  hvz t  ,

In this iatroductory c,bapter we shall outliae the basic ideas underlying the
operatioa of solid-state lasers. Assumiag fa.rniliarity with laser physics-pjt -i
shall sketd some of the principles got'e"aiog the interactioa oi radiatioa with
roatter.

1.1 Optical Amplificatiou

In this chapter we will outline the basic ideas underlyiug laser action. To r:nder-
stand tbe operatioa of a laser we have to kaow some ofihe principles governiag
the interactios of radiation with matte.

Atomic systeus sud as ato's, ioas, ald moresr:res cao exist oaly ia dis-
crete energl states. A chalge from oae eaerg state to another, called " tr"n"i-
tion, is associated with eitber the emission or the absorptioa oi a photon- The
waveleagth of the absorbed or emitted radiatioa is giveu by Boh3-'5 &"qu"st
relatios

(1.1)

where E'z ad E1 ate two discrete energ levers, 41 is the fregueory, aad h is
Pla.nck's coastant. An electromagaetic warrc whose freqeu q qL correspoads to
an enerry gap of nrcb aa atomic system can interact *iti it.-ro tbe approx-
imatiou required is this coaterct, a solid-state material c.. be considered as
gnsemble of very maay ideotical atomic systens. At thermal equilibriun, the
lower energy states in the uaterial aae ruore heavily populated tlaa the higher
etrergy states- A wave intemctilg with the substa,ace will raise the atom! or
molecules from lower to higher energy levels and thereby experieace absorptiou-

The opemtioa of a laser requires that the eDergf "E iuu;t - of a laser
material be chaaged zuch that eoerry is stored in the .,rtoms, ions, or molecules
of this material. This is achierrcd by "o extemal punp source which transfers
electrrns &om a lowereoergr levd to a higher oo". Th" prr-p radiation tbereby
canses a "populatioa inversioa." As electroaaguetic wave of appropriate frs-
quetrcy' incideat ou tbe "iaverted" laser material, will be a,roplitred because the
incideat photoas cause the atoms in ihe higher level to drop to a lowq level
and thereby enit additiosal photons. As a result, enerry is extracted, from the
atomic system aad supplied to the radiation field. Tbe release of tbe stored
energy by interaction with a.re electromagnetic wave is based oa stimulated or
induced eoissios.



r
Stated very brieflR wheo a material is excited is such " *aI * to p.o-,f

more atoms (or moleanles) in a higher eoeqgr ievel tfal in some tower level,t:
material will be capable of a.oplifying radiatioa at tbe frequency *t opo.|ll
to the euergr le.'"! difie"uo"e. Tbe acroaym 'las€r' dsives its na,me ft "*\,
plocess: "t[U Anplificatioa by Stimulated Emissioa of Radiation.n 

- 
\'

A qualtlrm -"A"oi""t treataeot of tbe ioteractiou betweeo radiatiou,-
matter demoostrates that the stimulated enissioq is, in fact, completely i$
tiaguisbable bom the stimulatiag radiation field. Tbis Eeaos that the l|:
ulated radiatioo bas the sa.me directioael properties, sane polarizatioa. *T,
pbase, aadsa.me spectral characteristics as the stimulating eoissioa. Th...ili
are respoosible for tbe ercttemely higb degrce of coherence which cUanct#
the .",lssioa from lasecs. The fi:ndanental aature of the induced or stiaulrra
emissioa process was already desctibed by A. Eiastein and M. Planck. -,

In solid-state lasers, the eoergr levels a.Dd the associated transitiou +,
queacies result from the difrerest quantun energy levds or allowed quaat:
states of the dectpns orbitiag about the uuclei of atoms. Iu addition to rr*
electronic traositions, multiatom uolecules in gases ochibit eaerg levels 6r)
arise from the vibrational a'ad rotatioaal motions of the molecule as a w\s[

1.2 Interaction of R.adiation with Matter

Many of the pmperties of a laser may be readily discr.rssed in terms oi 15
absorption alrd eoission prccesses which ta^ke place wben a.n atomic systq
ioteracts with a radiation field. h the first decade of this centur5r PlaD* &i
scribed the spectral distributiou of thernal radiation, and ia the second decatl
Eirstein, by conbiniag Plan&'s law and Boltzna,nn statistics, formulated tqi
coacept of stimulated emission. Einstein's discovery of stimulated emissiou p6l
vided esseotially atl of the theory necessary to describe the pbysical pdaciDll
oftbe laser. i

1.2.1 Blackbody Radiation

Wbeo dectromagaetic radiation ia aa isotbermal endosure, or cavitS is !1
tb€coal eqrdlibftm at teoperatrue T, the distributioa of radiatioa doriq'
e(v)dy, contained ia a baodwidth dv, is gveo by Planck's low 

'!

2



The factor

&rtP
f  

=Pn (1.3)

iD (1.2) grves the density of radiatioa modes per r:ait noluae and unit fre
queocy istsval The factor pn caa also be interpreted as the sumber of degrees

of &,eedom associated with a radiatioa 6dd, per unit vohuoe, per unit &e-
queocy istenral. The eqpressioa for the mode deosity p2 [modes s/cos] plays

an importaat role io connecting the spontaueous a,ld the iaduced transitioa
probabilities.

Fbr a uniform, isotropic radiation field, the following'relationship is valid

(1.4)

where 17 is the blackbody radiatios [W/.-2] which will be emitted from a,a
ope"ing is the cavity of the blackbody. Many solids radiate like a blackbody.
Therdorc, the radiatioa emitted from the surface of a solid cas be calculated
from (1.4).

According to the Stefaa-Boltzmaan equation, tbe total black body radia-
tion is

1ry=ot '  , (1.5)

where a = 5.68 x 10-t2 W /^2 K4. The e-itted radiation W has a maximur
whie.h is obtaised from Wien's displacenent law

l-o 2gg3- = -
1tE TIK

For e:ca.raple, a blackbody at a temperature of 5200 K has its radiatios pea.k at

55644, whic.h is about the cester of the visible spectnro.
A good introduction to tbe fuada.romtals of radiatioa and its interactiou

with matter ca,a be forrod 
'rs 

[1.2].

1.2.2 Boltzmann Statistics

Accordiag to a basic principle of statistical mec.hanics, wheo a large collectioa

of simila.r atoms is iu tbermal equilibrium at temperature f, the relative PoPu-
latioss of any two eberry levels .81 and &, zuch as the ones shown in Fig.1.1'

must be related by tbe Boltzaa'na ratio

Nz,9z

Fig. 1.1. Trro energy lcvels with population

Nt,gt ,lYrrJVr aad degencracies gt,gu, respectively

*=+ ,

(1.6)

E2

5 l

LI



I
(1.?)

wherc JVr aod JV2 ale the aumber of atoms in the energy levels E1 8!d L
respectivdy. For eoergr gaps la'rge-enough th_at h - h - hvztt;1, tbe
ratio is dose to zero, and there will be very few atous in the upper eoerp\,
levd at thereal equilibriuo- The eoeqgr &? at room temperature (" = 800fii
comespoads to ao enagr gap hv with-v = 6 x 10rz Ez, whi& is equirralent i{
wavdeogtrh to I nr 50ga. Theefoae, fTjly energf gap whose traosition d
qu€Dcy l2r lies in tbe sear-is&ared or visible regions, the Boltzna.un e4poDe.t
will be >1st noroal tenperatures. The mrmber of atoms in aoy "pp& t""J
vdll tbeo bi'very craqll co6parsd to the lower levels. For ocampf",'i" *il
tbe ground levet & and the uppes laser level Fa ase separated by "o *""J
PP_.-Topeaiing to a wav-deogth of I = 0.69pm. Iet ps put n'rabers inf
-(-L?. .Sh* i = o.ox !a-*Ws2, th.o, h - Er = n" = z.Sa xto:t-r#r"
With f :,lS x 10-23WsK asd ? - 900K, it follows tlnt N2/N1 = fO-ii
Taecdore it'tbbrssl eErilibrinm virtually all the atoms *il d; thu e-*j
leveL . ; i ' r ' , f  ' ' : : ' . -

, .t:"jip (1.7) is nalid for atomic s}stenr haviag only noo-degeaeratg
Y+. If tharc aee g; dif,ereot states of the,atg correspoading to thJ *og,
E;, tbeo g; is defined as tbe degeoeracy of the dth energl level."

we recall thet atonic systeos, such as atoms, ions, moleeules, car ecist
o'ty in__cert-aia satioua,ry states, each of wbich coreespoads to , a"fioit" ,.tou
of €d;rgyi:li..l Fi +"anes 8a en€qFf rever. wben two ore more states havetf", aa+3,.co3ra the respective level is called degenerate, a.od tbe a':aber ofsrat€ wrth the ga,me p.cg is- the multiplicity of the level. All states of the
n_?iq"$Jn be {r;atty.p"put"l{ tio"ro"" of o...r-l* or atoms ialevets I i;ua"e i" ry' = elJvi ;g ", :;l{;;;;Til. ,f i"1]ffif;
3"3j}'Aff, ftir?"^I. { tfi++ 

-t** 
i*q 2, respectively. rt fouows theo

$; fonut"Uoas of the eoergr levels l'aod 2 are related br,;b"

rcr.atu1, lletfsrrenn's statistics predicts that all atoos
9ta!a Therrnal eguilibri'r. at aay teopJure requires

lry *:_q be more deosely poptrrlt"a-irro a state with
F5rfo* Nzl$ is atways ld;hao-trairr-t* rn>& and
loo..ft t" mean that optical a.rapli0catioi i" Lt pooiUtu io

iTtty introduce the concept of Einsteia's ,rl aad g cofollorwing Bissfein's originsl deriyatioo. To simplify the

(1.8)



i

disgussisa, let us consider a.n idealized matcrial with just two uondegmerate
eger6f levels, 1 and 2, hattiag populations of ffr a'ud JV2, respectively. The total
n:mber of atoms ia these two lerrcls is assumed to be constast

Nr+jV2=JVtot (1-e)

Radiitive trasster between the two energr levels *hicb ditrer bt Ez - Et =

hmt is allmed. The atom ca,a traosfer &om state ft to the grorrnd state .E1
by emitting enersr; couversely, trasition froa state .81 to Ii is possible by
absorbing energf. Tbe eoergt rcnoved or added to tbe atom aPPears as quanta

of hv21. TV'e ca,n ideotify thrce tlpes of isteractioa between electromagaetic
radiation aad a simple two-level atomic systeo:

Absorption If a quasimonochromatic electromagnetic wave of frequency 221
. pass€ through aa atooic systen with eoergr &P hv2r, then the populatioa

of tbe lcwer level will be depleied at a rate proporiioual both to the radiatioa
density g(z) asd to the populatioa JVr ofthat level

W 
= -Bns@)N1 , (1.10)

where 8rz is a consta,ut of proportionality with dimcosions a3 1* l.
The product Bpp(r) ca,n be iaterpreted as the probability per unit fre-

guency that traasitiots are isduced by the effect ofthe 6eld-

spontaneous Emi.sion After an atom has beea raised to tbe uPPer level by

absorptioa, the population of the upper level 2 decays sPoatareously to tbe

lower level at a rate proportional to the uPPes levd population-

#: 
-AztNz ,

where .d21 is a constast of proportionality with the dimensioos s-1. The qua.8-

lity A21, being a &aracterisiic of the pair of energr levels in question' is called

the spontaaeoqs traosition probability becagse this coefrcieut gves the prob-

ability that all atom in levd 2 witl spoataoeously "ha.ge to a lower level 1
withir a unit of time.

Spontaaeogs e-iosim is a statistical firoction of space a:rd time. With a
large uumber of sponta,neousty emitting atoms there is no phase relationship
between the individual eoission Procq;ses; the quanta emitted a.re incoherest.
Spontaneous enissioa is cba,racterized by tbe lifetime of the electron ia the
excited state, after which it will spoataneogsly retr:ra to the lower state asd
radiate away the eaergf. this can occnr without the preseoce of a^a electromag-
netic field.

Eqr:atiou (1.11) has a solutioa

rv2(t) : rvz(o) e;r (*) , (1.12)

where r21 is the lifetioe for spontaoeous radiatios of level 2. This radiatios

(1.11)
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lifetime is equal to the reciprocal of the Eiastei!'s coeficieat,

. - f
rzt = Azf

In geoeral, the reciprocal of the trasition probability of a process is calle6i'

lifetime.

Stiraulated EmissioL Enissioa ta.kes place not only spoutaneously but aL
r:ndec siimulation by electromagnetic radiation of appropriate &equeocy. i
this case, the atom glves uP a guantum to the radiatios field by "iD\

eo,ission' accordiag to

+: -Bzte!,ziNz ,

where 821 again is a constaat of proportionality.
Radiation emitted from a,s atoraic s5rsteo ia the preseuce of ecteural a

diatioa consists of two parts. The part whose iatensity is proportional to 4'
is the spontan@rs radiatioa; its phase is iadepeodeot of that .of the exteqj

radiatiol. Tbe part whose isteu"ity is proportioaal to e@)Bn is the stimuiui

radiatioa; its phase is the saoe as that of tbe stimulatiag exter:oal radiatioa
Tbe proba,bility of induced tra'nsition is proportioaal to the eoergr do5;q

of extemal radiatioa ia contrzst to q>oataoeous enission- In the case of induc4
trasition there is a firm phase relatioship between the stimulatiag fetd aot
the atom- The qua.ntum which is e8itted to the feld by the iuduced e-isiq
is coherent with it.

But we shall see later, the useftl Palaseter for laser actios is the 82,
coe$cient; tbe AZt coeficieot represeots a loss tera a,ud istroduces iuto t[
systen photons that are not phaserelated to tbe incideot photoa flux of electric
field. Thus the sponta,neor:s Process represents a aoise source in a laser.

If we combiae absorptiou' spoataleous, and stimulated enissioar 8s cx.
pressed by (1.10,11, ard 14), we ca.a write for the change of the uPPer 3qd
lower levd populatioas in onr two-levd modd

AiVl F.Nz
.3 = -C = 821sfu)N2 - Bns@)N1* A21N2

The relatios

9&: -gyr.
at at

folloqrc from (1.9).
In thermal equilibdulD, the uumber of transitions per udt time from ^Q

to .Q must be equal to the nnsber of tra.asitioas from Ez to h. CertainlS ia
tbenoal equilibiiun

+=ff=o '

(r.h)

(l.l{)

(1.15)

(1.16)



Therfore ne can qrite

NzAzt + N2!Q)821 =NteQ)Bv
Spontaaeous Stimulated Absorptioa
.-iSSion e-isSioa (1.18)

Usiag the lqllzmnnn equatioa (1.8) for the ratio Nz/Nt, we thes write the
a,bove elcpressioa as

i(ntl = (1.le)

Compariag this expression with the black body radiation law (t.2), we see that

(1.20)

The rdations betweeo the /'s and I's are knocm as Einsteis's relations. The
factor anP/8 iD (1.20) is the mode density pn givea by (1.3).

In soli& the speed of ligbt is c = cs/n, where n is tbe index of re&action
a.nd co is the speed of ligbt in vacuum.

Iior a siaple syste- with no degeneracy, that is, oae itr whicb gL: !12; se
see that B2t = 812. lbr:s, the Eiqsteia coefrciests for stimulated '-ission aod
absorption are equal. If the two levels have unequal degeoeracy, the probablity
for stimulated a,bsorption is no longer the saoe as that for stimulatgd emission.

1.2.4 phace Coherence of Stimulated Emissiou

The stianrlated eraission provides a pbase-coherent a.oplification sschanism fe1
an applied signal. The sienal extracts from the atoms a respoDse that is directly
proportional to, aad phasecoherent with, tbe dectric 6dd of tbe.stimulatiag
sigual. Thus the r-Flfication process is phasegreserving. The stimulated e-is-
sioo is, in fact, conpletely indistinguishable &om the stioulating radiatiou field.
This meaas that tihe stimulated en"i"siou has the sane directioaal properties,
sa.ue polasizatioa, saoe phase, a.od sarae spectral characteristics as the stim-
ulsting eoissio!. these facts are respoasible for the erstremely high degree of
coherence which characterizes tbe eroission from lasers. The proof of this fact is
beyoud tbe scope of this elenelata.rT introduction, aod requires a quaatrrn ae-
charicsl treatmest of the interactiou betwees radiatiou a,ad matter. Ilowever,
the coacep[ of induced tra,usition, or the interactios betweeo a sigaal a.ud aa
atomic systeo, ca,u be deraonstrated, qualitativeln with tbe aid of the classical
electron-oscillator model.

Electroaguetic radiatioo interacts with matter through the electric cha,rges
in the Eubetaace. Consider a,a dectron which is dastically bor:nd to a nudeus.
One can thinlr qf electrons aad ions held together by sprins-Epe bon& which
are capable of vibratiry a,round equilib5i"- positions. An applied electric field
will caqse a relatirrc displacerneat between electron a3.d nucleus from their equi-

Azr Strlhv
*: + a,nri Bzt
Dzr. e

fiBn= -
s2



Iibrium pcition. They will qecute aa oscillaiory motioa a,bout their
rium positioa. Therdore, the model exhibits an oscillatory or resona,nt
a.od a responsb to a.a applied field. Since the nucleus is so much heavier thq
electron, we assume that only the'electron moves. The most importaat
for understasding the iateractioa of ligbt aad matter is th8t of the
oscillator. We ta,ke as our model a siagle electroa, assumed to be borp4 6i
equilibrium positioa by a liaear r,estoriqg force. We may visualize the electro,'
a point of nass sr:speoded by springs. Classical electromagnetic tbeory
tbat any oscillatiag electric charge will act ss s, mini3f,1sg a.stenna or
atd will contiauously radiate away dectromagnetic eoergr to its

A detailed descriptiou of the eleetric dipole traasition aad the
electron-oscillator model ca.u be found in [1.3J.

1.3 Absorption and Optical.Gain

ID this section we will devdop the quantitative rdations that govera.absq'
tion al'd a,mplificatioa processes in substances. This requires that we increas.
the realiso of our matheoatical modd by iatroducing the coucept of atoai;
liaesbapes. Therefore, the importa.at featr:res and the physical processes w[i6
lead to ditrereut atomic lineshapes will be considered first.

1.3.1 Atomic Lineshapes

In deriving Einsteia's coefrcieqts we have assumed a monochroaatic wave wi6
frequeocy v21 *titg on a two-level systen s7ift 3s.inGnitely sharp @ergl &!
hryt.We will non'cossider the ioteractim betweeo at atomic system h.oiog,
f,nits lrarsitioa liaewidth 4v and a signal with a ba:rdwidth dv.

Before we ca:rl obtaia an orpression for the tra.ositioa rate for this case, itb
Decesssay to introduce tbe coucept of the atomic liaeshape fi:action g(2, zg).Thr
distribution g(vrvo), ceotered at u6, is the equilibrir:m shape of the linewidtb
broadeoed tralsitions. Suppose tbat JVz ig the total aumber of ions in tbe uppq
energf .levd considered previously. The spectral distribution of ions per rrtit
fregueocy is theo

JV(z): g(v,vs)N2

If we integrate both sides over all frequeocies we have to obtaio .t\12 as a result
co co

t wp1a" = Nz I s@,vs)dv = N2 . (1.2)
0 0

Tbecdore the linesbape fi:nctioa oust be aor:nalized to unity:
€

J e(",vs)dv - !
0

8

(1.21)

(1.8)



If we knoul the firaction g(rrro),we caD calanlate the au:nber of atoms N(v'1dv

is level 1 whic.h u"" op-Jt of "u*rUing is tbe frequency 1Tg" 
' to v * dv'

or the aumber of atoms ia level 2 whi& are capabll of eoitting is the sase

riange. Fbom (1.21) we have

N(v)dv= 9(v,,a\d,vN2
(t.24)

Flom tbe foregoing it follows that g(v' ro) c" be dcdaed as the-nrobalili.-.tr-of

"rri"sioa o, "*otptioo per rmit fr";it*;. Therefore s?)fu is tbc probability

tl"t " givea traosition-will Esult iD ao c'-issiog (916so-rntion) of a pbotoa

JIU J*6r betwees lry aod h(v + dv). The probability tbat a tra'nsitioa will

occur betweeo v = 0 and v = @ has to be-l.- - 
lt,i" clear froo the de6aitioo of' g(v,vs') that we ca'o, for exaople' rewrite

(1.11) i! tbe forn

(1.25)-* = A21E2s(v,vs)dv ,

where tYz is the total aumber of atoms in level 2, aad 0Nz/0t is the nr:mber

of photons spontaneously eoitted per second between v zrrd v * dv'

Tbe lilewidth aad lineshap" ol ao atomic traositioa depeods on tbe canrse

of liue broadesing. Optical frequeocy tra'usitions ia gases c1o b9 broadesed

by lifetime, collisios, or Doppler broadeniag, wbereas tralrsitioas ia solids cao

be broadened by lifetime, difohr, theroal broadening, or by raadon ir.home

g*ait"". lq.[ tfl" [newidtb-broadeniag mecha'aisss lead to two distiactly dif-

iereot atomic lineshapes, tbe booogeneously and the inbomogeoeorsly broad-

ened line [1.4].

The HomogeneouslY Broadened Line

The esseutial featr:re of a homogeneously broadeued etonic tra.usitioa is that

;*;"- has tbe saoe atonil $ueshape a,ud frequeocy lesPor*e' so tbat a

Js"i,ppua b tbe t -"itioo bas exactly tbe sa,ne effect oa all atoms is tbe

collectioo. This oeans tbat withia the linewidth of the eoergr levd each Etom

has the sa'me probability fimctioo for a trassition'

Dif,ereoces bemJ homogeneo'sly and inhonogeocously broadened tran-

sitions Jow up in fbe saturatiJa behavior of these traositiou' This bas a major

effect oa tbe laser operation. The important point about a honrogeneor:s liae'

shapc is that tbe traosition will saturate uniforaly rmder tbe inf,'uence of o

GJJfy strong sigual applied-aoywhere within the atooic li'estidth'-- 
ftflU:"-"-r *ltch result ia a bomogeoeously broadened line ase Efetioe

b-;*i"g, *Uisios broadesing, dipolar broadening, a,ad theroal broadeoing'

Lifetime Broadening. This tlpe of broadening is caused by tbe decay aecha-

oisros of the atomic systen. 
-sloutaoeo"s 

euission or fuorescence has a radia-

tt". ld;;. Broadeaing of tbt atomic traasition due to this process is related

a ,U" g;ceoce lifetime r by fu6t = 1, wbere r';6 is the bandwidth'
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Actually, pbysical situations ia which the linesbape and linemidtb are 4,
temrinded by the sponta,aeous e-issioa Process itself are vasbhilgly rare. S\
the aetural or intriasic linewidth of aa atom.ic line is erctreoely srnell, it is t\
ligewidth that would be obsered &om atoms at rest without interaction v11

oue another.

Collision Broadening. Collision of radiating partides (atoos or molecules) v1i
one a,gother and the colsegueut interruptioa of the radiative Process io t ".r
dom manaer leads to broadeoing. As aa atoroic collision intecrupts either t\
e-ission or the absorptiou of radiation, the loag wave traia which otherwir,

would be present becomes trrmcoted. The atom restarts its motioa efte1. t[,
collision with a completely ra,sdoo initial phasa After tbe collision the procq

is restarted without EeIDory of the phase of tbe radiatioa prioi to the collisiol

The result of Sequent collisions is tbe preseoce of ma.ay trrmcated radiative q
absorptive Prtt cesses.

Siace tbe spectnrn of a wave traia is inversely proportional to the lengtl
of the traia, the liaewidth of the radiatioa ia tbe Presence of collision is greatq

than that of al isdividual uaintemrpted process.

Collisim broadedag is obssved is gas lasers operated at higber Pressurq
heoce the sa,me pr€ssure broadening. At higber Prcxisurcs collisions between gq
atoos liait their radiatirrc lifetime. Collision broadening, therefore, is guiq
similar to lifetime broadening, in that tbe collisioas iaterrupt the initial stat,
of the atoms.

Dipolar Broadening. Dipolar a,rises &om isteractioss between t\
magnetic or dectric dipolar 6elds of neighboring atoos. This interaction lea{
to results very similar to collision broadening, isdgd;-g a linewidth that h.
6eases with increas'rng density of atoms. Siace dipola,r broadeuing rePresertl
a kiad of coupliag betweea atoms, so that excitation applied to oue atom I
distributed or sha,red with other atoms, dipola.r broade'ing is a homogeueou
broadeoiug mecha,uis.

Thermal Broadening. Thet:Eal broadeaing is brought about by the efect d
the themal lattice vibrations oa the atomic transition. Tbe therual vibrations
of the lattice surrouadiug the active ious modulate the resouasce frequeocy d
each atom at a very high &equeacy. This frequency modulatiou represmts l
coupling mec.hanism between the atoos, thertfore a bomogeoeous linewidth ir
ctbtaiaed. Thernsl broadeai.g is the mecha.nisn respoasible for the linewidtl
of the nrby laser aod Nd:YAG laser.

The iinesbape of homogeneous broadeuing mecha,nisos lead to a Lorentziu
lineshape for atooic lesPoDse. For the noraalized Lorentz distributiou, the
eguation

(1.26)

is valid. Eere, vg is the ceoter frequeacy, arlrd. Av is the width betweea thc

1 0

g(v) = (*)lt, -,o\'. (+)1 
-'



balf-powe points of the anrve. The factor Avl2tr asnuses normalization of the
area under the annrc accordiag to (1.23). The pea.k value fcr the Loreotz cr:rve
is

(7.27)

The Inhomogeneous Broadened Line

Mecba:risms which cause inhomogeueous broadening teod to displace the cen-
ter frequeocies of iadividual atorirs; tbereby broadr.;ng the ix'erall resp6nse of a
collectioa without broadeoiag the response of individual atoos. Diferest atoms
have slightly dif,ereot aesonarrce frequeacies oq the sa.me traasitioa, for e:€sr-
ple, owing to Doppler shifts. As a result, the overall t€qponse of tbe collectioa is
broadeoed. A-n applied sigaal at a giveo &equeocy within the overall lioewidth
isteracts strongly only with those atoms whose shifted resoaa!@ &equeocies
lie dose to the signal frequeocy. The applied sigrul do€ aot have tbe sarne
efiect on all the atoos ia au inhoaogeoeously broadened collectiou.

Since iu an iabomogeneously broadesed line interaction ocsurs only with
those atoms whose t€soBalrce frequeocies lie dose to the spplied sigBal fre
gu6cy, a stroag sigual will eveatually deplete the upper laser level iu a ver5r aar-
row frequency interrral. The sipal will eventually "bura a hole" is the atomic
abrcrptiou curve. Exa.mples of inhomogeneous frequeucy-shifting mechanisras
include Doppler broadeniag and broadeaiag due to crystal inboarogeneities.

Doppler Broadenirg. Tbe appareot resonance frequencies of atoms uodergoiug
ra,ndom motions in a gas a,re shifted raodomly so that the overall fregueocy re-
sponse of the collectioa of atoms is broadeaed- A particular atom moviag with
a vdocity componeat v rdative to an obsenrer in the z directioa will radiate at
a &equeocy measnled by the observec as v9(1 +vlc). When these velocities are
arrcraged, the resulting lisgshaFe is Gaussia,s. Doppler broadening is oae forn of
ilhomogeoeous bmadening, siace each atoa emits a dif,erest frequeacy rather
tha.a oae atom haviag a probability distributios for emittiag aay frequeucy
within the linewidtb. Ia the actual pbysical situatioa, tbe Doppler line is best
visualized as a packet of homogeneous lioes of width Azr, which zuperimpose
to grve the observed Doppler shape. The Ee-Ne laser has a Doppler-broadeoed
lilewidth. Most visible aod near-ia&ared gas laser tralsitioas are iahomoge-
neonsly broadened by Doppler effects.

Line Broade-ing l)ue to Crystal Inhomogeneities. Solid-state lasers aay be
inhomogeoously broadened by crystalline defects. This happeos only at low
teoperatules wbere the lattice vibratioos a,re small. Randoo variations of dis-
locatious, lattice strains, etc., may cause soeall sbifts in the exact enerry level
spacings aod tra,ssitiou frequeocies &om ion to ioa. Like Doppler broadeniag,
these rra,riations do not broadeq the response oa as iodividual atom, but they
do cause tbe e:<act renouasce frequeocies of difierent atoms to be alightly dif-
fereot. Thus ra.ndom crystal imperfection can be a source of inhomogeneous
broadening ia a solid-state laser crystal.



g(vo)=*(+l'' (1.a)

Ia Fig. 1.2 the aorsalized Gaussia,u and Loreotz liaes al.e plotted for a conoq
linewidth.

A good *aaple of an imbomogeoeously bpadeoed liae ocanrs in then.
orescence of ueodymiun-doped glass. As a result of the so-called gl*ry ,t]n
there a,re rrariations, from ra,r,e earthsite to rare ea,rth site, in the relative 4o],
positions ocanpied by tbe susesgrling lattice ions. This gives rise to a o*t
doa distributiou of stetic crystalline fields actiug ou tbe ra,re-earth ions. 5;l'
tbe line shifts correspoading to such crystal-field va,riations a,re la.rger, gqd:\
aily spe.a&ing, thsr the width costributed by other factors associated with 

iltransitioo, a'a iahomogeaeous lise results.
Tbe_inbomogeneous-broadeoed lioewidtb co. be represested by a Garrsil.

Aequeocy distribution- Fior the nslprlizsd distributioa, the equatioa 
-\

g(v):*(+1" *l-(ffi1'4 (1.4)

is valid. Wbere vs is the &equeocy at the ceater of the liae, and 4z is *.
liDewidth at whicb the a.mplitude falls to oue.balf. The pea,k rralue of the fii
Balized Gaussia.n cllrve is

Fig.13.
Grussiaa eud Lorentz liacof
eonnon lincwidth (Ge ud
.Lp are tbc pcllr iatcnsitia)

vo

Frequency. Y

o

12
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1.3.2 Absorption by Stimulatsd It:ncif,iens

We ass:ne a quasicollimated bea,ro of energr density g(z) incident os a thin
absorbing sarnple of thidcuess &; "r before, we consider the case of an, optical
systen that operates between oaly two eaergy levels as illustrated schetoatic'lly
in Fig. 1.I. The populatioas of the trlo le\rels are iVi aad JV2, respectiiely. Icvel
1 is the grouad levd a,ud level 2 is the eccited levd. We consider absorption
of radiatioa in the material aod enissios from tbe stimulated pmcesses but
ueglect the spoutaneous -ission- Fhoo (1.15 and 1.20) we obtain

(1.30)

As we !e,call, t"his relatioa was obtaiaed by considedng infinitdy sharp eaergr
lerrcls separated by hrzt and a monochromatic wave of frequency rar.

We will aow consider the isteractiou between two liriewidtb-broadeoed
esersr levels witb aD eDeqgf separation centered at zg, and a half-width of. Av
cbaracterized by S@,rn) and a signal with center &equeocy vs aod basdwidth
dv. Tbe situation is shown s&enatically in Fig.1.3. Tbe spectral width of the
sigual is rra.Erffi, as coapased to tbe liqewidth-broadeoed tra.nsition- If JV1 and
N2 are the total aurober of atoms in level I aud levd 2, then the sr:mber of
atoms capable of interactirg with a radiation of tequeacy z5 and bandwidth

-# = s(u)821(fr*-ivr)

4V ?te

(f* - "r) s(vs,vs)du (1.31)

The Eet chaage of atoos in enerry levd 1 ca.a be ercprcssed ia terus of eoergr
de'r"ity g(v)dv by multiplying botb sides of (1.30) with photoa eoer5r hv asd
dividing by tbe volune V. We will further ercpress the populatious JVr a.nd JVz
as population d-.ities n1 aod n2.

Fig. 1.3. Liae*idtb-broadcocd stooic trasition line ccntercd at r,1 and na31oir baad sipal
centercd at Yr

1 3



Equatio (1.30) now becomes

-ry = s@6)B21hvse(vc,ro)(g2rr - "r) . (r.s) t, I
Tbe sigual will travel through the materid of thi"L-ess ds in tbe time dt r I
&lc = (nlcddz. Theo, as tbe wave adnasces from e to e * &, the dec3eaq i
of energl in the bean is ;

-W = hv"e(vs)s(v",vo)Bzt(ft-- "r):

Iutegratioa of (1.34) gives

#B = o* [-n," g(v", vs)821 (fr^- *) :] (1.35)

(1.3q 
i

ffwe iatrodu@ Fn absorptioa coeficieat a(v"),

c(2")= (#--n")rrr(,.) , where

ozt(r") - 
hv"g(v" vo)Bzt

c
Tben we cao write (1.35) as

dr) = go(ys) elcpl - a(vs)a]

Equatioa (1.38) is the well-knocn ecpoaential absorptioa equation for theroal
equilibrium condition ngzlgt>n2. The energr of tbe radiatios decreases er- i
ponentially wiih the depth of penetration into the zubstance. Tbe maximun I'possible absorption occurs wben all atoms.""* p tbe ground r.t"t".r"t...Fo: 

Iequal populatioa of the eoergy states n1 = (gt/gz)nz, th- absorptioa is elini-
sated a,nd the material is traasp:,rent. The parameter a21 is the cr,oss sectioa fo!
the radietine tra,usition 2+ 1. The cross sectioa for stimulatgd amissieg or21 ir

(1.3E

(1.34

(1.38)

h  
/  \ r  '  I  t  , ( g z  \  |-frle@)a"J- p(v")dvB21hvs(vs,ro)(ff"r -"r) . (Lq 

i
I

This equation gives the uet rate of absorbed eoecgy ia the iequeocy iote,o, I
dv geotgred arourd u3. In a,a actual laser FJFteg the wareleogth of tbe e@itt" I
radiatioa, correspoading to the signal baldwidth dy in our model, is very 1rl I
low as compa,red to tbe,aatural 

T"T|th_t'^11",f1111. 1:F: 1"" =4 |bas e fuoresceat linewidth of 5i, wbereas the liaewidth of the t""o "otffl i
is tpically 0.1 to 0.014. The operation of a laser, tberefore, car be f"t"ty .. i
arately cbaractqized as the iateractim of ti!€n'idth-broadesed eneq5r levQt I
witb a mosochromatic wave. Tbe photon dessity of a moaocbronatic radiatio- |
of &equency ,t caa tbeo be represeoted by a delta firnctioa 6(" - rt). ett* I
integrating (1.32) irr the interral dv, we eStri-, for a monochromatic sigDal j i
frequeucy v5 and a linewidth-broadeoed traasition, . I

1 4



t

related to tbe absorption cross sectioa onby the ratio of tbe levd degeneracies,

ozt/otz = gt/gz (1.3e)

The cross sectiot is a very us€fut para,neter to which we will refer is the
fouo'wing chbpters; If wc replace Bzt l>y the Einsteia relatios (120)' we obtain
oztis a fora whi& we will fisd most trsefrrl:

As we will see later, the gain for tbe radiatioa.building up ia a laser resonator
will be highest at tbe center of the atomic transitions. Therefore, in lasers we

ase mostly dealing with stimulated transitions wbicb ocgrrr at the cester of the

liaewidth.
If we assune u F es ̂ ' y0, we obtain, for the spectral stimulated emissioa

cross eectioa at the ceuter of the atomic traositios for a Loreotziaa lineshape,

ozr(r") = ffiel|,,-rd

An).3o2 t=m;  ,

and for a Gaussiaa linesbape,

--- _ An\3 (tnzltzozt=ffiz,r\ " /

(1.40)

(1.41)

(t.42)

Eere we have introduced iatg (1.a0) the pea,k values of the liueshape functioa,

as giveo h (1.27 and 1.29) for tbe Lorcotzia,n asd Gaussia's cuwes respectively'

Foiexa,mpll, in the case'of lhe 171 line of rubn wlere lo = 6:91 x 10-5 cm,

n: L.76,An = 2.5 x 102s-1, ud Av = 11'2cn-l = 3'4 x 10rr Ez at 300K'

onefads,accordiagto(1'a1),ozt=2'8x10-20cB2"rheexpcimeotalrralue
ozL * the ceoter of the .B1 U". "q"4" 2.5 x 10-20 cm2'

1.3.3 Population Inversion

According to the Boltzroann distributios (1.7), iD a collection of atoms at

theroal equilibliug there a,re always fewer atons in a higber-lyiag level .Fa

tha,s in a lower levd 81. Therdore the population diferesce ffr - JVZ is always

positirc; which rDeia$t that the a,bsorption cocficieut a(vs) io (1.36) is positive

and the ineideat radiation is absorbed (fig.1.a).
Suppce that it were possible to achieve a tenpora4r situatiou such that

there ase more atoms ia aa upper €o,ergf level tha,u in a lower eoergr level.

Tbe normally pcitive populatiou difeoeuce ou that trarsitioa then becomes

uegative, asd the aoro,al gtimulated absorption as sees from aa applied sig-

oJ oo 1!a6 ft*cition is correspoadingly chaaged to stimulated emissioa, or

a.mplificatioa of the applied sig!81. Tbat is, the applied sigual gaias enersf as
it isteracts with the. atoms and hence is a:npli6ed. The euergt for this signal
r-f,lificatiou is supplied by the atoms involved in the ioteraction process. This
situation is charactesized by a aegative absorptioa coeficieat a(zg) sccording
to (1.36). Fbon (1.3a) it follows thx 0p(v)102.>0.
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Popularion /Vr, /V2

Fig. 1.4. R.elative populations in two cnerg/
levels as given by tbe Boltzmann relation for
thermal equilibriuur

Fig. 1.5. Inverted population difercncc 6
quired for optical a,mplification

The esseotial coaditioa for a.mplification is tbr:s that somehow tl'g EW
have, at a givea insta.at, more atous in an upper eoetry level tha:r in a lowq
eaersr levd; i.e., for a.mplificatioa,

iVz > JVr if Ez> h , (1.43)

as illustrated ia Fig. 1.5. The resulling negative sip of the population dif,ereoce
(ff2 - SzM/Si on that tra,uition is called a population inversion. Populatiol
inversioa is deasly al' abuornal situation; it is aever observed at thermal equi.
Iibrium. The point at which the populatioa of both states is equal is callsd 1tr.
"inversion threshold."

Stimulated absorption and eroission processes always occur side by side
indepeadeotly of the populatioa distribution nrong the levds. So loag as tls
population of the highe" energy level is suraller than that of the lower energr
level, the nr:mber of a,bsorption transitions is larger tha.n that of the e-ission
lsancifiers, so that therc is as overall attenuation of tbe radiation. When the
uumbers of Ltoms ia both states are equal, the ur:mber of enissions becomes
egual to the aumber of absorptions; the material is theu tratspareot to the
incideot radiatioa. As soon as the population of the higher level becomes larga
thas that of the loser level, miseiqll plpcesses predominate asd the radiation is
mhnnsgd collectively &rriqg passage tbrough the material,. In order to produce
a.a inversioa, we must b.ave e Bcnrce of energr to populate a specified energl
level; we call this ercrgf tbe pump eDergf.

In sect.1.4 we will disarss the tlpe of energy level structure an atomic
system mr:st possess in order to ma.ke it possible to generate an iaversion
Tecbniques by which the aious of a solid-state laser can be raised or pr.rmped
ioto upper eoerg levels are discussed in sect.6.l. Depeading on the atomic
system iuvolved, ao inverted population condition raay be obtainable only oa
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a trassiat basis, yiele;.g iaternitteat or pulsed laser actio$ or it may be
possible ts naiatein the populatiou inversion on a steady-state basis, yid.l;"g
coatituous-wave (cnl) laser actioq.

The total a,mount of energr wbich is srpplied by tbe atoms to the ligbt
trave is

E = A N h v  I (1.44)

where dJV is the total number of atoms which are caused to &op from the upper
to the lower eoergr levd during the time the sigual is applied. U laser actioa is
to be maintaind, the pumping proce:rs must continually replenisb the supply
of upper-state atoms. The size of the inverted pdpulation dif,ereoce is reduced
aot only by tbe a,aplification process but also by spoutaoeous -i"sion whi&
always ten& to return the eoergr level populations to their thermal equilibri"-
rh,lues.

1.4 Creation of a Population Iuversion

'We 
a.re coacerned ia this sectioa with horr the necessaty population inversion

for laser action is obtained in solid-state lasers. We ca.a gaia considerable r:sder-
standiug on how laser devices are pumped asd hon' their populatiou densities
are inverted by studying some simplified but fairly realistic models.

The discussion up to this poiat has bees based on a h;pothetical 2 <* I
tra.osition and bas aot been conceraed with how tbe levds 2 and 1 6t iato tbe
eoerg level schesre of the atom- This detached point of view must be aban-
doned whea one tries to understand hon'laser actios ta.kes place in a solid-state
aediua. As already noted, the operatioa of the laser depeads on a material
with narrow eoersr levels betweeo whi6 dectrons cas ma,ke trassitioas. Uzu-
ally these levels are due to impruity atoms in a host crystal. The pumpiag aad
laser processes ia real laser syste.'s typically involve a very la.rge.number of
euer5r lenels, with complex ercitation ploaesses aad cascaded rdaxatioa pro-
cesses :unoug all these levels. Operatioa of a,a actual laser material is properly
described ouly by I nrny-le\tel eoergr diagran. The main featgres ca.a be un-
derstood, hon'ever, through tf,g fariliar three-level or four-level idealizations
of Figs.1.6 a,od 1.?. More detailed eoergy level diagrams of some of the most
importaat solid-stite laser materials are preseuted in Chap.2.

1.4.1 The Three-Level SYstem

Figule 1.6 shows a diagram which c-' be r:sed to oqplain the operatiou of
an optie.lly punpd three'level laser, such as ruby. Iniiialln all atoms of the
laser material are in the lowest level 1. Excitatioa is supplied to the solid
by radiation of frequeocies which produce absorptiou into the broad baad 3.
Thus, the puap light raises atoms from the Fourd state to the pump baod,
level 3. In general, the fuumping" bald, level 3, is actually made up of a
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Laser
transition

Fig. 1.6. Simpli6cd cncrgr lcrrcl diagruD of e thr*level lascr

Purnp
transition

Fig. 1.7. Siopli6cd cncrgr lcvd diagram of a four*levcl lrscr
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aumber of baads, so that the optical pumpiag co' be accomplished over a br
spectral nnge. In practice, xeDoD, krypton, Eercury, a,nd tr:ngsteo la,rops
nsed for optically punpicg solid-state lasers. Most of the eclted atoms ut
tra,asferred by fast radiatioaless traasitions iato the ioteraediate sharp log
2. IB this process the eoergr lost by the eleetron is trauferred to the t"tu"i
Fiaally, thc electroa retr:r:rs to the ground lerrcl by the enission of " photol
It is thb lsst tnosition that is responsible for tbe laser action- r o".oir,[
iatessity ig bdw laserthreshold, ato''" in lercl2 predominaatly o"t; t"ttl
gro'ad state- by epontaneous eoissioa" ordinary 

-floor*"*"" 
""t, "" , art,|

oa the populatioa of le,rrcl 2. Aft,a the pr:ap radiation is extiaguisb"d, r; j
2 is eoptied by Suoresceace at a rate tlat raries &om mated"i t. i"i.iJt
In nrbn at room tenpecat'rg the lifetiae of level2 is Bms. wheo the punp
inteasity is a'bove laser threshold, the decay from the fluoresceot lerpl consistsof
sti'ulated as well as q>otaaeor:s radiation; the stimulated radiation produca
the laser output be'-. since the terroiaal lever of the t"*" too"ition is th

Population density

I
I
I

' 3 1
I
I
I
t ,
1
Y

Population density
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EgSy populated 8rousd state, a vsy high popuration must be reached ia tbe
.82 lwd bdore the 2.+ 1 trassition is iavertea.

It is necessary, in geoeral, that the rate of radiationless transfer from the
upperact level to the leed at which the laser action begins be fast compased
lith- the otrher spmtaaeo's trassition iat€ ir a tbiae-fuel bl"r. Th*o*;
the lifejige of the g eLzte should be large ir comparisou with tbe relaxatioo
time of thc 3-r2 transition, i.e.,

The n'ober of atoms ffg ia lwel..E3 is then negligibk compa.red with the
uumber of atoms ia the other two states, i.e., JV3 <fVrrfVr. Th.o.for.,

12r>42

JVr +lV, = JVtot

JVz = JVr

(1.45)

(1.46)

(1.47)

A vital aspect of tbe thretenel systeor is that tbe atoms are itr €fect p'mF€d
directly &'om level 1 into tbe metastabre level2 with only a momeotaqr pause
as tley pass thmugh level 3. with these conditions, we caa calailat" * iiorly
two levels were preseat. In order that a.s equal populatioq b arhiwed betwees
the h asd 81 lftls, oae-half of all atoms-must be excited to the .82 ie'el:

JVtot

2

In order to maiDtai! a specified a.rnplificatioa, the population of the secoad level
must be lsrger thas thst of the first level. In most cases whicb are of practical
importaace, howener, the necessary iaversion (jvz-Jvr) is snall compared with
the total sumber of 1!I atoms. The pump power lecessary 6o" -.iqtrai-;ng this
inrrasion is also saall compared with the inversiou po-o aecessaqr for iqual
populatioa of the lenel.

tbe disadvantage of a three-level systen is tbat 6s3s lhaa half of the
atoms in the ground state mr.st be raised to the metastable level &. There are
thus maay atoms present to contribute to the spoataaeow emiqsiss. Moreoner,
each of the atoms which participate ia the p'mp cycle transfer energr i*o the
lratrice aom the Es-&, transitioa. mis irusitioa is aor:coally odi"ti*lo",
the eoeqgr beiag c8rded into tbe lattice by phouons.

1.4.2 The Four-Le.nel System

The fonr-levd lasersystem, which is characteristic of the rzre earth ions ia glass
or crystarline bost materials, is illustrated in Fig.1.?. Note that a characteristic
of the threlevel laser material is that the laser tra.ositiou tales place betwees
the excited laser level 2-aad the f,-al gronsd state 1, the lowest eaergr level
o{ the systeo- This leads to low eficiency. The four-level syste- avoi& this
disadnaqtage. The pr.np traasitioa exteods agaia from the grouad state (now
levd .Ep) to a wide abeorption baad .83. As in the c."e of the ihreeie"el "yjr,,.,,



sitgted above the grormd state .Ei. lbom here the atoa'ndergoes " ""oii:i
radiative trarcition to the gror:nd lerel. In a true fonrlevel q,st-en, tn" io*3
laser level q will be eopty. To qualifiy as afo'r-level qnten " nt""iJ}l
possess a rda:catiou time betweeo the term.inal lascr leve-l nnd tha -,,*r]\lpossess a rda:catiou time betweeo the teraioal lascr level aod the **ar-*\
which is fast compared to the fluoresceqt lifetime, i.e., "r0<rrt.-t" "aiir]
the terminal laser levd anrst be far abore the cor:nd state co ri"r l+" .i]\

the atoms so ecccited will proceed rapidly to the sbarply defiled level.&, ,*

H-'m*:l=:ln* "fli'.: r:sr^1T"* b'a s" "ri.il

the terminal laser le'd anrst be far abo'e the grouad state so t["t lt. lil\
population is snall. The equilibdum populatios of the teruisal l"ser ler"lTt
determiaed by the rdatioa 

- tl

JVI / -AE\

M: 
escP\E_/ , (t.q)

where 4E is the euergr sqraration betweea le'el 1 and the gro*d ,t,, I
aud ? is the operating tenperature of the laser material. If a.E> ["- ;]i

*fs:fr u-*:"::T*T:Tl:*-1H:'i"3'r,1'_.oilodi
laser aaterials the e'ergy gap betweeo the lower laser le'dana-tu" nl,,li
state is relatively small 6sd, therefore, they must be cooled to functioa i iJl
level lasers. In a four-level syst.-' as inversion of the 2 - I trasition """ "^^--]
eves with vadshingly saall pruap power, and the high p"-F ""t", oo.rJl
to maiatain equfibrium population ia the aforenestioaed tbrelevel wsli
is no longer needed. Is the most fanorable case, the rcla:cation tirn*;i;l
3 + 2 and 1-+ 0 tra,asitions ia the for:rJevel system are short --p*a *'ill
the spoataneous ernissioa lifetime of the iaser trasition r21. Eere we *, "ill
carr5r out the calculetioas as if only the -81 ed E2 states were populated_-l

By far the -ajoritrof lasers matetials operate, because of the -or r,l
vorable population ratios, as fou-level sfstme. The only laser of prsctic,J
inportaace which operates as a thr,eelevel system is nrby. ay " -mbi"atill
of favorable circurDsta,Dces, it is possible G tnis ,,nique "o" i" """""*Jill
disadrnatages of the tbree-level schene. 

I
I

1.4.3 Tbe Mbtastable Level i

After this bridintroduetion to the eoergl level structure of solid-state l""urrn.
can ack the question, "wbat eoerEr level s&erae must a solid possess to ushr
it a usefirl laser?" A" "F barrc seeo in the pr=vious discussion, tl" *i"t*..ui
a metastable lwd is of pasaoormt importaace for laser actioa to ocarr. rt"i
reLatively loag lifetime of the oetastable lever provides a Eec.hEDisEB u, ,"uJl
irrverted population c". be achieved. Most traositions of atoms "h; ;pdf
nonradiative decan because the coupri''g of the interlal atomic oscillatiml
to tbe surrounding rattice-1s stroag. Nonradiative decay procesro "* o*{
readiln a.od cbaracteristically have short lifetimes and broad linewidtbs. A fol
transitious of selected etoms ia solids tura out to be decoupled ftom the l8ttial
vibratioa. Tbese transitions have a radiative decay which leads to relativehl
loag lifetimes. 

I
2 0 t



Ia typical laser systens with eoergy levels, suc;h 8s illustrated by Fig.1.6

aod ?, the a -* z transitioa freguencies, as well as the 1'-+ 0 trasition frequen-

cies, all fall within the &equeocy range of the vibratiou spectrun of the host

crystal lattice, Tberfore, all these tra.asitions cas relax extrenely rapidly by

direct aonradiative decrS i.e., by e.'ittIagi a phouou to the lattice vibrations,

with 42,119 nc 10-6 to 10-1rs- Eowevec, the larger 3'.+0, 3'+1, 2-0, asd

2 -r 1 energr gaps ia these atoms ofteo corrcspoas to transitiol &equeocies that

"re ugner tuan tlc highest pesible vibiation fraqueocy of tbe cryst"l lattice.

Sucb irasitions cauot rda:c via simple siagle-pbonoa spoataaeous o,ission,

since the lattice siaply caoaot accept phonons at those high frequeocies. These

tra,ssitions must theo rela:c eitber by radiative (photoa) eoissioa or by multiple-

phonou plocestes. Since both these processes 8re telatively wea'k compa.red to

iirect ingbphonon relaxatioa, the bigh-fre93ency traasitions-will have muc!

llower o"Lr"tioo rates (221 e; 10-s to 10-3 s in many cases). Therfore tbe

mrious levels lr:mped into levd 3 will sll relax mostly isto level2 while level

2 itself is metastable and long-lirrcd because there are so other levels located

close below it into whi& it can decay directly.
The ercistesce of metasta,ble levels follows from quaatr:m oechanical coa-

siderations that will not be discr:ssed here. Eoqtever, for completesess we will

at least erplain the term "forbidden trassition". As we have seeu in Sect. 1.2.4,

the mecba.nism by which eoer5f ec&ange ta.kes pLace betwees a,s atom and tbe

electromagaetic fiel& is the dipole radiatioa. As a coaseguesce of quaatr:n-

me&a,aicJ considerations and the ensuing sdestioa n:les' traasfer between

certait states caoaot occur due to forbiddeo traositioas. Tbe tera "forbiddesT

mearts that a trassition s.srong the gtates coaceraed does not tale place as a

result of the ioteractiou of the dectric dipole moment o.f tbe atom with the

radiation fidd- As a rcsult of the selection ntles, en aton may get into a'a ex-

cited state &om whid it wiu have dificulty retu::aiag to the ground state- A

state from which all dipole traasitions to lower energf states are forbidden is

metastable; an atom eoteriug sucfu a state will generally regain in that state

much louger tban it would in an ordinary excited state from whicb escape is

compa.ratively easy.
In tbe a,bsence of a metastable level, the atoms which become eccited by

pump radiatioa Pod are tra,nsferred to a higber eoergr level will retura either

ii"ify to the gtoutd state by spoutaaeotrs radiatioa or by cascadiag dowa

os intermediate-levels, or they may release energl by phoaon isteractioa with

the lattice. Is order for tb" population to is,crease at the metastable laser level,

serrq.al other coaditions have to be met. Iet us consider the more geoeral case

of a for:rJenel systeo illustrated h F g.1.?. (Note that a thr*level systeo cao

be thought of as a sPecial case of a four-level scbeoe where level 1 and level

O coincifu). Pgmpin! takes place behreeu two levels aod laser actiou takes

place betweea two other levels. Eoergr from the ppnp baod is transfeged to

ihu oppo laser level by fast radiltive transitioas. Energy is removed from tbe

lonalaser levd again by fast radiationless transitions;

For electrons in the pump band at level 3 to tra:rsfer to level 2 rather

thao ret'ra directly to the ground state, it is required that r3g)rgZ. For
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population to build u_p, relaxation out of the lower level t hrc {p be fast.',r )ao' Thus, as a first conclusioa, we ,oay say tbat if the rigbt *r"*;;time ratio exists behrees any tyo revers (sua as I a,,d 2) i" ; eaerry ievelsystem, a populatioa iaversion should be iossible. If so, tht "btrl"bg;;;:
eaough inversiou for succggsfur tasl operation becomes P"i"*"ily a matter ofth- rig[t pn'pGg metba. tre opticar p'mping aethod i" g*.o'y appricableonly by the arrailability of syst*s which conbt" " oo"ooro"l""o .-,;.r;oo liouwith a bmad absorptioa traosition, so that a broa.d-baad iaGe Iight sor:rcecan be used as the p.-F soulce.

Eaviag achieved popuiatioa inversion i.-a material by correct combinatioaof rdaxation tioes and the ercistence of broad p,r-p u*a", ilir""*il;;;"laser tra,nsitiou beco.es vry importaot. In the rrll*iil.h"r* we will seethat the optical gain for a giveo popuratioa inversioa i" ;";i; proportionarto liaewidth. Therfore, the metastabre revel "u""rai* " 'Gi"ou, narrowlinewid0h.

1.5 Laser R^ate Equations

The d5a'-ic behavior of a raser caa be described with reasonabre precisionby a set of coupred rate equations-p.sJ. r"-treit ri-pr*t rl"-", a pair ofsimultaneous ditrerentiar equations aescriue the poBulation inversion a,,d theradiation de'sity withi''-a spatia[y uaifora laser medi'm. w" *;u describethe systa- in tems 9f the eoergrJ"trel diagraros "ho*o io Frgs.1.6 aud 1.?.As we bave seeo in th1 p*guaiog di"c,r""ioi, t-o ;;l"A are of primeiraportance in laser actiou: the exlted upper raser level h sdthe rower laserlevd -81. Thr:s for many aaaryses of taser'ictioa aa approxioation of the tbree-and four-levd s]'stems by a two_level represeutatioa is ve4r useful.The rateequation approach used ia this sectioa io"otoo-"-orr-uer of sim_plifyiag ass'mntioas; 
:" ':lF a singre "et of =tu uqo.tio* .i "* iguoriaglongitu'ti.al and radial nriations "rL" oa"tion within the laser psdi'm. Inspite of these ,'m;61ions, the simple rateeguatioa approach remaius a usefu]too] a|$ properlv 

ryd: p:*9es a sreat deal of i*iirJiJ" [" b"b"oio, otreal solid-state laser deviced. we wilie*ve from th;;;.q;iJns the thresh-old coaditioa for laser actious, ard obtaia a first-order approcimatioa of tberelaxatioa oscillations io a sofii-stat" r*o. n rth;;;, ilA;; 4 we wilr 'sethe rate eguatioas to caleulate the gain io " t.o" ,_ptiio. 
----

In general, the rate equatious "o" *J"r i" p*di;;;;he gross features ofthe laser output, **.: averag: and pea.k p:*q, e_swiiched pulseenvelopesbape, thrcshold conditiou, etc.-on th. ott haad, aaay deta's of the aatureof the laser esissioo y iuacessible to. iuu p.iii "i"r"*,iia simpre rateequation. These indude detailed descriptions of the spectral, temporal, andspatial distributioas of the raser "-ir"i"l. rorhraaterS these details ca,o oftenbe accousted for independeatly.

*, Hi?lt#rl]f,*: 
equatious to the various aspects of laser operatioa, we :

n(,,\Ftn. '.v lro -,.^_^::t_t:1o5s jhe probability f"" "iia"irted emissioa .e@)Bzt bv the pbotoa deositv o.aa tnu "ii-orated emission *J::":il:'::



With (1.37) \pe caD qpless the E.cteis coeficimt for stimulated e"ission
Bzt in terms of the stimulated '-'ission cross section a(z),

Bzt: 
ffiorr1"1 , (1.4e)

where c: q/n is the speed of ligbt in the mdi;: . The eaerry densiiy per unit
frequeucy p(z) is ocpreseed ir te'-s of the lineshipe factor 9(v), tie eoersl
Irz, aod the pboton de"sity / [pbotons/cn2J by

on2 ont
7;-=-E '

4r): hvs(v)g

Ftom (1.49 ad 50) we obtaia

Bzre@) = ozt(v)i

(1.50)

(1.51)

Three Level System

In order to approcimate the thr*level system with a two-level scheme, we
asisurne that the transitios from tbe pump balrd to the upper laser level is so
fast that JV3 = 0. Therefore pumping does not atrect the other processes at
all except to allow a mechaaisrn of populating the upper level aod thereby
obtaining population inversion (ff2 >lVr).

Iooking at Fig.1.6, this assumption requires that tbe relaxation time ratio
nzlrZt be very snall. In solid-state l:slas 42/121 = 0 is a good approcimation-
Spontaaeor:s losses from the pump band to tbe gror:nd state c". te expressed
by a p"-ping eficieocy factor qg. This pa.ra,oeter, defined as

(1.52)

specifies what &actioa of tbe total atoms orcited to level 3 drop from there to
lwd.2, thus becoming poteniially useftl for laser action. A small 7s obvio'sry
requrres a correspoadingly larger pump po$'er.

. The &alges i1 the electroa population d-sities in a threlevel syst.-,
based oa the assumptioa that essentially all of the laser ions are io either level
I or level 2, a.re

(1.53)

aad

oo:(r+ff f 'sr  ,

*:(",- #,,)"r"+fr-woot

EUICE

(1.s)
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ntot = n1 *n2 , (1.55)

where Wp is the punpitrg rate [s-rJ.
The teros of the rigbt-hasd si{e of (1.53) esgress the ret stimulated e*ri*

sion, the spoataoeous enissioa, aad the optical pnnpirrg.
The time variatios of the population ia both lerrcls due to absorptiorr

spontaaeous, a,ad stimuleted enissiou is obtained &om (1.15). Note that tt]
populations JV1 aod JV2 a,r,e Dow eqplessed in terns of populatioa deodtie,
n1 aod n2. To ta.ke into accouat the effect of pr:mpiag, we have added t6
term Wg1rl which -1a be thought of as the rate of supply of atoms to ttri
metastable levd 2. More precisely, Wpzl is tbe anmber of atoms tra.nsferaj
from the grormd level to the upper laser levd per uait time per unit volqq*
The p"-F rateWp is related to the punF pataneter 1fi3 ia Fig.1.6 by

Wp: qsW;3 (1.56)

The negative sign ia froat of wpy-t iu (1.53) indicates tbat tbe pump mechaaisq
tlsmoves atoms from the grouad level 1 and iacreases tbe populatioa of levet 2-

If we now dedne the isversiou populatioa density by

n : n 2 - n f l |
9r

we can combine (1.53, 54, aod 57) to obtain

an n+nte!( .r  -  1) 
* t l rp(abg_n),f i - rooc- -  r !

where

t = t + 9 2
9r

ard ry = t2l

Iu obtainiug (1.58) we have used the relations

(1.54

z r = I t o t - n'  1*gz/st n, =\!  (gz/gr)nut
- 

1 * cz/ct
aod

(1.5s)

( 1.60)

(1.61)

ijnother eguatioa, uzually regarded together with (l.sg), describes the rate of
chaage of the photoa density w;15io the laser resoaator,

# = *,,- t* t,
*l*. a.t: the decay time for photous ia the optical resonator a.nd s is the
rate 

$ whi& spont&aeolur e-issiou is added to the leser emission_
u we consider for the moment onry the first term on the right, whicb

:t_ th: iqcrease of the photon density ly stiaulated emission, tU"i 1i.Of1 i,idedical to (1.33). flowever, for the ti-" *ri"tioo of the photon deasity in the
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laser resoaator we must also ta,ke into accouat the decrease of radiatioa due
to losses is the system and the iacrease of radiation due tq a small arnount
of spontaoeous enissios which is added to the laser enission. Although ver5r
$rrall' this term mrrst be induded becanse it provides the source of ra-d,iation
which initiates lasq ?Tissioa.

{a irnPortaot consideration for initiatioa of laser oscillatioa is the total
sr:mber p of resonant modes possible is the laser resoaator volune vg, since ia
geoeral only a few of these modes are initiated iato oscillations. This ar.rmber
is givea by the familiar expression (1.8),

P:gorzff ' (1.62)

where z is the laser optical frequeocy, and. Av is the ba,ndwidtb of spontrn@lrs
e-;.sion- Lct p1 be the uumber of modes of the laser output. Then s caa be
epressed as the rate at which spoutaneous e-ission contributes to stimulated
emissisa, aa.uely,

The 'eader is referred to chap.3 for a more detailed description of the factor
r-c thich appeass i! (1.61). For sow we only ueed to kaow that r. represeats all
the losses in aa optical resonator of a laser oscillator. Sis.ce r" has the dinension
of time, the losses are e)q)ressed in terms of a relaxatioa iime. The decay of
the photon populatiou ia the cavity resurts &om trassmission a:rd absorpiioa
at_the end nai:rors, 'spillover' di&a,ction loss due to the f,nils aperturcs of tbe

scatteriag aod absorptive losses in the lass material it;eu, etc. Ia the
abseace of the '-plifriug mechaaiso., (1.61) becoroes

n PI'n2. ) = -
Fr2t

4 4 6
A t t s '

(1.63)

(1.s)

(1.65)

ZJ

the solution of which is /(r) = gsqp(-t/ft).
The importance of (1.61) should be emphasized by notiug that the right-

ha'od side of this gquatioa describes the net gain per traosit oi aa electromag-
setic wave passisg tb*qgh a laser material

Four-Level System

y" IP lssrr'e agaia that the trasitios from the pr:mp band iato the upper
ry -t":t occurs very rapidly. Therefore the populatiou of the pump ba^od is
aegligible, i.e., n3 as 0. With this assumption the rate of ch"ag" of the two
laser levels in a four-level system is

#:wpno-G, - ?r^r)"r"-rzt*ao '



f

n2 nl
t

12r q0

r?tot = ng*n1 *n2

Floo (1.65) follows that the uPPetr laser ievel populatioa in a four-level
increases due to pumpisg aad decreases -due to stimulated ernissiea aod
taneous eoissions into level 1 and level 0. The lower ievei population i
due to stimulated aod spoataoeous enission and decreases by a radiati
rela:cation process iato the grousd level. Tbis Process is cha.rhctsized by
time consta.nt ero. In a,u ideal four-level syste-' the teroiaal levd e-'ptiq j

finitely fast to the grouad levd. If we let 40 = 0, then it follows eon (
that n1 = 0. In tbis case tbe eotire population is divided between the
level 0 a,nd the upper levd of the laser traosition. The qrstea sPPeass h
pumping from a la,rge source tbat is iadepeodat of the lower laser leveL
rro = 0 aod n1 : Q, we obtaia the followiag rate eguatioa for the ideal
systeo

n = n 2  a a d

t l t o t : n O * n Z

Therefore, instead of (1.58)' we have

L = -ro6"- 
+* 

Wp(ng6g - z).

Tbe fuoresceoce decay time rg of the upper laser level is grnen by

*=Q,-

whse At = ql is the effective radiative lifetime associated witb the
line. In the equation for the rate of chaage of the upper laser level we

94'nt)od"+

agaia ta.keo isto account the fact that not all atorqs pr:mped to lerrcl 3 will

up at the uppec laser leveL It is

Wp: noWot ,

where 49 depeo& on the lmsehing ratios whi6 are the relative

rates for the atoms along the rrariorrs possible doumnard paths,

1 1 1- : - + -  ,
tf t2t 120

oo = (,*ff* #f'=t-
The equatioo whi& describes
the laser resoaator is tbe sa,uae
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the rate of chauge of the photon de''.ity
as ia tbe case of l"he tbre---leve! system.



Summar5r

The rate equation applicable to tbreand fo'r-level systems cas be expressed
by:, single p*t of equations, naoeln (1.5S a.ud Ot), where ? = 1+ g2/g fot
a tbrelevel systeo asd z = I for a foL-lwel syst"-. fU" paranetess 11 and
YZ * d€6!€d by (1.56, 59,72, and ?3) for the difereot ,yrt"-,o, The factor
s is (1.61), which rqrreseats the initial aoise lerrcl of / due to spouraneous
cnissisq at the laser &equency, is small and needs to be considered only for
initial starting of the laser action- It will be dropped from tbis point on-

A more detailed aaalysis of the iaser rate equations cao be fo'ad in [1.9,6].
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opTrcAL pRoBrpMs 
ry TNTERFEROMETRTC

GRA\'TTATIONAL WAVE I,NTPNNI,S

W. Wrxrrrn, K. Dexzu,l,xx, A. Rfiorcpa ero R. Scgrt,t.u{cMaz-Phnch-Irctitut fir euantenoptih, AOf Ca,rcn;,ng, C";;";

ABSTRACT

3*:::.lT::,:T.f::-lb. 
quatity of the opticat compoucate i:r an interferometric;;;;*o;;ffiffiT['�;

DOncr recclinr Th. +al--.Ll^ i:-r^-r!

il-": j:fl .jT"lf "l1;.,:,::*;:_*to*iouaoJiio;;;;il;.T:",#.*7fi 3fj,:[**1","."r::*:::':*,'*r;"'d;;;.,:fi HLll:#.i:;#:wavelengths thc dcmandr are etightly less.

P*,?"t|:"*:::ll::i-h,:1io^sr-ra."r".tiasrbeeensitiviry,tbcabsorlrio!,',:;.�"._l*,jl j:Tl:1:I.b"uraoot-.i.""i,i;;-dffi ,J',i3ffi :*TH;jrials sbould bar,e a low thel 
r_v rr.-.L,s., sq uE supslrBlc lll8tc_

of rha in,to_ ^r.-r---.:^_ ]$ 
"pTri:, coeficieot, a lor tu6p23strure depcndeoccof the index of refracrioa, -a " llglJi..iJ_oi,i.ririty.

1. fntroduction

The design of gravitational wave antennas has t9 be oriented at the extremely smallsigaal amplitude expected. by astropivri"irtr. The seasitivity of the prauned beam
9"'Tto-T'^lTFe Micherson iilrf";;;;*r io ""r"o"", is pranned ro reach tbe strainlevel of 10-22. These detecr*r g. oeii*i"=-d. 

ll il"ft;;; effecrive reogrh ofthe light path '6 to the wavet.ogt[ orii" fiavitational *;G il by miuimizing theresolvable cha.nge 6tr in path aiForo"". 
- '-

An efective light path of r00 km or more is realized with murti_reflectionschemes, either Fabry-perlt cavities "r-"giigr deby riaes. For given mirror sepa_ratiou the efective uirt p"il ii i" il"-.*i of cavities, deterrrinedby the reflectivitvof the mirrors' In tte case of delay lines tl. ou-b", oi-iJrta thus the lighipath is selectable bv choosinga proio-i"r.ti9l between mirror eeparation aod radiugof cunzture of rhemi*ors.-F"; il{;;;tur;;;; itir"r-"', inducedvibratioas of the mirro.r substrates or'ffnii. eo"riry.f G;;rlurr""*, the mirrorseparatioa has to be chosen.quite large; the-pr?e't proposars all assume 3 to 4krn-The radius of cu.rature or tue ni,,ori ,l,rir l; of tbe saul orao lr-..goitoa".
Besides the long light path-a high efcctirr light porver is mandatory to achievea high sensitivitv, ." * 

-u" 
r*" rr"-"tili;r, :"i uy ruiLJJ"g process. If rheresolutioa for changes ia parh dif;;;*; ;;t"a uyiu" ,r"tlJe of the photoanr-rent at the output of ihe interfero*"i*,-iiu strain ia space simulated by tbat noiee



Oplicol PmLIcnt it letetlemmeteic G;aritrtiotcl Wote ,{nlcarrcr

is given bY

L=1s-"(#W#)*#L (r)

2. Recycling of light

onewi l l s ta r tou tw i thh igb laserpower . Inadd i t ion , rec lc l iagschemesfor the
Iight will U" irrrpt"**lJ-ilorde, io enba.uce the effective light power' For that

Durpose the interfero;;; "p*"t"q at a dark friage F tb-e mgasruemeot output

ffi;h;ir;-.ir J'rullsuir"i'i'J jh: ':,t"'fo'metJr (ia the abseace of a signal)

retraces the input p"tl -"it runs bik to the laser. This light, usually throwu away'

canberecycleduvio,"*iooofasiuglemirrorMabetweeulaserandinterferometer
(see Fig. 1). As the interferometer is operated in a mode wbere it sesds all ligbt back

to the iaput port, it oJ,- ii[" " minoi. Together with mirror Ms a cavity is formed

(the so called power ,]};-g-;;;1,;, *hili in resonance may show a considerable

power build-,rp *-por.i *iti tUu rroi""ya"4 case Let us calltbe ratio between the

Here Ldenotes the optical pathJength, ) the wavelry]:g-tL:^11*:*:i^i'
ffJ:,':"Effi#lilffu"*'iiu'?;l;'h*:'"'H,ql:f fit-'::*tt:::'*?*efiecrlve g.u! PvwF eu vsv v*Er-'v-' ' 

,o.'Fo, still longer light paths, optimized
-a af th! frequeucybandwidth:{"-!tqft1 r -^----- -.-aao,?r, ra rceah the 10-?lilit:{J:;"il--�ff illiiffi i'-*.;:^t'4t'-*::}.':*^::f *':i"':t";'::::ilT"T"i'i,�"i"-il'*.iivr;;illh"50.{wi"'y*,':,.11; j:n*i:l,T-H
HilT|i;ilffirffi#fi" r" *a* t" Ju" for the highest possible sensitivities.

Figure 1: A Micbelsou interfcrometer witb mirrors Ms and Mr iDserted for recycling of tbc light

powe! and the signal, resPectively'
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power P inside the cavity and the laser power P;" the power gain G. Maximizing this
power gain requirea minimiziug the loeees ineide the powe! recycling cavity.

In addition, signal recycliag'will be impleraented by inserting another partially .
transparent mirror Ma ia the signal output port in front of the photodiode. Light
appearing ia that output port because of a path diference is sent back into the
interferometer and eventually comes out again through that output port. Tbe aiguJ
recycling cavity thus formed can be tuned to a given frequency of observation by
proper choiceof the positiou of Ma, aad its bandwidth is determined by the reflectivity
of. l[t. For simplicity let us restrict ourselves in the following to the case of power
recycling.

The effectivity of the recycling gchemes critically depends on the losses iaside
the recycling cavity. The power gain G can also be expressed in terrns of tbe relative
losses AP/P:

(2)

Losses occur because of many diferent reasons. First there is ecattering - Rayleigh
scattering, scattering due to inhomogeaeities in the composition of the materials, and
scattering because of micro-roughness (see below). In addition, thse is absorption
at the different kinds of impurities, at aot perfectly oxidized metal in the coating, or
in the vicinity of abaorption bands of the materiale used. Residual transmisgion of
the mirrors also contributes to the losees. Finally there are loss$ due to a non-zero
interference minimum, resulting from a mismatdr between the iaterfering beams. The
mismatch may occur either in amplitude, or, more severe, in the shape of the wave.
fronts. Wavefront deformations result from iuhomogeneities of the iodex of refraction
inside the components traversed by the light, and from imperfect surfaces hit by tbe
iight beam on its way through the iuterferometer.

In the following we will deduce specifications for the quality of the optical
components required to rea& a particular value for the envisaged power gain.

3. Surface quality

The ideal eurface of the optical componenta for our purpose is either planar or spher-
ical. Real eurfac$ deviate from that (see Fig.2). The surface ddormations cao be
characterized by their amplitude s and tbeir epatial wavelength 11. The effect of
these deformations on the performaace of tbe interferometer depends ou the relation
betweeu that wavelength A aad the beam dia.metet 2u. Correspondingly, one haa
to consider three regions: surface deformations with A <2u (usually called omicro-
rougbness"), those with zc :s 2ro ('ripplen), and those with A > 2u (uaberrationsn).
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Figure 2: The deviations of a re8l aurface (solid liuc) from ita idcal ehape (dashed lbe) ale degcribcd
by their spatial waveleugths rl and tbeir amplitudc r. For the epetial wavelenglbr tbe
qua$tity to cornpare rith is the beam diametcr 2ar.

3.1 Miar-rcughness

Surface deformations with spaiial wavelengths smaller thau the bea.m dia,roeter cause
some ligb[ to leave the mode of light propagating through tbe interferometer. This
process is called scattering and is oue of the maiu reasons for losses. Tbe relative
power loss by scattering occurring for a reflection at a surface with a root mean
squale value s* of its micro-roughness amplitude is given by

From that relation we crn deduce a tolerable maguitude of s-, if we ask for a par-
ticular rralue for the power gaia in a setup witb delay lines and lY reflectious:

(4)

For example, a powe! gaiu of 100 and 34 reflectioas ia a delay line require the micro-
roughuess to stay below .l/730. For green iigbt tbis is the quality kaosnn as nperyolish
with ampliiudes smaller than a naaometer. But there is ao importaat difereace ia
comparison to the customary situation.. Usually the micro-rougbaess is determined
by averaging over spatial waveleugtbs up to a few mra - atr uppel lirni! fej the bea.m
size in almost all experiments. Here we have to average over all spatial waveleagths
up to the beam diameter of about 5 cm for aB km interferometer a.nd greea light. It
is well known that in all manufacturing procedures used today there is an increase in
the spectral density of the amplitudes of surface deformations towards longer spatial
wavelengths. Thus, scatteing sets hard, but solvable requiremeots for the griuding
and polishing process.

(3)+=(n"+)'.
. .AP 1
!  p  t e '
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9.2 Ripple

t& WhHer ct d.

Surface deformatious with spatial wavelengths in the order of decimetem change theIocal radius of curvature of the mirrors. Correspoadingly the curvature of the-wav]
front of the reflected beam is altered. Computer ca[riations sbow that 11" a-J
fringe of a pirfect interference is deteriorate$ alcording to the followiuj "o""til.]
when a surface deformatiou with a.n amplitude 6s at oie reflection "oy*U"ru i1rid;
the iaterferometer is introduced:

+=,0*(#)
In a real interferometer- there are mary reflections at non-ideal compouents, for in-staace at the mirrors of an optical delay line. If we assume a Gaussian distribution
for the amplitudes of the surface deformations with a standard deviation ss, thea on
avelage the miuimum of interference is deteriorated to

+=5x,0-2#(tr)'

(5)

(6)

U we shift -iV in this equation into the term iu parentheses we see that the amplitude
of the wavefront deformation grows proportioaal to tbe cguare root of the aumber .fy'
of reflectionsr leading to a degradatioa of the iaterfereo." *ioi-um proportioaal to
N. This relation defines-the tolerable amplitude of a ripple. io ato*, for instaace,
a G of 100 in the case of 34 reflections, the rms amplitude of the rippie bas to stay
below )/230. Agaia this is a hard demand, but seeu:s to be wituin ieach of pro"j
techuology.

9.3 Abenztions

Finally we have to coasider surface deformations with spatial wavelengths larger thauibe bea,cr diameter. 
T" b the ra.nge of tbe aberr.ti; liL ;iig.tir-, spherical

aberration or coma- The main effect of such derriatious f"om perfect surfaces is a
misorientation, and subsequeutly also a displacemeut of t[e b"L In Fabry-pecot
prti* such displacemeuls. can be comp"or.t"d by the atig'neoGrooedure, *h"r*,
in delay-liaes iu general this is not portiblu. Therefore t*-r *.tr"i only deals with asetup witb delay lines. The aberrations cao [s gurn"nerized ia a valui for the error
in average slope of the surface. In a 3 km setup with 34 reflc*ioag aud an eaviaaged
power gag of 100, the-error in slope has to stay below 10-?. ThiE requireureat iaybe somewhat rela:<ed, if more tha:r two mirrors iD each interferometer arm are uaed.Tu-that case positioa aad orientation of the output larm can be adjusted by proper
orieatatioa of the mirrors, aad perfect superpositioa i" porriut-". bou poruiuidt;;
so called retro-mirrors: the beam leaves the ielay line tLr.ii " ,ecoud hole ia theaea,r nirror, hits perpendicula.rly the retro-minor a.ud retrad ita original path. This
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Figure 3: folerable surface deformation (in fractions of a waveleugth of thc light) as a fuactioa of

its spatial wavelengtb 11. Crosses: Ioss by scatteriag, squares: loos by bad interfereace.

arraagement has several advantages. The light patb is doubled, recycliag *9 bu

realized by insertion of only one octra minor, a.Ird the specifications for the long
wavelength surface distortions can be rela:ced.

Fig. 3 shows the tolerable amplitude of surface deformations as a function of its
spatial wivelength. Assumed were two-mirror delay lines with a mirror separation of

3 km, 26 reflectioas, a siausoidal surface distortion (in two perpeudicular directioas)
a.sd a loss of 1%. The losses were either scattering (crosses) or bad interferesce
(squares). At a spatial wavelength equal to the bean dia,meter (4.3co) both effec!:
give the ia.uae costribution. One arm was assumed Q have perfect mirrors; the overall
Iernaq& may therefore be ha.rder by a factor of. ,,f2.

9.1 Meosutzment of reol sarfoces

Present technology is able to reliably meilsure optical surfaces with the required pr*
cision. Determination of micro.roughness up to a spatial wavelength of about 5 s'-

12
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Figure 4: Surface profilc of a mirror produccd by coavlotional tecbaiquc.
Dashed liae: before coatiag, golid line: afler coating.

and a vertical resolution of bettir than 0.1 nm is sta.ndard tecbnology, obtained for

instaace by using a Mireau iuterferometer. This is by fa"r suffcieut for our PurPose.

To determine surface deformations with adequate precision on a la,rger acale

is more diffcult. In order to satisfy our requirements, tbe optical company Zeiss

TOberkochen) has developed a measuring procedurer with a reproduciblity of 2um

i.J t" r'.ff"f and an rms value of 0.25 o-.-tlir reproduciblity is achieved even afser

lor"Ut dismttlng the measurement setup, building it up again aad repeating the

-"*,]r"-uot. Th; procedure is based oD sor1e kind of a Micbelsoa iaterferometer'

where the contributioa of each componeut to wavefront deformatious is carefully

determined, and each value is obtained by averaging ovel slagy single measuremeots'

Such measurements were ta.ken on mirrors produced by Hatle (Berlin) with a

quotedlolerance in deviation from au ideal sphere of. \l2.lo-f.rt, the mirrors have

been mucb better - the deviation was on the order of oaly l/50.'Tbe mirrors were

made from Herasil (fused silica), have a diameter of,240 tnm' a substrate tbi&ness

of 75 mm and radius of curvature of 31.5 m. Tbe measurement bas beeo done ia scau

lines across the mirror surface with a lateral resolutios of I to 2 mra. As a'n example

one of the scan lines is plotted in Fig.4, before and after coating, respectively' The

coating was done with an ion sputtering technique. The totaliy differeut aPPearauce

is due-to the fact that a highly reflectiag conceutric aunular area was produced by

rotating the mirror abo.'e a fiied o$-axis evaporation source- The partiarla'r shape

of the ieflecting area matches tbe aunular arrangemeut of reflection spots io a delay

line.
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Figure 5: Liaea,r apectral deuaity of tbe surface deformatioar, before (d1:hed) ald {a coating- 
(solid). ,th. d*h"d line is an average over 140 acaaliles, the eolid oDc ovet 270 gcanlhes'

In Fig. 5 the spectral density of the surface deformations is plotted as a func'

tioo of the spatial frequeucy. For rvavelengths shorter than a few mm the measurement

is limited by digitization noise. Tbere is a striking similarity of the spectral density

of the surfate deformations between the coated and the uncoated case.

4. Absorption

Now let us consider the second main reason for losses, the absorption at coatiags

or iuside componeats that are traversed by the light. The relative absorption losses

allow an envisaged power gain only if

aP I ,o,
P < N C  

\ r /

for the case of y'f reflections in a delay line. For a recycliug gaia of 100 aad 34

reff,ectioos, the relative absorptiou loss ai each reflectioa has to stay below 300ppm'

This is no problem. The absirption inside the components traversed by the light i1

usually also s-'.ll enough. Moie severe are the tbermal efects related to the local
heating by absorption: surface deformaiion and thermal lensing.

1,1 Sadoce ileformation by local heating

ln order to estimate the substrate deformatios due to absorbed light power let us first
consider the efect ofabsorption at the dielectric coatings. The heat is removed either

(t tn)
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Figure 6: surface ddormation near a reflection spot heated by local absorptioo, as,".umed in oursimplified model.

byconductioa or by radiatioa. For atl relerrant substrate materials heat coaductioa
is domina^at in the immediate vicinity of the reflc.ction spot.

- - - Tbe steepest temperature gradieat occurs iu a hcrisphere iaside the substrate
with its ceuter at the beam center and its radirp "qud to lie-beam radius ur (see
lig: o). outside this hemisphere the heaL spreadr o*i.,"piay i"oeasing uolute,
leading to a wealier temperatire gradieut there. In "quilibti;"tbe eatire substrate
radiates all of the Power away, as ih" h""t conduction intough ihe suspension wire is
negligible.

The -most important efect of local heating is a local change is the radius ofcurvature of the mirror at the reflection spot in questiou. lo a first approximatiou the<ieformed mirror surface caa be assumed to be locally rploiJ, i*l as the qadeformed
sylface. This simple m9d9l is justified in rerrospeci uy tle iiJa "sr"".eat with theelaborate aaalytical calculatious of llello and Viaet.r

The relevant thermal expansion caused by heatiug cao be estimated by con-sidering the heat tr"'spo't through the hemisphou r"o,rid tbe reflection spot

P. = IAVT = 2o*tz !! ,
ID

leading to a chaage 6s of the sagitta s (defiaed ia Fig. 6) accordiag to

5s x au6T12.

(8)

T"::t-:-t*_1T::Y.UFhLpoyutl r rhe heat cou-du9livity of the substrate marerial,
f-tp:,:.r_Y"gl *Te.!ht he{ is transport"q, af tilt"npoli; d;;;;;;the hemisphere and a the thermal ocpansion coefrcieat.

Combiaing the last two equations we get

t"= frp..

(e)

(t0)
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The releva^nt quantity for the magnitude of the effect is the ratio af x of, thermal
expansion to heat conductivity. Clearly this should be as small as possible.

The change 5s in sagitta may be compared to the sagitta s iteelf (see Fig. 6).
By simple geometrical considerations s cao be estimated to be

(1  1)

in the near coufocal case where the mirror separation equals the radius of currratrue
of the mirrors. The surface deformatioa 6s certaiuly bas to be kept fa.r below that
value, otherwise the beam would ao loager be properly refocussed by the mirrors.

For quaatitative estimates it may be useful to list a/r fot a few relernat
materials (in uuits of l0-8m/W): F\rsed silica 33, sapphire 28, silicoa 1.6?, ULE
* 2.3 (a material made to have a very low coefrcieut of thermal expansion), aud
diamond 0.13. The latter would in almost all respects be the optimal material for our
purpos$. Here its amazingly high tbermal conductivity prevents a steep temperature
gradient and thus a strong local defornation. Unfortuaately the techaique for growing
single crystals of diamond is not yet well enough developed; oaly rnm-thi& plates of
polycrystalline dia,srond have been produced so far. Another material witb very low
thermal expansion, Zerodur, is ruled out because of its higb isteraal damping.s.r

4.2 Local heating in a delay line

In the just described treatment of the local deformations of optical componeats due
to absorptioa of light porve!, it is its simplicity that allows to simulate analytically
a variety of situations in real interferometers. An example is shown ia Fig.7. In aa
otherwise ideal interferometer with delay lines in its arms a coasta.ut absorption was
assumed across tbe surface of one mirror. With iacreasiag ligbt power the local defor-
mation grows @Fespondiugly, leading to a deterioratiou of tbe interference quality
at the output of the interferometer.

There are two possibiliiies to realize a particular uruober of reflections - mirror
sepa.ration larger or smaller than the confocal arra.ugement. Striking is their diferent
behaviour with respect to local heatiag by absorbed light power. The iqterference
minimum - ideally z,ero at the dark friuge output - deteriorates with increasing light
power in both eses is a nonliuear fashion. For the shorter mirror sepa.ration, witb
increasing light power the minimum deteriorates to about 10%, becomes perfect aE&,
and keeps oscillating between good aad bad interference it a fairly complicated way
(Pig. 7a). The case of la^rger miror separation shows a mouotoaic degradation of the
interfereace quality with iocreasing absorbed light power.

)
, = = -

27r
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1.3 Thermol lensing

In addition to the deformation of a wavefront by a reflectioa at a locally deformed
surface there is a deformation by ao effect called thermal lensing. This ifect occuls
whes the beam traverses a region with a temperature gradieat because of a tempera-
ture dependence of the index of refractioa, g = 5n/67. Such a temperature gradient
may occur as a consequeace of absorption of light at the surface coatings or inside
tbe material traversed. What counts for the wavlfrout deforaatioa is thelath differ-
ence between the difierent pa.rts of the beam, as iutroduced by the iulomogeneity io
the iadex of refraction. For aa estimate of the maguitude of this efect, t"iur "!.io
consider the heated hemisphere mentioned above aad sbowu in Fig. 6, but oo*-fo,
the case of light passiug through the substrate. Tbe path diference 6s bitwe6 beae
axis and outer parts of the bea-, introduced by tbermal lensing, is approcirnately

6 T B5s = ?af.o * ,P. .  (12)

This relatioa is very similar to the one dsived above for tbe wavefront deforrnation
occurring for reflectioas at deformed surfaces (Eg. l0). An expressiou simila.r to
Eq. 12 holds for the case of absorption inside the iubsirate, witb P. uow being the
light power absorbed there. It is clear that one wants to keep the t.iio p7r r-"11.

For the materials listed above the value for p lr (ia uaits of 10-8 m/w) is:
fused silica 1000, ULE 850, sapphire 60 aud diamond l.'Agaia diaroosd would be
the optimum material because of its high thermal conductivity. On tbe other hand,
fused silica, a material widely used for optical components, shows strong thermal
lensing. But nowadays it ca. be provided with good purity aud homogeneity and
rvith Iow absorptiou. Therefore it is still cousidered to be used as substraie maierial.
Silicon is not quoted here, since it is not transpa.rent for the relevant waveleugths.

5. Measurement of absorption

Usually the absorption is measured calorimetericallS that is by monitoring the in-
crease in temperature due to absorbed light power. This method is ao longer appropri-
ate for the low loss optical components available now. A more sensitive measurement
was ProPosed by Olmstead et al.s a,ud Boccara et al.6 It is based on the effects of
thermal expansioo aad thermal lensing treated in the previous chapter. For this pur-
pose a-strong laser beam with the waveleagtb ia guestioa is sent to the compoaent
to-be ia-vestigated. The change in orientaiion of a weak aod Darrow probe beam,
reflected at or transmitted through the locally heated substratg is moniiored with a
position sensitive photodiode. Absorbed light powers ou the order of 10-? watts a.re
detectable. This seusitivity is suffcient for our purposes.

It is well known that absorptiou losses usually are sualler in tbe infra^red than
!u the visible, siace absorption bands of the materials involved a,re further away.
Measurements on high quality coatings oD prue fused silica samples gave absorptions
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at the ppm level for the infrared.z A few months ago we have measured a few ppo
absorptioa at coatings for green light.e

6. Power recycling in the presence of thermal distortion

The plots in Figs. 8 to 10 have beeu obtained in a computer iimulation,leking intoaccouat the thermal efects ia a real interferometer. As a.a oca,mple of the inflience
9f therm{ djstortio"s on the performa,nce of interferometri. o"uit"tiooal wave de-tectors, tbe light powS p;o necessary to be derivered by a tasel is plotted uu"ru, Gefective light power Pa,=. cilculatin! inside a.n iaterferl;";;*itd pooo ,".y.rire.The ratio Pa,,lft^ is equivalent to tle power gain G a"n""J"U""". .

ror Figs. 8 aud 9. the fo[owing parameters were assumed: 200ppm Rayleighscattering a^ad 20ppm absorption insidl components traversed by the tint iiui, .,?"sorption was assurned to difi'erbetween equivalent "o-poouot, ay'n%)rg?r"H;ii.*
in the arms (in case of a Fabry-perot syste'm - SrL"rTt fi;;i, iopi- *d 20;;;loss aud absorption in the coatiags, respectively. Tbe losses i" ii; coatings \pere asr-

u5 0.6 1.2 16 2p6rs (kWl

Figure 8: 
l"lf.t#**at 

iu au jntcrfcrometer witb power rccyclhg aod Fabry-pero! cavitica
(e) All compoaestr made of fueed ailica
(b) sa$e ar (a), but thermar b- ttb; bcaorprittcr compcaaated by tbc compearatiouplatc dowu to lAVo.
(g) AU coruonertg madc of aapphire.
(d) Same as (c), but .ourpu*rii* as iu (b).
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1E9

=
c
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Figure 9: Sanre as in Fig. g, but for delayJiaec.
(a) All components made of fused silica, no compeosation of thermar rensiag.

Srtf];,(d 
and (d) cornpensation oithe beamrprt*.t]"-;ju Fi6.8, cu^,e (b), was

(b) All components made of fused siiica.
(c) Sapphire beamsplitter and fused silica minors.
(d) Sapphire bearnsplitter aud silicoo mrrrors.

sumed to vary between the difereut components by 2lvo,for tbe many reflectious inthe delav line a statistical fluctuatior "iiu" torr., .ituu'iif*Iot reflections was asr-sumed with a srandard deviatioa uquJ to-zoz ;i th;;;;;ue. The waverengthof tbe light was assumed to be SIa.-barr.
In Fig. 8 the dominatiug efect for the:ather poor performaace of curve (a) isthe thermal lens in the substratu oiiru.oopling mirror b ilF.bry_il;;;;iJ:

T:'odr"S by ab.sorption in th. "o.tirs J the high power reflectiou spot. This rensreduces.the.coupling of the input beani to the *Ja" i*iau the cavity. The thermarlens in the beamsolitter is of fo*,r ir-nportaace, as its reduction by a compensatiouplate improves tbe performaace oury from (a) to (b). This resurt is ocpected becauseof the lower iniensiiv in tn" u".rn"iuii* ")*o*;d'to the inte"ior of the cavity. Tbestriking improv.meir 
.foq ig1 i"'6; i,r" to rhe smalrer rhermar lens eff.ect iusapphire compared to fused silica. 

\ / -- -

Io Fig. 9 the dominating efect in curve (a) is the thermar reas is the bea.m_splitter, as its reduction. gives i.r" i-pr.r"me1t flom (a) to (b). Io (b) the thermallens in the beamspritter is still a"JiJtirsl'as its further'""duttioo by using sapphire
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60
P6i6 {kW)

= 0.6

J
.Ee 0.4

100

Figure l0: Power enbancement under optimistic cooditions.
(a) A cavity system using compoaents made of sapphire.
(b) A delay line system with a sapphire beamspritlir aad silicou mirrore.
(c) A Fabry-Perot system using components made of diamond.
(d) A delay line syatem using components made of diamond.

as beamsplitter substrate gives the drastic improvemeut from (b) to (c). The thermal
expausion is of minor,importaace, since in (a), (b) and (c) ihe mirors have been
assumed to be made oJ fused silica, whereas in-"t iu" (a) tiJy have been assumed to
be made of silicon with its low value for alr (see abovei.

For Fig. 10 substrate materials have been assuned that a.re not yet available
in the required size aad quality, but there are iadications that this will.L-g" in the
future. The calculatigns for Fig. r0 were based on lower loss6 than Figs.-g.rag,
substraie absorptioa 10 ppt, coiting loss 20 ppm, coatiag absorptioa 2 ppi, 3a beagrs
9 ^*4 arm, and aq unbala.nce in absorption (coatini aod substrate) Jr tan, *
defined for Figs. 8 and 9. The thermal iens in the b-eanspliiter wa, assusred to
be compeasated down.to LTvo by a compensatiou plate. Fig.10 is certainly based
oa optimistic assumptioas. But the low coating losses assuied have alre"iy U*a
achieved for the infra,red some tirne ago, and jult receatly we have measured a few
gg.rn.abso+tion aod 25ppm total rosi oo .o"tiog, for gr-eea ught. c.*; (;i;l
(d) sbow how perfect dia,moud would be as subslrate J"t*ia.- The lioear t"Ltioo
between Pia and P6r. in that particular case indicates that even at these high po*e,
levels there would be uo thermal efects; the losses would be totally aute"iinli Uy
scattering.
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T. Conclusion

An interferometer with loag baseliue and high light power sets uuusually higb de'

mands on the quality of the optical components. The rapid i,nProveneut of technol-

ogy that took iiace receutly ilready grves a saroothness of tbe surfaces in tbe 10-10

rneter region over dimensions of miliimeters. It is uecessa.ry io exteod tbis scale to
ceotimeters. On a la^rger scale the deviations of tbe surface shape with respect to
an ideal sphere have to stay below )/100. Research Progrrrne are goiug oa, and the
perspectives are encouragiug.

Wavefront deformation because of thermal efects related to local beating by
absorption limit the tolerable absorption level to the order of ppm. Such coatings are
now available not only for the infrared, but also for the visible.
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LECTURE 10.
Control Syetems for Test-M'"s Position and Orientation

Lechtrc by Seip Kawamutz
Assigned R.eading:
BB. S. Kawa,mura and M. E. Zucker, Applied Optics, in press. [This paper scpleins 1[s

influence of angular miror orientation errorn on the length of a Fabry-Perot resonator.]
R€ad either item CC. below or item DD. fitem DD. iE highly recommended; sinie
feedbar* loops are so imFortant; but for some etudente it may entail a fair anonnt of

DD.

work, and CC. might be preferred-]
M. Stepheos, P. Saulson, ed J. Kovalik, "A double pendulum vibratioo isolation
system for a laser interferometric gravitational wave antennal Reu. Sci. Instntm.,
62, 924-932 (1991). [Here you are asked to focus on the cootrol of the pendul"m,
rather than on the penedulum'g role in vibration isolation.J
Read, in yorrr favorite coutrol theory book [e.g., R. C. Dorf, Modern Control Sys-
tems ith editon (Addison-Wesley, 1989), cited as Dorf below] or elsewbere, a,bout tbe
following issues:

a. The relationship of Laplace transfoms to Fourier transforms [e.g., Dorf pp. 264-
2661. Control theory is often formulated in terms of Lapace transforms rather
than Fiourier traosforms because Lapxe transforns are more naturally suited to
describing the transient response of a syete'n to some input; the reason is that
they entail only the behavior of the systen between some initial time t = 0 and
f, : oor by contrast with Fourier transforns which involve the behavior over all
time. In this coulre we will probably not dezl with any issues where the Laplace
transform hae si advantage; and we will most drrays discuss things in terms
of Fourier transforms and thus in terms of the reponse of a system at some
frequency c..r. Eontever, in order to read control theory booke on these issues,
it is necessary to rrnderstand Laplace transforus and their relation to Fourier
transforms. lNotu that, although theoreticat physicists normally use the form
e-bt for the time dependence of a Fourier component of frequency ar, engineens,
and control theorists normally sss e*jot (where i = j - ,trT).In this course we
shall us€ tbe engioeers' couventions.]

b. The rrse of comploc frequency-resporur€ plots to describe the ratio of the output
arnPlitude Tout of a linear system sucb as a control loop, to its iaput amplitude
I,lo, when the input and output have frequency u [e.g., rcad, Dor{, pp. 206-283].
In these plots, V"*fV" = G(u), which is a complex quantity, is plotted aa a curve
in the complex plane para,metrized by a.,, for real o. Such a plot contrins the same
information as a Bode diagran, in which oue gives two plots, one of lc(r)l plotted
upward and o horizontally; the other of the phase g(w) of G plotted upward and
u honzontally; for exa,mple:

l e l '

o
l,
Y -tM

cc.

f e  ( e ;
fu=o

rrJut^.J la..e*s< Plst
BoJ o Di - - .  - -
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FQun 7. Comgarfson o{ $c pertonnance o{ the geophone and thesagphire lrensduccr. The rise of th. geophon" ,"rpok" "t f,iOilfrcqucncira ia duo to Gtcctricsl picr-up tiom tne hiln-power orivesignal.

, r

t
t

T

3

. ,l-i.rt.t l  I. r i
i * j  \3-i  \

t L _
{r.l-

Figurl g, Theor€ticat transl€r tunclion o{ a tive-stsge
€olator !t room t€mp€ralur€. limitoct to lZS dg Ett€nuation
abov€ 100 Hz du€ to tiormal nois€.

lo a nass Joaded loudspcakcr on thc sarac cJemenr as
shown in 6gur: 4. Thc rcsponsc curvcs sdth atd wirhour
fecdback are shown in figurc l0(af Hcrc, rhc velocity
output from rhe gcophonc has bccn convcncd !o an
a.rrplitude rcspoasc. For comparisoq, lhe rcspoilBc cr.rrvcs
of rle compurer model rdrh dampieg oo hm cJcrnenr
areshowa in ngurc l0(b). Clcarly rhcrc is good agrccrncnt
bctwccn the cxperimcnul rcsult and the computcrmodcl

Since thc isotaror is normally driven by seismic aoisc,
it is..the lorvcsr rcsponsc pcak rhat his rhc highcsi
amplitudc. This mode can be damped by adding a
sccond-single-stagc narrow band fecdback loop tuncd
to thc frst normal mode of thc isolator. r#c applicd rhc
fccdback ro rhc founh clemcnr in rhe fivc-sageisotator.
With this double fcedback loop, we arc ablc rJ "u.nu",.
thc.firsr oormal modc by 7 dB, rhc third modc by 4 dB
and rhc fourrh and nfrh moCcs by t4dB. as shown in
fgure ll. Howcvcr. it has provcd difficult to rEdsce ail
nornal modes sirnulraneousty, due to inrcracrions

,:,-J" 
r,o 'oo :o

Flgurc E. Fesull of maasuring noi3o {loor of th€ Folator.
{a) Tha maa.rurcd appticd cxiitation "r g"opr,oi"-i.
(b) Thc normat tevet of seismic noi"" comii"JLtti n"theorctical curvc l0-r l-, (brokcn ttnot. (cj The obscn/eanoigr tlcpr ot thc sapphir€ lranscuc€r.

9T 
T:. This is scr by rhc availablc drivc amplirude

which is reduccd at 9@ Hz Toeorcdcaly thc attcnuatjon
should bc 125 dB abovc 200 lla limited by thcrmal nojsc
as_ shown in figure 9. Thercfore, so fai wc havc no
cvidencc lhat thc actual performance of rhe isolaror is
less then ir tbcorcdcal valuc.

4J. Activc damping of rhe low-fregrrcncy normel modcs
t?.&Tp rhe low-frcquency normal modes, wc appticd
acrive fcedback iq rhc vcnical dircaion to rhi 

-finr

clcment of a four-stagc isolaror. We succcssfuily atrcnu-
ared rhe rhird aad forrrth rcsponse pcaks Uy ISOS Uy
feeding back thc broad band signal from rhc first ct"mcnr

4A
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i. roi
I.,.i

u..l
I
I.,r1

' t

.-J

(o) told
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0 : 0 . . 0 F t ! 0 _
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Flgurc 't0. Result ol a slnglo-rtegc lcectbsck Eppticd to ths
lirst olemcnt ot 8 tlv.-rtlgc iaolrtor. (a) Expcrimcntet
gtgphono r3rponEc cuwo (thf rrSult hls bicn convoned
trom the vclocity raspons€ to 8mplitud€ rcapomel.
(D) Theoretical amplitudo rcpgmtc curvr.

bctwecn modcs and probably due to rhe rcaction feed-
back system cmployed. We arc planniag to modcl the
full fccdback system to define the stabiiity crircria morc
clcarlv.

Flgurr 12. Propscd isolation glatform.

5, Prpporod full rccle 3trucfi,rrr

As pan ol the proposed AIGO projccr fl ll. we pian to
coDsuuc! a geacral purposc isoiation plarform. The
isolators describcd above will bc used in a complex
isolator shown in figure 12.

The whole system is supponcd by massivc concrcle
foundations. A pair ofsand-fillcd stainless stcct (vacuura
tight) box ginier frames provide rhe first and cighrh
stages of isolation. The first is supponed on spriags. thc
eighth is hung by four l.msue pcndulums. cach incorpor.
adng the isolator dcsigned here. From thc cighth elcrncnr
a solid aluminium platc is hung. This provides the
suspcnsion base for convcntiosal pendulum supporrs
for tho optieel co6pon.ata. The icolcccr io thcrofor

a
I
.:

t
I
t

Frqlrsr.t Hr

Flgurt 11. Rclpgnse curves ot s tivs-stsge isolatcr using a double
t€ectbsct ,gop tro dsmp thr lo*fr€quency normai modes. First
rtagc. broad blnd toldbEck (bandwldth 0.-100 Hz,; tounh st89e,
6,4 Hu nlrrow band trcdback.
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designsC to providc a general PurPos3 u!rralo*' vibration

cnviioomcot for frcqucncics abovc 50 Hz An irnportant
pan of this systerr is the usc oI activc danping at thc

poinu shown sch=aratically in figurc 12' This will allow

ih. *. of a suspcasioo point scrvo to rcducc thc

amplirude of thc siismic noise pcak ar 0'l He The full

,."i. ,yr,.t will bc modclled using threc'dimcnsional
fiaite =lemcat analYsis.

6. Concluclm

Thc mcasurantents reportcd herc cover a dynarnic range

from 10-6 to l0-rt m. Thc onc-dimcnsional cornputcr

modcl agrccs wirh thc expcrimcols in vcrtical direction
quite wc[. The high'fr:qucocy tcsts using a sapphirc
tiansduer show ther tbis isolator works as cxpcctcd

cvcn in rhc prcscncc of large excintion. ln additioo'

iherc is no indicadon of any coniiaear upconvcrsion at

rhc amplitudes of cxciation achi:ved herc. Activc fccd'

back uiing rcaction force driva works wcll on highcr

normal modo bur highcr pcrforman* would bc d=sir'

ablc for thc lower modes.
The horizonral vibration isoladon of this isolator

has nor bcn welt investigated. From figure 6 we can

sce lhat !hcr: cxists a low ltvcl ofcross coupling bttween

onhogonal dircctions. In thc ncxt stage of this work' wc
,*ill use a hoiizonrally mountcd sapphirc lransduc:r lo

test thc high-frcqu:ncy pcrformancc in the horizontal
dircction.

It is possiblc !o tradc ofr thc maximum load on thc

isotator against its corncr fr:qucncy. lt is rcasonably

casy to si in rhis way how to conslruct an isolator of

rhii rypc with a corncr frequcncy as low as lOHz

verrically and 3 Hz horizonellY.

Acknowlcdgmentr

We thank rhe Workshop of the Dcpanmcot of Physics'

cspccially Gary Light, for thcir wiiling hclg in thc

.ontttu.iion oi th: isolator and its test systcm' Other

membcrs of the gravirational wave SrouP werc very

hcipful borh in discussion and bcavy labour work' This

*oik *as supponed by the Arstnlia R:scarch Council.

Rcfcrcnceg

ll'l l\':bcr J 1959 Ewdence for disovcry of g:avitational
radiation Ph.r:. Rer. Lerr. 22 1320

l'l'l Del Fabbro R. Di virgilio A. Gi:zono A. Kauekli H.
Monlclarici V and Passudlo D l98E Pcrforraanc of
a gas spriag harmonic oscillator Rcr. Sci' Jrutrt'nr' 59
:93

l3'l Veirch P J l99l tsolatio:r of disrributcd mchanical
oscillators by mcshanical suspcnsions with
aoplication lo t:sonant'm&ss g:avitational radiation
"ni.nna. Rar.5n'. lnstturr. 62 14

f4'l Srephcns M. Saulson P anC Kovalik J t99l A doublc'ocndulum 
vibration isolation systern for a lascr

inrericrornaic gravirational wavc anlcnna Rer' 5ci.
lnstrum.62 9?4

f5'l Dcl Fabbro R. Di Virgilio A. Giazotto A. Kauuk.v H.
Montclatiei V and Passucllo D l9E7 Three'
dimcnsional seismic super'att:nuator for low
frequcncy gravietional wavc detection Pirls' Lctt. A
t24 ?53

f6'l Linthornc N P. Vcitch P J and tslair D G 1990
tnteracrion ofa Dararactric transducer with a
rcsonan! bar gravitational radiation d:t:ctor J' P&.r:.
D: .{pFl. Phl:. 23 |

l7'l Blair D G. Linthorac N P. Mann A G. Pen-l H. S:bo
K M. Tobar M E and Turncr P J t99l Progress in
optirnizing a high Q tcsofla:lt bar anlcnna
drtttatiira! Aslror.om\:, Inst rumet! Desln unl
Ast*ryh.rsicu! frospects ed D E Mdlcll and H'A
Bachor isingaporc World Scicntificl

I'tl Blair D tf t3dl l99l ffre Dercaion of Grutilaionul
k'cr.i pan Itl tCamb;idg=: Cambridgc Univcrsitl'
Press)

f9'l Blair D G and Pcng H l99t Sapphire microwavc
transduccr for ultra-high scnsirive displacement
mc3sutcmcnl Gratuational Astronoml:' Inslnlnn r
Design untl ./.stroghlsica! ProsVas ed D E
Mcc:cltand and H'.{ Bachor (Singaporc World
Sci:ntinc)

f t0'l Btair D G. Pcng H and ivancv E N l99l Thcory and
appiication of the sapphirc dicleoric rccnalo-r
transduer Thc Sixth Marccl Grossmann Conf' on
General Relatiu?! ( Kyoto /99/7 Singapo;c World
Sci:nrif,c)

ll l'l Sandcman R J and McCiclland D E 1990 Lascr
inrcricrometcr gravinrional-wave obscrvatorics: an
ovgtricw J' Mod.OPt.37 1147

ffi
1t
i l i '
Ir
fii



('

I  p H  Y s  r c , r L  R  E v r  E r v Y O L U M E  t J .  N U M E E R  t J U L Y  r .  r 9 ! r

Irreversibility ald Geoeralized Noise*
Ilsesrnt B. C.r,r,r.sx oro tEgoDorE A. WEtrorf

Po'ndol Jl[organ I&otaory ol Physkt, Llabatily ol Pnnll,lwnbt PhildeJphb, pcar,rtgottb
(Receivcd Janurry ll, l95l)

A relation is obtained berween tbe gencrali:cd resisrance and tbe iuctuationr of tbe geneniized forccs
in [near dissipative syrtcms. This raladon forgrc lhc errcnsion of fbe Nyquist rcladon tor the voltagc
fluctuations in ciectrical impedrnces. Tbe gencral formalism is illustnted by applications to rcveral pai-
ticu)ar types of systenl; including Brownian motion, electric ocld Suctuations in tbe vasuuml and presiure
fiuctuations in a gas.

I. INTRODUCTION

THE paramerers l.hich characrerize a thermo-
I dlnamic sysr,em in equilibrium do not generally

have precise values, but undergo spontaneous tluctua-
tions. These thermodynamic parameters are of two

. classes: lhe "extensive" parameten,i such as the volume
or the mole numbers, and the "intensive" paramerersl
or "generalized forces," such as the pressure or chemical
potentials.

An equation relating panicularly to the f,uctuatioru
in voltage (a "generalized force") in linear electrical
syslems rvas derived many yeani ago by Nyquist,r and
sucb voirage tiuctuations are geuerally referred to as
Nyquist or Johnson 

"noise." Tbe volrage ductuations
are related, not to r,he standard thermodynamic param-
eters of the system, but to the electrical resistance. The
Nyquist relation is rhus of a form unique in physics,
correlating a properly of a system h cqtilibrium (i.e.,
the voltage iuctuations) rvith a parameter rvhich
characterizes an irreverpible process (i.e., the electrical
resistance). The equarion, furthermore, grves not oniy
the mean square ducruaring voltage, but provides, in
addition, rhe frequency specrum of rhe fluctuarions.
The proof of the relation is based on an ingenious union
of the second larv of rhermodynamics and a direct
calculation of the ductuarions in a particular simple
systen (an ideal ransmission line).

.It.has frequently been conjectured that the Nyquist
relation can be extencied to a generai cjass of dissipaiive
systems otber than merely electrical sysrems. yet, to
our knowledge, no proof has been given of such a
generaiization, nor have any criteria been deveioped
for the t.vpg of sysrern or the character of the ,,fo!ces',

'1-Ais work was supporred in parr by the ONR.
I Now at Oak Ridge Narional Labirratory, Oak Ridge, Ten-

ne3sce.
I For the tbeory of iuctuarions of ertensivc paramelers see

_Fowler, Sradsticd -t[ccnaaics Ga.uiiJii- Cnjiciiirr. rress,
London, 1936), second etiirion; or Tolman. Trinciolcs of Srr,l;istia
ilahanics (Odord L'niver9r11. Press, London, i9381. .{ recent
dcvelopment of the theon, is given by -\t. J. f,lein anC L. Tisza,
Phyr. Rcv. 76, l66t {1910).I A sutistical mechanrcai rneory of ductuarions of inrcnsive
par8rycrcn_will be grven in a rubrcqucnr prper by R. F. Greene
and H. B. Callen. 

-
t.!{. N1'quist, Ph1rs. Rer' 32. t l0 ilgZE). .{ ver1. nee! derivarion

rnd an rnter!3trng discussron rs gitcn by J. C Slarer, Radiat ion
Laborstoll. Rcport; "Report on. Noise locj thc Receprron of
Pulser," Februrry I ,  tC+t, unpublished.

to whicL thc generalized Nyquisc relation may be
applied. The dcvelopment of such a proof and of such
criteria is the purpose of this paper (Secs. II, III, and
IV). The general rheorem thus establishes a reiarion
between the "impedance" in a general linear dissipative
system and the tluctuarions of appropriate geneialized-"forces. "

Several illustrative applications are made of the
general theorem. The viscous drag of a fluid on I
moving bodyis shown to imply a fluctuating force, and
application of thc general theorem imrncdiitely yields
the fundamental result of the theory of Biownian
motion. The existence of a radiation impedance for the
electromagnetic radiation from an oscillating charge is
shorvn to imply a f,uctuating electric 6Jid in-ttre
vacu_urn, and application of the general theorem yields
the Planck radiation law. Finally, thc existence of an
acoustic radiation irnpedance of a gaseous medium is
shorvn to imply pressure fluctuations, which mav be
related to the thermodynamic properties of the gas.
The theorem thus correlates a number of known efiicrs
under one general principle and is able to predict l
ciass of new relations.

In the frnal section of the paper, we discuss an
intuitive interpretation of the principies underlying
the theorem.

It is felt that the relationship berween equilibrium
8uctuations and irreversibility which is here deveioped
provides a method for a general approacb to a theon
of irreversibility, using statistical ensemble methods.
We are currently investigating such an approach.

IL TEE DISSIPATTON
A system may be said to be dissipative if it is capable

of absorbing enerry when subjected to a time-peiiodic
perturbation (as an electrical resistor absorbs energ),
from an imprcssed periodic voltage). The system may
be said to be linear if the power dissipation is quadratic
in the magnitude of the perturbation. For a linear
dissipatlve system, an irnpedance $ay be defned, and
tbe proporrionality constant between the power and
the square of the perturbation amplitude is simplv
related to the impedance fin tbe electrical c8se, power
: (voltage)2. R/ lZl2).

In the present section we rrear tbe applied perturba-
rion by the usual guantunr mecbanical perturbarion
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methods and thus relate the power dissipation to

certain matrix elements of the perturbation'operator.

We thereby show that for smail perturbations, a

sysrem with densely distributed energy leveis is dissi'

Jative and linear, and n'e obtain certain pertinent

iaformation relative to the impedance function.

Let the hamiltonian of the s1'stem in the absence of

the perturbat'ion be Ilo, a function of the coordinates
q, .  . l  qr .  .  '  and momenta orr . ' ' t �x"  '  o f  the system.

ia thi presence of the penurbation, the hamiitonian is

E* Eo(. .9r. .  .?x. .  ,  )+ trgl '  '  '9r( '  '  '?x' '  ' ) .  (2.1)

where Q is a function of the coordinates and momenta'

aod / is a function of t ime which measures the instan'
Eneous magnitude of the perturbation'

Again invoking the electrical case as a clarifying
example, lve may have V as the impressed voltage and

. q=lc;*;/L. where ai is the charge on the rrh particle,
:ri is its distance from one end of rhe resistor, and I is
tbe total length of the resistor.

If the applied perturbation varies sinusoidally with
ti.ue, we have

l/: l/ssinol. l ) ' ) \

We may now employ standard time-dependent Per-
turbation theory to compute the po$'er dissipation.
Let  / r ,  *2. . . * " , . .  be the set  of  e igenfunct ions of  the
unperturbed hamiltonian Eo, so that

Eo{^= E^*^, (2.J)

and let the true rvave function be *. Expanding p in
terms of the *,,

9=E^ a^( t ) t^ , (2..1)

and substituting into the Schroedinger equation for p,

E ot* V o sin atQg = ; 66'1, i 6 1, / t  < \

one obtains a set of irst-order equations for tbe cocfi-
cients o"(l), rvbich may readily be integrated. If the
elergy lwels of the system are densely distributed,
one thus 6nds that the rotal induced transition proba-
bility of a sysrem initiaUy in the state 9" is

\;V oz tr-r 1 I (8"* ia, I I I E^) 12 p(E"* hu)
I | (.E"- i<.r i8lE") i'p(E. - hr)|, (2.6)

where the symbol (.E.*ic.r '018") indicates the matrlt
elemenr of the operator coresponding to Q between
the state with eigenvalue E"*iq, and the state $'ith
eigenvalue .8,. The symbol p(E) indicates the density-
iu-energy of the quantum states in the neighborhood
of E, so that the number of states betn'een E and
E+68 is p(E)6f,.

Each transition from lhe.state *" to the state with
eigenvalue E^*ho is accompanied by the absorption
of energy i<r, and each transition from 9" to the state
with eigenvalue En- ir., is accompanied by the ernission
of eoergy iro. Thus the rate of absoqption of enerry by
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a system initially in the ath state is

IrV o|,n I i (8"* io | 0 I E") | 2p(8"* ir)
| (E"- hulQ| E")12p(8"- h"t) l .  (2 '7)

To preciict the behavior of a real thermodynamic sys-
lem, we must average over-aii initial sures, weighting
each according to the Boltzmann factor exp(- E"/hT).
Ler the weighting factor be /(E"), so that

| (E ̂ * h,e) / t @) = !(8,) / !(8"- hu)
-qrp(-h<o/hT). (2.8)

The power dissipation is, tben,

povsl - |rr Zo'rE, | | (E"1 hot I Ql E^l 12 p (E "* hu)
- l(8"- h,alQl EJ I'p(.E"- hu)l l(8"). (2.9)

The summation over t, may be replaced by an
integration over energy

E.( )- f'( )p(E)dE, (2.10)
J g

whence

f -

Porver= lrVs?ut I e@)t@)
el6

X [ | (E+ i,.' I Ql $l'e@* ho)

- l(E- hrlQl Elll p(E- hot)l dE. (2.11)

lVe thus find that a small periodic perturbation
applied to a system, the eigenstates of which are densely
distributed iir energy, leads to a Powe! dissipation
quadratic in the perturbation. For such a linear qntem
it is possible to de6ne an impedance Z(u)' the ratio of
the fbrce 7 to the response Q, where all quantities are
now assumed to be written in standard complex
notalion,

V = Z(u)Q. Q.t2)

The instautaneous powe! is VQR/ lzl, and the average
power is

Power= l I/028(,'t)/ lZ(,'t)l', (2.13)

where R(ro), the resistance, is tbe real part of' Z(o).
If the applied perturbation is not sinusoidal, but

some general function of time V(t), znd' if u(<.') and
q(r) aie the fourier transfonns ol V(t) and 0(l), the
impedance is defned in terms of the fourier transforns:

4u)= 21r1q1,7. (2.14)

In tbis notation we tben obtain, for the geueral
Iinear dissipative system'

t n

R / | z l, = t, I p(E)l(E) | l(E+ h'lQl E) l, p(E* ho)
J g

- i\E- h,n1Ql{ll'p(E- ho)ldE. (2.1s)
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the sumnation over n may be replaced by two integrals
over q, (onc for E.<E- and one-for E.jE-):

H .  B .  C . 4 L L E N

IU. THE FTUCTUATION

hr-  IE^-41, (3.2)

( tt u)'� I (E "* lt. I Q I E ) I,

we introduce the density factor p(E). Thus we fnallv
obtain

t n  I  n a

@')= | h"ol I p@)f(E)tl(E+h,,lelE)lzp(E*ho)
. t  O Lr /o

+ I@- h'lQlQl,p(E-hgV+,, (J.s)

or, utiiizing the de6nition (2Je of, the impedance,

<n= f, tzl,n ,f[,'Nzvel

X { | (E+ i{,, I Ql El|, p(E* h.i�)

+ | (E- h<,,1 Ql 4 P p@- t,,,n atltar. (3.6)

IV. TIIE GENERALI2'ED NYQUIST RILATIOIf

_ F_,*r" tyg_-grevious sectioas we havc conputed
R/IZI, and (In). Thcse quaatities involve rbe con-
slructs

r.n

I e@l@) ll(E+ h"'lZl E)l' p(E* hu)
J g

*l @- turlel E)l'pGE- hoil dE, (4.1)
tbc.ncgative sign bcing associatcd wrth R/lZl, aud tbeposluve srgn -witb (tz). We sball now see tbat the twovalues of (4.1) a.re simply rclated, and thus establish
tbe desired relation betweeo (Iu) and .R(c.r).

Considcr 6rst the ralue of (a.t) conabondiag to the
negative sign, which we.denote by C(-).

?'
c(-)= | XAl<a+h'lQlqfp(E*ho)p(E)dE

"O

f n- 
| t@l@- rulQlDtl,p(E)p(E- hu)dE. (4.2)

J 6

.In the second integral .we uote that (E-i<.rlQf E)
yruq.hes. f,or Echtl and making ttu-tr"-*firro.tion
E-E*h,l in the integration variable, we obtain

A N D  i .  A .  w e l r o N

I @+ h'r I Q I E) l'� p (E* h') p (E)l @)

36

We have, in the previous section, considered a system
t_o_ which is applied a force I/, eliciting a response Q.
We now consider the s-r,srem to be ieft in thermal
equilibrium, with no appiied force. lVe may erpectr
even in this isolated condirion, that the system-will
exhibit a.spontaneouslf iuctuating Q, \.hiih may be
associated rvith a sponraneousiy fluctuating force. lVe
shall see, in this section, rhai such a spJnaneouslv
fluctuating force does in fact exist, and ive shall 6nd
its magnitude.

Let (1,'?) be the mean Squaie rtlue of rhe spontane-
ously f.urtuaring force, and let (0r) Ue the mean square
vaiue of. the _sponraneously ductuating Q. Although
we shall be primarily inreresred in (lz?),'ue shall find it
convenlent to compure (Q:) and to obtain (lz?) from
Eq. (2. la) .

Consider that the syst'em is known to be in the zth
eigenstate. The hermitian prop.riy-oi-F�o-."ur., tt"
erpecrarion value of Q, (E"iQlE"), to vanish. The
mean square ducruatjon of 0 is,therefore given by the
erpectation value of e? or (E^ i O,lf"). tlln
(E,l Q2l E") =E-(E,, Qi e^)@^l Ql n,)

= i-2E-(.E" i H oe- QE ol E^)

: i-,E.('. -|f,qlflfl a93i li' (3. r)
Introducing a frequenry ar by

(E^lQ,lE^)= *,.f0'

X p(E^* hu) hl';* h-z f' ed,
J 6

X I (.E"- is; i Ql EJ I'p(.E"- hu)Mu.

f n= 
| huzl i(8"* h.lel E^)l2p(E^* ho)

r 0

* | (8"- hulQl E")lze(E"- tro) ldro. (3.J)

fhe fluctuation actual.ly observed in a real therroo-
dynamic sysren is obrainid by muldpiying-iir. Au.tu-
ation in tbe zrh state by the weighting fZctor /(8"),and summing

. ? e
(Q)=EI@) I hcazl l(E^* huiel E^)1, p(E^* h,e)a  J n

* I ,U"- rr, Ql E^)l;p(E"- hc,t)ldcn. (3.4)

.,fs in 
.Ee, (2.10), the summarion ove! i may be

replaced by an integrarion over the energy specrrum if

x lL-f(E+ttui/t@)ldE. (4.3)
By Eq. (2.8) this becomes

C(- ) = lr-exp(- hu/ hry 
fo KE+ h,lel E)ll

cF)- I:

x p(E* h-)p(E)/(E)dE. (4.4)
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force F(l) (with componens F', Fr, F,) suchif C(+) denotes the value of (1.1) conespoodiag to
t5e positive sign, we obtain, in an identical fashion,

C(* )={ l *exp( - } ru  /nq |  |  l@+ hu ip lE) l '
J g

Xp(E*ho)p(E)I@)dE. ({.s)

With these alternative expressions for ({.1), we can
write, from Eq. (2.15),

R(,') / | Z (c't) | 2= ", { | - exp(- ho / hT) |

^ Q

* 
J, 

| (E+ h,lQi E't i. p(E* hu) p(E)! (E)dE, ({.6)

eud from Eq. (3.6),

I Z l'� hu'� I I * e.rp( - ha,/}2") |

? '
x I I@+ h,',lQlDl'�p(E*hu)p(E)f(Ddeilo. ({.7)

Y 0

Comparison of these equations y.ieids directly our
fundamental theorem:

(w)=(2/r) 
[^'R(,)E(,, 

r)d,, ({.8)

wbere
E('t, T) = lhc,t* /ra,[exp(i<.r / kT) - t}-t. (1.9)

It may be recognized that E(u, T) is, formally, the
erpression for the mean energy at the temperature I
of an osciilator of natural frequenry r.r.

At high temperarures, E(a,, I) takes its equipartition
value

(4.r0)
its most

(4.r 1)

that

(s.l)

Here I is a frictional constant,
viscous drag on a particie moving

so a.Aoea tbat the
with velocity r is

Frictional folce= _r?. (5.2)

(If, in particuiar, the partidc is spherical, 7 is kno*o
by Stokes' Iaw as 6r.(viscosity). (radius).)

It is interesting to recall briefly the rather compli-
cated and circuitous chain of reasoning by which the
above result is obtained. One 6rst makes the ossumplion
that the particle moves in response to a randomly
fluctuating force which has E conslonl, but unknown,
spectral density. (The spectral density is, in actuality,
not constant, and Eq. (5.1) is not valid at high fre-
quencies.) By application of the theory of stochastic
processes, one is then able to predict tbe distdbution
functions for either the displacement ol the velocity of
the particle.r The distribution function for displacemeut
yieids the difiusion constant, which in turn may be
related by the Einstein relationr to the frictional
conslan! ?, thus evaluating tbe spectral density..
Alternatively, the disuibution functioa for velocity
yields the enerry, which is known by the equipartitioa
theorem and which thereforc e\'&iuates the spectral
density, yielding Eq. (5.1).

We now apply our general foruralism to tbe Biownian
modon. We assume tbe existence of a viscous force as
given by Eq. (5.2). The system of a particle in a ff,uid,
the particle being acted on by an external force, is then
dissipative and linear. The real part of the impedance
is simply a (the inertial mass of thc partide giving a
pure reactance of rn<.r). We conclude immediately, in
accordance wifi Eq. (,1.8), that a particle in a fluid is
acted.upon by a spontaneously fluctuating force for
which :

f n
(F'1= (Z/")rt I Eft't' T)do. (5.3)

o l g

For higb temperatures or low frequencies, (iro((ll);
this reduces to Eq. (5.1).

VI. EI.ECTRIC DIPOLE RADIATION RESISTANCE AND
ELECTRIC FIELD FLUCTIIATIONS

IN TIIE VACUUId

.tn oscillating electric cbarge radiates energy, leading
to a radiation resistance. Wc sball see that this radiation
resistance irnplies a Suctuating eiecric 6eld as gven by
tbe Planch radiatioa law.

(F,)- 1z1r1art1[ a-.

V)= T,

E(u,T)+P7, (iI));a')

asd tbe generaiized Nl,quist relation takes
familiar form

(w.E:l(z/r)kr 
I Noa,.

To reiterate :hen, a
resistance R(o) exhibits,
force given by Eq. (a.E)
Eq.  ( { .11) .

sysrem witb a generaiized
in equilibrium, a 0uctuating
or, at high temperature, by

We shall now consider a few speciic applications of
tbis $eorem. The applicatioa to rhe eiecrical case is
obvious, tbe general'Eq. (4.8) being identical with the
nyquist relarion if the force I/ is incerpreted as the
voltage. Tbe content of the geueral theorem is, bowever,
clarined by considering certaia less crivial applications.

V. APPLICATION TO BROWNIAN MOTION

Tbe fundamental result of tbe theory of tbe Brownian
modoa of a small parricle irornersed in a rluid is rhar
&e panicle rno'rros io respoltse to a randomly ductuating

. See M. C. lVang and G. E. Uhlenbeck, Revr. Modern Phys.
17, J23 (1945); and J. L. Doob, Ann. Matb. 43,351 (1942).

I See A. Einstcin, Invcstigotbns on llu Tl*oty ol tk Branbn
Jlncmeil (Dutton end Comprny, Ncs YorL); or il" Einrtcig,
.{nn. Physih lT, 549 (1905).

. A risilrr rnelyrir bu bccn rpplied to ttre 6ow of baet by
L. S. Orn*ein rnd J. M. W. Milttt, Pbyricr 6, ll39 (1939)., '
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Consider a dipoie, of charge c, dispiacement z, and
dipole moaent p=2a. Let one charge be 6xed and let
the other oscillate so that

P=Po sinc,rl. (6.1)

A .  W E L T O N

ACOUSTTC RADIITION RESISTAI{CE AI{D
PRESSUR.E FLUCTSATIONS IN A GAS

l .

vtr

It is well known that the electric riipole radiation ieads
to a dissipative forcet

Fr- -18c'jdzv/dP, (6,2)

where r is the velocity of the moving cbarge. The
equation of motion of this drarge is

tds/dt*muo'xlFa-P, (6.3)

rvhere F is tbe applied force, and r,re is the natural
frequcnry associated rvitb rhe intra.dipole binding
force. Insening (6.1) in (6.3) rve get

F = nP oc'L (uoz- rl)'sinor/* lcutca P I cosott, (6..1)

One may note that the average rate of radiation of
energy (Fv) is

(Fl)= l(lculc-lPo)(oPoc-t)- |o.c-tfe:. (6.5)

The real part of the impedance is obtained by taking
the ratio of the in-phase component of F to e. Thus

.R(cr)= (lcufc'tPi/ @P6c-r)-lCc-trz. (6.6)

According to our general theorem, we now deduce
that there exists a randomly fluct,uating force c6, on
the charge, and hence a randomly fluctuating clectric
6eld 6,, such that

(CE,z)= (2/d f Ekt, fltc-ruzdo,
or

(6,)- (4/3)rtca

f -
X t llho*h,alexp(hu/hT)-11-rlortdq,. (6.7)

ni, .lna"rion can be put into a more familiar
forrn by utilizing tbe fact that the enerry density in an
isotropic radiarion 6eid is sin:ply

Enerry density=(8)/4r=3(8,2)/4r (6.8)
whence

Energy density
F -

= v-?6-t | $n"+ n.iexp(hu/ kT) - I)-tlu2d,o. (6.e1
t O

The 6rst term in this equatiou gives tbe familiar
infnite "zero-point" contribution, and the second term
gives the Planck radiation law.t ̂
ffiI.r, Thc euantttm Theoy ol Rdiuio, (o:Jord Uni,
venrty lJress, London, 1936).I Tbc interaction of lree electron and ndiation 6eld bas been
Ciscusscd fron a rcmcwhat diEerenr poinr of vicw brlV- piuU',
A P-llyril_l-Er 272 (1923); A. Einrrctn ind F. Ebrraloi, Z. flyrtf
19,30r 0923).

We uow consider tbe acoustic radiatiou from a srnall
oscillating sphere in a gaseous aedium. Tbis radiation
Ieads to a radiatiou impedauce which, in accordance
with our gencral theorero, implies a fluctuating pressure
in the gas.

The 1a-ve eguation for the propEgadon of pressrre
waves in the gas is

yrP=ca02P/0p, (7.1)

where c is the velocity of sound in the gas. Let the
radius of the sphcrc be o, and let

'._ o=sr{4-ior6o (7.2)

1q th.at the sphere erpands and contracts sinusoidally.
The boundary condition to be satisfied by the pressure
waves at r= Oo iS

p02a/0P- -0P/0r ar /=aot (7.J)

rvhere p is the equilibrium valuc of thc density. The
solution of these equetions is readily found to bi

P = r-r P o exp(iKr- dorl),

K-,,,t/c

(7.1)

(7.s)
and

P s = - pesz 6s26a[l +tjroo]. [l + (Koo)r]-r
Xexp(-iKoo). 0.6)

Thus, the comprcssive force acting on the surface of
the sphere is

F - 4* aoP o cxp (iKco - dr.rl),

aad defning the radiation impedancc as
complcx force to complg velocity, we 6nd

Z - F /L- i,t cxp(- irol) oc]
z = l+ * ooz pc (K adr - i4r aoz p c K eo)/ lt + (x ao)rJ, (7.8)

The generalized Nyquist relation now stats thet a
sphere inmerscd in a gas will cxp'erience a fluctuating
compressive force, such that

f
(f1 = p/ r) 

J 
E(o4 T)4rosz pc(uoo/ c).

XLI*kooo/c)tl-tdr. (7.9)

Tbe ductuatiug pressure is the compressive force per
unit area on e vEDbbingly small sphere.

(l')= 
Ig(F)/(4rasz)2,

(F)=lr-rs-to f n@, T)c,fd,e,

Tbis resulr mey bc checked by a direct computation
pcnllothg tho ttcadsrd dcrivcrios of tbc- PlrrrcL
radiation law for the electromagaetic modes in a

(7.7)

tbc ratio of

(7.10)

(7,u)
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vacuum. The number of acoustic modes with freouencv
between ro and r.r*dr.r is |r-t6,-r4,f!<.r, and the aioustic
enerry density is

Energy densitv= | E(u,T)l*-2c-tu2dst. (7.12)

Empioying the relation that the acoustic energy densiry
is proportional to the mean square excess pressure

Energy density= r-r6-z(F), (7 .13)

we again obtain Eq. (7.11).
It is interesting to compare the above result with tJre

pressure Auctuations at a boundary of the gas. The
proximity to the boundary, and the shape of the
boundary, may be erpected to iniluence the radiation
irnpedance and hence the pressure fluctuations. lVe
consider the pressure ductuarions immediately con-
tiguous to a plane rigid boundary, and rve shaU 6nd
that for this simple case, the mean square pressure
ffuctuation is just trvice that in the volume of tbe gas.

Consider a plane wall bounding a semi-ininite region
containing the gas. If the s'all conlains a circular
piston of radius oe, the radiation resistance isr

R= rao2pcU- cao'tu-tJ t(2utao/ c)), (7.14)

where "Ir indicates the 6nt order bessel function. The
f,uctuating force acring on a circular area in a piane
boundary is therefore

f
(F)= (2/ r) | E(@, T)tas2pc

J

Xfl - coq-t&r-tJ {2uas/ c)!u, (7.15)

and the fluctuating pressure is

39

quencies which are sufrciently high that the compres-
sions in the acoustic w&ves may be considered to be
adiabaric, we havee

(IE)= lin: (F)/("ao')' 
.

f
(F)= et-26-, 

J 
trr, T)ca?do.

Thus the mean square ductuating rvaU pressure, as
given by (7.17), is jusr twice the mean sguare fluctuating
volume pressure, as given by (i. l l). This factor of tw;
clearly srises irom the fact that rhe pressure waves in
the gas must have velocity nodes at the wall. Fluctua-
tions ia the neighborhood of the wall may be fouud by
treating the radiation from au oscillating sphere near a
refecting boundary.

Finally, it will be noted that the above equadons for
pressure ffuctuations involve the veiocity of sousd in
$e gas which is oot a usual thermodrnamic parameter.
This quantity may, however, be expressed in terms of
standard- thermodynamic quanrities. Thus for fr+

- 
| P. M. Mone, Vibtaion atd Soutd (ItcGraw.Hill Boolr

gompany, Inc., Nc* York, t936).

f =Q r{r-LO-tggr-r, (7.18)

where Cp aad Cy are the specific heats at consrant
pressure and volume, p is the density, and JC1 is the
isothermal compressibility. For these frequencies, the
pressure fluctuations in the volume of the gas are thus
given by

(F):rr-.r/v,{vCp-t f J;6, flrrar. (I.Lg)

VIIL CONCLUSION

The generalized Nyquist relation establishes a quanti-
tative correlation between dissipation, as described by
tbe rcsistance, and certain fluctuations. It seems to bt
possiblc to give an intuitive interpretatiou of sucb a
connection.

A dissipative prcccsq may be conveuiently cousidered
to involve the interaction of two systems, which we
cbaracterize as the 'Sourcr qrstem,, and the ,dissipative
system." The dissipative system, explicitly considered
i1 Secs. II and III, is necessarily a system with densely
distributed energ3/ levels and is capable of absorbing
energ:r when acted upon by a periodic force. The source
system is the system which provides this periodic forcc
and which delivers enerry to the dnsipative rysten.

Assume the source systeE to be 6rst isolated from thc
dis,sipative system end to be givcn soae intcrnal
energy. If the source systeui is a simplc dylamical
systen, its subseguent dynamics will be periodic (as,
for instaace, tbe oscillstioru of a pendrd""' or of a
polyatomic molecule). The systen may be thought of
as possessing a sort of internal coherence. If, now, the
source system is allowcd to act on thc .tissipative
system, this internal coberence is destroyed, thc periodic
motion vanishes and the energf is sapped -away, aad
the source s)'stem is left at last with only the r:andom
disordercd enet5f .4ci,kn charactcristic of tbermal
equilibriun. This loss of coherrnce withiD tbe source
system may be thought of as being ceusd by the
random fluctuations generated by the dissipative sysrem
and acting.on rhe source sysrem. The dissipation tbus
appears as thc macroscopic manifestation of the dis-
ordering efiect of thc Nyquist Euctuations and, as sucb,
is necessariJy quanriutively correlated with the fluctu-
ations.

An analogy which is perhaps useful is provided by
the historical developmcnt of the theory of spontaneous
ndiation from excited &roas. After the initial develoo-
ment of quantun necbanics, it was found impossibie
to compurc the spontaueous transitiou probabilities for
an isolated cxcited arom, and tbis dissipetivc ptocers
appeared to be outside the existing srructure of dy-
namics. With the devdopmeut of quautum elecuo-
dynamics, however, tbe dissipation could be computed,

(7.16)

(7.t7)
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and it rvas found that the ,,spontaneous,, transitions
could be-consistently considered to be induced by the
random rluctuations of the electromagnedc 6eld in thc
vacuum. In this case, of course, the eicited atom plays
tbe role of the source system, and the ,,vacuum', piays
the role of the dissiparive sysrem.

. It would thus appear that a rcasonable approach to
tne development of a theory of linear irrarenible
B:T^*: 

is rhrcugb.rhe developoeat of tbe theory oiuu.ctuattons.in equilibrium systeEs. Certain results inthis connection will bc given ia subsequeni-papen byRichard F. Grecne aud one of thc authio flig.C.l.
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Tbe Disiategratiou of Ndr.7
iV, S. Eqrca /uD J. D. Ksearpv

Ohb Stue Unbadry, Colwthtt, Ohio
(Received Mucb 12, lg5l)
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Three groups of monochromadc-electrons corresponcling ro.ganm8.ra)4r of 91.5*1.0 kcv, 320*3 hev,a'd 53{+{ kev have bcen-idead6ed in th. aitini.ct.tion of Ndrd. Therc ganrmr.rryr arE scribcd !otraaridons in Pgrrd' Evidence brs been obuined toi.-coopl"r betr-spectru-gr-iiNo,o. on tbe b*is ofcoincidcnces, a partial rcheme of airintcgrrtio; fot-iio- it-pi_o-poroa. T[-il] Ie.gy decrerrc from thegrouad stare of Ndrd ro tbe ground c€re'of parJi".ra i, riziiooit M;' 
-"

L INTRoDucrIoN with neutrons at the oaL Ridge Natioual raboratory.
SrNc,.E the original obsenztion of an ll-day period qi,g 1ciir.r9d material *r, "gJd io auow for ttre decavu radioactive neodvmiumr several papers ir"uJ u..n . of r2-min i;il;ir'i;;;"pinil,. T;;;;;.published on the ooh:i.-:r_:tt,;:d,f'tiil ,p..i.s.r-i applied h u:l::, pbases of this invcstigation for rhcwhen fission products bec1m9 available, it was possibre gr6w$ of o.zz-Miib"*-;;i,ie daughter producr,to identify the ll-day period as mass number -iii:i; ft1rrr. 5o..3tomerer sources were prepared on cello-absorption technique, the beta'emission *as forna ,i pi,"nu.t"i.. rrr"y *i.i.i-.;;.;, and a radiogrambe 0.9 IIev and _0.J llev rvith intensities of 60 and 4[ . ihowed tir"t tu -ajstril";ir;;A; activity Fas p'c-Perceut' respectively'' Low-e13rgy electrons, r-on, tically.uniforur.-sin"ri.,jiiliolrior"a nahrial wasand gamma'ravs of -0.58 ttev wiih "n inteisity oi'lti used,'ineri ";y.il;;;-iii,, and a uethod ofpercenr were aiso observed. Coincidences *.r. obt"in.J obtaining a.correction ro, ."ittiring in ttre source (atbetween high energv beus and x-Frs, "it; l-.,;;; ror.iiiii.o ir;;";i;"J ii* io''.oonection witb thelower energy betas and gammas. In'" recent letterl correctioir for counter window absorptioa. sourca forbeta'cnergies of 780 kevlnd I75 Lev *oii-i.p-or-,J, the. coirrciaeacg countar were raouated oa celropbaaecomplex b-eta-gamma-coincidences were found, ana tirc and covered *idr;;;;. 

"-'- 'gvgi
absence of gamrna'gamma'coincid.n".r noi.J. Meesuremeats were carried out witb the aid of 

-a

II. PROCEDURE perEaneut Eagnet electron spectrograpb, a tbict lensFor th e P resen t " " 1 1,: ::T:':i.u,v," pp*1, ::o,- 
t'fr 

:T::'r"rff ffi li;"S"t3}'i:iH'#; r;dymium in the form of neodymium oride *,asl*adiated d;;Fbphic plaies-as derectoB. Atthough large
- t^"" t'tor'-u'' o'" *0"'. :r:T_l:q_r"i* ,1,!a ii*t"rn lii.ion, intensity forthe measuremcnt of inlenral conversion ,r"."oolilri],Lt.vuJ tJ.t LIllS5FS""J ;:rT,l:f; -'ij.i .li:flii :::::i:':::'j*t;;"r':.;;;;-i;; courd bc ob-rnt'o'"v itiri- '-'ii"'i" 

plld,fo: energies- over r00 rrev.'The -"er"iii. o.ra
39.9*9.: strons K strength betweeu tbe pole pieces wes aeteriineA witl&4'5*0'5 stroni L 91.5 internal conversion electrons og pu lj-grtrr.

,ilr:l.r ::T'. 
l; Tb. ,id i;Ag was encicntly attained in the beta-

llf ;i ".f,*."r. t 320 sPectroBete! by using a coil that extends along the total
€9 =4 mediua Ksie ri ;.-.1-- t, ${ ff$.::if;1ff;5.J1T;*:ry;"*l-:Sl.-.ffi

l,${bl,Jh:.q,pirGuy-ii*"r.iii*g".Ii.;ilT::
j .!gw* P9or, $u-rbatov, and euilt, phys. Rev. 59. 936 no!r r trlbution inridc the coU. Aaaf*naf U.n.i ;;;.6;"U;;'w .Eo the ,Z .Naru r fo rsch - i , t ; c t l g {o i . -  ' - ' " - - \ " t r ' '  

t om in im izesca l t e r i ng f romthe*a l l sand to l l im ina te

,,i,iih,:#:3,:?iXf#j'S"t"Hirl*.ii:* S#:f ,*, the higher ;rde1 locusls or,il* .i|.,,o,,.. A 2-ms/cm.
\1947)' 

",----'-.- -- r--:--*' 
v" ''oL mica window C,.M counter was uscd as dctector] TheI c' E' Mrndeviue and E' Shrpiro, Pbvs' Rev. 79' 391 (t950). specuometer was operated witb a resoluti:u of n4
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The fluctuauon-drssipctron thcorem is applied to rhe case of towdissipation mechanical oscilla.
tors. whosc losscs are dominated by processes occurring inside thc marcrisl of which thc oscillators
are made. In the common case of losses dcscribed by a complex spring consrant with a constant
imaginary pan, the thermal noise displacement power speclrum is steeper by one power of ar rhan is
predictcd by a velocrty-damping model. I conslrucr modcls for thc thermal noise spectra of systems
with more than one mode of vibration, and evaluate a modcl of a specific dcsign of pendulum sus-
pcnslon for thi rcsr masscs in a gravrrational-wavc interferomcrcr.

I. INTRODUCTION

Thermal noise is one of the fundamenral l imirs ro rhe
precision of mechanical measurements. Its importance in
high.sensitiviry galvanometers is well studicd.r It is also
one of the dominanr noisc sources in resonanr-mass
derectors of gravitarional waves and a major rcason that
such detectors operate at cryogenic temperaturcs.S In
both of these instruments, whar is observed is rhar the
thermal noise excites rhe mechanical resonance with a
root-mean-square level rhar corresponds to an energy of
k oT'

In many experimenrs, ir is the thermal norse far from
the resonant frequency that is mosr imponant. In laser
inrerferometer gravirational-wave detectors, for example,
resonant mechanical sysrems are employed, bur mainly in
the rolc of vibration isolarors, wirh the resonanr frcouen.
cies lying below the signal band.l Thermat noise morion
of the test masses in rhe nearly free regime above rhe res-
onances is expecred to be an importanr noise source, and
thermal noise in the srgnal band from high.frcquency
internal resonances in the tcst masses may also be impor-
tant. Other gravitational experiments employ delicare
torsion balances. These are typically used in a mode
where thc signal frequency is well below rhe fundamenral
resonance.t Thermal noise sets a significanr noise floor in
these measurements as well.

Models of thermal noise almosr invariably assume rhar
the dissipative force is proporrional ro velociry. (Notable
exceplions are the work of Spcake and of Chan and
Paik.r) I{owever, in rhe lowJoss oscillarors rypically uscd
in sensitive gravitational experiments, the dependence of
the dissipation on frequency seldom obeys rhis expecred

behavior. Calculations of therrral noise based on
velocitydamping modcts can be seriously in crror. In
t'his paper I will discuss more realistic models of mechan-
ical oscillators with small dissiparion.

II. BROWNIANMOTION

Brownian motion of a particle of mass ra, subject to a
fricrional force of the form Fsr;.,,on: -rfu, is described by
the Langevin equation6

,  mi  * f *=F.s ,  ( l )

where.F,; is a random force with a white spectral density:

Fiy,kol=4keTf . l7.l

(Throughout this paper, I will use angular frequencies,
with dimensions of radls, but will givc power spectral
densities referred to the customary l-Hz bandwidth.) As
is wcll known, the fluctuating force Fr; comes about be-
cause of the randomness of the individual imoacts fioi',
the moiecules that makc up the medium rcponsibh fc:
the detcrministic forcc Ffricrion.

A damped harmonic oscillator flike the one showr, iir
Fig. l(a)l can be described by adding a terrn rcpresenting
a Hooke's law restoring force Fp,roj = -/<,x, giving

m i t f * t l : =F , r , .  ( 3 )

This equation of motion is easy to solve in the frequcncy
domain, by replacing;r (r) with x(colei't. Then the power
spectral density of the position of thc msss can be shov'rr'
to be

@ l99O Thc Aoerican Physical Socicry
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x2(ol=
4k|Tf

( k - m a t z ) z + f 2 o j '

I

(4)

(b)(a )

A- g.raph of thjs power specrrum (for a represenutive ser
of rhe paramelers /<, m, 8nd / is shown i" ni. z. lf /iisrnall, then rhe response of the panicle is sharply pealea
near a6=vffi. It is.*,o-"y'if .fno,. rbe sharp.
ness of the resonance by e=os/L@, wherc Aar is the full
width ocasurcd at the balf-power points. For the
velocirydamped harmonic osciilLtor, e : m cos/f .

Predicrions for rhe thermal noise-in many delicare
mechanic_al cxpcriments have been made basei on such
models. In the next section I will scr up a framework foi
more reafistic modcls.

III. FLUCTUATION.DISSIPATION TI{EOREM

The fluctuations analogous to Brownian motion in anv
sysrem wirh dissiparion m8y be found using *re
frucruarion-dissipation rheorem of Callen ,, ii.i' ii"
specrral density of the thermal driving forcc is given by

F!6/votl=lkrlR(ar), (S)

where R(ar) is the mcchanical resistance, the real pan of
the impedance Z=F/u at rhe mass. i,quivatentiy, the
power specrrum of rhe motion of the mass is given by

.  4koTo(o t l
; - \ u / r=+ - -  ,  G )

@ '

with a(ro) denoring the mechanical conductance, the real
pan of the admittance yktl=Z-t(ot ).

For the'simple oscillaror dcscribed above, the im-
pedance is

i

Z=f  * ian+j l .  (71
I (r)

The admirrancc is

,_ atzf  + i (atk-mai l

1t--;FW ' (8)

Subsrituting rhc real pan of Eq. (g) inro Eq. (6), we obtain
Ine same result for the displacemcnt powcr spectrum sswe did using rhe Langevin equadon diiectly.

;

IY. EXTERNAL VELOCIT]T DAMPING

There are sevcral common sources of damping thatgive forces proportional to vclocity. Ttrc classic cx-ample
i: 

t!1 "i1"o-* drag on a Brownian 
-p"ni.f. 

,*pended in aIrqurcl. A Iew hlglt.Or"cision cxperimen$ operare at high
enough pressure so thar thc drag from the iesidual ga;;
in the viscous regimc.t . : ,. .- r.t . .. . :. .. . .

Most gravitational experimenls are pcrformed at low
pressurcs {around l0-o Torr or lower). When the mean
flee path is large compared to 8 chsracrerisiic dimension
of the rcst cblect, a description in terms of vircosiry is no
longer applicablc. Instcad, one must catcutarc rire sum of
the momenium transfcr bctween the tesr -Jiect ana c"cfi
of the gas molecules rhar collide wirh it. It Ln Ue shown
that the osciilator Q can be esrimarcd ase- t2

(d)(c)

FIG. l. (a) Schcmaric diagram of a mechanical oscillaror
constst ing ofa mass rn, a sprlng ofreri  spring constant A, and a
dashpor wirh vclociry coefrcient y. tUr an oici l l rror consrsnng

:1." T*:- 
m znd a spring wirh complex ,pnng .onr,"n,

KLt+t6t@ll.  (c) Schemarrc diagram of a srandard anclasricsol id. An idcal spring is.connectcd in paral lcl  wirh a spring-
dashpor combinarion cal led a Marweli  unir.  (dl Schemaric
model of an oscillaror wirh an arbirrary freguency-dependcnr
spring consranr, consrructed from a singte iacal spnn3 and
many Maxwetl units.

G
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FIG. 2. Tlrcrmal noisc power spectra for rwo mechanicat os.cillators, each with rrl - t g, resonanr frcquency ab= I s-r, and
0=tm. The soird l ine shows rhe specrrum ioi"en os.,tt"ro,with damping proponionar ro velocrry. Tnc olsh-.oorred rineshows thc spectrum for an oscil lalor wrth lnrcrnat oamprntcharacrenzed by consranr d(a.rt- The unrrs of rt,. fo*., specrraldcnsrry are cm:/Hzcnd of the freguency a^ir rr. Jj,.
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A..1;e p is the density of the oscil lator mass, n is the num'

I',' atntitv of gas moiecules, each of which has mass

\' .. n ii a characteristic dimension of the oscillator'

!,ff ' t 
'" 

a dimensionless constant 'of order unity that de'

l.nds on the shape of thc oscil lator'
' -Fo,  o l -Hz pendulum of  mass l0  kg,  operat tng a l  pres '

.,, ir, b.lo." lb-o Torr, values of 0e., in excess of l0'

l iould Ue readily artainable. This means that gas damp'

lj i- .on be made ncgligible compared to'the internal

lir"rping mechanisms described in Sec' V' Torsion bal-

l i .r ' t, J" the other hand, typically' have much smaller

iuir.t oi h and r..rs, and so gas damping is often an impor'

tant  source of  d issrputron for  them -  ' "

Edd;-  currents in  movrng conductors a lso gne a damp'

ing force that  is  proport ronal  1e veloct !y ' ' '  Good mag'

fcirc shielding, and use of nonconduclors wherever Possl'

Ll., ton reduce this to small levels'

V. INTER:{AL DATTPING

Internal damping in materials has been foundll to obey

an extension of Hooke's law, which can be approximated

by

{ol
o*6*i futk-ma3l

'  (& -^ro2r2+k262

The thcrmal noise power specral dcnsity is given,

cordin g to thc fl ucruadon'dissi pation theo:em, .byq[ ' ]  - . '6

F = - kU +id( ar )l.r 00)

m i = - k l l + i { x . x - x r ) + F .

The vibration transfer function is

r  _  o r i l t + i d l

xc otf,- toz + i6toi '

By comparison wirb Eq. (4)' it is casy to see thar an oscil'
tator of this son has a quality factor given by

03)

i l4)

and so the thcrmal noise force spectral density is propor'
r ional  to  the quant i ty  k6tot /@ tn p lace of  the veloc l ty
cocf f icrent  / .  The admtt tance is

VI. FORMS OF INTERNAL DAJ{PING

By f r the mgrst coJnmon functional form for d(r'r) in

mitiriats of mCni kinds is S approximCtely constant over

a large band of frequencies. r' 
[The hS function d( ar ) can

Ue aiy odd function of frequency'r5 Constan! d(ar) is

consistent with this condition as long as f does not

remain constant all the way to zero frequency'] In spite

of the ubiquity of constant $('ol' there does not scern to

bc a simpli model that gives a general cxplanation of the

phenomcnon. In some casesr a frcquency'independent {
Las been attributed to frigion from dislocations'ro

Sometimes, the damping exhibis a broad maximum at

a charactcristic frequency 7- r. This is .the classic

phenomenon named "anelasticity" by Zener'" Such be'

iravior is caused by the functional depcndence of some

inrernal degree of freedom of the systcm upon the slress'

For oscillatory stresses applied near r-1, tbe response of

the material can lag substandally because of the finite

time it takes for the inrcrnal dcgree of freedom (and con'

sequenrly the strain of the marerial) to comc to cquilibri'

um.
A simple model, catled the standard anclastic solid' can

be used io t.ptes.nt the relaxation proccss described in

the previous paragraph. One way to rePresent this modcl

is by an arrangement of two springs and a.dashpot' as

shown in Fig. i(c). The spring constanr &1 is colled the
...relaxed spring constant," and the sum &l +&t is called

the "unrelaxed spring constanr." (If the losses are small'

then k, is much smaller than ,t r.) Zcner showed that this

modcl iredicts that the loss angle d depends on freguency

wirh the characteristic form

d = 6 4 ,
I *at'f

07)

as long as therc are no other mcchanisms with nearby rc'

hxatiJn times and C << l. h,= kz /k t is called lhe "relax'

ation strength," while r=f /k2 is the "relaxation time"'

x)(crt

If the force F is sinusoidal, the response x of the spring

,uitt t"g the force by rhe rngle d(ar)' The time average of

rhe product f i is proportional to d tas long as d << l) ' A

fraciion 2trd ol the energy stored in the oscillatory

motion is being dissipated during each cycle' Thus a

complex sprini consnni is inevitably associated with

damping. In turn, the fluctuation'dissipation theorem

guarantees that damping Senerates.mechanical noise'
- 

lt is instructive to study a simple mrthemalical model

of an oscil lator, substitutrng a general spring "constant"

of the form of Eq. (10) for the veloctty'damping term [see
Fig. l{b)1. The equation of motion becomes

0 l )

\ L I '

I
f l = - LY 

C(aro)

The mechanical impedance at the mass is

k , k 6
Z : t ( D m . r . 7 ? -  I

t(t 4)

VtI. EQUIP^RTMON THEOREM

The power spectrum of thermal noisc will not in gen-

eral have the functional form given in Eq. (a) for the case

of velocity damping. For example, an oscillator with

losses chaiacterized by constant C(o) has thermal noise

whosc power spectral dcnsity declincs more-rapidly with

fre,quency (by one Power.of ar) than an oscillator subject

to vetociiy damping (see the graph in Fig' 2)' This means

that if on. h"d erroneously assumed velocity damping in

a system with constant internal damping' one would have

o"iresrimated the thermel noise density for frequencies

above the resonanl frequency, but would havc underes'



{ l
tlmated the noise in the region below the resonance' Re' fikc rhe idcar spring k,. ["rhe requircment ,ir", ri,.r" .rir,J"il1lfii:tr':il"Tff;'i:Jff"JI11.*:I,::11,"^11 ;-i;;;; reraxarioi ,i",Jl, "'",,,arencnr of rhe reaijaaat,=t/^han ar r,rgi., i,.lr.n.r.r- 

-' "'vgsrteies Lrelow 
::':1".:ffji;:1.:f#l;i*_:iodd.runction "r, i dlrhe inregrar ofiq. (4) over ail frequencies gives , 
.olo,".:ii!i:ffliffir,H:||,;;i*lfi;"._

mean'square displacement xin=k'T tk Thrs'is, of otro,o..,n.n, cannot integrare art .the way to ,=0, uu,i.lll';,111'llTTJi::J:i.'#'iJilj::1;l',Tl?;llJl :lil*;i.,,",.j:-.1-111? _a,=v?inpwhere r,n, is ,r,srares rhat each suadraric.rerm in ri,. .n.igl, ;;; ; ;; ilI|,,"""r*lr,,"1,j J..:r::H.f,] KH ;i:: l1i j|;'value cf ]'&'7"' contrast the case of Eq' trzi for thecase ,ir""iJ"", cxpecr the equiparrition theorem to hotd er.iot,1'?,'?":::"'::,1: 
I':',:l:,::'.t:']jl::ll.:a,a.r=0. il;:- jn,,.uo, we expecr the aDoroximera rp,rri^. jIr is insrructive ro expiore rhe re,ari"; o.:::-^,f: il.i:-'pl?,r1],,'ili::.,li,"il'ff:T:":l1::liequipartit ion lheorem and rhermal notse power specrra in aiipiaccient as measured in rhe finite inregrarion rim, i

$5:;:::l ll;: *:'::::::,",^" l,?ll^:;: ll.r a sprin-e ii[.trii.),,,,tis the magnirude orthc sD,inq nn,"ro.,., ,iconstant of the form given rn eq. i tor is usuall ' '  
s JPr rrr( anq K ( I / 'r in t ls the magnitude of the spring constan, oi ' '  i

l.*:"jtfi::[Ti:',i,'',;.i:l"j h:ln:,.i;il*:::i iiuii"'l;.?f'il"*tj?,-;:,;.lftiiTjl*.ilflil
a spring consran! of 

! '5r '\t,' 4 q'rggl L-arcurarron gtves 
:i::laj:::i,l 

,o.11,1 ar ol.trri.pting<*ipoi;ffi;l i
I t r I ^^r^, .--,.' 

- 
:tl, 

-::-'.: u rrslr spnng COnStantS wert
F=,r,x l,* o':,L+'A-,'- 

l. (r8) lliii,lli;.,,Ilii,:::,;:.ctivererarcd'i;"e.o",t",i,
I l*r'tzi 

-- 
t+'2i J rhe conrriburion ol'the formaily divergenr pan of rheNote theaddit ional f requency'dependenr real rerm. For intcgral( fordconsunri* i r i - i .quiresmal l inmosrexDer.

the common case of smatl A' rhis rerm it "ru"rry ""grig]. ITr:; 
This is u".lur. iin l-tgt rty damped oscilla'tor,ble compared ro rhe consranr term. The heunsrrc iirJr- mosr of the power is in trrc i.ronun, peak ircelf. In thepretation is that at high frequencies ,i,..r.",,"i-tfring 

:::: 
"jvelocity a"rping, irrfrougirry t/eofrhe mcan.constant is the unreiaxed spring consranr t,+*,, i.l ::-t^"_t: 

disptacemeir-"o'i.r'i-r frequcncics below rhecause the dashpot aPPears rrgidr. At lo*' flsquer.lcs, ttre resonlnce. For damping *irt 
-Jonr,unt 

d, the highesr oc.dashpot is free to move' ancl so the effecri*-tpn"s i";l tave below the ,.ron"n"l rrrus c-onruins approximarcly thestant is just the relaxed spring consranr /r,. 
-r""o 'Y'r- 

fraction d of the tot"t it.r111lt-no,r. po*.r. Each ocraveThis is a special casc of a theorem usually'arrribured ro lower in freguency "onr"iir-rir same power, since rheBode'tE sroting ttrar rncre ;; ;;;q*;.il;";rh,; b;: f^:.::p_.::i] densiry is proponion atto t/at.In panic.tween rhe phase of a nerwork characrerisric tru.r,-", . ular, to obtain a power comparabte to thar in the reso.transfer function, impedance. admirrance, o;tpt;;; ;;": l:1ti"k, 
tr,is u.ia"ioriuri-.rr.no down in frequencystant) and the functional form of its rugni,ua.,i; ;;;: t^": 

! - 
| octaves below rhe resonancc. Ar such a tow frc.it has no poles or zeros.in the righr ;;lf ;i,l..omftex l}illv: 

the magnirud.'"iil.'tp.ing consranr has de.plane' For cxample, suci a funcri-o"-;il ;;il,i;; ;;;- ;lined 
br about " fo"to, oiz 

-i.ro* 
its unrelaxed value ,t,.

ij:::Tif :^"Y:-.,":::l lh:.'. orn"ri.-Xppil;;;", 11,.' '.n." in,.g'oi-oi;.-;;;", specrrum down rospring with constant phase d, the rheorei t.q;;;r-,h;' :ur"h ," 1r;q".i1l rr "i*ri*";'Jl;",'n"Ir:;';:,,J;the. magnitude is proponional ro .zoii.---pol'i,"#;; t,2r, =*a f li;" iZi.spring' this is an extremely weak dependen". on r*qo.n. A numerical cxample wiu hclp to pur this issue in oer. icy' which is whv it is usuatlv neglected. specrive. consider j i-Hr-"."irh;"; ,h";'!;ilffi IIn order to understand rr,.onlrquur. thermal noise iis. c-haracrerized uv rr.qucncv iJi.p.nJ*i7:lf,-ilil.- 
Iplacements' it is imponant to keep in mind ,r,.-*."i der rcj meosure a mean-square displacemcnt twice the ivariation of a spring c-o,ns:ani with frequenri. ogoin, r.r velocity-damping predicrion, it *^outa be,ecessary to use ius consider firsr the srardard anerasris sorii. oir.li',n. an inregrarioi., tiin" or rougitt 

l0l, l ci;;t, ;;;il- Itegration of thc thermal-noise po*.r rpi"itur;;.;il frequen-cy crivergence of Eq.66) is of morc formal thr
I-:]'.j-," 

=krT,r.k,. Thi; l; '"i l 'r;: ';.;;r, ;^;;;J prairicarconcern. - ' rs or rnorc formal than 
Itrom the equipanirion 

:1.-"_:.i, :i".e^rhe displacemenr of Ithe mass/ is equal ro the extinsion of the enerty srorage ielement,k,, the relaxed spnng conslanr. 
rot "vr'Es 

VIII. THERMoELASfiSDAMpING I
. A similar explanation can be given for other forms of As an examnre af oa-rooei^.r.. 

jlthe rrequencvdependent spring consr.n,.- ii is arways ,.;;;r'fiH:J,fl"''ill?ll;i"fi',:'J"ffI;H:l 'i
possible to rePrescnt att aiuitiary totiv rpting wirh a ,"n, .ur.. of losses f*;il'L*pres in nexur.. ll, 

ll$:1H'il,T,tn'";n"?T:Li:i;iJi,;"T*-,h*xf li*",m: ::',,r.."il,i,lt::":.,T":::,T1""1.r il
:::*l,rjJ :r.i""j#*"fi::r,:j.n:::,,,J1",:,:l:li l:::,;4*ncienr or rhermar crpansion. es a wire if il
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::i^]i:.,:t1,., b:I"".-"s if rheii rp;t;;;";;;;: i

constants and relaxation times are adjusred ro siue rhl n;rA;.":il5::1J:#1il"ff:i::'iil ,ii,"olJi,iobserved freguency dependcnce' (vaiious 
111iro9s- to it,.rnpi'to 

lesrolc eguitibrium, causing rhe resroringconstruct sueh r model arc discussed by Nowick and Ber- rorc. ?ior rhe wire ;;-;;; f-, its iniriar value ro ary.' ') The spectrum conrains a rongesr rerararron time smailerequiribrium valuc.r"' ' Al frequencles below l/r'. ' ' lhe sPring behaves ir,. 'ri.o.y of rhis mcchanism wes given by Zener.re
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He showed that this mechanism is well described by a

"oa.t of the form described above, wirh the Parametcrs

trn2T
L = -  ,

c

gnd
r D

Io=fi=2.t6fr. Po)

Here E is the (unrelaxed) Young's modulus of thc materi'

"i, o " the linear coefficient of thermal expansion' and c

i. 'rhe specific heat per unit volume' In Eq' (20)' d is the

iui.t.t of the wiri, and the thermal diffusion coefficient

i l i  gl".n by D = x /c, where r is the thermal conductivi '

i . 
-riot. 

rhit this damping mechanism depends only on

iir tot, of properties of a material thar are tabulated in

iandbooks, and not on details of its srructure or composi-

tion.'--Zenet 
gave the solution not only for wires, but also for

ribbons ol rectangular cross section' The sole difference

is that the characteristic frequency is given by

where t is the thickness of the ribbon' Thus, if the

characrerisric frequency is larger than the frequencies of

inr.r.tt, thc thermoelasric damprng effect can be reduced

Ly flatrcning the suspension member. This occurs at the

rip.nt.. ofiourse, of introducing an anisotropy into thc

compliance of the susPension.
I iave given prominent trealment to the thermoelastic

relaxarion mechanism because it sets a fundamental limit

beyond which the losses cannot be reduced. given a

chbice of wirc material and geometry. Note that ther'

moelasric relaxation is of no consequsnce for the longitu'

dinal modes of wires (vertical modes of a pendulum)'

sincc the relevant length scalc is not the thickness of the

wire but the acoustic wavclength in the wire' (Note also

that if the oscillator in questton was a torsion pendulum'

then thermoelasric damping cannot apply, since torsional

motion involves only shear, nowhers expansion or con'

traction.)
Other relaxation mechanisms depend on much more

oU*ut" propenies of a specimen. Nowick and Berryll

stress the use of experiments on anclastic behavior as a

probe ofthe slructure ofsolids.

TX. PENDULUM

and so the only mechanical loss is the fraction 2tflto)
per cyclc'of thc mechanical encrgy scored in tbe flexing
wire. That is, the relationship berween tbe pendulum loss

C, nd the loss in the wire {, is given bY

E.t , E.t
^ =6 -=grT 1 ,-- ' - ,vP " Er'^t*Ed -tt,,r

whcre 8.1 and Ern" rePresent' respectively,. the energl

stored in'ihe flcxiiii wire and in the gravirational field'rz

Thus a pendulum can have much lower loss than the ma'

terial of which it is made.
This caleulation- san be made more expficir' by

rememberin g thar E 11 / E r"., 
: k 11 / k p*. Thc gravitation-

al spring constant is of cburse kro':mg /l for a pendu'

lum of lCngth I. Tlie elastic spring constant for a pendu'

lum in *hich th. mass is supponed by a wires is

k "r= n y'1Ei /212, wherc i" is tbe tension in each wire' E

is'ihe Young's modulus, and f is the moment of inenia of

the wire crois secrion. Substituting into Eq' (22)' we 6nd

that

nr'TEi
6rk t l=6 ' l to )6 '-  r D

J o = 7 7 ' (2 l )

againsi gravity. The gravitational spring is free of loss'

It is interesting to consider how the thermal noise in a
pendulum scales with the mass. Thc cxplicit dependcnce'
iaking the high-frequency limir of Eq' (16)' is
;r:(r.,i..lz 

-t. Bur d(at) [here 6o@ll also depends on thc

suspended mass. In addition to the explicit dependence
displayed in Eq. (23), remember that f is proportional to
-,'"ni if the wires are kept at a 6xed fraction of their
breaking stress, then 14m2, Thus d, &m"', and so the

thermal noise in a pendulum scrles aslo

xltroln* m-t2 . (24'

A similar analysis shows that xjtar) also scales as n-t/|'

X. MULTIMODE OSCILIJTORS

The renainder of this paper is devoted to applicarions
of the flucruation'dissipation theorem to systems more

complicatcd than a damped harmonic oscillator' A trvo'

modt oscillator is perhaps the simplcst of such systcms'
(Timedomain treatments of the problcm havc been givcn

by Wang and Uhlenbeck6 and by Paik'l .-- 
Consildcr the system shown schernadcally in Fig' 3'

The equations of modon are

m  r i r  =  - k r x r  - f  $ r - & 2 ( x ,  
- : 2 ) - / 2 ( * 1 - i 2 )  '  

( Z S )
mr i :=  -k2 lx2-x1 l - f  2 t r - i r  )+F .

Ir is usefut to define the quantities ol=k1/m1'

at!=k2/m1, p1=f 1/m t ,  Bz=fz/m2r- 'ard 1t=m2/m 1'
tiansforrning thc equations of motion into the frequeacy

domain, wc obtain the 2X2 matrix equarion

0
F /m,

The universal choice of a pendulum as the final susPen'

sion stagc in gravitational'wavc inlerfcromcters is based

on rhe dlsire io minimize thermal noisc' In a pendulum'

the primary "spring" for borizontal motion is the gravi'

tational ficid, with only a smalt amount of restoring force

coming from frexure of the wire lhat suPPons the-mass

, ' l

l x ,  I
l x ,  I
t ' J

(26)
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D r = F .

Then it is easy to show thar the impedance ar the mass m, is

L -

ra '  de t (D )

ia\al+ ioPr- c't2 + ltlat)+ io}z\ 
'

where det(D) is the detcrminant of the marnx D. Its real pan is

m.lot6 p, + asnt BlB r+ pp,g! - z1rrl I + rzt B rrl + pg,r)11
af + co' $1 - Zati + 4t t B, I 2 - oti t + ! p) t * otr t atl + zptiot| + pz,oll

This tCsr expiession, mukiplied by ais1', gives rhe
power spectral densiry of the thermal noise driving force
appiicd to ma. In rhe l imir of large frequenc.v, rhe real
part of the impedance approaches m2B2=12, and so only
the damping applied direcrly ro m, maners. If rhar
damping should be vanishingiy small, the domrnanr rerm
is 1|f ,o!/a..

Fo r  t he  case  o f  p :1 ,  @t=a ) :=1 ,  B r=  l 0 -1 ,  and
6: = l0-0, a graph of the thermal noise power spectrum is
shown in Fig. 4. Nore thar borh of the normal modes
have a low Q, since both modes involve subsranrial
motion of the more highly damped m,. Yer rhe rhermal
noise motion of m. in the l imir of high frequenc;- is derer-
rnined oniy by rhe damping coefficienr ft. This is in ac-

f t =

FIC,3. Schcmaric dragram of a doublc osci l laror, A force F
may bc applied to rhe second rnr5s /n1.

cord *ith the iniuitive piiruri itrat ttrc tt.tr"uy ari"in
fiuctuations of ra, can be thought of as an input ro the
lower oscillator that is filtcred in the same way thar the
lower oscillaror acts as a low-pass filter for vibrarion of
any son.

XI. MODES OF CONTINUOUS SYSTE\{S

It is sometimcs nccessary to take account of the fact
that real oscillarors are disrributed systems, nor poinr
masses and massless springs. A pendulum exhibits rrans.
verse vibrational modes in its wircG), as well as longirudi-
nal modes of irs mass, This means thar Eq. il6) applied
to the fundamenral mode of rhe pendulum will cease to
apply at a high cnough freguency, since evenrually thc
thermal noise from another mode of higher resonanr frc.
qucncy will dominate.

The character of thc solution is cspecially clear in the
admittance formulation of the f,uctuation-dissipation
theorem. The expansion theoremll states that the
response ofa sysrem to an applied force is egual to the su.
perposition of the responscs of each of thc normal modcs
of the sysrem. Consider, for simplicity, a one.
dimensional sysrem wirh lincar mass dcnsiryp(r). It has
modes ry'n (x ), which are normalizcd according to the rcla.
tion

42
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fhe normal-mode expansion of a panicular displacement
y(x,l) is given bY

y ( x , l  ) = r ! , (x lq, f t l  ,

where gn(t) is the generaiized coordinare of mode n. Its
cquation of motion has the form

i ia( t ' t+@1qa(t l=Qn(t ) .  (32)

Qn is thc ath generalizcd force, livcn by

Q^(t ) :  I  
t . f  

t * , ,  \ t l tn(x ldx ,  (33)

with /(.r,t ) being the force density applied ro rhe sysrem.
ln panlcular, a forcc F applied ar rhe end of rhe sysrern

x =L is represented by generalized forces

Q,=F{t^ lL) .  (34)

Then we have, from Eq. (3 l)'(afrer switching ro the fre-
qucncy domain and cxplicirly including a damping rerm),

Ftt, lLl
Q r =

as|,-otz+i6,tco)oti
(35)

Substituting inro Eq. (31), we find

Y ( L l =
Fitti?)

atl-coz+i6,{oila2,

Thus thc admittance, Y = u /F, is given by

Gy = >
r - l

icDt  l& ' t

of, - u2 + i 6,( c,s l<,s2n'

ffhis is just the superposition of the admirrances of esch
of the normal modes.)

From thc fiuctuarion-dissiparion rheorem [Eq. 06]], we
can now 6nd the thermal noise displacement ar .r =I:

x2(tor:4kaT
,1,?,ttlQ,tatlai

co[l a], - coz 12 + 62^ t o I ati J

This equation can be applied to thc inrernal oscillations
of the test mass in a gravitational.wave inlerferomerer.
The normal modes of a cylinder wirh an aspecr rado of
order unity have a complicared mode shape.z: The prob.
lem can be treated as one dimensional, weighring each
mode by a factor that represents the mean morion of the
central pan ofthe front surface of rhc cylinder along thc
optic axis. All of the modes with circumfercntial order
greater than zero tet zero weighr (if the oprical axis is
aligned with the center of mass), while sevcral of thc
glaves! modss have weights of about unity. The factor
,l,lttl=ZtU, where M is the mass of the iesr mass. By
design the rcsonan! frequencies crr 8rc usuatly'lirge com.
pared to the frcquency ofinrerest, and so we san writc

, .  .  8&6?t  3 6^k ' t l
x  - t @  r = (') 3, Mr;

THERMAL NOISE TN MECHAMCAL ECERIMENTS 2{/'3

If, for example, 6ktl is const3nt, then thc power spectral
density is proponionat to ar-1.

It is intcresting to consider again how the noise scales
with thc ms$ of thc pcndulum, 8s wc did abovc for the
fundamenul mode. Here, in.addition to thc explicir fac-
tor of M-t, the resonanr frequcncics bavc an implicit
dependence on the mass. For a panicular modc in a set
of masses of the same aspect rado, the quantity an /c is a
consrant, where a is the radius of the mass and c is the
speed of sound. Since M..ol for any given marcrial,
then arl E M-2/t. Thus we find x2(ar) c.'M--t/J.

This qrgumeil assums that the loss function {,(ar)
does not irsetf depend on the size of thc mass. Thar as.
sumption could be false if the dominant loss mechanism
were .some process involving only the surface of the
mass." In such a c8sc, one might expect the loss to de-
crease as the rnass. increased, giving a stronger mass
dependcnce to the thermal noise morion.

Tbe transverse modes of a pendulum wire (..violin
modes") can also be modeled in this way. If we trcst the
pendulum as a wire of constant linear mass density p wirh
a point mass M attached to the end ar::!, then the
normalization eguation, Eq. (30), becomcs

.t

:

I
)

(40)

If we neglect the small stifness of tbc wire, trcating it as
a pcrfcctly f,cxible string under tcnsion Mg, then the
squared rconant frcquencics are

c I j f i ,adx+M{1&t=l

,1=ff#

, r1.1=8ktlP?t1 !  c"(f ' r t
n'M'g @ frr n'

(36)
E

, - l

(38)
-

r - l

(4 t )

while the squared amplitudcs are
(37)

fi,(r!:#*
Thus the thermal noise power spectrum is

(43)

Here, as for thc fundamennl mode of tbe pendulum, the
loss /,(ar) is only a small fraction of the loss of thc wire
material irself.

XN. RECOILLOSSES

If a low-loss oscitlator is suspendcd from a srructure
with low.Q resonances, then the loss at ihe resonsnt fre-
gucncy may be subsrantially degraded. This efect may
be analyzed in an approximatc way by treating the sys-
tem as a two-mode oscillaror of thc form shown in Fig. 3,
with the resonant mode of the structure nearest in fre-
gucncy to the mode of the sample playrng thc role of the
upper oscillator. Tlis is the same modcl discussed above,
but hcre we are interested in what happens to the p of
the lightly dampcd rcsonsncc! instead of in the high.
frequency bchavior of the mechanical conducrance.
Thus. for the cgse of rccoil damping as rretl as for a mul-
timass oscillalor, the thermal noise far from resonance
may be substantially smaller than would be indicared by a
naive interpretation of the damping of the resonancc.

,.;r'r!
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_The.roor locus merhod, a- sra-ndard rool for the analysisof servomechanisms, is uscful for the,iuCioi,i,. depen-dence of_rhe poles of any sysrem on the vaiues of parame-
rers of the systern.:J The two-mod. or.ifiuior, analyzedwirh Laplace transform methods, is "i,arucinzed by atransfer function

I

9:1L,, =Ql '+eltp4-
(ari-aril: (46)

suppon
sample.

Thus recoit damping
structure resonancc is
resonance.

-J0.0

-J2.0

-J4.0

imponant when a
in frequency to the

is most
close

ar? s: + ltt coi + p.s t

The denominator has the same form
vomechanism of loop transfer function

G(s )=p

XIIT. MODELPENDULUM

In this section I estimatc the thermal noise displace.
:::J. fy.specllum for a, pendutum of r type thar

f r

(41

as that of a ser-
might be used as the suspension for the te* t"ss"s ingravitarional-wave inrcrdrometer. A ;r"ph is sho.nFig. 6.
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where the mass rario p=mr/m, plays the role of an ad.jusrable gain. We ar

!,rqjl1i{i;;;;:'.'?::H;:.Tl",J'yn::*:-;':frecoil of the srructure, as parametrized by p. Figure 5shows rhe locus of roors of ihe ,y"., o, i'fun.rron of p,for one choice of the resonant irequencies anO dampingparameters,
It is possible to obtain a simple analyric expression forrh_e recoit-damped e of rhe *.ili",*,"ilrio when thcstructure mass is much greater rhan the or"ilo,o, a"r,and when rhe strucrure.his much ,or. ouiplng than rheosciltaror. The merhod skerched t;r; ;;:; use of therules thar govern the shape of rhe roor f "i"l j" lhe vrcrni-ty of the zero-rccoil (.,open loop,.t potei.ll-Th. in,.r.r,-ing fcatures are thc depanure angle of the tocus from theoscillaror poles, and thc reiadons[ip *i*..i ,f,e parame-ter p and the disrance traveled along the locus. Thc lo"u,leaviq one of rhc high-e potes poiitsatiJr-ioi.."rl" ro.ward the real axis, but has a fractronal cornponenr of rn.creasrng real parr of magnrrude Bpz/(ai_otit. the ois-
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FIG. 6. Thcrmal noise power spectrum for the raodel pcndu.lum described in the texi. The rclid fin. ,f,o*r'rf,. thcrmrlnose of,the fundamcnrar pendutum mode. The dastr<orted tineshowr the noise from thc inrernsl modes of the resi mass. Therhird curve shows rhe noise from rt c mooes- oiii. p.nouru,wires. Nore rhar for rhis graph rnc fr.qucncf"ri, i, gi".n lnHz.
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THERMAL NOISE IN MECTTANICAL PCERIMENTS

A test mass in such an interferometer might have a

rnass of l0 kg, supported by four tungsten rvires having a

lcngth l= i0 cm. Ei ih  iv i ie  has a d iameter  of  l -2X l0- '

cmlso tirar it suppons half of its breaking stress.2t Mea'

surements made by Kovalik and Saulson indicatc that

Ov=l 'x  l0- l  ( roughly independent  of  f reguency)  is  an

upper bouna on rhe losses in tungsten wires.:5 Thc pen'

dulum should then be characterized by

6o=6-. (k , , /k{ r , ) :5  x  lO- t '  The resonant  f requency is

ots- V g /l :2nX0.9 Hz. The thermal noise power

spectral density, for frequencies large. compared to the

,rronont frequency, is then x2(atl=(2.7 X 10-:6

cm2/Hz't(zo s-| /o!t.
The tesr mass could be made of fused silica' wirh a ra'

dius of l0 cm and thickness of l6 cm. This aspect ratio is

chosen to make equal the resonant friguencies of thc two
gravest inrcrnal modes (of the required symmetry). These
wi l l  l ie  at  ar1. '=2rX l5" l  kFiz .  Because the other  modes

fall at substanrially higher frequencies, we can approxi'
rnare the sum in Eq. (38) by its two lowest terms' If thc
loss factor appropriare to these resonances is a constant'
2.5 x lO-7 (Ref. 261, then the thermal noise is
x l (ar)=(1.4x lo- t ' '  cmJ/Hzl(2t ,  s- t  /or l .

The wires of this pendulum have their lowest lrans'
verse resonance at about 540 Hz. Below thrs frequency,
the thermal noise from the rvtres is dominated by the con'
tribution of this resonance. A calcuiation of the ratio of
elastic energy to gravitational energy gives d=C, X l0-{.

The net thermal noise from the wires is
;r 2(a, )-( 6. 7 x lO-Jt cm:,/H zl(2r s- | /ul.

AS Fig. 6 sh6wi, the fundarnCntal modc of the pendu-
lum is thc dominant source of thermal noise at low fre-
qucncies. Above about l@ Hz, the stfongest nbisc is the
off-resonant thermal excintion of thc lowesl resonances
of the test mass. The high-Q peaks from the wire reso-
nances will also be visible. In a real.gravitational-wave

. interfcrometer, seismic noise will probably dominate the
noise budget at sufficiently low frequencies. Photon shot
noisc will be more irnponant than thermal noise at the
highest frequencies.J
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l. Introduction

A laser interferometer gravitational-wave observ-
atory (LIGO) inrerferometer Il] consisrs of a
Michelson inrerferometer wilh each mirror replaced
by a long (4 km ) Fabry-Peror oprical caviry (see fig.
I ). To approximare a free test mass, each mirror of
the interferomercr is suspended by wires as a pen-
dulum inside of a vacuum vessel. Laser interferom-
etry is used to detect differences between the lengths
of the two oprical cavities induced by gravitarional

. / - ' - ' m l R O r S " - - - - - - r

beamspliner #

thotodeteclot'

Fig. l. Schematic vrew of a LIGO inrerferomerer. E I ( end mrrror
I ) .  E2. vl  (venex mrrror I  ) .  and V2 arearbirrarylabels forthe
four mirrors.

Elsevier Sciencc Publishers B.V.
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waves. The principal sourccs of noise expected to
limit the sensitiviry of thc interfcrometer to gavi-
tational waves are seismic noise that is transmitted
to the test masses, photon shot noise (the uncer-
ainty in the measurement of the diflerential lcngth
due to the quantum nalure of liglrt), and thcrmal
noise.

Thermal noise in a gravimtional-wave detector was
lirst detected in an early rcsonant-mass detector by
Weber [2]. Associated with each mode of oscillation
of a physical system in equilibrium with a thermal
reservoir is kBf of thermal energy, of which half will,
on average, be kinetic energy and halfwill be poten-
tial eneryy (&s and Iarc rhe Boltanann constant and
the temperaturc of the reservoir, respcctively). In
order to minimize the effects of this thermal noise in
a laser interferometer, it is dcsirable to concentrate
the energy in a very narrow frequency band centered
on the rcsonant frequency (that is, to have a large
quality factor, @) of each mode which couples to the
modon of the mirrors of the interferometer. These
narrow frequency bands can then be filtered out of
the gravitational-wave spectrum with negligible loss
of observing bandwidth.

The suspension wires of a graviutional-wave de-
tector have several classes of modes which may con-
tribute rhermal noise to the interferometer output.
We consider here the double wire-loop suspension of
the rest masses in our 40 m arn length prototype in-
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^ rof a laser interferometer gravitational-wave detector prototype
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terferometer [3], as shown in fig.2. In the first class
are the pendulum modes. Thesc include a motion
along the axis of the incident lighr, a transverse mo-
tion, and a torsional mode. In thc nexr class of modes
are the vertical spring modes, where each wire may
be thought of as a spring. These include a common
mode vertical motion of the mass, a tih mode, and
a roll mode. Of these six modes only the pendulum
mode, moving along the axis of the length, will pro-
duce an interferometer signal directly: the other
modes contribure only if rhe resonant optical mode
is misaligned from the central axis of the mirror [4].

In this Letter we will concentrate on the modes of
the suspension in which the wire vibrates like a vi-
olin string, henceforth referred ro as "violin modes",
investigating their contriburion ro the thermal noise
and their role as a diagnostic for rhe thermal noise
in the pendulum mode. The violin modes have lwo
polarizations per wire. These are weakly coupled to
the interferometer output in the sense that there is
a large mechanical inlpedance mismarch betwssn thg
wires and the test mass, but their resonant frequen-
cies lie in the region of several hundred hertz (an im-
ponanl region of the interferometer observational
bandwidth), making rhem both a significanr source
of thermal noise and a diagnostic for the pendulum

control block

ptezoelectric
transducer

test mass

magnets

mtlrot

Fig. 2. Tesr mass suspension delails.

l9Ju ly  1993

thermal noise at frequencies far from the pendulum
mode's resonant frequencies.

2. Violin resonances and thermal noise

By examining the violin resonances in detail one
can probe the specific lineshapes of the resonances
and test thermal noise models. A general model to
describe damping in a harmonic oscillator is a form
of Hooke's law where the spring constant is taken ro
be complex [5J,

F - - k t r + i e @ ) l x .  ( t )

F, x, tD and k[l+itp(ut) ] are the force, displace-
ment, angular frequency and complex spring con-
stant. The specific damping mechanism is parame-
trized by the frequency dependence ofthe imaginary
pan of the spring consrant, g(a). Applying the fluc-
tuation-dissipation theorem [6] to this model, a
general form for the spectral density ofdisplacement
due to thermal noise for a simple harmonic oscillator
can be derived [7],

actuator
coils

rN
Y/
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x 'A=Y krp(u)
( k -  maz )2  *  k ' , p ' ( r o )

m and f are the mass and frequency, respectively;
.t(/) has the dimensions of disrancexHz-t/2.

For the system ofa point mass suspended by a sin-
gle finite mass wire and constrained to move in one
dimension (which is mathematically simpler than
our four wire system but contains the relevant
modes), there are a large number of modes which
contribute to thermal noise. The thermal fluctua-
tions of the point mass can be described by a mul-
timode expansion [7,8],

a2"p"(ot )
(a t r -o ' ) '+r \ ,p t r@) '

a;n is the angular resonant frequency of rhe nth mode;
p, is the corresponding reduced mass. 1rtr is approx-
imately equal to rz, the mass, for the pendulum mode
(n=0). aad lm(ttt,/cro)2 for rhe violin modes
(n>0); crro is the pendulum angular resonant fre-
quency. For the remainder of this section we will dis-
cuss the violin modes; the pendulum mode will be
discussed in section 4.

It is instructive to examine this model for the fa-

( 2 )

( 3 )i ;A= l#
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pendence of the Q of those harmonics. one can as-
sign some frequency dependence lo p.

3. Measurements on the 40 m interferometer

The 0 ofindiViduaf j[ipension wires in ihe 40 m
interferometer were measured by exciting the vjolin
resonance, turning offthe excitation, and measuring
the decay times (0" =lanq r is the measured am-
plitude decay time ). Magnets and actuator coils were
attached to the end test masses (shown in fig. 2) for
applying calibration signals and to mainlain reso-
nance between the cavities and lhe light. On all
masses a piezoelectric transducer was normally used
to damp the residual pendulum motion. For mea-
surements on the end masses the driving signal was
applied to the actuator coils. The vertex masses were
driven using the damping rransducers on their con-
trol blocks. To verifl 'that neither the pendulum
damping transducers nor the interferometer control
senvomechanisms damped the wire resonances, the
decays were measured with and without servo-
mechanism signals applied to the actuators.

Table I
The measured 0 ofthe violin resonances.

Test
mass

Volume | 78, numbcr 5,6

miliar case of viscous damping ( where the damping
acceleration is proponional to the velocity with a
proportionality constant 7). commonly used to de-
scribe mechanical systems damped by external forces,
such as in eddy current damping of moving conduc-
tors or as in gas damping of a pendulum. In this case
p,(ot) =7a/al and the resulting lineshape ofrhe nth
mode is

a b - T  y
i ' ,4= (4)

l n  ( a i - u ' ) ' +  ( u y ) ' '

A damping r..t"nim which may be appropriate.
for the violin modes in a gravitational-wave inter-
ferometer conesponds to g" being independent of the
frequency [91. We add the assumprion rhar the
damping mechanism is the same for each violin
mode, which we believe to be approximately true in
the case of the harmonics of a thin violin wire. "Thin"

means rhat the potential energy stored in the bend-
ing of the wire along its length is negligible comphred
to the energy in the bending at the endpoints and in
the tension of the wire. In the case of a thin wire. the
distribution ofenergy between bending near the ends
and tension is the same for all harmonics, and there-
fore the damping, if its origin is internal to the wire,
ought to be the same. In this ctrs€, p= | /Q (Qis the
mechanical quality factor of a violin mode; all violin
modes have the same 0) and the thermal noise line-
shape is

*tra=Hffi
Notice that when ar is near a particular ar, the two
lineshapes given by formulae (4) and (5) are ap
proximately equal ( Q, = at, / y for viscous damping ).
In fact in the limit that @" becomes very large, all
lineshapes convet3e to the same shape near un for
any choice of g"@t) which varies smoothly over the
bandwidth (Arul=a,fQ) of the system. With rhe 40
m interferometer the thermal noise of the violin
modes dominated other noise only in a narrow band
centered on the violin resonance frequencies, and
therefore the noise spectrum of the inrerferometer
did not directly indicate the thermal noise lineshapes
or the nature of the damping mechanism. However
the Q of the lower few harmonics of the violin modes
could be measured; by examining the frequency de-

Frequency Q
(Hz)

Q ofzth
harmonic;
n

( 5 ) El 3t9.65
324.90
326.08
32E.45

r3000
| 6000
| 9000
r 5000

594.35 240000
596.6t 280000

v l

43000
r 10000

66000
l 20000
23000
t6000

295000
295000
356000
r 63000

| 9000; 2

16000;2

260000;2
220000 3
22@@la

I 10000;2
23000:2

59E. I 5
605.02

E2 50s.85
506.8E
5 12.E5
5 14.90

592.70
592.80
596.42
600.22

t :

St
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The frequencies and the Q of rhe fundamenral vi.
olin modes of the suspension sysrems of the 40 m
inlerferometer are given in rable I . The uncena jnties
, t '  ! ! , .  Q  l i ; t ' ; t ' , , , i . ' i i t a f t t | ,  t t i , '  z?1 , : ' , / ; t i r 6 i t l 1  l t / , , ,  

' l  
i , :

dlf fcrcnces rn ficqucncrcs among thc drffcrcnt masses
arc cxplained by differences in the suspensions
(which arose through var ious modi f icar ions lo  the
interferometer). One end mass (El ) uses 150 pm
diamcter  wi re.  The other  end mass (E2) uses 100
pm diamctcr  wi rc .  Both of  the vcnex masses use 75
um diameter wire. Steel music *' ire is used for all
masses; the length of all the suspension wires is 25
cm. and cach test  mass is  1.5 kg.  Fora th in wire the
resonant frequency of rhe nth mode is given by

f^=n/ldJT/np,

where / and d are the length and diameter of the wire,
?" is the tension, and p is the density of the wire
material.

The differences in the Q of the violin modes for
the different masses might panly depend on rhe wire
diameters, which affect both the tensile stress and
lhe stiffness of the wires. However there were also
significant variations in the connections of the wires
to the masses. In all cases a small glass wedge was
used to define the point where the wire connects to
lhe tesl mass, and a similar metal wedge was used
where the wire meets the control block. Unfortu-
nately fine details (such as how the wedges and wires
were bonded to the mass) varied among the wires.
Funhermore, the end masses and the vertex masses
had different types of control blocks, for hisrorical
reasons.

The Q of the second harmonics of five wires were
measured and are alsq shown in mble I - two wires
from El, two wires from E2 including both a high
and a low Q wire, and a high Q wire from the venex
mass Vl. In addition two additional higher order
harmonics of the V I wire mere measured. The p of
all harmonics were the same as lhe corresponding
fundamental resonance Q within 250,6. This result is
consistent with a damping model which is indepen-
dent of frequency in the range of hundreds of hertz.
We will adopt this model for the remainder of this
Letter.

I 9 July 1993

4. Estimate of the damping and noise of the
pendulum mode

.\ i"il descrtpuon c.ti thc norsc of rhe suspensron
must include the thermal noise from the pendulum
mode. Due to the impedance mismatch between the
wires and the test mass, the violin resonances con-
tribure to the overall noise spectrum only in narrow
bands (tenths of hertz) centered at their resonant
frequcncies. The thermal noise of the pendulum
mode, which couples directly to the interferometer
output, can be the principal noise at frequencies of
order | 00 Hz, a region of peak interest for LIGO in-
terferometers. Predicting this thermal noise requires
knowing the damping of the pendulum mode, po(crr'
at these frequencies. Since direct measuremenl of th
losses of a high 0 mechanical system far from its res-
onant frequency can be extremely difiicult [5J, we
use the Q of the violin modes to estimate the damp-
ing of the pendulum at frequencies of hundreds of
hertz.

If we assume that all of the losses in both the pen-
dulum and the violin modes are concentrated near
the endpoints of the wire, where the bending is most
severe, we can estimate the pendulum damping di-
rectly from the violin damping. These endpoint losses
need not be restricted to intrinsic bending losses in
the.wire itself, but may also include losses due to
flexing or friction in the clamps or the points of at-
uchment at eirher the rop or the bottom of the wire.
The model only requires that the losses be associated
with the motion of the wire in the region near the
clamping through some angle d from the venical
equilibrium posirion. This calcularion assumes that
there is some loss of energy per cycle AE(0) when-
ever the wire is bent through some angle d- The strat-
egy.is to calculate the total energy of borh the pen-
dulum (Eo) and the violin (E") modes as functions
of 8, and by comparinl Eo@)/AE(A) with E"(0)/
LErc) to deduce the relationship between their re-
spective damping.

The energy in the pendulum mode is, to second
order in 4

Eo@\ = !mgl02 . ( 6 )

g is the acceleration due 1o gravity and i is rhe equi-
librium length of the loaded wire. If we approximate
the wire as having no stiffness, which is reasonable

l i

li

i

I

I
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for the parameters of the 40 m interferometer test
mass suspensions as far as the total energy of the
lower order violin modes is concerned, the potential
energy of the violin modes is srored in the tension of
the wire, and the shape of the modes is sinusoidal.
In this case, the energy of the violin mode is. lo sec-
ond order in d.

E"(0) * lTn2 .

7" is the tension of the wire. This result is indepen-
denl of which harmonic is chosen. The pendulum has
the same amount of energy at a given angle regard-
less of the number of wires. Since each wire in a four
wire syslem is only supporting one quarter of the
mass, the tension of each wire in our sysrem is lmg,
and E" -rtmg02. Therefore for a given angle d, the
pendulum mode has eight times as much energy as
a violin mode, Eo=8.E".

For the violin modes, the loss of energy per cycle,
A-8", is given by

AE"(0)=2nE"(0)t !" .  (8)

If the losses for both the violin mode and the pen-
dulum mode are primarily in the bending of the wire,
then the losses in the pendulum would equal the
losses.in the four wires.

LEe(0) =AE,1(d) + AE"2@)

+ A E , r ( 0 ) + a E " . ( 0 ) .  ( g )

We have assumed that the mass is constrained by the
fourwires so that it does not rotate and the wire bends
at both ends in the pendulum mode. We can then
estimate the damping of the pendulum as

9o = I (Q,r I g"z I g"c * g,al . (  l 0 )

With this estimate of the damping, the thermal noise
due to the pendulum mode at frequencies near the
violin mode resonant frequencies can be derived by
substituting g(a) =gp into the general thermal noise
Iineshape (eq. (2)), giving

itrn=#6T% ( l l )

This result depends on the wires being sufficiently
thin that essentially all of rhe bending occurs near
the ends, an approximation which is true for the
physical parameters of this prototype inrerfcromc-

( 7 )

l9 Jul-v I  993

ter. LIGO interferometers will use larger masses
which will require correspondingl-v thicker wires:
these wires may have non-negligible stiffness. ln this
case a more detailed analysis trearing the finite stiff-
ness of the wire is required. but the principle of es-
timating the total rhermal noise of the suspension
sy$em from the Q of the violin modes ean stitl be
appl ied [0] .

5. Comparison of estimated suspension thermal
noise with experiment

The lineshapes of the violin resonances of mass E I
were compared with the thermal noise prediction.
The thermal noise lineshape of a pendulum with a
finite mass single wire is given in eq. ( 3 ). For a four-
wire system the lineshape of an individual violin
mode becomes

x'^A=2# u'"/ Q
1a ̂ / |c'.o)2 1 (a" - a'� )'� + ul/ Q2 )

(  l 2 )

This comparison is shown in fig. 3. Next to two of
the resonances are smaller peaks. We believe that they
are polarization modes of the wires which are nearly
but not completely onhogonal to the optical axis. A

J ' J

Frequency  (Hz )

Fig. 3. El violin resonances. The solid line is the interferomcter
noise spectrum; the dashed line is the thcrmal noise prcdiction.
The large peak at 32?.5 Hz is a calibration signal. The thermal
lineshape has been averaged ovcr cach 0.025 Hz bandwidrh
channcl to produce thc prcdiction.

I , r , - , e
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finer comparison belween theory and experiment is
given in fig. 4 where the data points ( for the middle
resonances in fig. 3 ) are plotted on a linear scale with
their associated error bars. The uncertainties in the
data points are statistical errors due to the l imited
number of avsl3gs5 in the power spectrum. The sys-
tematic uncenainty of the calibration is l0%. The
uncertainty in the theorerical curve due to the un-
cenainties in the Q is smaller. The agreemenl with
the thermal noise calculated using the measured res-
onant frequencies and the p is quite good. The pre-

dicted rms fluctuations of the test mass correspond-
ing to a single violin resonance is about 0.06 fm.

Using the measured Q and assuming that the pen-

dulum mode is damped as derived above, the total
thermal noise of the wire suspensions can be
predicted,

/ \
i ' A =  I  ( ; 3 O +  I  L x i A I .  ( 1 3 )

r l m D g  \  a v r r c 3  a  /

Figure 5 shows this thermal noise prediclion and
compares it ro the measured interferometer noise of
June 1992. As can be seen from the figure, thermal
noise contribured to the 40 m interferometer by the
suspension wires is much smaller than olher noise
sources excepl in narrow frequency bands centered
on the resonant frequencies of the violin modes. The
increase in the predicted suspension noise below 200
Hz is due to the pendulum mode. The resonances
near 320 Hz are excited above thermal noise by a

4 .5  3?5
F r c q u e n c _ i ' ( H z )

Fig. 4. This specrrum is an expansron of fig' 3 plotted on a linear
scale to cmphasize the pcaks and show thc dctail.

502

l9  Ju ly  1993

factor of two by excess noise in the current version
ol'the pendulum damping control electronics; when
thar control sysrem is turned off (which degrades the
bverall performance of the interferometer) those
peaks are at thermal noise (see fig. 3).The peaks in
the noise between 1800 and 2000 Hz which appear
to coincide with the violin resonances are due to re-
sidual frequency noise from the laser, nol due to the
violin resonances.

6. Conclusion

We have observed thermal noise of the violin
modes near resonance in a 40 m interferometer. w
have used the measured Q of the harmonics of th,
violin modes to conclude that the primary damping
mechanism of rhe violin modes is frequency inde-
pendent. Taking that conclusion and the assumption
that the losses in the suspension occur primarily near
the endpoints of the wires, we have estimated the to-
tal suspension thermal noise spectrum in the region
of hundreds of henz of lhe LIGO 40 m prototype
interferometer.

The estimated suspension thermal noise back-
ground for the 40 m inrerferometer was dominated
by the low Q wires. Our data indicate that wire Q of
at least 3x 105 are achievable usingthe basic design
ofthe current suspension. lfthis p were achieved on
all wires. the resulting thermal noise would be
-2x l0-te m/r@. at 100 Hz, comparable to the
goal for initial LIGO interferometers IJ. Under-
standing the variations in the wire Q and the scaling
with tension and wire diameter is the subjecl of an
ongoing investigation. Similar studies can be used to
characterize the expected thermal noise from can-
.didate suspension materials which have shown much
higler Q values in low frequency oscillators fl I l.
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Abstract

The effect of thermally excited mirror vibrations on length measurements
using laser interferometers is calculated and the number of vibrational modes
which must be included to predict the total thermal noise in an interferometer is
estimated. The vibrational modes are found o be more strongly coupled to the
length measurements and more modes are found to be needed than previously
thought based on simpler models, resulting in thermal noise estimates which are
larger than previous estimates made using simpler models. The thermal noise due
to mirror vibrations is estimated for interferometers with parameters rclevant to
the LIGO (I-aser Interfercmeter Gravitational-wave Observatory) interferorneters,
and is found likely to be a significant contributor to the background noise.

l. lntroduction
Gravitational-wave observatories, such as the LIGO [lJ and VIRGO [2]

facilities now being built, will use laser interferometry to sense the small motions
of suspended test masses induced by gravitational waves. To observe signals
from astrophysical sources, background motion of the test masses caused by local
environmental forces must be minimized Once background noise from seismic,
acoustic, and electromagnetic forces are sufficiently well suppressed, the main
background arises from thermally excited motion of the masses. Motion of the
center of mass of the test mass, tlpically referred to as suspension thermal noise,
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has been treated elsewhere [3]. Here we concentrate on the internal vibrations of
the test mass, which cause motion of the mirrored surfaces relative to the centers
of mass of the test masses.

We present calculations of the optical path length changes induced in an in-
terferometer by mirror vibrations and predict the spectral distribution of the noise
in the interferometer due to thermally driven vibrations. Previous estimates [4,5]
of the thermal noise in laser interferometers have only included the lowest few
vibrational modes of the mirrors and have estimated the coupling between the
vibradons of the nnirror and the optical path length by treating the nnirrors as
vibrating in only one dimension (essentially equivalent to treating the mirrors like
long, thin rds). In the calculations Fesented below, the mirrors are treated as
three dimensignal bodies, and the number of modes needed to describe the ther-
mal noise accurately are determined- The vibrational thermal noise of the Laser
Interferometer Gravitational-Wave Observatory GIGO) project's first generation
interferometer and 4Fmeter prctot)?e interferometer are investigated as exlm-
ples; however the method is general and can be applied to any interferometer with
suspended mirrorr. We find both that more modes must be considered to esti-
mate accurately the thermal noise and that the modes are generally more strongly
coupled to the interferometer than was previously thought. The result is that the
thermal noise due to mirror vibrations is larger than previously estimated and may
limit the sensitivity of advanced gravitational-wave detectors.

Our calculation of thermal noise also has one assumption which differs from
the assumptions which were used in many previous thermal noise estimates. That
assumption concerns the frequency dependence of the loss function of the test
mass, discussed in reference [5]. Current experimental results [6] indicate that
the loss function which is currently achievable in fused silica, the preferred test
mass material for both optical and mechanical reason, may be approximately
independent of frequency. Many previous calculations of thermal noise assumed
that the loss function in fused silica was viscous in nature. Our method of
calculation is independent of the qpecific loss function chosen, but thc absolute
Ievel of the estimate of thermal noise is sensitive to the loss function. A
fre4uency independent loss function leads to larger estimates of thermal noise
in the vibrational modes of the test mass below the resonant frcquencies of the
modes than a viscous loss function.

The effect of miror vibrations on the optical mode of an interferometer and the
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implications for length measurements are treated in Section IL We define a single

parameter, the effective mass coefficient, which can be used to parametrize this

interaction for any vibrational mod.e of the test mass. Oru method for calculating

these coefficients was verified as described in Section Itr. Section [V describes

how thermal noise in an interferometer is calculated as a summation of te$ mass

m(t'es and Section V explains how physical parameters of the interferometer affect

the convergence of this sum. The sensitivity of these thermal noise estimates to the

exact centering of the light on the test mass is investigated in Section YL Section

VII discusses how the results of these calculations can be used to estimate thermal

noise in real mirrots, where deviations from perfect symmetry may cause mixing

of the vibrational modes. The implications of this work for gravitational-wave

detectors are. discussed in Section VIII.

It. Effect of mirror vibrations on
optical modes of an interferometer

A LIGO interferometer [1], shown schematically in figrue l, will consist

of suspended. test masses forming Fabry-Perot optical cavities arranged along

orthogonal a:res which sense the strain induced by a passing gravitational-wave.

The strain is manifested as apparent displacements of the cavity mirrors, detected

by laser light which resonates in the optical cavities. Vibrations of the mirrors

constitute a noise background which could mask or mimic a gravitational-wave

signd.
We wish to find the displacements detected by the lascr light when thE minor

surfaces are vibrating. To solve this problem, we must consider the interaction

between two different qpes of modes: the mechanical modes of the vibrating

test masses, and the optical modes of the electromagnetic field resonating in the

Fabry-Perot cavities.

The vibrational eigenmodes and eigenfrequencies of a free right solid cylinder

can be found by solving the equations of elasticity using an analytic series solution

tn. From the results of that solurion, ttre amplitude of the displacement of

the mirror surface at each Polnt, il,,(prd), can be calculated for the ne mode

normalized to a fixed energy, U.

The optical modes of the interferometer can be described by Hermite-Gaussian

functions, ?fu- [8]. The interferometer tpically operates with the TEM00 mde,

doo, on resonance. To avoid interference between modes, ttre length of the
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interferometer and the curvanre of the mirrors are chosen such that the TEM99
mode and other higher order modes cannot rcsonate simultaneously [9].

The optical mode experiences a phase shift upon reflection from a mirror
excited in a particular vibrational mod.e:

(r)

Al" -

The second integral term describes the light which is scattered out of the TEMso
mode' The apparent motion, Alo, is generally different for different vibrational
modes of the miror with the sitme energ:y.

To remove the dependence of the amplituds of the displacements, 17, on the
energy normalization, it is convenient to paramerize the coupling of each mode
in terms of an effective mass coefficient, ao, defined as

Uo":f f i .

4

$oo(p,0,2) -+ ,hoo(p,o,,  z)si2E'r,(p,g) x** 
[ t  

+ i2E .d, -  z(8.a,) ' ] .

F is th" wave vector' ana fE.a"f is taken to be much less than unity for all
Polnts on the mirror surfacei This hew pernrrbed mode in the interferonneter can
be described in terms of the unperturbed modes:

,  S 1 S
9: L L";irl,;i Q)

i j

",i : I tbiirhoo.i2i'd-(p,o) do (3)
tt

The integral is an area integrar over the mirror surface, .9. Since only the TEMoo
component of the perturbed light resonates, the new resonating mode can be
wrinen as

I
,h = $ool, * o, [ ,fiort*i .ilod,o -, 

I 
,b6orl,oo(E ,,)'d"f . @)

L { s r
Each term of this expression can be easily interpreted- The imaginary term
contains the phase shift from which the appareni tengh change Al" can be
determined,

(5)

(6)

I rb|orhooF . iln(p, 0)d,o
s
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m and un are the actual mass of the mirror and the angular resonant frequency of
the vibrational mode, reqpectively. With this parametrization, the apparent motion
of the illuminated miror surface oscillating in a particular vibrational mode can be
modeled as if it were a point mass of magninrde aom vibrating with a rcsonant
frequency r.rrr.

As an example, the mode shapes, resonant frequencies, and effective mass
coefficients of the fint six a:cisymmetric modes of a "prooqpe" mirror are shown
in figure 2. A protoqpe mirror (so designated because such a minor is used in
the LIGO project's 4O-rneter protot)?e interferonnetcr) is a fused silica cylinder
with a diameter of 10 cm, a length of 8.8 sm, and a mass of 1.6 kg. The
effective mass coefficients depend not only on the paramebrs of the mirror,
but also on the geomeby of the optical mode on the mirror surface. For all
the calculations of this paper, except in Section V where it is explicitly stated
otherwise, the laser parameters used with the prototlpe mirror are those relevant
to tlrat prototype, which has a spot size (the radius at which the intensity is L f e2
of its maximum) of 0.22 cm. The beam is assumed to be centered on the mirror
and in the TEMeg optical mode, so that non-axisymmetric vibrational modes do
not contribute apparent motion to the mirror surface.

The effective mass coefficients of the fint 100 a:risymmetric modes of the
prototype mirror are plotted against their respective resonant frequencies in figrue
3. The effective mass coefficients vary by several orders of magninrde, reflecting
the wide variety of modes shapes. There is, howevetr, a general trend toward
lower effective masses at larger resonant frequencies. To draw anention to this
trend, a dashed line representing ao o( /;t is drawn. This line is approximately
the median effective mass coefficient in a grven bandwidttr. The significance of
this line will become apparent in Section V. This general rend arises from the
cylindrical symmetry of the a:cisymmetric modes, which dictates that the largest
antinode of motion in the a:cial dircction is at the center of the mirror, the position
being sampled by the laser. Hence the apparent motion of the mirror can be
relatively larger for the higher frequency modes, and the effective mass can be
correspondingly smaller. To illustrate this porng the shapes of thE mirror surface
for four modes with small effective masses are shown in figure 4 (these modes
are shown as dots in figrue 3); notice that a relatively small ponion of the mirror
around the center of the miror surface moves much more than any other spot.
The benefit of this choice of beam location is that the center of the mirror is
a node for all non-axisymmetric modes, making calculations much simpler by
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decreasing the number of modes involved.. The implications of moving the beam
spot off center are discussed in section VI.

hevious estimates of.the coupling between the vibrational modes of the mirror
and the optical path length of the inrcrferometer were equivalent to reating
the mirror as a long, thin rod, making the problem one d.imensional (the a;cial
dimension). In this case the mode shapes can be described simply by

u,(z): uosin(W),

where I is the thickness of the mirror. Thc resulting approxiination predics an
effective mass coefficient of 0.5 for the lowest tongirudinai mode (ttre 3b kHz, c =
0-34 mode in figurc 2). The fint dnrm mode (ttre 30 klcrz, a = 0.59 mode in figrpe
2), which does not exist in a one dimensional system, is then assumed to have the
same effective mass coefficient of 0.5. The one dimensional approximation gives
a rcasonable estimate of the effective mass coefficients of thise low freqtincy
modes' However, such a model fails to predict the much lower effective masses
of some of the higher fiequency modes that are shown in figurc 3, and therefore
can underestimate the otal noise conributed by mirror vibrations.

To check the self-consistency of this model, the approximations that went into
its formulation must be examined- The firyt assumpton is that E.iln aa r. 

-nis 
is

approximately the same as requiring thar f Ff .aa << l. since we are supposing
that the vibrations are thermally excited, ilrbuo*r frrom the equipanition theorcm
that

A,lo x

where &-a and T areBoltzrnan's constant and thetemperature, respectively. Hence
at a temperature of 300 K, E. Fo is of order 10--10 r* ,n, lower frequency modes
shown in figr[e 2, a phase shift which can be detected by prccision interferometry.

The second integral term of equation (4) which describes the scamercd light
is of order t0-20 for the modes of figruc 2. This is small comparcd to the
stadonary scatering d3e to microroughness and figure erors in the mirror, which
will be of order 10-4. Since the scanering from mirror vibrations is frequency
dependent, a comparison can be made benveen the uncertainty in the "rniutoa"
of the light in Fabry-Perot cavities due to photon shot noise and the scaaering
from minor vibrations- An order of magniarde estimate of the bandwidttr of the

(7)

(8)
kaT

anTrwi
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mirror modes is I mHz, and available laser light (including the gain from the
Fabry-Perot optical resonator) is of order 1000 Watts. The corresponding shot
noise in the light power is of order 1F12, eight orden of magninrde larger than
the light scattered by mirror vibrations. Clearly the scatrering rerm and all higher
order tenns of equation (4) can safely be ignored"

:Another assumPdon is that the TElvtit component of the distoneil optical
mode reflected from the vibrating mirror surface still resonates in the Fabry-perot
cavity, and that the light scattered into other modes doea not. This iS tnre if the
change in the rcsonant frequencies of the optical modes of the cavity due g6l the
vibrations of the mirror is less than the linewidth of the caviry. The ftequency
shift, A/ = f Lll\ is of the order of tF Hzfor the mod,es of figure 2, and the
linewidth of the optical cavity under consideration is of order lF Hz, so the light
continues to resonate in the pdmary mode, and modes which were previously
separate from the primary mode do not resonate.

lll. verification of the effective mass coefficients
The numerical code used to calculate the effective mass coefficients was

subject to a number of consistency checls. The resonant frequencies were
calculated using a FORTRAN codc largely provided by J.R. Hurchinson [7].
The calculated eigenfrequencies agreed with that theoretical work and also the
experimental work of McMahon [10], for the appropriate cylinder materials and
dimensions. The mode shapes were checked for self consistency by comparing
the elastic energy of deformation in the mode to the kinetic energy in the mode
one quarter of a cycle later:

K, lt, 6;3, and p are the bulk modulus, shear modulus, Kronecker delta and the
&nsity of the fused silica The integral is over the mirror volume, M, and the
displacement vector, f, is now evaluated over the entire mirror volume. u;; is
the strain tensor, defined in terms of the displacement vector as

ll;.",,+ 
u('u- |r*,,)'fn, = |l*:l ildv (e)

uik=;(#.#) (10)
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Repeated indices are summed. The effective mass coef,ficients could then bechecked in the one.dimensional approximation where the mirror is made verylong and thin (equation (7)). The #ective mass coefficients of all modes in thisapproximation are 0.5. The numeric code passed these basic checks.
-^ A simple experiment can be used to verify directly the calculation of theeffective mass coef,ficients for modes which r,uu. oo*jJJi;;;, 

",'o.t

larger than the beam spot size. These modes can be driven by gluing a smalmagnet (with dimensions much smaller than the acoustic wavelength of the mode)to the center of the back of the mirror, which by syrnrneuy has the same effectivemass coefficient as th^e fronr using a Michelion interferomeier to ,n"*-"r L"mirror's response ,". f-"*": appriedly a curent in a coil near the magnet, onecan experimentaily infer the effective mass of the mode. The apparent motionon resonance is

e :  Q n  
r F

anrn@; (I I)

(r2)

where c and F *:. the- roor mean squared displacement and force, and e,, isthe mechanical quality factor of the oron*r.. The force is proportional to thecurent / through the drive coils; therefore

o, o Q"rI
mrt; t

such an experiment was carried out using the prototlpe mirror, investigatingthe fint five modes of figure 2. The rcsoniurt frequencies were found to agreewith the calculation within 2vo; themvrorhad a wedged shape for optical reasonswhich made the thickness of the mirror illdefnJat the lvo level. Figurc 5
thows a comparison of the measurement of the effective mass coef,ficients forthese five modes to the values of co calculated using equation (12). The lineon the figure indicates a fit to " ait""t proponionality (the crurcnt to force ratiowas not calibrated independently). Figure 5 inaicates that the effective masscoefficients are an accurate way to model the vibrational nnodes of a mirror, andthat the numeric code used in the carculations was functioning properly.

lv' spectrar Density of the Thermaily Excited Motion
The root mean squared motion of a mode of the thermally excited mirror canbe calculated using the equipartition theorem as in equation (g). At a temperamre
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of 300 K, Alo is of order 1fl6 meters for the lower frcquency modes shown in
figurc 2. As a fint approximation, most of the energy of the motion occurs within
a bandwidth around the resonant frequency defined by the Q (A/, : f"lQ).
To get a more complete prediction of the specaal density of the motion, the
Fluctuation-Dissipation theorem must be used [11]. The vibrational mode is
modeled as a harmonic oscillator with a complex qpring constanfi

-crn r.2i * aomwzofl* igrQ':)]i - fr'

where the di.ssipation is paramettzeA by the imaginary part of the spring constant
and can, in general, be frequency dependenr We refer tci p"(o) as the loss
function because the fraction of energy lost in one cycle of oscillation at fr€quency
w is 2rg(w).. The loss function at the resonant frequency is related to the Q of the
mode by g"(u") : IlQ".From the equation of motion (13) and the Fluctuation-
Dissipation theorem, the general qpectral density of displacement due to thermal
excitation of the ne mode can be derived [5]:

(13)

(14)

In this form, the spectral density is implicitly a function of the natural frequency,
/ in that the motion is described over the usual one hertz bandwidth; however the
function is wrinen explicitly in terms of the angular @uency, r..'. This notation,
although perhaps initially confusing, simplifies the equation in that it eliminates an
abundance of 2zr's. The frequency band of interest for eantr based gravitational-
wave detecton (1 llz to l0 kIIz) is generally well below the resonant frequency
of the lowest vibrational mode of the mirror. in which case the total thermal noise
can be approximated by

S,( f )= |  
4kBT-tP"(u).

- & \ r t  
L A o m l r : ] ,  @

(15)

All of the pararneters of equations (14) and (15) can be readily measured
or calculated except the loss function. Measuring the loss function for a system
with low dissipation can be extremely difficulr What one generally relies on are
measurements of the loss function at the resonant frequency and some dissipation
model which predicts the general frequency dependence. Q values of order 107
have been measured for the vibrational resonances of the "prootlpe" miror.

s,*(f):ffi1ffi1
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Furthermore fused silica oscillators with Q's of order 107 and resonant frequencies
ranglng from t Hz to 10 kFIz have been built [6], suggesting a I which is of

order 10-7 and approximately independent of frequency is achievable in fused

silica mirrors. This estimate should not be taken as either the fundamental level

or frequency dependence of the dissipation of fused silica, which is unknown, but

rather a summary of what has been observed thus far. The dissipation depnds on

both the purity and the preparation of the sample, and there is no strong reason

to believe that the dissipation could not be reduced if sufficient care were taken.

Many previous estimates of thermal noise firom the vibrational modes of the

test mass have assumed that the dissipation were viscous in nature. In this case
the loss function is

/  \  l u :
? \u )=  d  ̂ .

(16)

We do not believe that current data support this model, which would predict
larger Q values for lower foequency resonances. However, it should be noted
with caution that the lower frequency rcsonators described in reference [fl were
torsional fiber rcsonators. These had much larger surface area to volume ratios
than the higher frequency resonators which consisted of compressional resonances
in bulk material. If the losses in the torsion resonators are limited by surface
effects, it may be inappropriate to use those measured values in an estimate of
the loss function of fused silica test masses. Nevertheless, these data are the best
which are currently available, and we therefore adopt as a loss function for the
purposes of estimating thermal noise rp : 10-7, independent of frequency. We

believe this to be a conservative estimate.

V. Addition of modes

The total ttrermally excited motion of the mirror surface at a given frequency
can be predicted from the sum of equation (15). This raises the question of how
rnany rnodes rnust be counted in the suln to achieve an accurate estirnate of the
thermal noise. Figure 6 shows the cumulative contribution to the thermal motion
at 100 Hz frorn the first one hundred axisymmetric modes for the protot)?e mirror,
taking 9(100 Hz) n be 10 7 for all modes. The line indicates the curnulative
contibution, and the x's indicate the individual contribution of each mode. The
contribution of each individuat mode decreases wittr rcsonant fnequency due to
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the w2* term in the dcnominator of equation (15), but the mode density inqeases
linearly with fre4uency (the axisymmetic modes form a nvo dimensional system).
Also, there is a general decrease in the cz terms in the denominator in equation
(15). The result is a cumulative cgntribution which insreases almost linearly
with the maximum resonant frequency included" The approximate dependence
of the effectiVe mass eoefficientS on the resonant @uency nipded to give thiS
relation is Llf , plotted as the dashed line in figure 3. More than 100 modes
were not Calculated becaus- of numerical precision Crrors in the series solving
the equations of elasticiry.

The thermal motion of the mirron does not achrally diverge, but convergence
of the series depends upon the beam spot size. As an example, the initial LIGO
interferometers will have a mirror with a diameter of 25 cm, a thickness of 10
cm, a mass of 10 kg and a spot size of 2.2 cm. Figure 7 shows the convergence
of the initial LICO configuration at 100 Hz with the same dissipation as in figure
6. Figure 7 also shows the convergence of ttre prototlpe mirror wittr the same 2.2
cm size spot. The dotdash vertical lines on the figrue indicate the frequencies at
which half an acoustic wavelength becomes equal to the diameter at which the
laser beam intensity is Lle of its maximum. At this frequency the displacement
of the modes, d(p,0), begrns to cancel in the integral of equation (4), resulting in
larger effective masses, and the thermal noise sum begins to level off. The first
vertical line corrcsponds to hansvcrse acoustic waves, and the second corresponds
to longinrdinal acoustic waves. Each mode is a combination of both transverse
and longitudinal motion, so there is no clear cut off @uency.

The thermal noise has the following pattem of convergcnce: the contribution
increases approximately linearly with the largest resonant frequency included
until the laser beam spot diameter becomes comparable to half an acoustic wave
lengrh. At that frequency ttre thermal noise sum levels off. Once this panern of
convergence was establishe4 it was verified numerically for several mirror and
spot size combinations.

Figure 7 also indicates that mirrors of different geomeries cirn have signif-
icantly different thermal noise levels. Typically morc modes can contribute to
thcrmal noise for larger mirron and fewer modes can contribute for larger spot
sizes. One should be cautioned, however, that the protot)?e mirror would be in-
appropriate for use in a full scale (km lengfh) interferometer. Since the radius of
the prototlpe miror is only nvice the spot size, the optical loss at ttre edge of the

l l



{,NPI.]BLISHED DRAFT

mirror would be too grcat. Optical requirements thus give additional constraints
on the geometry of the mirrors.

The convergence pattern of the sum in equation (13) is independent of the
loss function as long as all of the modes.have the same loss finction. This is
because the relevant parirmeter for predicting the thermal noise is the loss function
evaluated at the frrequency of interest, in our case 100 Hz, and not the e of the
lesonance, which could depend on the resonant frequency for an arbitrary loss
function. The convergence pattern does depend somewhat on the geomety of
the mirror in that the axisymmetric modes were taken to bc a wo dimensional
system. To meet this criterion, both the mirror diameter and its thickness must be
grcater than the laser spot size. This criterion is met in most realistic applications;
it is riot met in the one dimensional approximation (e.g. equation (7)).

Vl. Effects of moving the beam off center
The numerical calculations described in the previous sections assumed that the

laser was in the TEM00 mode and was centered on the minor. This configlration
puts the laser at an antinode of all axisymmetric modes and a node of all non-
axisymmetric modes. By moving the beam off center, the contribution of the
axisymmetric modes is decreased and the conribution of the non-axisymmenic
modes is iucreased. Figure 8 shows the effect of moving the beam off center
on the Protor)?e mirror. 200 modes with circumferpntial order (number of nodal
lines across the center; arcisymmetric modes are order 0) of up to four were
included, 40 modes each of circumferential order 0, L,2,3, and 4. The thermal
noise is computed using the same parameters as in section V (the laser beam
qpot size was 2.2 mm). The largest fiequency mode included had an acoustic
wavelength which was much larger than the laser spot size. Numeric precision
errors prcvented more modes from being included; only 40 axisymmetric modes
were included to avoid grving those easy to calculate modes too much weighr
The figure shows that except for spots quite near the edge, the thermal noise
estimate is retratively insensitive to the exact location of the beam. It is not clear
whether the variation seen across the mirror surface is real or whether it is an
effect of including only a finite number of modes. We hlpothesize that if ail
modes were include4 then once the laser beam is more than a few spot diameters
(or a few acoustic wavelengths of the highest frequency relevant modes) from the
edge of the miror, the mirror surface would effectively appear to the laser to be

t2
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an infinite plane with atl poins having the same motion. Ottrer intcrferometer
details, such as noise in the alignment of the mirror U2l, are tikely to put much
more stringent requirements on the centering of the beam on the mirror.

Vll. Applicability of results to real mirrors
Actual interferometer mirrors differ from ideal right solid cylinders. As

mentioned in Section III, the mirroB are wedge Shaped for optiCal reasons. The
surface might also be slightly curved. The mirrors are not completely free but
are suspended as pendulums by fibers. To define the point of contact beween the
fiber and the mirror and to prcvent nrbbing, there may be attachments glued to
the mirror, shown in figure 9. Furttrermore, in order to apply forces to contlol the
orientation of the mirror or to keep the TEMoo optical mode on resonance in the
interferometer, therc may be magnets attached to the mirrors.

These differences can be described as pefturbations to shape and boundary
conditions of a right solid cylinder. Such pernrbations can cause mixing of the
modes [13J, making the effective mass coefficients diffrcult to calculate. This
problem becomes panicularly sever€ for modes with high resonant frequencies,
where the mode density is large (ttre mode density increases as the resonant
frequency squared for a thrce dimensional system). Nevertheless, it is reasonable
to assume that the effects of such perhrbations cancel when summed over a large
number of modes so that the unpernnbed calculation is expected to give a good
approximation to the total noise at frequencies farfrom the mechanical resonances.

Attachments can also add dissipation to the system and may decrease the Q's
of the mirror by large factors. This additional dissipation may affect each mode
differently (affecting the results of section V) and can be frrequency dependenr
An example of such a dissipation mechanism which has been srudied in detail
is resonant coupling berween a suspended cylinder and its suspension wires [la].
The additional dissipation of attachments can likely be minimized by using carreful
experimental technique. These and other surface losses will generally cause less
additional dissipation in minors which have larger ratios of volume to surface (or
contact) area, such as those to be used in the full scale interferometers.

Vlll. Conclusion
We have developed a detailed model of the thermally excited vibrations of

l 3
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an interferometer mirror. The coupling of each mode to the interferometer has
been explicitly calculated, and the number of modes which must b" included
in the model has been estimated This calculation predicts a larger level of
vibrational thermal noise than previous estimates for nvo re4sons: first, the
coupling benveen the mirror vibrations and the optical path length is generally
stronger than previously estimated, and second" more modes ruri b" inctuOeO in
calculations of the therrnal noise than previously thougbt. The assumption that
the loss function is independent of frequency also affeca the magnitude of our
thermal noise estimate as compared to other models; our assurnption leads to largcr
thermal noise estimates than previous estimates using a viscous loss function.

This new estimate of the thermal noise level indicates that vibrational thermal
noise may affect the sensitivity of advanced laser interferometer gravitational-
wave detectors. The noise level shown in figure 7 for the LIGO mirror, cor-
rcsponding to a di-splacement noise of 6 x 10-20m /\Ez or a strain noise of
1'5 x 10-239r-r/2 at 100 Hz with all four mirrors included" lies benveen the*initial" and "advanced" detector noise levels of rcference [1]; vibrational thermal
noise was not included in reference [] because it was previously estimated to be
below other noise sources in the detecrcn.

The noise level of figure 7 should not be taken as the final estimate of thermal
noise, but it does indicate that the noise goals of the "advanced.', interfcromercrs
likely cannot be met using prcsent technolory. The estimate of the dissipation,
p(a)'of 1r7 at 100 Hz was based on several recent experiments and reflects
the levEls of dissipation which have already been achieved. Data obtained so
far probably do not represent the fundamental level of dissipation in fused silic4
which is unlcrown- Dissipation in bulk fused silica can depend on both the levels
of impurities and the preparation of the sample. Meeting the thermal noise goals
of advanced gravitational-wave detectors will require " b"n , understanding of the
dissipation in fused silica (or finding a benermirror material) and an impro-vement
in the loss over what has been achieved thus far. Also the dependence of the
noise on mirror geometry indicate6 in figure 7 suggests that some additional
improvement in the themral noise level can be r.a. by optimizing the miror
size and shape.
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Figure Captions
FIG. 1: Schematic view of a LIGO interferometer.
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FIG. 2: Mode shapes, resonant frequencies, and effective mass coefficients
of a "prototlpe" miror.

FIG. 3: The effective mass coefficients as a function of mode resonant
frequency for a "protot5pe" mirror. The modes shown in figure 2 arc plotted
as squares; the modes shown in figure 4 are plotted as dots. The dashed line
corresponds to 1//.

FIG. 4: The shape of the miror surface for four higher frequency modes with
smalleffectivemasses. a) f = l43kllz, a =0.013; b)f = 773Wlz,a=0.A74;
c) f = ?-ffi Wlz, a = 0.021; d) f = 262 kllz c = 0.009.

EIG. 5: Comparison between calculated effective mass coefficients and the
measured coefficients. The solid line is a direct proponionality.

FIG. 6: The contribution to the low frequency thermal noise of the modes
of the "protot5pe" mitror with a 0.22 cm beam spor The line is the cumulative
contribution and the x's are the individual contribution of the modes.

FIG. 7: The cumulative conribution to thermal noise of both the "protog4)e"

(dotted line) and the LIGO (solid line) mirrors with a 2.2 crn beam spot. The
vertical dot-dashed lines indicate the frequencies at which an acoustic wavelengtlr
is of order the beam qpot size for both transverse (left line) and longinrdinal (right
line) waves.

FIG. 8: The thermal motion of the "protoqpe" mirror as a function of position
on the mirror.

FIG. 9: Schematic view of a mirror with fiber anachments and magnets.
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Suspension Losses in the Pendula of Laser
rnterferom eter Gravitational -wave Detectors

A. Gillespie and F. Raab

UGO Project, Califurnia Instirute of
Technology, Pasadena, CA 91125, (ISA

Abstract

We have experimentally tested models currcntly in use to estimate the rnechan-
ical losses and thermal noise of the test mass suspensions of laser interferometer
gravitational-wave detectors. Observed losses are approximately independent of
frequency from I Hz to 2 kJlz, resulting in lower thermal noise estimates than
with some previous models.

1. Introduction
The impending construction of large scale laser interferometer gravitational-

wave detectors, such as the American LIGO tU urd the ltalian/French VIRGO
[2] projects, has increased interest in developing and understanding low loss
pendulum suspensions. The losses of the suspension systems of the mirrors of
these interferometers must be minimized in order to reduce the contribution of
thermal noise to the overall noise spectum t3l. The therrral noise as a function of
frequency can be predicted if the specific frequency dependence of the damping
mechanism is known. A number of assumptions have been used to predict this
frequency dependence for a test mass suspension.

We present here results of an experimental study of the losses in an actual
test rnass suspension. The data support key assumptions made in recent models
used to predict the thermal noise and allow us to estimate the general frequency
dependence of the losses over the entirre frequency band relevant to eantr-based
laser interferometer gravitational-wave detectors (l Hz to l0 kllz). we find
that the losses of the suspension system under srudy are nearly indcpendent of
frequency, a result which differs ftom the assumption of viscous losses that went



into the forrnuladon of the original thermal noise estimatcs for the LIGO detecton
[1]. This result leads to generally lower estimates for thermal noise generated in
the test mass suspension.

2. Model

The method which we use to predict the general frequency dependence of the
thermal noise from the suspension system has been explained in detail by Saulson
[3], and the model by which we relate the losses of the violin modes to the losses
in the pendulum mode was derived in a previous letter [4]. In this section we
highlight the results of those papers which are relevant to trris work.

To model the damping of the suspension system, we adopt a generar form of
Hooke's law in which the spring constant is taken to be complex [5,3]:

F--&[1  + ie@)]x .

F, r, r.r, and ell + ip(r)] are the force, displacemeng angular frequency,
and complex spring consunt, respectively. The specific damping mechanism
is parametrizraby the imaginary part of the spring constant" p(u), refenpd to
as the loss function. Once g(ar) is known, it is straighforward to calculate the
qpecral density of the diqplacement due to thermal excitations, i2(f), using the
Flucuration-Dissipation theorem [6] :

kn, T, m,, and aro are Boltznran's constant, the temperature, the mass, and the
resonant angular frequency, respectively.

Measuring g@) of a low loss mechanical system can be exceedingly difficult.
The Q of the system is rclated to the loss function at the resonant frequency by

;2rn-4fuT ,2oP@)
&  \ J )\r ' tn ,l{d _ rr), _ rtvr@)l

Iplwo) = 
d,

(1)

Q)

(3)

but this yields no direct indication of the frequcncy dependence of rp. For a system
with multiple resonances, the Q's of several resonant modes can be meastred at
thcir respective rcsonant frequencies. ff a relationship among the loss functions



for these modes can be obtained, one can then interpolate btween the resonances
to estimate the general frequency dependence of g.

We are specifically interested in a pendulum consisting of a test mass sup-
ported by finite mass wires. Here we concentrate on two t)?es of suspension
resonances, the pendulum resonance, which is at approximately I Hz, and the
violin'resonances; which form a harmonic series starting at several hundred Hz-
We have obtained a relationship benveen the losses of these modes using argu-
ments relating the geometry and energy of the violin and pendulum modes and
by assuming ttrat the losses occur near the ends of the suspension wircs [4]. For
a double loop (4 wire) suspension system,

1
vp@) : |lv,r(r) 

* p"z(r) * pos(w) + p,+(r)l- (4)

gp edgoi fro the loss functions of the pendulum mode and of the violin modes of
the ih wire, reqpectively. The assumption that the losses occur near the endpoints
of the wires should be valid when the losses arise either in the attachment of the
wire to the support stnrcturc or the test mass, or in the bending of the wirc, which
is most severe near the ends.

A consequence of the losses being concentrated at the endpoints is that the
losses are a function not only of frequency, but also of the length of the suspension
wires. The explicit length dependence can be obtained by combining equations
(7) and (8) of refercnce [4], gving
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where I is the length of the wirc.

,,(4 =1

(s)

Gonz'alez and Saulson have derived the losses in ttre violin modes by solving
for the exact mechanical transfer function through the suspension system and
assuming the losses occur in the wire materiat itself [il. The loss function of
the ne violin mode is then

'/+l',,*rlT,""'fpo@)(6)

E,Irt,n, and po@) are the Young's modulus, the area moment of inenia the
tension, the harmonic numbcr, and the losses in the wire material, reqpectively.
The second term in the brackets is the corrertion for the losses due to the bending



which @curs along the length of the wire. For the parameters appropriate to the
first generation of laser interferometer gravitational-wave detectors, that term is
negligible for the fint several harmonics of the wLp. In this limit, the losses in
the pendulum mode can be predicted by equation (4), and the length dependence
reduces to equation (5).

lngan, Hough; and Robertson [8] have produircd a similarresult for the losses
in a pendulum with a finite mass wire by assuming that all of the losses occur ng:r
the ends of the wire and then developing an analogy to an electrical transmission
line. This model also has equation (4) as its primary result, and can be tested by
experimentally verifying equation (5).

3. Experiment
The losses in the suspension system were obtained from the e's of the

resonances, which were determined by exciting a particular mode, tuming off
the excitation, and measuring the decay time of the oscillation (e = usr f 2,
where t.rs is the resonant frequency and z is the measured amplitude decay timc).
The apparatus used for the measurcments is shown in figrrrc l.

The suspension system consisted of a 1.6 kg cylinder of fused silica (with a
diameter of 10 cm and a length of 8.8 cm) suspended by nvo loops of 75 pm
diameter steel music wire. For each measurement, new wire was taken directly
from the qpool and wiped with acetone to r€move residual oils. The wire tension
was approximately one half of its breaking strength. Two differcnt grpes of
clamps were used at the top. In ono tlpe the wire was simply clamped benveen
two aluminum bars; the cornen of the bars had approximate radii of curvature of
100 pm and the faces of ttre bars where the wire left were flush to approximately
that level. For the other clamping arrangement the wire left a 45o wedge with a
25 pm radius edge. No difference in ttre Q's was found between the nvo clamping
methods. At the test mass the wires were looped over a standoff to maintain a
signfficant prcssrue on the wirre and thus avoid rubbing at the point of contacl
Either fused silica prisms (13 mm long by 2 mm equilateral triangle) or rods (13
mm long by 1 mm in diameter) were used as standoffs. The standoffs were held
in placc by one of three methods: held simply by the pressure of the wirc with
no glue, glued on the cylinder with a cyanoacrylate based glue, and anached to
the cylinder with a vacuum sealant epoxy. Therc was no observable difference
between the Q's of either rype of standoff even though the sharp edge of the



prism exerted morc contact prcssure on the wire than the gentler cnrve of the ro4
and the means of holding the standoff in place had no effect However when
no standoffs were used, the Q's of the violin modcs were degraded by a factor
of approximately 30.

The violin resonances were excited by a piezoo,lectric transducer glued to
the support bar near the clamping point at the top of the suspension. The
motion was measured by focusing a HeNe laser onto the wire and monitoring
thc diffraction pattem on a split photodiode. To damp the seismic motion of the
rnass while the violin snode Q's were being rneasured, rnagnets were attached
to the mass and current was fed back from an active damping circuit to nearby
coils. The pendulum mode was excited by physically pushing the mass just prior
to pumping the vacuum system. The measurement was begun when the vacuum
system reached its operating pressurc (<10-4 Ton). The test mass motion in the
pendulum modc was monitored by an edge sensor (an LED which cast a shadow
of the corner of the test mass on a photodiodc).

4. Minimizing losses that primarily affect
the pendulum mode

To conrpare the losses of the violin modes to the losses of the pendulum mode
using equation (4), other possible losses due to forces which are external to ttre
suspcnsion but act direcdy on the test mass must be minimized Due to the large
mismatch benveen the mechanical impedances of the mass and the wires, these
forces primarily affect the pendulum mode and not the violin modes. These are
discussed briefly here berause of their importance to the design of the expcriment

one such loss mechanism is eddy current damping which is imponant if
magnets arc used as actuators on the mass. Another mechanism is damping by
residual gas in the vacuum system. Both of these damping mechanisms are
viscous; that is, their damping forces are proportional to the velocity of the
test mass. Because of the frrequency dependence of these damping mechanisms
(p(r) o( a,), such losses could be imponant at frequencies of hundreds of Hz,
while having little effect on the measured pcndulum Q. However, these losses
can be readily estimated and reduced by adjusting the rclevant parameters of the
system (the pressure in the vacuum system or the geometry of conductors near
the magnets).



The resuls of such measurements are given in figure 3. Each cross reprcsents
a measurement done on a separate wire. As in figure 2 the reproducibility of a
measurement made on a single wire was approximately five percent; the spread
in the points at a given length indicates the variation in the Q's from wire to
wirc. The line in the figure rcprcsents the model of equation (11). The data
support the hlpothesis that the losses occur at the endpoints. Note that due to the
different wire lengths, the data were taken at different frequencies. The observed
weak frequency dependence of the losses can give systematic deparnres frrom the
model of equation (11) of the order of tOVo over this frequency band (l8O-800H2).

Two possible sources of loss at the endpoints have been identified. One is
damping in the clamps connecting the wire to either the test mass or the suppon
structwe. Since modeling the losses due to imperfect clamps is difficult, two
different tlpes of clamps were used at both the top and bottom of the wire
(described in section 3). No difference in the measured e's werc found for
any clamp combination. We interpret this result as indicating that the losses werc
not due to the clamps. The remaining possibility is that the losses were in the
wirp material itself.

6. Wire material losses
To compare the losses of the violin modes to the inuinsic losses of the wire

material, the wire material Q's werc measured using a method analogous to that of
Kovalik and Saulson [13]. Pieces of wire were clamped at one end using the same
aluminum bar clamp which was used for the suspension system, and the other end
was left free. The modes were excited using the piezoelectric transducer glued to
that clamp, and the motion was measured in the same manner as for violin modes.

The frequency dependence of the losses of the wire material is shown in
figue 4. Three different wire lengths, 4, 5, and 6 cm, were used to arrive at
the density of points shown. The error bars indicate the statistical rcproducibility
of the measurements on a single wirc. The smoothness of the data gives an
indication of the reproducibility from wire to wire. The dashed line on the figure
is the loss due to thermoelastic damping.

A prediction of the losses in the violin modes of the test mass suspension
due to the wire losses, using the model of equation (6), is reprcsenred by the x's
in figurc 2. Note that although the results of section 5 suggest that the losses
may be due to the wire material itself, the measured test mass suspension losses
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exceed the losses predicted from the measurements on unloaded wires. One
possible explanation for this discrepancy is that the losses in the wire material are
a function of the stress in the material. A careful sftdy of the stress dependence
of the losses of some candidate suspension wire materials is being undertaken
by Huang [14].

7. lmplications for gravitational-wave detectors
The observed behavior of suspension losses has significant irnplications for the

design of laser interferometer gravitational-wave detectors. For example, consider
the initial LIGO detecton [], where thermal noise is expected to be the principal
noise contribution at frlequencies near 100 Hz. For pendula consisting of 10 kg test
mirsses with a I s period, thermal noise displacements of 70-rsmlr,ffi havc been
estimated" corresponding to rp(100 H z) : 10-5. ff the losses were viscous ils was
assumed in reference [U, p@) : (llQ)@lo), this would require a pendulum
mode Q of 107 (p = l0-7 at I Hz). Viscous damping from residual gas or eddy
currents can be reduced below this level using adequate precautions. Thc losses
internal to the suspension observed here were nearly independent of frequency
below a few kilohenz. Thus interpolated losses near 100 Hz satisfy thermal noise
requircments even though the pendulum Q was significantly below 107.

Thc fact that the suspension losses arc concentrated near the ends of the
suspension wires suggests that the suspension length can be adjusted to optimize
the interferometer sensitivity. Making the pendulum longer increases its Q and
therefore decreases the thermal noise of the pendulum while increasing the number
of violin modes in the frequency band of the detector. The relative imponance
of the thermal noise contributed by these two q?es of modes is determined by
other noise sources and the signal that one is attempting to measure.

8. Summary
We have prcsented data which support an emerging model for predicting the

suspension losses for a pendulum. The losses of this suspension werc found to be
nearly independent of frequency at fie4uencies wherc the losses werc not limited
by thermoelastic damping, and inversely proportional to the length, consistent with
losses concentrated at the endpoints. The data do not agree with models currently
being used to prcdict the losses in high Q pendula from the intrinsic losses in the



wire material [7], possibly due to stress dependent effects. These results apply
only to steel music wire; other candidarc wire materials, such as tungsten [3],
niobium [15], or fused silica [16J, should be tested using similar techniques.

We thank R. Vogt and the entire LIGO team for making this work possible.
We also thank P. Saulson, who made several useful comments while the work
was in progress. This work was supported by the National Science Foundation
cooperative agrcement number PHY-9210038.
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Figure Captions
Figure 1: The experimental appara$s.
Figure 2: Frequency dependence of thc violin mode losses. The solid squares

rcpresent the average losses of several wirps at both ttre fundamental violin mode
rcsonant frequency and at the pendulum resonant frcquency; the open circles
tepresent measurements on different harmonics of a single wirc. The x's arc the
predicted losses from the wire material loss measurcments described in section 6.
The dashed line is the predicted loss due to thermocrastic damping.

Figrre 3: Measured Q as a function of wire length.
Figure 4: Wire material losses. The dashed line is the predicted loss due to

thermoelastic damping. The error bars for the pornts in the mid frequency range
are comparable to the size of the points.
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Assigned R.eading:
G' Chapter 7' uDiftaction? from the manugcript Applicatto-ns af Cla,ssicol ph,ysics byRoger Blandford and Kip Thonre. [This materiJiJne"a"a as the foundation for thescattering aoalyses of Kip's lecture and for the Suggested problem 2. at the end ofthis assignment' Sections 7.2 aad 7.5 were ""rig"Jlreviouslg in Lectgre 4, and themaouscript

::_ryf 
out ih33. .{ r.?" hlve nrytered rhe iU*ry of diftaction, in*urvU, tll

::T:^-1"-'::l*"'in 
comparable detail to that given i&this chaptJr, then you do norneed to do this reading.]

LECTURE 15
Light Scattering and its Control

Lxture by Kip Thorne

t 
::::?"9sssssss� T19*6 

spizzichino , The s99u9rino of Etectromasnetie waaes from) v v o  J t  v r t aRough sa-rfoces (Macmillan/Pergamoa, New york, rgoil. tThis iB;h" "r*"r" treatise
::t"o:.::P::! *iih,"*i:*'."" "q,r"rio*. rr deats-;lt Lrl"""g?ril ;;; r",,#;

Suggested Supplementary Reading:
SS' J' M' Elson, H' E. Bennett, and J. M. Bennett, *scattering from Optical Surfaces,' inApplied opticol Engineering, vol. vII (Academic press lgzg), chapter z, page rgl.

[TF *" suggested previously, in Lecture 9. It is a review with few equations andwith nany references to the *eratr:re. The focus i" r" ;l;"*;;;surfacee thata're quite smooth (rms fluctuations in height much lees than the-wavelength of light,e.9., the LIGO mirors).

tunately, it ie writte-u in such-away that one ."rrolt "u"aily understand later ctrapterswithout reading earlier ones.J
m' Kip s. Thorne, 

^Light scotteing and proposed Bafie confi,gutution for the LIG7,preprint GRP-200, available upon requgj fr"* xif [rnis ;; th" ";'gt"d, analyriccalculation of the "gravity-wave" noise [(f) ""*Juy [ght scatterinfTo- r,tco uotuwith and without baffes. It has two defects that ;"k" it not di"*tly useful: (i)subsequent analytic.calculations by Jean-Yvea vinet of the vIRGo f"o5""t fe*etedout a serious error (a missing factor 3 inside the equare brackete of fts. (a.6) and(4.7)' which then propagared throughour GRp-200i; *a (ii) the finar LIG9 baffieconfiguration is rather diferent from the one in Cni-ZOO. Kip,s iecture is based onGRP-200, with the error corrected and the baffie configuration "rr"og"d to the newone. The resulting noise spectrum frU), u dirc,rssed in Kip,s lecture, is in goodagreement with mrmerical simulations by the Breault R€s€arch Organizaiion (BRO),under contract from LIGo. Ea,''la Flanagan "J il; are in the process of a final,thorough analytic reanalysis, which they plan to p,rUtLn.J 
-



A Few Suggested problerns:

l' Backscotter ofr Baffies. The dominant scattered-light noise source, according tothe calculations by Kip, by Banna Flianagan, by Jean-yvee vinet, and by BRo, isbackscatter of vibrating baffes; see the t"it or riip;rLr*u transparencies.
a' Give a list of factors that make the backscaltered light coming from djfferentdirections superpose incohereutly.
b' Compute the ugravity-wave" noise [11; aue to bafre backscatter, assrrrning in-coherent superposition- Kip $ves the answer (acc'rate to within a factor - 2)on his last transparency, when the mirrors are as cloae to the vacurrm pipe walla8 we e:cpect them ever to be, y - 20 cm. you may prefer, for simplicity, totreat the case of noinors centered in the beam tube, which has a radius fi = 60

:4. [Note: In Kip's il^cn/s1 on his last transparency, a S 10-6;th" mirror,gIight-scattuti"q coe-fficient (the probability for a flotoo to scatter from the mainbeam into a rrnit solid angle is dp/dA = i/ez); L = 4krris the length of the beamtube, lr :100ur is the distance from the.#;" to the nearest baffie, ):0.4/rmis the wavelength of the laser light, do/dAde - l0-2 i" iu" u"m"i ditrerential
-scattering cross section Per unit area of bafre per unit solid angle into which thelight gges (equivalently it is the probability that a photon, niiting the baffie atan angle of a few- !* of degrees from its nor:rral, gets backscatlered into thedirection from w-h.ich it carne); "id-({) is the,qu"ruioor of th" ,;;rrar densiryof the bafre,s seismically induced &-"placement.'

Difrraction ofi tsafies. Consider the "gravity-wave' noise produced by diftaction ofscattered light off vibrating bafres ltle nrst-process on Kip's next-tjhe-last trans-paxency.
a' 

lompute ftff) for the extreme worst-case scenario in which coherence increaseEthe noise: Place the mirrors precisely at the center of the beam tube, ass'methe bafres are perfectly roundand not aerrated, and assgme for each baffie tbatall points on the baffie's edge vibrate radially in phase with each other. Thenlisht from all points on any choeen pd" *ilI;;"i;* "ou"i"iiy i" iiil. ci"arguments wby the various bafree should coutribute incoherently with respect to
3ach 9ther. [Hint: one factor is the speed of eound along the vaclum pipe, which
g. i o-.eT/sec; another deals with the bafre ,p".i"g;'.; your nnat-ais*" forh(/) should be somewhat worse than the bafre b""L""*tt", noise of problem 1.b' The following factore mitigate the noise due to diftaction. For each factor makean estimate of the resulting reduction in [(/)._tN"te that thes€ mitigating factoredo not act multiplicatively; the reduction'in fiifl ir not equal to the product of
lhe.reductions due to the various factors. H;;;";; the net reduction makesh(/) much less than bafle backscatrer.] (i) The baff; wil be senated (iagged)with peak-to-valley serration heights oi d.b--, which ie somewhat larger thanthe width of a Ftesnel zone (so * " b"n" vibrates, **u locations are altlrnatelycovering and uncovering all even numbered trlesnei zone, thereby producios pt """shifts 9f one sign, while other locations are alternately covering and uncoveringan odd numbered trlesnel zone, producing phase sifts of the oiposite sign, andthe two effects tend to cancel). Thur" *ru Lu a - b per cent irregularity in the

i
!

t____



seFations on scalee \m - acn. (ii) The mirrors will generally not be centered
in ihe pipe, but rather wiII be offcenter by ) f0; and as a result, different
regions of a bafre will intercept different Flesnel zonel,. (iii) The variogs points
on a bafre do not vibrate in phase with each other. (iv) Each bafre will be out
of round by a few millimgfsts in some random way.





LECTUR^E 16
Squeezed Light and its potential Use in LIGO

Lrcture by H. Jetr Kimbfte
Assigned Reading:
TT' C. M. Caves, "Qua,ntum mechanical noise in an interferometer,' Phys. Ret. D,25,

r6e3-1708 (1e81).
uu. D. F. walls, "squeezed states of light," Noturu, g06, 141-146 (rgg3).
W' M. Xiao, L. A. Wu, and H. J. Kimble, uPrecieion meaaurement beyond the shot-noise

limif,' Phys. Reu. Lett.,5g, ZTg-2Sl (1gg7).

Suggested Supplementary Reading:
l' H' J. Kimble, uQuanturn fluctuations in quantum optics-Squeezi'g and related phe-

nomena,' in_Rndomentol Systems in Quontum Optics, eas. .1. Dalibard, J. M. itai-
mond, ""d -J. zinn-Justin, (Elsevier, Amsterd..n, issz1, pp. 54s474.

m- "Squeezed States of the Electromagnetic Field," Feature l*,ru, J. Opt. Soc. Arner.,
84, 1450-174r (1987).

n. usqueezed Light," special Issue, J. Modera optics, g4, T0g-1020 (lggr).
o. "Quantum Noise Reduction," special Issue, AwL phys. 8,55, rg'gg. lisszy.p' S. Reyrraud, A. Heidman, E. Giacobino, and 

-C. 
Fabre, "Quantum fluctuations in

optical systems," in Progress in Optics. XXX, ed. E. Wolf (Elsevier, 19g2), pp. l-gb.

A Few Suggested Problems:

l' Detection of Modulation in a Squeezed State. An electromagnetic field propagates
through a medium whoee transmission coefficient ig given Uy t : tse-1tt)'Jh"r"
?(t) = 7e cos(Ost) (i.e., sinusoidally modulated absorption with amplitude .Io and
frequency Os).

a. Assu:ning that 7s ( I and that the input field is in a coherent state (with
frequency ) Oo), derive an expreseion for [[s minimrrm detectable rralue of 7i, for
a ftced input energf ff,o (lE 12) .nd a fixed bandwidth B: Af ("oooporr&rrg
to a photodiode integration time i = llB).

b. If the input 6eld instead is in a squeezed state, derive an expression for the
minirnrlrn detectable amplitude 7s. Illustrate in a "ball-and-stick" sketch the
dependence of your ^pswer on the orientation of the squeezing ellipse.

\-ololiole
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l
2' squeezed vacuum in an Interferometer. In Part rv of Kimble,s lect're trarurparen-cies' he sketches a calculatioa of the minimum detectable phase a""i"6oo do whena coherent etate is put into one port of the Mach-zehnder iot"*urJeter showD below' and either the rracurur state 

91the squeezed ,o.u* state iE put iato the otherport' His answer was 6a = L/rfr for the vacrr,r- rr"r",^and ds = (t +€s)t/z1l-fa�for the squeezed vacuum' where lY ie the total nurnber of available photons, s ie thesqueeze factor (-t < s s 0), and € ( l is the efficiency of the squeezing. show, iqa phasor diagram, the relative phase^ relationshipe for tnl netas that emerge from theoutputs' and from your diagrams infer that t" ""ni""u the above optimal se'sitivitieEwith readout at ou!9]t #r, the 'npert'rbed position of mi*or ,{ ;ho;l be ad.!'sted
il;::Tr$:ff 

dinerence between th" t;;;;;h" lo"iln"l;-ffi- ie 6o - ,1;.
a' show the orientatio-n-of the equeezing ellipsee relative to the coberent a'plitudee

fi"*o 
of the two fields Eo, i, that contribute to rhe total n"la gr lt rhe output

b' show how these two fields with their fluctuationg sum to grve a resultdlt .81 that(for /q = r/2) producea noise in the photodetector below the staudard shot-noiselevel l/{Fi -d " sigaal p"op*rioot ro the phase deviation ds.
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c. Note that for an efrcieacy € + 1 and for perfect squeezing t -. -1, the above
l .analysis and diagri;i predict thtt tha Eiuimumdiaa;i;bl; phas; deviation be-

comes arbitrarily small, 6o - 0. Show that, in fact, if the interferometer system
is perfectly lossless, and 6o is modulated so 6o : Ao cos(Osf), the minimum
detectable modulatioa a"'Flitude Ao is actually Ao - l/N. Calculate the cor-
responding leugth seusitivity Ac for the displacement of mirror .4.. Estimate the
laser power required to achieve the sensitivity of the advanced LIGO, f this limit
could be achieved.

d. In the above discussion it was tacitly assumed that the isterferometer mirrors
are. so massivei that tight pressnte fl uet uatioris do=a6t diatur5 tbCm sigilifi cantty-
Suppose now that miror .4 has a finite, small mass and is free to move io ...poor"
to light pressure, and that we apply a feedback force to the back of the Eirroi;
to couateract the time-averaged light-pressure force on its front. Show, using the
phasor diagram" of parts a. and b., that when we improve our measuremeut of 6e
(aad hence of the mirror position c) by increasing the a"mount of squeezing, we
increase the random light-pressure perturbations of the mirror, thereby enforcing
the uncertainty priaciple. Relate this result to the standard qua.utum limit for
sensing the position of the small mass, and theuce to the curye labeled ..Quautum
Limit" in the plots of LIGO aoise sources that were shown iu earlier lectures. [For
a quantitative analysis, in the coatext of a Michelsou interferometer, see C. M.
Caves, Phys. Ret D,23, 1693 (1981). In this problem you are supposed to be
iguoriag the possibility of goiug beyond the standard quantum limit as discussed
by Jackel and Reynaud, Europhys. Lett.,1g, 301 (lgg0)J
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LECTUR-E 17

The LIGO \/3s11rrrn System

Ler;turc by Jordaa Cnp
Assigned Reading:

WIW' J.- H. Moore, C. C. Davis, M. A. Coplan, Buitding Scientifie-Apparetus (Addisou-
Wesleg 1983), Chapter 3. uVacuum Tecbnologr." Agood o"tri"*Lf the basic issueg
involved in vacur"n systena designo including gas kinetics, pressure meaaurernent, and
punping.

Suggested Supplementary R eading:
q' F. fuif, hndamentals of Stotisticot and Thermal Physics (McGraw-Hill), Chapter Z:"Kinetic Theory of Dilute Gasee in Equilibrirrrn.' d discuseion of basic kinetic ib*ry,

i''cluding molecular flux, eftrsion, and pressure and momentrm tranufer.
r. J. O'Hanlon, A [Jser's Guide to Vaanum Technologg (Jobn Wiley and Sons). Con-

siderably more detailed than the assigued reading. Inciudea material \Bpor pr***
and outgassing, calculation of conducta,nces and a chapter on residual gas analyzera.

s' K. Welch, "The preesure profile in a long outgassinj vacuum tube", Voaunt, 25,
27r-276.

A Few Suggeeted Proble-r
l. Residuol ga,s damping oJ test mass, In Lecture 13, the following orpression for the

loeses due to residual gas datnping was given:

0(r) -

where A, M are the test mass area and masE, P is the residual gas presEure, F bthe mass of a gas molecule, and the gas molecul€B are thermalized "t t"*pu.tgre ?.
(R€call that f ='yul&o, whereTu is the acceleration due to gas da,mping and u is
the test maaa velocity.) Derive this orpression. For simplicitg ,o*" that the gas
moleculee are of uniform velocity and normally incident on the test masE.

2. Pressuw in LIGO bezem tubes; The final pressure achieved in the IIGO beam tubee
will depend on the outgassing rates, conductanceg and pumping speeds, and available
budget.

zAP IT u
M  v m 4



a- Conducunce of an orifice: the ion pumps, which will provide quieg high vacuum
pumping for the beam nrbes, will be connected to the rubes through25 cm diameter
orifices. The conductance of an orifice of area A for molecular nitrogen (atomic weight=28)
is given by C ( in Liter/sec) = 11.6 A (in cm2). How does this value scale with the
molecular mass, and what is the conductance for hydrogen (atomic weight=2)? (Hinc the
conductance is linearly related to the flux of molecules asross the apernre). Assuming
that the ion pumps have pumping speeds of 10000 L,/sec, what is rhe combined pumping
speed of the orifice and pump?

b. Conductance of a beam tube: in paper 4 of the suggested reading K Welch derives
the following expression for the average pressure of a long outgassing nrbe of diameter
D and tube length /:

poo:  pr+ 
#

Here q is the outgassing rate (torr V(sec-cm2)) and k is a function of temperanre and
molecular weight (k=45 for hydrogen at loom temp). The fint term, Pp, is the prcssure
at the ion pump, while the second tenn accounts for the finite conductance of the 1.2
m diameter beam tube.

i) for the qpecial LiGo iow-outgassing steel, g - 1.0 x rFl3 torr v(sec-cm2;. Assume
an initial pumping confignation of 2 end pumps per each 2 km long beam nrbe module.
What is the total outgassing flux (torr Vsec) seen by each of the pumps? Using the earlier
calculation of pumping speed, find Po. What is P"r? This number should be close to the
goal of 1.0 x ld torr for the advanced interferometer.

2) ass.ume that unprocessed steel with a higher outgassing rate is used, where g - 1.0
x lfrl2 ton I / (sec cm2). what is p." for this beam module? How many additional
equaily spaced pumps would be necessary ro recover rhe desired value of P""? (The 2
pieces of P.' scale differently with the # of pumps.) With a cost of $35 K per addirional
pump station and a total of 8 beam tube modules for the two sites, how much additional
cost would be incurred if this steel were used?
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LECTUR.E 18

The 40 Meter prototype Interferometer
as an Bxarnple of Many of the Issuee Studied in this Course

Lecture by Rnbert Spero

Assigned Reading:

XX. R. Weiss, Quaft. Prog. Rep. Res. Lob. Electrcn. M.1.T.105, 54 (1972'). [T]re seminal
paper presenting in detail honr laser interferometers can be used for gravitational wave
detection, includiiig a comprehensive analysis of noise sorrrceel

W. Robert L. Forward, nWideband laser-interferometer gravitational-radiation e:cperi-
ment,' Phys. Rea. D 17(2),379-390 (1977). [A description of the first interferometric
gravitational-wave detector to be built (a 2 m Michelson interferometer) and the first
search for gravitational waves using such a detector (a coincidence nrn conducted in
1972 between the interferometer and several bar detectors).]

A Few Suggested Proble"'"z Note: Your homework for Lectutzs 17 and 18 is to be
turned in to Shirley Hampton in room 151 Bridge Annec beforc 1:00PM fuiday June 3

1. In this corlrse you have encountered all the siguificant noise sources for interferometric
detectors that the LIGO tean is now acfare of. Which of these were unanticipated by
Weiss in Ref. 1 above; and are they "fundarnental" or are they "technical"?

2. The interferometer described in Weiss's paper has a different optical configrrration
from the 40 m interferometer, but the shot noise calculated by Weiss is similar to that
achieved in the 40 rn. Why? Compare tbe shot noise lirnited sensitivity calculated by
Weiss with the sensitivity achieved by Forward, and account for the difference.

3. The thermal noise calculated by Weiss is based on viscous .la"lping I0@) x c.rJ. How
does the thermal noise prediction change when if the da,mping is structural [t'(r.r)
independent of r.rl? cf. Lectrrres 13 and 14.

4. Weiss calculated noise from laser intensity fluctuations acting on the test masses via
radiation pressure. Intensity fluctuations also result in noise (in a manner discussed
in Spero's lecture) if the interferometer'e operating point is offset from a "dark fringe"
at the photodiode. Under what circumstances will this noiee be larger than that due
to radiation-pressure fluctuations.
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Quantum-mechnnical noise in an interferometer

I
I

I
I

Carlton M. Cavcs
V. K Kellog Radbtion Iabomtory, &lifotaia Instituteof Technologt, Pasdena. Califonia 91125

(Rcccived 15 Augst l9E0f

Tlte intcrfcromcrcrs now bcing devdoped to dctcct graviational wave worl by mcasuring thc relativc pcitions of
q,idcly scpsratcd masscs. Two fundameotal sourccs of quantum-mccbanical noisc dctcrmine thc sensitiviry of such

,an in19r=fgqggqclcr_: [] 1lg9radons in !4!"!.f d S,ftpft plplqqs {pho1ogqg 4d
radhtion pressurc on the masscs (radiation-prcssure crrorf, Bccausc ofthc low povcr ofavailablc conlinuous-q'ave
lascrs, rhc s.nsitivity of currcntly plaancd interfcromcters q'ill bc lioircd by photon-countiog ccror. This papcr
prcscos an analysis ofthe two typcs ofquaotum-mechanical noisc and it proposcs a neq, tehniquc-thc "squeczcd-

statc" tcchniquc-thac ajloc/s one to decrras€ thc phoron-countingenor wbile iacrcasiog rhc radiirion-prcssGc
crrlr, or vicc versa. The &ey rcguirenrant of the squeezcd+tatc cchniquc is that thc statc of thc light cntedng the
inrcrferometer's normally unuscd input pon must bc Dot thc vrdrurn, as in a stan&rd interferomaer, but ratbcr a
-squcczcd statc"-a statc whocc unccrtaintics in thc tsro g""draturc pbascs arc uncqual. Squcezcd stat6 cart bc
geoeratcd by a varicty ofnonlinear oprical prcccsscf including dcgcneratc paramaric amplilication.

I. INTRODUCTION

The task of detecting gravitational radiation

is driving draaatic iuprwements in a variety

of tecbnologies lor detecting very veak forces.r

Tbese improvements are forcing a cateful exa'ni-

aation of quanhte-Bechanical limite on the ac-

curacy n'ith tphicb one can monitor the etate of

a,macroscopic body on which a weat force actsi

Oue promising technologT uses Eut interferometer

to monitor tbe relative positions of widely eepa-

ated masses. Thie paper alalyzee tbe gualhrm-

roechanieal limits oo the performance of inter-

ferometera, and it introduces a rre'w tecbnique

that migbt lead to improvementg in tbeir sengi-

tivity.
The prototypal inte r{e roroete r for gravitational-

nave detection is a two-arm, multireflection

Micbelson Bystem, powered by a laser (see Fig.

3 below). The intensity in either of the interfero-

ueter's output ports provides information about
the dilference z =zz- zt betvreen the end mirorg'
positions relative to the bearn splitter' and
churges in z reveal ihe passing of a gravitational

Fave. Tbe first interferometer for gravitational-

*ave detection sas built arrd operated at the
lughes Research Laboratories in Mdibu, CaliJor-
aia, in the early 19?0's (Ref. 3); this first effort
*as small-scale and had modeet sensitivity. Now
several groups arorurd the vorld are developing
interferometers of greatly improved sensitivity l{
d long-range god is to constnrct large-ecale in-
terferometers, with baselines l-1 km, in order
toacbieve a strain sensitivity 62/I-Lozr f.or
ireqnencies from about 30 Ez to 10 kfiz. This
sensitivity god is based on estioates for the
strength of gravitational waves that pass the

, 2

( (is. Rer. Tl
l 5  A P R T L  l 9 8 t

Earth reasonablY often.!
It has been lootn for some time that quaahr:l

mechanicg limits the accuracy with wbich an

interferometer ca! nreasure z-or, indeed, the

accurzrcy vitlr which any position-sensiag device

can determine t}e poeition of a free magsi'5't

In a meagurement of duration r, tbe probable

error in the interferometer's determination of

z canbe no smaller than the "standard quarhrn
I  in i t " .

(azLar. =(2tu /mft2 (1.1 )

where z is the raaas of each end mirror [(aeLeo
-5x19- ra  cm fo r  m- lOs E,  r -2x104 sec ] .  The

validify of tbe stardatd Erantum limit is unques-

tionable, restiag as it does solely on the Heisen-

berg uncertainty principle applied to tbe quatltu&-

mecha.nical evolution of a free mass-

Ttre standard guantum limit for an interfero-

meter can also be obtained from a more detailed

irgumests'8-r0 that bdances two sources of error:
(i) the error in determining z due to fluchrations

in tle number of output ghotons (photon-counting

error) aad (ii) the perfurbation of e during a

tDeasrurement produced by flucfuating radiation-

pressure forces on the end mirrors (radiation-

pressure error). As tbe input laser power P

iacreases, the photon- counting emor dec reages,

wbile the radiation-pressure error increase6.

Mini-ulizing the toid error with respect to P

yields a minimum error of order the standatd
quanhrm li.uit and an optimurn ingut powers'rt

Po=!(mC/r)(t /cn)(L/b' �)  (12)

at ehich the minimum error can be achieved.

Here ar is the angular frequency of the ligbt, and

b is-the number of bounces at each end mirror.

r693 @ l98l The Amedcan Phvsical Society
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At tle optimun power tbe pboton-countilg aad

rzdiatiou-pressure e*ors are equal'

Tbe original argumeof leadiag to tbe opti-

lrun pocer (1J) attributed tbe radiatioa-pree-

nrre Iluctnatioae that perhrrb z to fluctuatione

in input pover. Soae later versione d the

argunent were ruclear about the gource of

tlJ ""Uo"at radiation-preaaure fluctuatioog'3' o

Aa a result, tbe arguneat bad drpaye been ulder

euapicionr8 because fluchratione iD i[put powet

ebould divide eqt:afly at the be"- splifier aad,

tberefore, sbould bave no effect ou z' fbis gue-

picion led to a "lively but unpublished contro-

vergy'i over the existence of a radiatios-plea€nrre

force rh-t afJecte z alrd, con*queatly, Wer the

exigteoce of an optimuo laser power'

In a recent paper I regolved this controversyl

Tbere I pointed out that tbe relevant radiation-

pressure force ba.e nothrng to do with ilprt power

iluctuations; inetead, it caa be aJtributed to

vacuuut (zero-poist) fluctuatione ig tbe electro-

oagnetic field, which enter the ioterferometer

troi tUe unused iaput port (directioa of dashed

arrorr b Fig.3 below). Wben superposed oo

the iaprt laser ligbt, theee fluchratione produce

a fluctuatiag force that perfurbs z' (An dter-

oative a.od equivalent point of viev attributes

the relevant ra'diatioo-preasnre fluctr:atione to

random scattering of the input photoas at tle

berm splitter lo'$) In tbe sa^loe paper I clairned

tbat tbeee vacuurll fluctuations (not input pover

fluchratione) are also responsible for the un-

avoidable fluctuatioos io number of ortput pbotone'

A reasoaable get of values for the interfero-

meter's para.oeters, whicb I sball use as a fidu-

cial get throughort tbis paper, is rz -ld g, r

-2x::Oa aec, @-4x1d5 radsic{ (waveleogth

r-5000 A), "oa b-2Oo- For these values Po

is approxi.oateiy 8 x lff w-a power far higher

than- povers of preseot continuous-vave lasers'

Tbe lorp available i-oput power Ereans that the

interferoneters Dow plaaned for use as gravi-

tatiooal-eave detectors will be limited aot by

tbe standard qua.nhrn limit, but ratber by \/JN

pboton-counting statistics. In this paper I ad-

irese tbie probleo by introduciag a nerr tecb-

nique, which in priaciple rllees an iaterfero-

meter to acbieve tbe quanium-Iinited position

eensitirrity (1.1) for iaput powers far less tba'B
p

-Perbape 
suprGingly' this new technique does

not regrire modifying the input laser ligbt; io-

stead, it requires modifyi.ng the ligbt entering

the normally unused input port. Specifically'

tbe unused port must see not the vacuum (ground)

state of tbe electromagletic field, but rather

a "equeezed 5f3[s"-3 6tate vbose lluchratioas

in ooe quadrahrre phase are leeg tba!

poiat fluctr.ratioae (or tbe tluchratiooe b aay 6q.-i.:] ,
bereot gtate), aad whoee fluctuatioos in tbo':i::{.'

other phase are greater tban zero-pobt OndI+;
fuatiooe. Thie tecbnique rsorks becatree aa::': "

of the teo pbaeee ie respoueible for_tbe fi!fu-
tions in nusrber of outprt photons, rbile tie . . 

'

other is responsible for tbe radiation-preaqrt

fluctuations that perturb e, Tbue, by "squeedt

tbe yacuttto' before it can enter the nonaally.

rrsueed inpr t port, oDe caD rgduce tbe photS:' ''

";f-g.""o" (i..., bed 1/fF photon-co-xB"

statbticg) at the e:rpe!8e of increaaing the nd!:.
atioa-presstue errorr or vice versa'

In practice, thie sgueezed-etate tecbaigp li''.

aot likely to allow gravitational-wave interfero.

meters to operate at the standard quanfuE llqL

Ilowever, it miglt dlow a given underporercd

iaterferometer to acbieve a gorerpbat better:'" '

selsitivity, witbout ch'nges in its ingrt porsr-T

or a.uy of its other palanetels' Unfortndelli; 1-;

the usefirlness of the egueezed-state technlPig'

likely to be severely linited by tlre losses hiirl

roirors, which destroy the cnrcial feature d\

t""t"iq""-the reduced aoise in one of the th;C{

quadratnre phases. Tbe teebnique-caa be us6 t

o"ty io iaterferorneters *trose perforrance: li,.:;

not lioited bry losses in the mirrors' ":+:3 1:

Itie paper sdeadg aad refinee the aaatydr:'$1

given in Ref. 11, and it introduces tbe 8€T":':l'rir-E

squeezed-state technique. Sectioo tr givee a':ir:,*:

de-tailed analysis of the gualhrm- t"sba31gal : \i--€

uoige in an iuterferoueter, witb eEphasis 6;."ri' i
the theoretical capabilities of the equeezed-diil

tecbnique. Section trA preaeuts some fonoal:'t"

coaeideratioae tbat facil,itatg hr nd I i ng varimr . ::.'

i
I

gtates of the electromagaetic field, includiry"-'l '

squeezed stales. Sectioa UB begins by pretc*:

a.n idealized model of an isterferoueter ond E"'

outline of tbe procedureg used in tbe subs€qu€d

analysis, and it then proceeds to tbat analyalr'

Specifically, the radiation-preastrre fluctuatiu,

tbe outErt fluchations in oumber of PhotooS' lb

optimum sensitivity, aad tle opthll 
ry.:t*

,'^tyzed for an interferometer that hag eitber

vacuulr or a sllueezed state i-ocideot oo tbe lon'

n:lly unueed input port- Aloog tbe cay the in'

teneity-correlation properties of the liglt tl tb

feo arms of the iaterferoroeter are iweetigattf'

Section III focuges otl roore practicd matterSt':

Jth e-plasis on application of the sgueezed-''''
w l l l l  g s l r e . e  v . -  - r - - - - - - - -  t  t

state tecbniEre to real i:rterferometera' vhfu|;" j-

are liuited by Photon-couDting statisticg' S*:g' I

tion Itr reviews a netnod tor ienerating "sot* i

stat.s rrsiog aa optical degenekte paraoetrtq.{ i
amplifier, it itto""tigtee tbe lilaitatioDs i4SE; 

I
by miroi losses, a-nd it proposes a methSS, i

-€tffi,
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doing the pboton coutting that can realize the

potentid reduction !l photon-corurting error even

iittt io"ffici.nt photodetectors. Section fV com-

6ents briefl,y on tbe results and their relevance

g6 gravitational-wave detection.

II. ANALYSIS OF QUANTI,'M.MECHAMCAL
NOISE IN AN INTERFEROMETER

A Formd consideratioru

. Before turnbg to a detailcd aaalysis of al in-

terferoneter, it is useful to revies sorDe proPer-

ties of various special states of a harmonic osciL-

lator. These states play a cmcial role in the

subsequeut analYsis.

Consider a aingle mode of the electrom4aetic

field vitb angular frequency ar, and let a and a?

be its amihitation a.ad creation operatora (a,

arl=l). Then the operator for the number of

photons in the mode ie

N = a r d , (2.1)

4d a dimensionless complex-e-plihrde operator

for the mode is

Xr+ iXr=4. (22)

The Eermitian operators Xt and Xr (red and

imaginary parte of the complex amplitude) give

dirnensioaless amplihrdes for the mode'e trno
quadrature phasee. The commutation relation

for a and at impiies a corresponding commutation

relation for X, and Xr: lXr,X"J=i/Z. Tbe reer:lting

uncertainty principle is axrax2 > i.
Ttre complex amplihrde of a siagle mode is a

constant of tbe motion-i.e., it is constant ia

the lleisenberg pichrre. fitus, in Eq. (2.2), Xt

and X. are Eeisenberg-pichrre operators, 'whereas

a is a lleieenberg-picfure operator evaluated
at a particular time (or, equivalently, a Schrb-
dinger-picture operator). There is a pbase rn-

biguity in the relation betqeen the complex arnpli-
tude and the aruihilation operator; this phase

a.rrbiguity corresponds to the freedom to make
rotatioas in the eomplex-anplitude plane (or

to freedom in the choice of fiducial time in tle
relation beheeo X, + iX" and a).

A particularly useful set of states for the elec-
tromagnetic field is the set of coherent states
introduced by Glauber.rz These states are most
easily generated using the unitary displacement
operatorLz:

D(c)  =  gxp(ac ' t  -  a t  a )  =  e '  I  
d  12  /  2  "aa t  " -  

ea  a ,  (2 .3 )

where a is an arbitrary complex number. Note
that Dt(a)=D-r(o)=D(-a). Tbe most usetul prop-
erty of the displacement operator is the vay it
transforms a atd al:

D t ( a ) @ ( a ) = a +  d  ,

D i ( o )a rD {a )=  a?+  c '  .

By dieplacirrg the vacuum (grolurd) state

one obtaias tln,e coheredt state la):

1 g;  =D(c)  |  0)  =e- l  a lz /  z  "oot  |  0)  .

The expectation values and variances of Xr,X",

and N jn a coherent state are given by

.- (Xr+iX")=a, A X .  = A X - = j .

a N =  l c l .

(2.4)

(N)=

(2.6)

(2.71

(2.8)

The coberent state la) has mean complei ampti-

hrde dr and it is a m.iniroum-rurcertainty (Gauss-

ian) state for Xt and X", with equal utcertainties

in ttre trso guadrahrre phases. A coherent stale

is coaveniently represented by an "etror circle"

in a complex-a.urplihrde plane whose a)ces are
Xt ald X, I see fig. 1(a)] . The center of the emor

circle lies at (Xr+iXr)= c, amd 16" 32di113 AJ(t
=A-Xz=i accounts for the unceriainties in Xt and

x2.
SEreezed states constihrte anotber useful set

of states. They are conveniently generated by

using tlre unitary sEteeze optrattr3'rs:

s(g) =ex{}g' a' -}g(atYl, r = /e'a ,

where 3 is an arbitrary complex number.
squeeze operator rpas iatroduced by Stoler,"

a.od the naure vas coined by Hollenhorst.rs Note

that S?(() =S-t(f ) =s(-t). The most usefirl unitary

transformation properties of the squeeze operator

a,re

st(g)as(E) = 4 coshz - at ete sinhr,

Ttre
l3

st(!)ats(g) = 4? coshz - ae-D si:rlw,

St(gXY, + ;YrlS(t) = Yre'r+ iYre" ,

Y r+ iY "= (X t + Dt r) e- ;  el z

FIG. 1. (a) Error circle in comptex-amplitude plale

for cohereut state lo). (b) Error ellipse in complex-
a.inpligude plaae for sgueezed state la,ze{e) (:.>0).

(b)(o)

f f r - r
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is a rotated complex amptihrde' The squeeze

oD€rator attenuates one component of the (ro-

i"It"al "o-pfex amplitude, and it amplifies the

Ji"" "o-ponent' The degree of attenuation -
;;;;*"ation is deiermined bv r= lgl ' wbich

in"t"ioi" q'ill be called the squeeze iactoT'-"ti 
,*"""ed state I c,l) ig obtained by first

squeezing the vacuum and then displaciag it:

I a , t ) = D ( a l S ( g ) 1 0 )  '

Note that lo,0)= lo)' The most importa$t ex-

p"ii.tion values and variances for a squeezed

state are

(5 r+ iX.)  = (Y t+ iY )  e ie l  2  = a,

A,Yr-- !e ' ' ,  EY.=!e '  ,

( N ) = l o l 2 + s i n h z r ,

(At/F = la coshr - a'e'a sinhzl2

+ zcoshzrsinh2r.

of that mode by less than the width of a cd

state. This problem has becorne hoT ag
;g,rarrtum nondemolition" problem' eryt "'

to it "r" lxlovn as quantum nondemolitlm

ment techniques. The quanlun

proOlem and its solutions l*". 
b":1

lxtensivety (see Ref. 2 and refercncee clt€d.l

itrir"i"). it shoutd not be surprising that aqi

states, with their reduced.T":tttTty b
(2.10)

;;;"iof the comPl"* T.Ylit"tl-111 " T:
io oo" g"-ttu- nondemolition tecbniqus'
iuack-iction-evadingl' method- of m'bi'g

nonieooofitioq measrireroents'? In tbe

"oaaing method one desigrrs t -u-j:toC 
E

ilat mlnitors only one component- of the rel

-od"'" complex ampiitude; this device

"tiy to"""" that mode into a state simifar to-
(2 -11 ) squeezed state. ,. , :

io better visualize the properties of

and squeezed states, it is PerhaPs

sider 
-the 

time dePendences of the

iafne ar,a variance of a field qua'atity'

tfre electrlc fiefd E(t)' These time de

are easily read off tbe complex-anpr

il rig. 1i a complex-"-ptiTd-"-LT:
;;;; .i must rotate 'rsith angular ve

c,r relative to the (x'Xz) phase !l-"-'.P
," p".a""" a sinusoidal oscillation of f'ho el

t"tioo o"frr" of E' For a coherent srte thii

tation of the error circle leads to a c@d

il" ii" """t-ce of the electric field [see

l"jt. rot a squeezed state' howev€!' 
'\c'tt

:;';"-;; "inPt" leads to a variance ttd

i"tu" tirit frequency 2or' This sihration{g

i" iig.2 for two cases: the "i1-:It:t

i.t*:io.uttion of the mode appeare lD I

oJ"" phase that has reduced t:t"-"^Iry:

i

1
The squeezed state I o,l) bas the same expected

i"-pf"* -"Olitude as the correspondilg coherent

*.t" f o), -d it is a minirnum-uncertainty (Gauss-

i-j "i.," io" Y, and Yr. Tbe dilference lies in

U" "".0""f uncertainties for Y, and Y'' In the

.Lpte*-"-plitude plane, the coherent-state

"t"o" " i""f" has been 
"gqueezed" i"t9 3'error

"tlip""" of the sa-ure area lsee Fig' 1(b)1' Jhe

o"irr"ip"f axes of the ellipse lie a'Iong !It" 
yt. *a

?;;;-J,it" principal radii are aY' and AY''

Squeezed states leere introduced by Stoler'13 ro

*n-o= "Jrua ihem 
" m inimum- unce rtainty pac kets .''

fir"y tate since been considered by Lur{'r? ("nev

"oir"t""t states"), by Yueil8'!s ("two-photon co-

;;;; states"), and bv Hollenhorst's ("wave-

pacuet statee"). Yuen, in particular' hasexaro-

inedirrdetai l thepropert lesofsqueezedstates.rg
ill ""a"".a uncertailty in one quadrature phase

oi-] "q"""""d state is obviously attractive for

"*lJ commulications purposesl in a recent

"!*"" of papers,zozt Yuen and his collaborators

iio. .orr"ia"red this application of squeezed states

;;1;"" given cetailed analyses of severd photo-

Jetection techniques applied to squeezed states'

Sqt tr"a states haYe also found application

in the ttreory of mechanically resonant gravl-

tational-rpave detectors' A detector of this typel

is a macroscopic mechanrical system (usually a

il"l"i"" .vri"der of aluminum); a gravitational

wave betrays its presence by cbangingthe com-

pler amplitude of oscillation of some mode of

tt e -.ct rrri"al system (usually the frurdamertal

-oa.l. A fuadamental theoretical problem has

been bow to monitor the mode of ilterest rn a

vay tfrat a-llows detection of gravitationz'l lt-aves

;;;;; that thev clrange the complex amplitude

and the case wbere the coherent

in the quadrature Phase that has

[Fig. 2(c)].
.. -".:

B. Detaied lnatysis of an bretfaoorrE " 'i-';'

!. Modc! interferomete| afld out'- 'f-t# 
ttl"lf

A typical inter{eromerer lor grati'-a:

a",""iii"l" a multireflection MicbelsT 1%E
"iii" """ sketched in Fig' 3 (Refs' 4-6'.8ts

ia".li""a version of such an interferosetcF:'

^, foUo*". Light enters the interferomcte;

;;;;t, is sPlit at a lossless' u!-:1Y

,"., Uo*""" back and forth marry ti'Eeg D

;;i;i" reflecting mirrors " 1?1e5Y
;;;;;;-;, aTa iinalv is recombised ttl:

beam splitter. The number tt O"*t"."13

;;t;i;t"t is denoted bY b' rhe eadr

are attacbed to laJge Elasses' eacb oI

fU" U""- splitter and the i'Drrer loirroSt

wnr^
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FIG. 2. Grapbs of electric field versus tiEe for three
stares of tbe electromagaetic field. ID each grapb the
dark line is the ecpectation value of the electric field,
aad the shaded regiou represeats the uDcertailry iD the
electlic field- To the right of each grapb is tbe corre-
spondug "er.ror box" iD the complex-a.nplinrde plale.
(a) Cobereat state la) (o real). Tbis stare exbibits
neitier buncbiag aor aatibunching (g#)=f). (b) Squeezed
state le,r) (a real) with z>0. This state exhibits arti-
buDchiDg (grf)<r) as loog as 0<7=+tr(8o2). (c)
Squeezed state lc,r) (o real) with z< 0. Tbis state ex-
hibits buDcbiDg.

rigidly attacbed to one another and to a lnass
M. For simplicity I assume M rrm, so that the
radiation- pressure- induced ootion of the bea m

splitter can be ignored and the beam splitter can
be regarded as at rest- Each arm of the inter-
ferometer has a fiducial length l, and the dis-
placemente of the end mirrors from their fiducial
positions are denoted z, and 2".

The intensity in one-or perhaps both-of the
output ports is measured by an ideal photodetector
(quantum efficiency one), and this measurement
provides informationabout the difference z = z z- z L
between the positions of the end mirrors. The
information about z is not the instantaneous valuel
rather, it is some sort of average of z over the
storage time-tbe time t,=2671c the light spends
in each arm- Thus the storage time defines the
interferometer's time resolution; the best sensi-
tivity is achieved when the measurement time
r- the time over which one averages the output

FIG. 3. Schematic diagrrn of trlichelson iDterfero-
meter (D=2) described i! text.

to get a value for z-is approximately egual to
r". For a basel ine r-1 lrrt  and b-200, r"-10i
sec. Tbroughout the following analysis I assume
7 s S 7 .

Ttre most importartt idealizations in this model
are the assur:nptions of lossless mirrors aad
ided pbotodetectors. The coaseguences of re-
Jaxing these two as$rbptions are considered
in Sec. III.

Ttre goal of this section is to analyze the quan-
hrh-mechanical limits on the performance of an
interferometer. The philosophy is nrthless si.u-
plification: throw avay all details not necessary
for understanding the fundamentd limits. The
quanhrm-mechanical urcertainty in the inier-
ferometer's determination of z can be tbougtrt
of as coming from three sources: (i) tbe intrinsic
quanhrm-mechanical uncertainties in the end .
mirrors' positions and momenta; (ii) the per-
turbatione of the end roirrors' positions by radi-
ation- pressure f luctuations ( radiation-pressure
error); and (iii) the fluctuations ia number of
photona at the output ports (photon-counting error).
In reality, all three sources of error manifest
themselves in the same way-by feediag into the
interferometer's output and produc i.ng fluchrations
in that output. A complete analysis must consider
all three simultaneouslyS Nonetheless, the di-
vision of the total uncertainty is a useful concept-
ual device, and it serves as the basis of the sin-
plified approach adopted here: calculate tbe
error produced by each type of uncertainty sepa-
rately, and then assume t"bat the tot:l eror is
the quadratule gum of the separate errors.

The irrtrirrsic quantum- me chanical unce rtainties
in the end mirrors' positioDs and momenta can
be dealt vith most easily. They feed into the

Photo-
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iaterferometer's output and degrade its deter-

urination of z. In the best cage these urcertaiaties

enforce a minimum error in z given by the stan-
dard quanhrm limit (1.1).'�'s'" Theee uncertainties
and the li:nits they iopoee on EerutureEtents of
z are well understood; consequently, thepneed

not be coasidered here-i.e., the end mirrors
are treated as claesical, ratber than quanhrm-

mechanical, objects.
Tbe radiation-pressure error ie obtaiued using

the folloving simple procedure. The momenturn
transferred to the end rnasses ie calculated as-
suming the end masses remairt at rest throughout
the measurement-i.e., assunitg rz-o. Since
tbe end Erasses lselly do move, the aCtual momen-
tum transferred will be slightly diJferent becaus€
of the Doppler shift of the reflected radiation;
t}rie dilference is negligible for the cases of in-
teregt. The perturbation of z produced by tbe
momenhrm transferred is estioated by reverting
to finite raasses rz and allowing the end mirrors
to Dove. lbis perturbation of z feeds into the
inter{erometer's output aad producee a conpar-
able error in determining z.

In :nuch the same way the fluchrations in num-
ber of output photons are determined asaumi'g
tle end mi.rrors are at rest. These Buchratioas
are thea converted into the pboton-counting error
by considering diiferences between neighboring
z =const configuratious. This procedure ignoree
tbe complicated averagiag produced by the storage
time, but it retains tbe essential features of tbe
output fluchrations in nuuber of photone.

Tlre above-outlined assumptions ^llow a further
drastic ei:aplificef on. Instead of dealing with
beans of finite size aud finite duration, I can
restrict attention to only a smdl nuober of
plane-wave modes of the electromagnetic field.
In addition, I iglore the smdl aagular deviations
in the directions of the be:-s-i-e., I aesurne
that the plare-wave modes propa€ate preci^sely
dong the directions of the :r ald y axes of Fig. 3.

2. Rdbtbn-prasure enor and second<rder cohqence

With the abore as$hptions one can calculate
tbe Eomentum traasferred to each end mirror
quite simply. One finds the nomeatum carried
by the light in each arm of the interferometer'
the momenhrnr tralsferred at each botxtce is
hpice this amount.

Carrying out this procedure requires only four
modes of the electromagnetic field in the preeence
of the beam splitter ("beam-splitter modes").
The first two modes of interest are "in" modes-
modes appropriate for conetnrcting precolJ.ision
wave packets that scatter off tbe beem splitter.
lhus they are in states in the sense of scattering

theory. The first mode of interest (mode 1')
describea light incideai from the input (laser)..

port. It consists of an incident plale save vlth
angular frequency r.r, propagating inward aloog:l
the r axis, and scattered waves propagating

the fipo arms of tbe iaterferometer. Tbe eecood
mode (mode 2') is the coresponding in oode ::

that deecribes light incident from the normally.

the be,m splitter the electric fields of theee tvo
uodes have the forms

unueed input port (tight incident along the y ar6;i
direction of dashed arrow in F!g. 3). Outaide .,

C A R L T O N  M .  C A V E S

Ei = t  
@e'  t  *  -@ o -  2 '  r l  2e ei ta-  t ! '  e i t  h!  -@ t '

'  
l 2 -Vz6 r , a4 th ' ' u2 , ,  y< t

y > t

Z-  
r /z@et  Ae; (Ly-@. ,  

, y > x

y < z

where it ie assulred tlat the electric fieldg aro

eil 
hv'@ t, + 2' 

t lzee;lb+tt reit at -o t,
[ 2
t c

L z =

polarized out of tbe page. Here b=a/c ie the .i.!
wave number, @ is a real constant determined't'lti

at tbe bea.u splitter is dicfated by the assun*,t'.ii.*
syu.metries of the be"- splitter-time-reversl.*!
invariance anrd reflection symmetry through tle ..-.I
plane r=-y. (The further and unneceasary "*,:.ji
sumption of reflectioo sSrrometry tirough tbe .,,*.i::
plane r=y was made in Ref. 11; tbis aesuopdm.i:'j'i{,
ioplies y=n/2) ij..i:{

The other two modes of interest (modes 1- ard';'.j:j
2-) are "out" modeg (time reversed "in" noaeg)."'.:ij
Out modes are appropriate for constmctiag poC.-.iEi
collieion wave packets. Modes 1- and 2- are tbe '],+

by one'e choice of normdizatiou, and the ove
pbase shift A and tbe relative phase shift p are ":

properties of the bea-u splitter. The relatioq .:\
between the phase sbiJts the tlco modes suffer ':a

out Bodes whose exitilg plane savee propagale

along the rand y erea, resPectively. Tbe syu-
Eetries of the beam splitter allo'w one to relale'
the electric fields of tbe out modes to those of
the in modes:

E;  -  2 ' t rze '  i \E i  +  e ' te  E i )  ,

E: _ 2- t lze-t  ̂ @; _ ett '  E;) .

Now let the creation and a.nnihilation operalorrS$.

(zallil.

w t . r
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fiasses is proportional to the difference between

61e number of photons in aodes 1- a.ud 2-:

e =QbEo/c)(D:b, - blDt)

= - (2bEu / c)(e' ! a! a. + e 
- " 

4 o r) . (2.15)

gote that, wben written in terms of operators

lor the ia modes, f is clearly due solely to
gre interference of modes 1' and 2'. This is

tteidJy a iCstafCmCnt of tbe fact, true cl-isic-

ally, thatthediffereace in t}re intensity in the two

2rms of an interferometer is produced soLely

6y the interference of light coming from the
gwo inPut Ports.

Now assune the state of the electromagnetic.

field ig

l * )=sr ( r )D l (d )10) ,  c  rea l ,  != - re2 t " ,
(2 .16)

ehere D, is the displacement operator for mode
1' aad S, is the squeeze operator for mode 2'

[see Eqs. (2.3) arrd (2.?)'1. Mode f is irr a co-
herent state vith complex :-plitude a (the

cboice of a real is merely a cboice of phase for
rode 1'), and mode 2' is in a squeezed state
witb zero expected complex amplihrde. Note that
the squeeze factor r cal be either positive or
negative. lAe phaee with wbich mode 2' is
squeezed is chosen carefully so tiat, in the arms
of the interferoroeter, the reduced-noise quad-
rature phacg of mode ? is either in phase or 90"
out of phase witb the coberent excitation of mode
1'- Tbe numbers of photons in modes 1'and 2'
and their nariances are given by

Both terms in Eq. (2.19b) come from the inter-
ference of modes 1'and 2'-tbe first term from
the superposition of the coherent excitation of
mode 1' on tbe fluctuations in mode 2' and the
second frorn the interference of tbe fluctuations
in the teo modes. Tbere is zo contribution to
Eg. (2.19b) from the guperposition of the coherent
occitation of mode 1' on flucfuations in mode 1';
tlese input power fluchntions perturb only the
sum of the end loasseg' momenta and, tberefore,
do not affect the interferometer's performance.
Equatioa (2.19b) also displays the effect of putting
mode 2' in a sgueezed state. In tbe anms of the
interferometer one qua.drafure phase of mode
2' is ia pbase witb tbe cohereat excitation of
roode l'-but with opposite sign in the trpo arms.
This pbase is entirely responsible for the first
term in Eg. (2.19b). By altenuaring or empli-
fyiag the noise in this phase, one can reduce
(r < 0) or increase (z > 0) aO.

In a time r the dishrrbance (2.19b) of the dif-
ference betveeo the eod Easses' momenta per-
hrrbs z by an amount

(ae),,= (t€)t /2m = (bEun /mcl(szd, + ss1627l/ 2 .

(220)

This is tbe radiation-presstre (rp) erzor in z. Be-
low, (az)o is used in an analysis of the optimum
sensitivity and optiroum porrer.

Before going on to a consideration of tbe photon-
counting eror, it is perhaps useful to iook in
a more generd *ay at the intensity corelatioo
of the light in tbe fiso arms of the interferometer.
The bea-m-splitter modes of Eqs. (2.1.2) and (2.13)

are ideally suited to a discussion of a character=
istic intensity-co*elation experinent in quanhrrn
optics-an experinent of the type pioneered by
Hanbury Brown and Twiss.2{'zs In such an ercperi-
ment one counts the number of photons in the two
beams emerging from a beam splitter and looks
at tbe cross couelation of the number of counts.
Tbe quantity thai characterizes this photon-num-
ber correlation is the second-order coheretzce,rz
which, for the simple case of two out modes con-
sidered here, is given by

fcf. Eqs. (2.6) and (2.11).|. To relate to tbe case
where the light has a finite duration r, one uses
t}re meal numbers of photons in the two roodes
to define a mean power P into the laser port and
amean powerP, intothe norm2llyunused iaput port:

P --Eaaz /r ,

Pz=Eusithzr/t  -

For reasonable values of r, P, is arr extremely
sn1p2rl power (Eut/t-2 x 10{5 W).

It js now a simple matter, using Eqs- (2.4) and
(2.8), to evaluate tbe ex?ectation vdue arrd vari-
ance of O:

(Nr)r, = @ar) = c2 ,

(ANr) i , z=a2,

(N")r,=(4q)= sinh2r,

(a/fr),.z = 2 cosb?r sin52r

(€)  = 0,

(a:€)2 = (2bE ut / cY (a2 d' + sjnh2z) .

ll g?)r 1, the intensities in the two output beams
are correlated-a phenomenoD krown as photon
bunching. i f  S1?.1, the intensit ies are anti-
correlated-a situation referred to as anti-
bunching. Antibunching is generally considered
to be an intrinsically quaatum-mechanical prop-
erty of light; a great deal of effort has gone into
trying to produce and detect antibunched light.26

(2.77)

(2 .18)

(2.19a)

(2.1sb)

t.\ (O' O. A; O- )
4 - ' - - -6" - qtio,yqolo,T (2.21)

w r -
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(2.23a.)

e = d"e-z,z _ o2g2,z+2cosh2rr sinhzzr

+ 2 coshzr"sinh2z,

- (sinhr, coshr" -cosh7.sinl7r)2. (2.23b)

The terms in Q have simple physical interpreta-
tions: the first and second terms come from
interference of the coherent excitation of mode l.
rritb the fluctuations j.n modes l- and 2*; the third
ald fourth terms come from t}le fluctuations in
the two modes separately; and the last term
comes frorn interference of the fluctuations in
the two modes. The terms arising irom each in
mode separately (terms 1, 3, and 4) always
make a positive (correlated) contribution to e,
whereas the interference terms (terms 2 and 5)
ahrays make a negative (anticorrelated) contri-
bution.

Only one quadrature phase of each in mode is in
phase with the coherent excitation of mode 1..
These in-phase quadratures are responsible for
the first two terms in e. Thus, by squeezing the
in modes to put more or less noise in the in-
phase quadratures, one canr make the light
bunched (Q t 0) or antibunched (e < 0). Rewriting
Q in a different form malces it clear that only the
first two terms in Q can lead to antibunchirg:

Q = -2aze'z-'r sinh(7, +7r)

+s inh?( r r+r ) l !+zs inh2(z r - r r )J .  Q.Z4)

The pure-fluctuation terms in e always rnake a
net positive contribudon.

It is useful nov to look at some special cases
of the above. The simplest is the case where
mode 1* is in a coherent state (7r=0) arld mode
2'is in the vacuum state (7, =0). Then one ob-
tains the well-known result that g!? = t. Ttris
lack of correiation results from the precise
carceUation of the first two terms in g [Eq.
(2.23b)l; the correlated contribution due to

To see how squeezed states fit into this pic-
ture, I consider a more general state of the field
than l*). This state,

l* ' ;  = sr(g")Dr(a)Sr(zr) lo) ,

a and r.r real,  !z= -ree-2re , (2.22)

differs from l9) in that mode l. is in an excited
squeezed state pith complex amplitude a (S, is
the squeeze operator for mode l'). The squeezing
of mode l' is of the sort depicted in Figs. 2(b)
ard 2(c)-

Using Eqs. (2.14), (2.4), arrd (2.8), one can
evaluate the second-order coherence of lg,):

er;=t*1"6t';ry'

vacuum (r"=9]�. The iatensity correlations of ..!
this type of light have been investigated by :.i

several authors.r".re'2".2" For tNs case e i^kee :;.i
the form 

'i,l

Q = a'(e-" 'r-  1)+ sinir lrr( l  +2sinh2zr). (Z.Z5y.!

The light is bunched if one increases the noise .,$
in the quadrahrre phase of mode l. that carries .j;
the coherent excitation br<O; fig. 2(c)]. It ca-q 

-.1i

be antibunched if one decreases t}re noise in that .,i
quadrature phase [21 >0; Fig.2(b)]. Note, how_ .-:

ever, that as one increases the value of zr, the ..:
pure-fluctuation terms in Eq. (2.25) eventually ., idominate and the light becomes bunched- If lol :,;
>> 1 this transiton from antibunching to bunct.
occurs when zr- ,1tn(8a?). 

urts E

The last case is the one where mode t. i. i" " ii
coherent state (7, = 0), but mode 2. is in a squeezed:-.1

fluctuations in the input coherent state is can_
celed by the anticorrelated contribution due fg
vacuum fluctuations entering the other input pq{.i

The second case is the one where uode f . is ;
in an excited squeezed state and mode 2. i. "gaio ..t

state. Then €) ta&es the form

e = a.(l - s2'z) + sinh2r"(l +2sinhzrr) . IZ.ZO) 
-"j

..,!

This case is similar to the previous one. The .,
output light is bunched if one decreases the noise 

't

in the quadrature phase of mode 2. that gives rise
to t}le anticorrelated contribution in Eq. (2.26)

b"<0). The output light can be antibunched if
one increases the noise in that quadrature phase

frrr0i it is anfibunched light of this sort that
increases the radiation-pressure error (2-20) io
an interferometer]. As in the previous case, the
light eventually becomes bunched as one increasee
zr, the transition occurring at ?.2= +in(8d2) i{
lal tt l. That this case can produce antibunched
light is perhaps not very surprising, because if
one allows light to enter both input ports of a been
splitter, anticorrelation car be obtained using
classical light. On the other hand, this case
should not be disrnissed too quickly, because the
squeezed state of mode 2', with its zero ex_
pected complex amplitude, is certainly not like a
classical radiation field.

The antibunched light discussed in this section
is different from the antibunched tight that has
been produced and detected in a recent series of
experiments.".to ltr these experiments the goal
has been to produce light that is closer to a pho-
ton-number eigenstate than a coherent state is.
Such light is antibunched by virtue of its reduced
amplitude fluctuations, which are purchased at
the price of an iil-defined phase. For the case of
a sgueezed mode 1* (rr=0, rr> 0), the l ight con-
sidered here is also antibunched because of de_

i
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creased (correlated) araplitude fluch.rations, and

the phase is correspondingly less vell defined

than for a coherent state. For the case of a

squeezed mode 2' (rr=0, r"> 0), however, the

antibr:nching is due to increased (anticorrelated)

a::rplih:de tluctuations, ald the phases of the two

output beams are better defined than for a coherent

state. The difference behveen the light used in

the current experiments alld the light considered

here could be observed using phase-sensitive de-

tection of the two bearns from the beam sPlitter-

j. Photon'couting enor

For the case of ideal photodetectors, the photo-

count statistics of the photodetectors are the

sane as the photou statistics, so the photon-

counting erro! can be determiaed simply by cal-

culating the fluctuations in number of output pho-

tons. Just as for t}re case of radiation-pressure
fluctuations, this calculation requires only four

modes of tJre electromagnetic field, but now they

must be modes for the entire interferometer
("interferometer modes").

The in modes of interest ate again called modes

!' e.ad 2' , wit}t roode 1' describisg light incident

from the input (Iaser) port and mode 2* describ-

iry light incident from the other input port. Out-

side the arms of the interferometer the electric

fields of the two in modes have the forms

- i eet ( * t', sln(g / 2\s- | o', ut1 ! > x

(2-27)
,  ! < X

t70 I

f- is the time reverse of uode 1' atd, thereJore'
describes light leaving the interferometer aiong
the -x axis. Mode 2-, the time leverse of mode

2", describes light exiting along the -t axis. The

fields of the two sets of modes are related by

Ei = e'.  o[ iet pEisin( i lz) + Elcos(E/2)),
(2.29)

E; = e-t ' l .Eicos(d2) + i  e-t 'E; sin(/2)l  .

The creation and annihilation oper:ators for the

inter{qrqm-ete1 iq ;nodes 4qe dqloled al, 4r ad

ar", ari similarly. for the interferometer out

modes, cl, c, and c'", c". Equation (2.29) impiies

ct= et +1,-.r 'e-rParsin( 4/2) + arcos(+/2)i ,
'  (2'30)

cr= et e|arcos(q/2) - i  etpa"sin({Z)7 -

The operators of interest are the photon-num-

ber operators for the two out modes and the dif-

ference between these two. These are given by

cl"c"- c\ cr= (a\a, - aT"o"lcosb

- i sinE(et t' a\ a, - e- | tt a1" ar),

cr, c, = s7, arsinz(Q/2\ + al"arcos2(q/2) 

(2'31)

+ i sin(o/2)c os(e/2)(erva\a"- e-t'alrar) ,

H;;#:#;1'j?:" 
rrom c'!" bY'n' 

(2'32)

Now assume, as befcre, that the electromag-

netic field is in the state lv) of Eq. (2.16). For

this state the arpectation values and rrarianrces of

the operators (2.31) and (2.32), erraluated using

Ees. (2.4) ald (2.8), are

zou, = ( crrc'-  -  c\c r) = cos0(c: - sinhzr),

Azoo,2 = a2 cos24 + 2 cos24coshsr sinh2r

(2.33a)

+ sin26(c:e- t + sinhzr) , (2.33b)

(Nr)ou,= ( clcr) = a2sinz(E/2)+cos'�(O/2)sinhzr ,
(2 .34a)

(A.lf 1) our2 = o? sino(6 /2) + 2 cosa(p/2)cosh3z sin\zr

+ sinz( O/2) co s'(q / 2)(e" e- " + sinhzr) .

(2 .34b)

Equations (2.34) characterize the output (signal

and noise) of an ideal photodetector in one of the

output ports (mode 1-), and Eqs. (2.33) character-
ize the differenced output of two ideal photode-
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os(d

(e" t . *
ti={u"""

(Se tocos (6 / z ) s - t t t x+ ' ' t  ,  ! >  /
F" =1

f  6 r , . . r - r , , -  i@er ro .  ! ,  s i n (O /2 )e - t t r t +o t )  ,  ,  < t

where 6 is a (red) normalization constant. The
phases Oand { catr be defined precisely as follows:

Iet light enter the interferometer fromthe laser

port, ard consider the output light in the bottom

output port of Fig. 3 (-t direction); then Q is the
phase difference between the light from the two

aras, ald 6 is the mean phase. The two phases

are related to the (constalt) positions oI the end

mirrors bv

Q = 2 b u z / c + ,  - 2 t t  ,

Q=2buZ /c+&o ,

where Z = tQr+2") and Qo is a constant.

The two out modes, again ca.lled modes 1- and

2-, are the time reverses of the i! modes- Mode

(2.28a)

(2.28b)

eo # r
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tectors, one in each output port. The third term in Eqs. (2-36) ard.!2'31 disdaiiil:

Changes in z are AetecteO-Uy looking at changes a tesu-lt of a now-familiar sort: oaly one quadn-';'

in n* or (N1)-r. Taking the case of diflerencld ture phase of mode 2' superposes on the cober*

photodetectors, one firrAi tn"t a change 6z pro- excitation of oode 1' to cootribrte to the photon: 'i

duces a change counting error' This quadr:ature pbase is not tib

6?r oor = - (2bt:/c)a.zsinQ M (2-35) H,r,i's:""":1"":ffii:T :lt:"[:TT"lr1]
inzool , vhere I assuEre lal >>lsinhrl-in order to (2.36) atd (2.3?) and first tero in Eq' (2'20)]' "

neglect the second term in'eq. (2.33a), and where Coasequently' squeezing mode 2' can reduce 1bc

I I 9 q . ( 2 . 2 8 a ) i s u s e d t o c o n v e r t - Q t o z . U s i n g E q . p h o t o n . c o u n t i n g e r r o r r c . h i l e i n c r e a s i n g t h e r a d h -
(2.35) to trarsfor:lx Arr o,i into a correspondiog tion-presSure error (r> 0)' or vice versa (r< 6)'

error in z, ot e obtains 7 photon-cozating (p)

error: 1' Oprintm *nsirivity oad oprinnn powr

c / cot2| 2cot'Ogrq!?r14,? The objective now is to irrvestigate *iat happa!
(a')0. = -rD, 

\?* 
*-----;--- 

to the interferometer's optimum sensitivity a6

e-, .sinh2,.\,/2 (2.36) g3.T,T,il"":nT;"nT"T:,:i:,1dI*
* -7- * 

7- I cos@ = e, the photon-counting error (2. 36) a.od tb

For tie case of a single photodetector I eqs' radiation-pressure error (2'20) have the formg

f,iiy:"i*.:)fi,*)liarion 
vierds the fo*owing (e)* - (c/2b.;rrar-t"-' , ,-r.]

c f tar'@/z) 2cot2(O/2\cosh2rsitrh4 (l.z)o= @Eot/mc)lal{ (e39}

( ^ z ) F - , * L : 7 * T H e r e I a s s u I D e t h a t o 2 i s l a r g e e n o u g h s o t h a t t h c l

e-o sinh+1rt2 , 
*t term in both Eq' (2'20) ald ry' 

(2'36) caa be

* 7 ' - T ) ' i 2 ' 3 ? ) n e g l e c t e d - i ' e " I a s s u m e t t r a t l a l > > s i n h z r ' r v h i c !
is eguivalent to P.<<(Pfra/t)tl".Isee Eq' (2'18)]'

whereit isnecessarSrtoassumelcl>>lcot(0/2)sintr ' I  
The total error is 'az=[6')*;*(az) '"2]t /" '  I f  oae

ia order to neglect ttre secoud telo ia gq- (Z-3aa). uinioiaes the total error with respect to c2' one

The terms in Eqs- (2-36) and (Z'Sz) [ot' alterna- finds a minimum error

tio"ry, in Eqs. (z-sgu) 26 (z.3ab)] can be inter- 16z)*. = (nt/mlLl2=(az)sq1 (2'40)

preted in ways famitiar from the earlier discus-

sions of A6? and Q. The first terp in both egua- 
[see eq- (1-1)] and alr optimum ralue for c2,

tions comes from fluctuations in mode 1' super-

posed on the cohereut excitation of oode 1' (iuput n ? = oo'2-o , g,o'= I@ct/ftco)0/on)(7/b2l .

io*"" nr"toations), the second term comes from (2..{1)
fluctuations in mode 2' , ard the last two terns

come froro the interference of modes 1' aJd 2'. 
The qua'tity do.t is the optimum nuober of pho-

Forthe case of diJferenced photodetectors [Eq. ;;;t -oae t.-'[ see F4. (2.1?)j, and ittlaDslates

(2.36)1 , both of the first two terms can be made into an optimum input power

;:ily#|"1[;x'i::S:l,lT#;T1""':lTJ:'?:"- Pn, =P'e-' ' (2'421
tuations can be ma.de irrelevant' For a single

photodetecto" I gq. (2.3?)] , the contribution.from where Po= Eusanz/t is the optimum porner for a

input power fluctuations can ue maae negiigtuiliy "tt"a="a.t.= 0; itttttf"to-eter [Eg' (1'2)]' ror

operating near a "rrr rat[i"tt?.yZf =,it,-J"J the fiduciat parameters' co2-4xlo*e and Po-8

t*t;  l"al >>lcot(O/2)e'cisirrsintrzl ,  t tre second x103 w'

term in Bq. (2.3?) is also negligible compared to Equation (2'42) displays the desired result: tjle

the interference terms. Thus, in either case, one optimu'n power cai be adjusted by squeezing the

cana$angethattheclomha.ntcontributiontotirepiro- 
"""o"- before it can enter the normally unuSed

too-countingerrorcoEresfromthe interference of input port' There are' however' limits to tJre

m o d e s l . a r r d 2 ' ; s i n c e t h e i n t e r f e r e n c e t e r m s j n v a ' l i d i t y o f E q s . ( 2 . 4 1 ) a r r d ( 2 . 4 2 ) _ l i o i t s i m p o s e d
Eqg.(2.36)and(2.3?)areindependentofpositlonin 

by the validity condition' lal >> sinh2r' for Eqs'

thefri-ogepattern(i.e., independentof O ), tbeymar" li.Sa) and (2'i9)' What happens' for exarople' if

tbetru.lyzzau oidable contributiontothephoton- the squeeze factor '" becomes so la'rge that c*

couflti.ng error. 

ronrrlDulru'ruruEP'vlvrr 
viorates this condition? The ans'wer is contailed
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[r*- i lnco, (coo.t),6 - co] .  Equations (2-18) and

(2.42) imply that, for r>>!, Pool P"- Podt's/t ,  so

Eq. Q. 3) is the bEst one cai do in reducing tie

total power Por.*P" required to run an interfero-

meter at the sta-ndard qualtum limit-

Squeezing ttre input Iaser light finds another ap-

plication in an interferometer that measures Z

l?03

.iQr*z) rather than,. The infCnSity in an in-

terferooeter's output ports is determined by z,

but the phase of the output is determined by Z.

A standard interferometer, in which one monitors

the output inteusity, is sensitive only to changes

in z, but anr interferometer in which one monitored

the output light using phase-sensitive detection

wor:td be sensitive to changes in Z. For the case

of a coherent state in oode 1' and racuum in

mode 2' , t Z interterorteter would have an op-

limum gensili11ty (aZ) oo, 7 (81/m)t /2 and aD o.p--

timum pover Po. By sgueezing the light in mode

1', one could adjust the optimum power just as

tn Eq. (2.a2).

III, PRACTICAL CONSTDERATIONS RELATED
TO SQUEEZEDSTATE TECHNIQUE

In this section I turn from the abstract analysis

of Sec. tr to somewhat more practical Datters re-

lated to implementing the squeezed-state tech-

nique. ln particu.lar, I focus on the situation rel-

evant for real interferoneters, rvhich are litnited

b5r photon-corurting statistics- The strain seDsi-

tivity of such an interferometer is given by

( a z ) p .  
=  c  ! = . , r . ( U \ " " " - ,

I  2bul lo] Zbol \Ptl

L  / E u \ t / t  - -= 
r",  ( i ; )  e-t  (3 '1)

[Eqs. (2.38) and (2.18)] . For a given measure-

ment time 7, one caD improve the strain sensi-

tivify by iacreasing b, u, l, P, or r. Thus, the

squeezed -state technique provides an additional

option for improving the strain sensitivity. The

availability of this option might be important, be-

cause changes in the interferometer's other par-

ameters might be precluded by practical limita-

tions-e.g., unavaila.bility of cw lasers of higher

power or higher frequency, unavailabilify of op-

tical components to handle higher powers or higher

frequencies, or iimitations on the size of high-

Suality mirrors.
There is ooe situation in which the squeezed-

state technique might be especially inpodant'

The improvement in strain sensitivity afforded by

increasing the number of bounces b or the base-

line t is limited by the condition that the stolage

time r, =Zbl /c be less than the measuremeut

time r. For 7r> z the sensitivity does not improve

beyond the value attained * 'r, = r; this limits the

strain sensitivify of a standald (r= 0) interfero-

meter to (tz)* /t = (E /Pof)r/ t. The greatest po-

tential usefulness of the squeezed-state technique

probably lies in its ability to improve the sensi-

tivify of an interferoueter Jor which r. =7' with-

out ilcreasing the inPut Power P.

Q U A N T U M . M E C H A N I C A L  N O I S E  I N  A N  I N T E R F E R O M E T E R
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fq"
t;-
F;
l

t

,';;1s exact equation for the photon-counting er-

,ot tEq. (2.36)1. As the squeeze factor is increas-

ea past a value z* - i lnao, the last telz in Eq.

iZ.Se) uegios to dominate the optimum sensidvity'

for rz /-o the optimum sensitivity becomes rap-

ldly *o""" than the standard quantum limit' As

a resuft, the maximum useful rralue of r for this

case of. dif,ferenced photodetectors is r*, which

Iotr"tpona" to a minimum optimuln power (-Q,0,).6
---(p^"nt/r)t /"f(oor'  

) .r- cotl ' ] .and a power into

the ;ther port P, - |  nol6u/t)" l t  zr 1pq. (2-18)l .' 
For the case o1 a single photodetector {eq' (Z'Sz)]

operated near a null fringe I sin(O/2)=0], one ob-

p.ins the same results (2-38)'(2-42), but with more

Iiinge"t validity condidons, lol >>sinhar artE I ol

>>et sirthzr, because of the second term in Eg'

12.3?). These oore striagent vdidity corditions

mean that the optimum power cannot be reduced as

much as in the case of difJerenced photodetectors

(see, however, the discussion at the end of Sec'
r t l \--One 

interesting question not investigated irt the

above analysis is whether there is some reason

to squeeze the light irr mode 1'- Doiag so carl'

for ocample, reduce the size of the first terrn in

Eqs. (2.36) ad (2.3?), but there is little Poht in

doiag this, because this term can be made negli-

gible by operating at an appropriate place in the

fringe pattern. There is, however, anotber rea-

son for squeeziag the input laser light. Recall'

that, for the case of difierenced photodetectors'

the term that limits the reduction of lhe optiuum

power is the last term in the photon-counting er-

ror (2.36)-a term that arises from the iaterfer-

ence of fluctuations in modes 1" and 2t- For r

>> 1 the noise in mode 2' is concentrated in one

quadrature phase, so one can reduce the size of

this term by squeezing mode 1' with appropriate

phase. In doing so, however, one iaevitably in-

cleases the term of the same type in the radia-

tion-plessure error I second term in gq- (2'20)] '

In particular, if cne puts the field in the state

lV') of E;q. (2.22) vith rr= -tt=r (sgueezed light

into both iaput ports), one finds that the last term

in Eq. (2.36) disappears, but the last term in Eq'

(2.201 becomes sinh22r rather than sinh2r' The

resutt is a mimimum oPtimum Power

F* ) *  - (Pof r ' , t /7 ) t I " -P"

€ .
E

I

!ot

:

t1)

iea

12)

(2-43)
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rn considering the design of a squeezed-state degeneracy, ard I use the notation of Ref. ,r, ,iB
interferometer, the first question to be addressed is the effective nonlinear .u"""otitui*.;. ,: :g
is hoP to generate the required squeezed state6. amplitude of the puap pave's "ie"tri. ri"-rj.'; H
one way of generating squeezed states is to usea the length over whictr the iateracti", ,"&;" ;;ffid'egenerate parametric- amplifier. An optical in the nonlinear medium, ana n, J;;"T""fpcrametric mnplifier3L is an optical component in rarues of the index of refraction at the sigbal a^dr.wttich one pubps a nonlinear medium, vhich has pump frequencies. Ia the second part of "n Afia nonranishing second-order nonlinear suscept- I have converted the pump electric field -t" i-'-l:ibility, vrith an electromagnetic wave *irose a.ngu- putrlp power p, distributed over an alea A. --i,
lar frequency is denoted r.rr. The nonlinearity of The best nonlinear optical media have Lyntt" :.i.
the medium couples this pump vave to two ottrer -10-s in cgs uirits.3t Thus, for a pudlp power -,:
wave modes, called the sipal arrl tle idler, pr- too mw= 106 ergsec-t, a ueal ";"; l; 

-:a

whose frequencies ur, anrd r.r, satisfy ut,+u)t=(,)r. x10-2 cm2, an interaction Iength Z-fO cn, a"A.;i.rf the wave vectors of the tlrree waves in the med- a signal frequency or-4xl$s re.d"""-r, tir" 
-,!i

iumsatisfy, ornearlysatisfy, (+Er=E, (phase- squeezefactorisz.-0.03. Thisdoesnotlookveri j
matching eondition), then the signal and idler are encouraging, rnd one must remember that *"Ll':-plified (neglecting losses) as they propagate timate is overly optioistic because ]osses b th*..-::itirough the medium. A degenerate parametric medium have been aeglected. There i.s, frovecerjji

amplifi'er is a parametric amplifier for wtrich the a vay to increase the achiesable scrueeze fact6? ;dll

:!fff|, 
* idler coincide (or, = c,r, = I,o, , E, =8, If the single-pass loss through tn" -Jlr-l; e$_ zorr. not exceed the single_pass gain, one carr incrqsa..:;

A degenerate parametric amplifier is a phase- the squeeze factor (gaia) bry enclosing the mediqid..lsensitive device: it amplifies one qua.drature in an optical cavity that te"orr.t"" Jii," "ififTi.phase of the signal mode, and itattenuates the frequency. This increases the effective interac-..j
other' Talcahasi32 was the first to point out that tion length, because the signal Fave passes j :...:
this behavior applies to the quantum-meclsaical tlrough the nonlinear medium many times beforer,ll
fluctuations in the mode. rle considered a simple it leaves the cavity. The resultingievice i"----l-o1
model of a degenerate parametric amplifier, a called anoptical paratzetric oscillator.sl For :harmonic oscillator (the sinal m'ode) whose spring puEp powers of 10-100 Dxw, par..aEetric oscilla-- .
constant is modulated cl2'55icetly (the pump modu- tors at optical frequencies have actrieved a sig,al-lation) at tw'ice the oscillator's frequency, 2d he mode output of a few aillivatts in a bandwidth
showed that an initial coherent state for the os- of about an angstrom3r; this corresponds to acilLator is tr:ansformed into a state whose uncer- Eiueeze facto: e, -200 (r - 5). the bandrpidth heretainties in the two quadrature phases are unequal. is huge compared to that necessary in a Fayita-since Tajcahasi's wotk, there have treen serrerar tional-wave interferometer; nonetheless, thesequantum-mechanical aralysesr{'27' 33-3s of the light results hint at the possibility of achieving reason-generated by an optical degenerate parametric abre squeeze factors.
amplifier. These analyses vary in complexity, Even given a reasonable squeeze factor, there
some includiag the effects of losses in the aon- are still stringent demands on the operation of
linear medium3:r' 3s ard the effects of jitter in the the degenerate parametric ampluier in an inter-
a'mplitude and phase of the pump.3r ferometer. The critical demalds are that the

The basic conclusion to be drawn from these e-pluier be pumped at exacuy firice the frequeo-
aaalyses is that an ideal degenerate parametric cy of the laser (r,r, = 2ar) and tiat Ue pumping beamplifier generates squeezed states.ra'? specif- done with just the right phase so that the vacuurn
ica-lly, the state of the signal mode at the output is squeezed vith a phase that is properly matched
of a degenerate parametric amplUier is obtaiad to the phase of the iaser [see rq. fz.f o)i. ro
by applyiag the squeeze operato! (2.?) to the state satisfy these demands in practice, one would
at the i]lput' The phase of the squeezing I I in Eq. probably extract a small fraction of the laser Light .(2'?)J is deterbined by the phase of the pump, and at a beaxn sptitter, run this light through a fre-
the squeeze factor r can be read off the resr:lts of quency doubler, and then o"" th. doubled light
a classical analysis3r: (with just the right phase) to pump a degene:a.te -

. = (4"r.1\r, - , 
parametric amplifier located 'n 

the norm2f ly un-'  
\  cr,  letDrt used input port.  ?his scheme is shown in Fig. 4.

/4ro.L\ . / g1t7.,\tt2 If the nonlinear medium is pumped at exactly
= 

\-;.-/ 
" 

\;6) 
(cgs units). (3.2) twice the laser frequency, it is ,@t necesszry

that the amplifier opet:ate precisely at degener_
Here I assuDe there is perfect phase matchirg at acy. If ii operates a small distance from degen-
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eracy, then it produces two output Pares' a

tign^f d ant idlel' wtrose frequencies satisfy

,.t + u)t= u, =2uti the flucfuations in these two

i'"u"t'"""'"orrelated in just such a way that their

5uperposition mimics the behavior of a squeezed

state at frequencY cr'

There are a host of practical problems to be

faced in implementing the squeezed-state tech-

nique osing a degenerate parametric ampluier'

Nonethetess, the brief discussion given here is

oertaps sufficlently encourag:ing to motivate fur-

iher investigation of the idea'

Degenerate parametric amplification is not the

only optica-t process that generates squeezed

staies. Any phase-sensitive nonlinear process is

a good caadidate. For e:rample, Yuen and Sha-

piro'u have pointed out that a degenerate four-

qave loixer gene::ates output waves that can pro-

reduced noise in one of the two quadrahrre.phases

of mode 2'. One can estimate the effect of losses

from the followiag argument' Consider a nearly

monochromatic beao of light bouncing back and

forth between mimors of reflectivity d' If one

identifies 6 as the probability that a given photon

is rellected, then a simple "rartdom-r'alk" argu-

ment yields the meanr ard variance of the number

of photons in the beam after q reflections:

N. =NoEt ,
(3.3a)

(aN).t= (air)02G2" +NoG'(1 -e" ) ' (3'3b)

Here the subscript 0 desigaates the initial values'

Since reflection is a linear process, Eqs' (3'3)

suggest that, after q reflections, the X, alrd X"

of the light beau have the followiag variarces:

(Axr ) .  "=  (aXr )02G"+f  (1  -G"  )  '

(axr)."= (ax.)o2G'+i (1 -G') .

(3.4)

I

Cuce squeezed states when they are combined at

a beam splitter. Four-wave mixers are now being

vigorously developed because of their ability to

p"-ocr. " phas e -conju gated (time -reversed ) light' 3?

Yuentt'rs has also suggested that an ided two-

Dhoton laser wou-Id produce squeezed states'

The losses in real mirrors are likely to impose

the most severe practical limitation on the useful-

ness of the squeezed-state technQue' Losses

destroy the cnrcial feature of the technique-the

Equations (3.3) ad (3.4) have the same form as

tne equations for a damped harmonic oscillator in

contact with a heat reservoir zt zeto teEp€rature'

The first terro in Eqs- (3'3b) arrd (3'4) tePlesents

the darnping of the initial fluctuatioos, ard the

second term represents the fluctuations added

t- \
I LOSer f--:--

,  
' B S

FIG.. l .Squeezed-stateinrer feroDeter(abbreviat ions:BS=beamspl i t ter :FD=f lequencydoubler ;DP.{=degenerate
psja lDetr ica:npi i f ier ;PD=Pbotodetector) .Tbecnrcia l fealureof tbesqueezed-satetechniqueiStheDPAlocaledin
theoormal lyunusediDPutpor! .ThisDPAtakeslbevacuumfluctuat ionsi .acideutoni t (dasbedarrow)a.odproducesa
squeezeds ta te .Topo -p .h "DPA 'ooeuses l i gh t t ha t i sex t l ec ted l r omthe lase rbe3 . : na tabe3 .u l sp l i r t e rand then
doub ledb f requeocy .Tb€ re i saao the rDPA iDoneo f t beou tpu tPo r r s .Tb i sou tpu tDPAsqueezes tbe l i gh t i n&a tpo r .
wbich is near anuJ.l io tbe frilge patterD, aad thereiy -.t"n", the ooise in tbe iigbt to the shot noise ia an irefficient

pD. The outpur DpA rs pumped by fregueocy-douulei tgut from tbe otber outpu! port' The laser operates at irequenc

u. Ligbt beaos at tt"qrre*i ., at" at"*r, witb thin liaes, and the cortPoDeDts for baldling them ale drawn with hearr

l i oes .Tbepu .nPbea .hsa t f r equeucy2ca red rawuw i t hdo t t ed l i l e s ,and t }em i r ro r s fo ! r ou t i ng themared rawnw i t h
i""r:', Utot"" liaes. These roitrors are assumed to tralsroit at {reguency <';'



1706

due to losses. The added Iluctuations appear with
random phase. Thue, an initial coherent state

[ (a x, )o = (a xr)o = !", (a ff )o2 =]vo] remains coherent
as its mean amplihrde damps aPay, An iniritl
squeezed state, however, loses its squeezed na-
ture; the losses randomize the phase of its lluc-
tuations, and its initial error etlipse becomes
round.

In a squeezed-state interferometer, the added
random-phase noise must be small enough so
tbat it does not greatly increase the fluctuations
in the low-noise quadrature phase of mode 2*.
This requirement suggests that t}te number of
bounces D mugt satief,Y

bsboe-z  =  e-T  / ( l  -G) (3.s)

IEqs .  (2 .11) ,  (2 .16) ,  ana (S .a) ] ,  where luse the
fact that the total number of reflections in each
arm of the interferooeter is q=2b - 1, and where
Do= (1 -G)-r is the optimum number of bounces in
a stanrdard (r = 0) iater{erometer.o

Equation (3.5) is a seyele restrictioo. It im-
plies that the squeezed-state technique can be used
only i{ tbe interferometer is not limited by mirror
losses (i-e-, only if D<Do). At the begianing of
this section it was remarked that the most likely
application of the squeezed-state technique is to
iaterferometers whose number of bounces and
baseliae are large enough so that 7r = 7. The
miror-Ioss restriction (3.5) means that the tech-
nique can be used in this case only tt ?.bol/c> r-
i.e., only if Do bounces correspond to a storage
time longer than the desired measurement time
( fo r  I -1  km and G=0.999,  2bo l /c -7x t0-3  sec) .
Thus, tie potential usefirlness of the equeezed-
state technique is restricted to the case of a long
bseliae, high-rellectivrty mirrors, ard a short
measurement time.

It is perhaps useful to emphasize the situation
in which the squeezed-state techuhue is likely
to become useful. Consider anr interferometer
operating crith Do bouaces and a measurement
time r. The interferometer's strain sensitivity
ca.n be improved by increasing its baseline, but
this improvement continues only until I = c'r/2be,
at which point the strain sensitivity is approxi-
mately (fr /Pp:f)'r'. A further increase in length
does not improve t}re strain sensitivity-unless
one applies the squeezed-state technique as one
decreases the number of bounces- Use of the
squeez€d-state technique allows the strain sen-
sit ivi ty to improve as (az)rh =(E/Pen3)Lt2(ct/

2bot) ' /"  f .or Iz cr/Zbo [Eqr. (3.1) arrd (3-5)].
The analysis in Sec. II assumed ideal photo-

detectors-a case for which the photocount sta-
tistics at the output of the photodetectors coin-
cide with the photon slatistics of the light incident

on the photodetectors. If a photodetector hae ii
quantum efficiency I iess than one, thea the. ..,

C A R L T O I i  M .  C A Y E S

photocount statistics are a combination o! the
photon statistics and the shot noise in the ptrsb.{.ir
detector. How does the shot noise change the . .!,_1
previously obtained photon-counting error? Fori-,
the case of a single photodetector in one of the. -..
output ports [gg. (2.34l] , the mean and v-ariaaccti-_.
of the number of photons counted ly the photoOsii:i
tector are given by38

Jf* = t(lVr).. ,

AAI*2 = t'(a.ilr).r' * t(l - l)(J{r)o., ,

(3.qd-'

(3.q"
Ir

t
I

where (ffr)ou. and (aNrL., are the mean aDd *rrl'
ance due to the photon statistics atone [Eqs. .: .
(2.34)]. The second term in (3.6b) is t ir" "Uot-'J--
noise contribution. Using the same procedure 1g. ..
in Sec. IU83, one can convert AJVra into a frbod-.::
counting error, ,1i,

/. \ c f tan"(a/Z) e-u r..,...
\Az)n= %, L-  

* ; -

*  
' 1 -  q  l r / ' �'  

azlcos' � (E/2) l (3.?)

Here I retain only the terms tbat dominate wheo i -

lal is sufficiently large. Near a null the first - :.
term in Eq. (3.?) is negligible, but the shot-noie€
contribution completely swanps the remainiag
photon-statistics term unless 1 - E s {e-t. If tle
squeezed-state techlrique is to significantly im-
prove the sensitivity, this requirement deuendg .

extraordinarily efficient photodetectors.
There is an alternative approach that avoids tlre

requirement for high-efficiency photodetectors.
The light emerging from the interferometer hae aD
excellent sigrral-to-noise ratio near a null by vir- .:
tue of its low noise in the quadrature phase that 

':'

carries the signal. The photodetector ruins this
good signal-to-noise ratio, because its shot noise
is much Iarger than the noise in the light- To :
overcome this diJiiculty, one would like to amplift
both the light signal and the noise in phase with
the sigaal while keeping their ratio constant, :
thereby matching the noise in the light to the shot :.,i

noise, This is precisely what would happen iI *.
one squeezed the output light belore it reached the j
photodetector. The squeezing could be done by a .{
degenerate parametric ampiifier located in the i+
appropriate output port (see Fig. 4). 'i

Formally, the squeezing is described by intro- ;!
ducing new creation and annihilation operators .$

Zl, a,. Ttrese operators characterize the light .'8"
emerging from the degenerate parametric ampli-..*
fier, and they are related to the operators for g

interierometer mode 1- by ,.fl
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d r= slr(!)c,s.,(i)

= crcosh/  -ct .ezt t+- t t '  s inhz,  i=7gzi(a 'P '  .

(3 .8 )

Fere q, is the squeezi: operator for mode 1-,

arrd Eq.'(2,8) is used to trzlsform cr. Note that

the squeeze factor here is the saloe as the one

used previously, ^"r that the phase of the squeez-

ing is carefully roatched to the phase of the output

light in mode 1- [see Eqs. (2-28b) ald (2.30)].

The Eean ard variamce of the number of pho-

tons emeiging from the degenerate parametric

amplifier is obtaioed by erraluaring t}re expectation

rralue and varianrce of al d, in the state l*) of

Eq. (2.16). Usiag Eqs. (3.8), (2.30), (2.4), and
(2.8), one finds that

(Fr)o- = 1 al ar) = sin2(e/2Xa2e' + siahzr),
(3.9a)

1A.fr ,) o." = sint( O/2Xa 
2 ea' + 2 cosh2 rsinb2r)

+ sin2(e/2)cos2(O/21(a"e" + sinhzr) .

(3.sb)

These equatioDs nop replace Eqs. (234h they
cha::acterize the ligbt incident oa the photode-

tector. The disade.ut-ge of this approach is re-
vealed by Eq- (3.9a): uniess one operates very
close to a null fringe [ | sin(A/Z)l << e-" ] , the
power out of the degenerate parzmetric auplifier be-
corDe s cotrrparable to or larger thaa the input power

P-a sihntion clearly i.oconsistent with the oper-
ation of the pararoetric amplifier ^'vt with the
desire to reduce t}le total power requireEeats.
It is worth notirg as a Eoatter of principle that
Eq. (3-9b), unlike Eq. (2.34b), imposes rro re-
striction on the reduction of the optimum poper.

Thus, by using a degenerate parametric amplif-
ier at the out;>ut, oDe can in prhciple achieve
with a single photodetector the minimum total
power of Eq. (2.43).

One can now obta.il the mean and \rariatrce of
the number of photons coulted by t}re photode-
tector by applying Eqs. (3.6) to Eqs. (3.9). Ttrese
results are then converted in the usual vay into
a photon-countihg error iD z:

- (c /2bo) , 
- trz 

I al 're-' for sin(0,/2) = o.

(3.10)
Here I agaitr retain or:ly t}te terms that domi"oate

when lc I is large. Equation (3.10) expticiuy
deuonstrate5 llal inssrtion of a degenerate par-
ametric amplifier iato the output port allows one
to use aD inefficient photodetector qritlout a sipi-
ficant increase in the photon-counting error I cf.
Eqs. (3.10) and (2-38)1.

To make this approach work, one must find a
way to punp the degenerate pa.raoetric arnplif-
ier. The pump must have just the right phase

- relative to the phase of the output light in inter-
ferometer node 1-, to elsure that the squeezing
of the output light occurs with the right phase.
The-e is only on€ availablC tream of ligbt that
carries the necessary phase information, a.d
that is the light in the otheir output port (inter-

ferometer mode F)- Since one wanrts to rork
very close to a null, there is pletrty of power
arailable in the other output port. One would
t-Le the light in tie other output port, double its
frequency, ald then use the doubled light to pump
the degener:ate parenetric amplifier in the output
port. This approach is sketched in Fig. 4-

tv. coNclusroN

The squeezed-state techaQue outlined in this
paper wiLl not be easy to iEpIeEeDt. A refuge
froo criticism that the technQue is difficult ca^u
be found by retreating behi.od the position that the
entire r^sE of detecti.g gravitationzt radialion is
exceedingly difficult. Difficult or aot, the
squeezed-state technique roight furn out at some
stage to be the only way to improve the sensitiv-
ity of interferometers designed to detect gr:avita-
tional waves. As interferometers are made
longer, their strain seDsitivity will eventually
be limited by the photon-counting error for the
case of a storage time approximateiy equal to
the desired EteasureEtent tine. Further im-
provements in sensitivity would then await ant
increase in laser power or impleuentatioo of the

squeezed -state technique. Experimenters might
then be forced to learn how to very gently squeeze
the v-acuum before it can contambate the light
in their interfemmeters.
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cos r"rt and sin r,rt respectively- In a coherent state'

closest quantum counterPart to a classical field' the fluctu-

ns in thstwo quadratures are equal and minimize the uncer-
product givin by Heisenberg's uncertainty -relation. The

rm fluctuitions in a coherent state are equal to the zero-

int fluctuations and are randomly distributed in phase. These

rpoint fluctuations represent the standard quantum limit to

reduction of noise in a signal. Even an ideal laser oPerating

a pure coherenc sate would still possess quantum noise due
to zero-point fluctuations.

Othei minimum uncertainty states are possible which have

less fluctuations in one quadrature phase than a coherent state

at the expense of increased fluctuations in the other quadrature

il;;. $;h t,ates, which haue been called squeezcd statest-s
?other names include two photon coherent states, generalized
coherent states), no longer have their quantum noise randomly

distributed in phase. Su-h states offer intriguing possibillties' ln

the present optical communication systems which use coherent

beams of laser light propagating in optical fibres, the ultimate

timit to the noise is given by the quantum noise or zero-point

fluctuations. If, instead. beams of squeezed light were used to

transmit information in the quadrature phase that had reduced

fluctuations the quantum noise level could be reduced below

the zero-point fluctuations. Optical communication systems

based on iight signals with phase sensitive quantum noise have

been proposed by Yuen and Shapiro"".
TtrC concept of squeezed states applies to other quantum

mechanical systems. For example, they may have a role in

increasing the sensitivity of a gravitational wave detector' A

standard bar detector for gravitational radiation may be treated

as a harmonic oscillator. The effect of the gravitational radiation

is so weak that the expected displacement of the bar is of the

order of lO-te cm. This is the same order of magnitude as the
quantum mechanicat uncenainty of the bar's position in its
ground state. Thus the signal from the g-ravitational wave detec-

ior may be obscured by the zero-point fluctuations of the detec-

tor. This is a striking example of the influence of quantum

flucuations on a mairoscopic system. In principle, a way of

beating this problem is clear. Instead of the grou-nd state of the

oscillaior with its quantum noise randomly distributed in phase

one prepares the oscillator in a squeezed state. One then

tne"sutei the displacement due to the gravitational radiation in

the ouadrature with reduced fluctuations- In this way it should
be possible to detect displacements less than_ the quantum

mechanical uncertainty in the bar's position' Of course, this

leaves a lot of technical questions unanswered. How does one
prepare the bar in a squeezed state? How does one make a

meisot"*"ot on the bar's quadrature phase? These problems

and suggested solutions are discussed elsewhereo'' in reatments
of quantum non-demolition measurements-

The statistical properties of light fields such as coherent or

thermal light may-be calculated by techniques similar to classical

Sque ezed, states of light
D. F. Walls

Physics Depanmenr, University of Waikato. Hamilton, New Zealand

lhe properties of ,a unique set of .quantum states- of the.electromagnetic field are reuiewed' These,
,soueezect starcs' naie tiss uncerniiry i;;;;q";ero"turc than a cohirent siate- hoposed schemes for

,t;;;;;;;;i2i'[iiriiioi of squeezea statis as wett as potential apptications are disanssed'

a electric field for a nearly monochromatic plane wave may

decomposed into two quadrature components with time
probability theory using an expansion of the density oPerator

in t"r.t of coherent states. the Glauber-Sudarshan P rep-

resentationlo't t. Coherent light has poissonian photon counting

statisrics. Squeezed states of light on the other hand may have

suFpoissonian photon counting statistics and have. no nonsin-

gui"i t.pr"t"ntation in terms of ihe Glauber-Sudarshin P distri-

6ution. The statistical properties of such fields cannot be calcu-

Iated by techniques analogous to classical-probability theory,

iqu""tia states are, therJfore, an example of a- nonclassical

tijnt n"ta. To be precise we shalt de6ne a nonclassical light field

aione that has no positive nonsingular Glauber-Sudarshan P

function.
Another example of a nonclassical light field is a number

state. This certainly has no nonsingular Glauber-Sudarshan P

function and clearly has sub-poissonian photon statistics' Such

nonclassical light fields with sub-poissonian photon statistics

which exhibit ihoton antibunching have been observed experi'

mentaltyls't3'50. A number state, however. has its quantum

fluctuations randomly distributed in phase and hence does not

exhibit squeezing. rfunite a squeezed state may exhibit sub-

poissonian photo-n statistics and hence photon a:rtibunching ir

i, not " necessity. SuFpoissonian statistics result if the quad-

rature phase wiih reduced ffuctuations carries the coherent

excitation. Using photon counting techniques- direct measure-

ments of the int-ensiry ffuctuationi of a light 6eld are possible'

To determine the fluituations in the quadrature phases a phase

sensitive detection scheme is necessary. This can be achieved

by homodyoing or heterodyning the signal with a local oscillaror

followed by photon counting measurements. To generate a

squeezed state a phase dependent nonlinear optical process is

necessary.

Phase dependent correlation func'tions
Detection of a light signal with a photon counter yields .a
measurement of th! tigni intensity /(l) or photon number n(r)'

Using electronic correLtors one may then compute the intensity

or phloton number correlations of the Iightfeld-' For example'

oni rn"y measure the normalized second-order correlation

function 

1. Ir . \
grztto)=ff (l)

where :: denotes normal ordering of the quantum mechanical

operators. For sdfficiently shon counting times the variance

ilfil or,rt" photon num*r distribution ii related to g(2)(0) by

V ( n ) - " ( n ) = g ( r ) ( 0 ) _ t  
e )

(n t

A coherent lighr field with poissonian statistics has 9(2)10) = 1'

Thermal iight which has increased intensity fuctuations has
g@(o):2. since g(2)(0) represents the probability of two
photons arriving simultaneously this is referred to as photon
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Fg.1 Phase space plot showing the uncertainty in: a, a coherent
state la); b. a squeezed state la. r e'') (r> 0); c, a number state ln).

bu-nching. A light field with sub-poissonian statistics will have
g(t'(0){t. anlffect known as ihoton antibunching. Photon
antibunching is a quantum mechanical effect which may not be
derived from a classical description of the field. Such fields do
not have a positive nonsingular representation in terms of the
Glauber-Sudarshan P distribution which expresses the density
operator for a single mode field asro'!r

where la) is a coherent state. This representation has found
considerable application in optics because the taking of quantum
mechanical averages resemble classical averaging procedures
provided P(a) exists as a positive nonsingular function. For
fields which exhibir photon antibunching, hewever, rhe P(a)
are highly singular functions. In this sense we say that such fields
are nonclassical. The quantum theory of light received further
verification when photon antibunching was observed experF
mentally in resonance ffuorescence froh a two level atomr2'13
in agreement with theoretical predictionsr-'6 (for reviews see
refs 17-19).

Our discussion of the properties of phase dependent correla-
tion functions is illustrated with reference to a sinele mode field.
We may wrire the electric field as

E( r ) : l (d  e - to '+ar  e i@' )  (4 )

where ,\ is a constant including the spatial wave functions. In
the quanlum theory of radiation the amplirudes a and a'are

F8.2 Plot of elecuic field against time showing the uncenainty
for: a. a coherent state lc) (c real); h a squeezed state ja. r) with
reduced amplitude fluctuations (c reat, r> 0); c, a squeezed $are
la, r) with reduced phase ffuctuations (a real. r<0). Reproduced

with permission from Caves3r.

guantum mechanical operators which obey boson commutation
relations. We may write

a= Xt+ iX2

where X1 and X2 are hermitian operators obeying the commuta-
tion relation

Lxr,xrl=)

In terms of X, and X2 one may write E(t) as

EG)=:(X' cos tot+X2srn ot) (7)

Thus X1 and X2 may be idendfied as the amplitudes of the two
quadrature phases of the field.

From the commutation relation (6) we deduce the following
relarion for the uncertainties AX;=\V(X,)\'/'in X, and X3-

lx,^lx, >]

A family of minimum uncertainty states is defined bv taking
the equal sign. One such ciass of minimum uncenainty states is
the coherent states which have V(Xr) : V(X) =*. A broader
class of minimum uncertainty states may have unequal variances
in each quadrature. These are the so called squeezed stares. The
condition for squeezing is

x t c

(s)

(6)
o=[ navr(ald2a (3)

(8)

+tu)

lE(r)

Y(X)  < *  i : l  o r2  (9 )



f ' n-l
I
J

(

I
t
I
I
I
I
I

I
I
j

Fig. 3 Photon number distribution for a squeezed state la, r)(a=7, r=+A.5) cbmpared with a coherent state (r=0).

It is sometimes convenient especially for multimode fields to
write the condition in terms of the normally ordered variance

Figure l^strows a phase space plot of the uncenainties in X1
and Xr for a coherent state, a squeezed state and a numbei
state is shown. These error ellipses may be rigorously derived
as the contours of the O functiona.

. T-he time d3pendence of E(r) including th e uncetainty AE (t)
is shown in Fig. 2 tor a a coherent sta1e, D a squeezed $ate
with reduced amplitude fluctuations, c a squeezid state with
reduced phase ffuctuations. The corresponding error box for
these states at t = 0 is also shown.

For a single mode field the variance in one quadrature may
be calculated using the Glauber-Sudarshan p rlpresentation

r r ' l
v(&)= i { r+  |  11oy11o+a*) - ( (a )+(a* ) ) l2d2aI  t t t l( J )

The condirion for sgueezing V(X,) <* requires that p(a) be a
nonpositive definite function. In this sense squeezing like photon
1n1i-bylching is a nonclassical property of ihe elejtromignetic
field. Note that to derive equation ( 11) the commutation relation
fa. a')= I has been used. If a classical field is assumed from the
outset arbitrary squeezing may be obtained in either quadrature.
lnus sguee-ang has a non trivial significance only inihe case of
quantized fields. A distinction between ciassicai and quantum
fields- may ,be obtained from the normally ordered correlation
function g'''(0) which is always >l foi classical fields (see
ref. 20).

Properties of squeezed states
We shail now brieffy describe the mathematical properties of
squeezed states. A coherent stare lc) may be geniratld by the
action of the displacement operator D(o) onltre vacuum

: V ( X ; ) : < O  i = t o r 2

la )=D(a )10 )

la,  0:  D(a)s({)10)

S(4) = exp (14*a2

(10)

(12)

Fig. a Q funcrion for a squeezed sate. Reproduced with per-
mission from Yuenr.

An alternative but eguivalent characrerization of squeezed states
has been given by Yueno. We note that whereas a coherent
state is generated by linear terms in a and a, in the exponent
a squeezed state requires quadratic terms.

The variances in squeezed state la, O are given by

V(Yr):l e-2'
V(Y.)  =!  e2 '

where Y,+iY, =(Xr+ixz) e-i0l2 is a rotated complex ampli-
turle so that 2AY1 and 24 Y2 represent the length of the minor
and major axes of the error ellipse. The mean photon number
in the squeezed state ja, {) is

(n )=  la l2+s inh? r (  ls )

(  l 6 )

where

D(a) = g-- l i ' t t  "aa'  "-c 'a

A squeezed stare la, {) mdy be generated by firsr acting with
the squeeze operaror S(() on the vacuum followed bly the
displacement operaror D(a) (ref.- 2l\

Clearly, the variances V(X;) are independent of the field ampli-
tude a. Thus sgueezing is a quantum mechanical effect which
may occur in fields with high intensity. In this sense one may
say it is a macroscopic quanrum effect. This is a significani
difference frgm photon antibunching which is only appireciable
for 6elds with low intensity. There is no general relition between
photon antibunching and squeezing, however, we shall consider
the limit where the coherenr amplitude greatly exceeds the
sgueezing (lal2>>sinh2 r). In rhis limit we fiInd

:v(x,):=l rr,r,ro,-t) ::(e-2,- t)

where we have chosen a reai so that the amplitude is carried
bv &.t = r e ' "

(13)
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Fig. 5 Squeezing in the parametric oscillaror (-) comPared
with an ideal parametric amplifier (-'-'-'-) as a function of the

PumP driving field.

For r > 0 we have a reduction in amplitude fluctuations
(:V(Xr):<0) and photon antibunching (g(t)(0)<l) whereas
for r<0 we have an increase in amplitude fluctuations and
photon bunching. Hence in this limit a squeezed state may show
either photon bunching or antibunching depending on whether
the amplitude fluctuations are increased or reduced. The photon
number distributiona in a squeezed state ic, r) is plotted in Fig.
3 for a =7, r= *0.5. We can see that the photon statistics are
sub- or super-poissonian depending on whether r> 0 or r<0'

No such simple relation between antibunching and squeezing
exists for all values of a. For example in the opposite lirnit of
a<< 1, that is, a squeezed vacuum 10, r),

Fg. 6 Photon statistics g(2)(0) and variances lxi tor the para-
metric oscitlator as a function of the idler driving field. The pump

driving feld is held fixed at the threshold value.

coniumte mirror appears as one of the favourite candidates for
a statE squ"ezer2o."iTre above prescription seems very simple,
however, the phase conjugate mirror involves a nonlinear inter-
action, in this case a four-wave mixing interaction. Squeezed
states may also be generated by a three-wave 4ixing interaction
as for eximple in-the p"."*"iric amplifief}z7rtJ2. The pro-
totype for these interactions is described by the Hamiltonian.

H = htx@r' G) a2 + yt", 1e1 ar21 (20)

wnere

x(2)(e) = €x(:) (degenerate parametric arnplifier)

,tz\ 1"1 - 6z ytzt (four-wave mixing)

,1(") is the nonlinear susceptibility of the optical medium and
e is the amplitude of the pump field which has been
treated classically. This approximate form of the Hamiltonian
generates squeezed states with a squeeze Parameter given by
7:l)y\"'(e)tl. Several objections to this ideal system can be
raised. Fluctuations resulting from the quantization of the pump
field and the nonlinear medium have been neglected as have
vacuum fluctuations associated with any loss process. The
vacuum fluctuations will tend to equalize the variances in the
two quadratures and hence destroy the squeezingzs2e. Thus the
characteristic damping time of any loss mechanism should be
long compared with the interaction time. Phase and amplitude
ffuctuations in the iaser used for the pump may also degrade
the squeezing3o. Phase fluctuations may be compensated for by
using part of the pump as the local oscillator in a homodyne
detection scheme.

The magnitude of the squeezing is limited by the small values
of the nonlinear susceptibility and the interaction time. To
increase the interaction time the nonlinear crystal may be placed
inside an optical cavity. There is a parametric oscillator configur-
ation where the cavity modes are driven externally by classical
fields. An analysis of the cavity must include the cavity losses
which tend to destroy the squeezing. Thus there will be a
competition between the squeezing produced by the noniinear
interaction and the degradation of the squeezing by the damping.
This results in a limiting value to the squeezing attainable in
the steady state. An analysis of the degenerate parametric oscil-
tator including the quantization of the pump field has been
carried out3i-33. When only the pump mode is driven by an
external field there exists a threshold driving field below which
the semiclassical value of the mean field is zero. The squeezing
in the idler mode as a function of the pump field amplitude is

-
I

^x3 i

(17 )

Thus the photons in a squeezed vacuum are always bunched
irrespective of the sign of the squeeze parameter.

An example of a quantum state which exhibits photon anti-
bunching but no squeezing is a number state In) for which

v(x )=  v (X ' )= ( ! ) (2n+r )  (18)

The complete absence of phase information in a number state
is clear from the phase space annulus shown in Fig. lc.

As the Glauber-Sudarshan P representation does not exist
for a squeezed state we must consider an alternative representa-
tion such as the Wigner function. the O function, or the general-
ized P function:z'r:. 11" O function for a squeezed state is
derived in ref. 4. The distribution O(Xr'X2) plotted in Fig. 4
as a function of rhe amplitudes of the two quadratures clearly
shows the unequal variances in X, and Xr.

Production of squeezed states
There has been no experimental manifestation of squeezed states
of light. The requirement to produce a squeezed state may be
simply expressed as follows. For a single mode field mix a pan
of the field with its phase conjugate to produce a new mode b
such that

b -  p a +  v a ' ( le )

where p2- v2=1-For mode a in a coherent state the mode b
will be in a squeezed stateo. Thus a scheme involving a phase

cosh 2r
gt-'(O)= I +::-- slnn- r
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shown in Fie. 5. As the pump amplitude is increased from zero

ior."ti"J "ipp"ars in thl idler mbde' However' the q9ee11g
;;;;;;;i-;'"' maximum value corresponding to v(Xr)= 1/8

liJt" to the threshold value of the pump field' then decreases

as the pump power is increased above threshold'*'itt. '.ri""ft 
"re the driving field for the pump mode is h.eld

n*"J tt itt" threshold value lnd the driving field for the idler

it i".tt"t"a from zero is shown in Fig' 6' For low values of the

ili;ft;g field the squeeze parameter is initially positive and

ampiituae 
-fluctuations-are 

increased. hence we have phOton

lud"iti-ng iti"(0) > 1). As the idler driving field is increased the

squeeze parameter goes io zero and then becomes negative'

ritut *. Lue reduce? amplirude fluctuations andhence photon

-tiuun.iti"g (g(')(0) < l). This f :gnsi:t:ry w.ith the geaeral

oiop.ni.t oisq-ueezed states with lclz >> sinh' r discussed above'

fitiiivtt"rn prlvides a feasible scheme for detecting.squeezed

r*"t'ut tiii"g photon correlation measurements directly on

ih" sq,tiezed nia. facitity to change.the sign of the squeeze

o".urnaaat and observe the accompanying chane-e-of the phctcn

i,;,ilicsil; bunching to antibunihing would indicate the

Dresence of a squeezed state.t'o*"t 
ti."ii"l"il"i-""tity devices have been shownv'3s to

eiui a maximum squeezing factor not greatly-exceeding 2"The

;;tpt"g of the cavity modes to the vacuum fluctuations of the

"itt"oiity modes apparently acts as a. counter.to the squeezing
pioa"cea 6y tire nonlinear inreraction in a steady-state configur-

ation.
One possibility of avoiding the limitation. to squeeang

imposed bY the vacuum fluctuations entering the cavity is to

;;i; ;t;'mirror perfectly reflecting' It has been claimed

ilft"t tln". tfr" ua"uum fluctuations miy no longer enter from

iii" t"."ta port arbitrary squeezing is in principle attainable
(B. Yurke, personal communication)''-eooitt.i 

way to avoid the problem of va-cuum.fluctuations is

to revert to the parametric amplifier configuration where the

."uiiy fot .t no longer have a role' The parametric amplifier is
' alra'ueffing *"ue pias" matched interaction and the Hamilton

equation (70) *t iitr onty includes a single mode is not appropri-

ate. A multimode analysisro of a uaveliing^ wave Parametnc
"rpfin"i tai""tes that a reduction in squeezing over the single

roi. ."t" may occur for the non degenerate amplifier' This

reduction in squeezing is caused by the contribution from non-

i.ron"n, modes whoie axes of squeezing become misaligned
with respect to the resonant mode.

Another possible system for producing squ-eezed states is a

two-photon laser due io the quadratic nature-of the field interac-
tion. A laser, however. is an active system in which the atoms

are pumped to the.excited state and may consequently decay
by siontirneous emission. Calculations using a two-level model
i6. itr. atomic medium reveal that any potential squeezing is

destroyeg- -!y ttre fluctuations resulting from spontaneous
emission''''o.

It is clear, therefore, that a phase sensitive nonlinear interac-

don in a passive medium is required to produce squeezed states'

Predictions of squeezing in a variety of nonlinear- optical pro-

cesses have now been made, for example the free electron

t"tet'n. second harmonic^ generationarl, the single atom-single

field mode interactionot, and multiphoton-absorptlon--' lne

predicrion of squeezing in f.our wave mixing'" has attraded the

interest of experimentalistsa2. An analysis of the effect of atomic

fluctuations in four-wave mixing based on a two-level atomic

medium reveals that for the atoms driven near saturation or

.tot. to resonance the spontaneous emission will destroy the

squeezingot. For significant squeezingthe driving fields should

bi of lodintensity and sufficiently far from resonance so as not

to saturate the atoms.-- 
enottrer system with somewhat different characteristics is

rq;;;;;-.'."t;;ance fluotescence from a two-level atoma6'

R"so.,"ni. fluorescence differs from many of the systems-dis-

.uti"a uUo". as it involves many modes of the radiation field'

Resonance fluorescence deservls anention as it is the only

system in which photon "iiiu"t.iittg it.ileen obseruedt2''3'-

We consider a two-level atom driven by a coherent driving

field-'The produet 6f rhe amplitude of the driving.field and the

iioofr rno-.nt of the atom is characrerized by the Rabi

#;;*" we denote the Rabi frequency normaiized by the

n"titut linewidth of the atom by O- The driving field may have

a detuning with respect to the atomic transition' We shall use

a to "t"i"cterize ihe detuning normalized by the natural

linewidth.
The condition for squeezing in a. field ma1' best be

"roi.itJ in terms of thl normally ordered variances which

Jo'nor inctuae the contribution from the vacuum, flutt:l1l?X'

;; ; ' ; ; ; ; ; ;- .  in either quadrature (E, =(E(- '+ E'- ' ) /2'

E.=(Et ')-E(-\/Zi) of.  the f ield we requireE2= (EF'- E'-l;VZtl of the field we requrre

: V ( E ) : < 0  i = l o r 2

We ialCulate thE squeezing in the components of rhe fluorescent

n"iJi" tft. Oitection alonf and perpendicular to-the mean field'

Thi u"ri"nce in the component'Ei in the direction of the mean

field is

- A  ( 1 + 5 : - ( ) 2 )  ^ "
:v (Ei ) : : ; -1 ;46t , - (22)

where ,\ is a constant.-fittt 
*. nna squeezing in this component provided O2 <

f * at. No rqueezing o"cutl in the component orthogonal to the

mean field. 
^fire 

reiuced amplitude fluctuations occurring for

Otl-r * ot is consistent with ihe observed fact that the fluores-

""nt tiett is antibunched. We note that the fluorescent light is

"ito -fUon.fted in the strong fetd limir Or > I + 6' where there

is no tq"e"ang. In this timit the characteristics of the ffuorescent

light resemble a number state.

Detec'tion of squeezed states

Proposals to measure the variances in the quadrature phases.of

"iitn, n"fO suggest homodyning or heterodyning the signal with

" jJ".f ot"iff"6t which gives the necessary phase dependence

ioll,owed by a photon counting measurement' Such measure-

*.n* "t. t'easi6te with existinglechnology'1For funher details

of such a measurement scheme see rets o, t ' zv')--?J,tresignatf ieldishomodynedwithaloca|osci l latorwhichis

assumed"to be in a coherent state' The cgmp]"ex amplitude of

;;i; tt.iri*t may be written as e = l"le'" where d is the

il;; th" ioor osciilator with respect to-the signal field' In

it," ti-it where the amplitude of the local oscillator greatly

"-"""liin""mplitude oi the signal field the photon statistics

oittre comUin"d field are directlyielated to the normally ordered

uariun". of the signal field' -A:iuming a perfect detector

.m"i"n.y it may be*shown that6'?'20

v (n) - (n) =:or)u"r',r"t,'r'rt|r'r),, oot,lo',' 
(23)

Thus bv changing the phase of the local oscillator a measurement

;',h. i,ild siatisriis yields the normally ortered variance in

f, 1e = Oi and the normally ordered variance in Ez (0 = zr /2) '

e'.it"ng. of photon statistils from sub- to super-poissonian as

e is uaied *ill indi.",. the presence of squeezing'- 
Suah rn"ururements impoie a stringent requirement on the

t"f.tit. ptrase staUitity between the local oscillator and the

ri"r"l. vit.n and cha;o7 have recently suggested that photon

ii.u"t nt"it"ii"ns in the locat osciliator may be eliminated

usine a balanced detector scheme developed in the microwave

regi6nt8.-Another 
way to detect a squeezed state is-.by a direct photon

correlation measurement if one has the facility to vary the sign

of the squeeze Parameter- The presence of a squeezed state is
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indicated by a change of photon statistics from bunching to
antibunching as the squeeze parameter is varied. An example
of such a system is the parametric oscillator with two driving
fields discussed eariier. This method obviates the need for
homodyning the signal with a local oscillator.

Applications of squeezed states
Squeezed states have several potential applications, one, for
example, is in optical communication sysrems. In a proposed
scenario information would be transmitred in the quadrature of
the field with reduced quantum fluctuations. An enhanced sig-
nal-to-noise ratio could then be obtained in the ouantum noise
limited regime over information sent using coherent light beams.
The application of squeezed states in optical communications
systems is discussed in refs 6 and 7.

Similar considerations hold in the amplification of signals.
Noise is necessarily added in the amplification process, however,
if a suitable phase sensirive amplifier is used the noise may be
added preferentially to the quadrature not carryrng information.
This leaves the amplification of the quadrature carrying the
information essentially noise free-

Interferometric techniques to detect very weak forces such
as gravitational radiation experience limitations on sensitiviry
due to quantum noise arising from photon counting and radi-
ation pressure fluctuations. These sources of noise may be inter-
preted as arising from the beating of the input laser with the
vacuum fluctuations entering the unused pon of the inter-
ferometer. It turns out that these two different noise sources
arise from fluctuations in the two different quadrature phases
of the vacuum enrering the unused input port. It has been
suggested by Caves2r tf,at injecting a squeeied state into the
unused input port will reduce one or other of the two sources
of noise depending on which quadrature is squeezed.

Another intriguing application of squeezed states is in an
optical waveguide tap. Shapiro has shown that a high signal-to-
noise ratio may be obtained using a squeezed state in an optical
waveguide to tap a signal carrying waveguideoe. This may be
achieved with very low energy loss from the signal thus ofiering
the possibility of permitting optical data bus technology to reach
multikilometre path lengths with many user sites but no
repeaters.

Conclusions
The field of quantum optics has been an active field of research
since the ear.ly 1960s. However, much which has been discussed
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under this heading could more correctly be described as non-
Iinear optics as no quanri-^tion of the elec*omagnetic field is
necessary. Very few features which are explicitly a result of
quantization of the field have been observed-photon anti-
bunching being one exception. Squeezed sates represent a class
of quantum states for which no classical analogue exists, hence
their detection would be of fundamental interest.

The achievements of quantum optics have been based on the
measurement of photon correlation functions of the electromag-
netic field. We now seem to be on the verge of an era where a
new class of measurements on the phase dependent correlation
functions of the electromagnetic field will be possible. This will
enable information on the electromagnetic field to be obtained
which was not accessible from photon conelation measure-
ments. Such measurements based on homodvnine or heterodvn-
ing the field with a local oscillator appear flasib-le with current
technology. The presence of a squeezed state will be indicated
by the observation of suFpoissonian photon statistics in such a
phase sensitive detection process.

Present efforts are directed towards methods of generating a
squeezed state. While a proof in principle of the existence of
squeezed states seems possible in, for example, resonance
fluorescence from a two-level atom or an inrracavity nonlinear
optical interaction the magnitude of the squeezing obtained in
such systems is small. To obtain appreciable squeezing one must
look ro either a single pass device with a high nonlinearity and
low losses or possibly to a cavitv with a single input/output pon
which prevents the vacuum fluctuations entering as in the two
port caviry.

Should a device be found to give a light field with significant
squeezing the potential applications are attractive. These appli-
cations lie on the frontier of technology in quantum noise limited
situations. For example, a squeezed light field couldte used in
an opticai communication sy$em where the information is car-
ried by the quadrature with reduced quantum fluctuations. This
would enable a better signal-to-noise ratio to be attained than
using conventional laser sources which are limited by the quan-
tum noise of a coherent state. The general concept of squeezed
states with their phase dependence of quantum noise has impor-
tant implications in quantum amplifer theory and ultrasensitive
electronics such as required for the detection of gravitational
radiation. While no experimental observation of sgueezed states
has yet been reponed this is a goal well worth achieving both
from a fundamental point of view and in consideration of the
applications that will follow.
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Precision Measurement beiondihe Shoa-Noise Limit

Min Xiao, Ling-An Wu, and H. J. Kjmble
Department of Physics, uniuersiry of Texas at Austin, Austin, Texas 7g7 I 2

(Rcccivcd 28 May t987)

An improvcmcnt in precision beyond thc limit sct by thc vacuum-state or zcro-point fluctuarions of rhc
clectromagnelic field is reported for thc mcasuremcnt of phasc modularion in an optical intcrferomctcr.
Thc cxpcrimen! makes use of squcczcd light to rcducc thc lcvel of fluctuations bclow thc shor-noisc limit.
An increasc in the signal'to-noise ratio of 3.0 dB rclativc to the shot-noise limit is dcmonstrared, with thc
improvemcnt currcntly limitcd by tosses in piophfation?nd dcrectibn and not uy thc dcglcc ;i"r;;il;
squcezing.

pACS numbcrs: 42.50.Dv, 07.60.Ly, 42.50-Kb
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The quantum nature of the electrornagnetic field leads
to limitarions on the sensitivity of precision measurement
of amplitude or phase changes of the field. The quantum
ffuctuarions rcsponsible for enforcing a lower limit on the"noise" in an optical experiment are succinctly exprcssed
in terms of uncertainry products that follow from the
commuhtion relations between conjugate field operators.
The fundamcntal limit encountered inoptical physics has
been rhe so-called '.shot-noise" 

limit (SNL), which
represents a lcvel of ffuctuations for which thc minimum
uncertainty allowed by quantum mechanics is achieved
for the uncertainty product and for which the variances
for each of two conjugate operators are equal. This sym-
metric disrribution of fluctuations is characreristic of the
vacuum state of the field (zero-point ffuctuations) or of a
coherent stare (approximated by a single-mode laser).

A.lthough the vacuum ffuctuations of the field have
bcen the practical limit on precision optical measure_
mcnt, thise fluctuations are of course not a iimit in prin-
ciple since quantum states with variance less than that of
the vacuum state can be employed. In particular, the use
of squeezed states to circumvent the SNL has been dis_
cussed for many years in the theoretical literature_r-s
Squeezed srares are characterized by a phase-depcndent
distribution of quantum fluctuations such that the
dispcrsion in one of two quadrature components of the
field drops below the level set by the vacuum state. In a
measurement with squeezed light, the signal that one
wishes to detect is encoded on the field vaiable with re_
duced fluctuations. The derection scheme is arranged to
be largely insensitive to the increased Ructuatjons jn the
conjugate variable that are required by the unccrtainty
relation.

In this Letter we report an experiment in which an im_
provement in the signal-to-noise ratio of 3.0 dB relative
to the SNL has been achieved in an optical measurement
with squeezed states. The experiment follows the work
of Caves on precision interferometry6 and employs
squeezed light in a lvlach-Zehnder intcrferometcr for the
detection of phase modulation in propagation along the
two arms of thc interferometer.e The observed increase
in sensitivity in the experiment is currently limited by

simple lincar losses'in propagation and detection, and nor
by the availablc dcgree of squeczing from our source.
Thus one might anticipare rhat these rather modest ini_
tial results can bc substantially improvcd as thc losses in
the experimcnt are reduced.

The cxperimcntal arrangcment for the use of squeezed
states in interferometry is shown in broad outlinc in Fig.
l- A Mach-Zehnder interfcrometer is formed by the two
beam splitters (mrm) and-the highly rcffecting mirrors
(m2,m). A coherenr field E 1 at t.06- pm is injccred inro
the input porr rr1, and the fields from the two paths
through Ps and P2 are rccombined at the outpur poft mr
to produce (complementary) interference fringes as a
function of phase diff'erence along the two arms. For the
simplest case of 50-50 beam splitrcrs, the fluxes incident
upon the derectors D1 and D2are

/r. : :  i  l i l t  t) I t  + cosol,

where p is the phase difcrence for propagation along the

( l  )

oPo
l - l
t - l
l l

- S

FIG. l. Diagram of the principal clemcnts of thc
for interfcrometry with squeezed states.
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two arms of the interferometer, f is an efficiency factor
(0<{s l) that incorporates possible losses in prop3-
gation through the interferometer, and the units of Er
are chosen such that ^f1.2 expresses the ffux in photons/
sec emerging from ma. The low-frequency (dc;50 kHz)
and high-frcguency ( > 500 kHz) components of the
photocurrents from the two photodiodes are amplilied by
separate electronics. For our measurements the operat-
ing point of the Mach-Zehnder interferometer is actively
stabil ized (servo gain unity at 1.2 kHz) near a point
Qo-(2p* l )z /2 $:0,1,2, . . .  ) ,  i .e . ,  ar  the hal f -power
point of the fringe, with use of an error signal derived
from the low-frequency channels.

The elements (PrP) in the two arms of the Mach-
Zehnder are deutcraled potassium dihydrogen phosphate
(KD'P) phase modulators, each with half-wave voltage
V'- l8O0 V at 1.06 pm. A voltage V(i: Zcos0l is ap-
plied to the modulator P 1 to produce a phase dither at
A/2r-1.6 MH4 wi th the phase p( l ) -@6*26cosor
and 6:rY/22'. Expanding (l) for small 5, we find a

'signal at frequency O in the difference photocurrent i of
rms amplitude ir-JIe({a<ElE'Ua. The noise current
to against which this signal must be dctected is the "shot

noise" associated with the total power reaching the
dctectors (Dr,D). That is, i i-2r'z1ror;lf r))4,-r"ittr
I the detection bandwidth and a thc detector quantum
effcicncy. The signal-to-noise ratio v. in the case of a
coherent-state input E1 and a vacuum-state input E, is
thus

v,.=ij/i]: aaP52/8,

where P=(Elf ' ' l  is the power in photons,/sec incident
upon m i. e signal-to-noise ratio of unity, v" - l, im-
plies 5":13/(aPlrlz:1/,ff i , with N as the mean num-
ber of photoelectrons detected in the measurement inter-
val B- r. This l imit on the minimum detectable phase
change is the SNL and is the best sensitivity possible for
inputs of a coherent state E1 and a vacuum field E .

To achieve sensitivity beyond the SNL, a squeezed
field i is injected in ptace of the vacuum field into the
normally open input of m1.5 As indicated in Fig. I, the
squeezed light in our experimcnts is produced by an opti-
cal parametric oscillator (OPO), which is described in
detail by Wu and io-workers. l0 For the present pur-
poses, note that the field generated by the subthreshold
OPO is characterized by a spectrum of squeezing
S(v,A), where v is the frequency offsct from the optical
carrier, and I selects the quadrature phase. The angie^9
is dcfined relative to the phase of the coherent field E1
inside the interferometer, with 9:0 corresponding to
fluctuations in the amplitude quadrature IS(A:0)
=S+1J, and 0:x/2 corresponding to fluctuations in the
phase quadrature IS(0-r/2)=S-]. For the subthresh-
old OPO, the field is a squeezed vacuum state with

Sr (vJ :  t4r/ I r*  ( l  +r)21, (3)

The ratio r-$2/p) l/2 *11h p2 the pump power driving
thc OPO and ps the threshold pump power.

Although there are a number of issues of both funda-
mental and technical natures to be addressed for the use
of squeczed states in precision interfcrometry.6'12-14 we
present only the simplest analysis thar is approximately
valid for the regime of operation of our interferometer.
For the case of a modestly squeezed input E' the calcu-
lation of the signal current proceeds exactl;- as before.
However, the noise in the diFerence photocurrent is nou'
giyen by i2(v,0)-i"2[l +(S(v,a)j, with corrcsponding
signal-to-noise ratio

yfu,0):v,./It + (s(aa)I, (4)

where the factor ( expresses the efficiency with which the
squeezed light is propagated and detected, with (
:pToaqzE. Here p and 7"e are the efficiencies for cs-
cape from the cavity of the OPO and propagation to the
beam splitrer ar1, while 4 is the hcterodyne efficiency.
From Eq. (4) wc see thar noise reducrions (.S < 0) below
the levcl of ffuctuations sct by a vacuum-state inpul
(.S:0) lcad to an improvement in signal ro noise beyond
the  SNL  by  rhe  fac ro r  [ l + (S - ] - r>> l  f o r  ( : l  and
S-- - l. On the other hand, enhanced fluctuations in
the conjugate guadrature amplitude producc a large de-
gradation in signal to noise by the factor [ l *(S+l-l
( l. emphasizing the need for precise control of 0.

Figures 2 and 3 document our observarions of the
detection of phase modulation o(l) with and withour
squeezed light. In both figures the level of fluctuations O
of the difference photocurrent i is displayed as a funcrion
of time ior fixed analysis irequcncy v/Ztt- I.6 MHa
analysis bandwidth 8:100 kHz. and two posrdetection
video fi l ters ol t ime constants rr : l-5x l0-{ sec and
12:5.0x l0-a sec.  Phase modular ion at  1.6 MHz is  ap-
plied with Ps and is gatcd on and offwith a square wave
of repetition rate 50 Hz (Fig. 2) or 70 Hz (Fig. 3). The
off state represents the noise level in the absence of the
signal f ield with O: l0logleR, where R = 1 + ({. ln Fig.
2(a) this is a noise level set by the laser input E1 togeth-
er with a vacuum-state input d to the left port of m r: in
Fig. 2(b) it is a noise level set by a squeezed input to m1
lS < 0 in eq. (+)1. The decrease in noise levet shown in
Fig. 2(b) of more than 3 dB relative to the vacuum or
shot-noise level is apparent. The on srares in Figs. 2(a)
and 2(b) represent the total level of signal plus noise
when the phase modulation at 1.6 MHz is gated on, with
O : l0 logleR', where R' includes the signal contribution
from the phase moduiation. The cnly difference between
Figs. 2(a) and 2(b) is that in 2(b) squeezed lighr has
been injected into the normally open input of rn 1. In
particular both the input power P and the phase modula-
tion I/(l) are idcntical for the two traces. The figure
thus represents an improvcment in signal to noise of 3.0
dB relative to the SNL for the detection of diferential
phase changes in the Mach-Zehnder inrerferometer.
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Iwhere v-= v/fo and lo/22-l MHz in our experiments. ll
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b)

l'

o(d8)

u o.l
Time (sec)

(b)

O.l
Tine (sec)

o.2

Time (sec)

FIG. 2. Levcl of fluctuations O of the differencc photocur_
rcnt f vs rimc for fixcd aratysis frcqucncy v/2tr_1.6 MHz
analysis bandwidrh 8 - IOO kHz. and t*o ,id.o fihers of rimc
constan t  . r - l .5x l0 -a  sec  and 12-Jx t0-a  scc .  Thc  dashcd
line gives the vssuurn lcvcl obraincd wirb no phasc modulation
and with the squcczcd input ro rn r blockcd. The ON/OFF
square-waee scquencc is obtaincd by gating of thc phase modu_
lation to Pr on and off ar a SO-Hz repctirion rate. That is, the
ON levcl is obraincd wirh both rhc modulation slgnat "nO nols.
prescnr: thc OFF level is with noise and no signai Thc rracc in(a) is takcn with a vacuum-sratc input for thc n"iJ i,iti.
tracc in (b) is recorded with a squeezia-r,"r. infriior;;;;
rhc phase 0 adjustcd for a minimum noisc lcvel. An improve_
mcnr of 3.0 dB in signal-to-noisc ratio is achjevcd in (bj reh-
trve [o (a). Note rhat (b) is composed of two traccs which arcpart of the samc rccord obtained during a search for thc op-
timum in borh rhe degrce of squcezing .i and rtlc local oscilla_
tor phasc g.

o.o5 o o.os or

FIG. 3. Lcvcl of flucruations O of rhc phorocurrcnt i vs
time. Paramcrers arc simital to thosc in Fig. 2 witb thc cxccp_
tio-n rhar thc phasc angle 0 is slowly s*"pr *irh a iincar ramp.(a) Vacuum-sratc inpur for thc fictd g,; iU) Squcezcd_srarc in_
put Er. Thc variatjon of € produccs altcrnatcll,a dcgradation
and an improvcment in signal to noisc as first thc incrcased(S>0) and thcn thc dccrcascd (.S<0) flucruations of thc
squcezed statc arc combincd witb thc cohcrent fictd Er_

The dependence of the detected signat on the phase
angle 0 is displayed in Fig- 3, which is of rhe sarne for_
rn"-t 

T Fig. 2 except that the phase berween the fields Er
and E, is slowly scanned instead of being held at a 6xed
value for minimum noise- Figure : (a) is taken for a
vacuum-stare input; Fig. 3(b) is for a squeczed state. As
expected from Eq. (4) for phase angles such that
.S(S) <0, the noise level is rcduced, *hiL for .S(0) >0
there is a large dcgradation in signal-to,noise ratio. This
degradation becomes even rnore pronounced for larger
degrees of squeezing until the signal modulation is lost
altogether near rhe maximurn noise levels, which for
operation closer to threshold are observcd to be grcater
than 8 dB above the SNL. The measured efficiencies for
Fig. 3 are {-0.90, p:0.95, Is:0.97, a:0.g9, and
t -0.85. For all our work the fringe visibility is approxi_
mately 0.95.

The dashed lines shown in Figs. 2 and 3 are obtained
from multiple-trace averages and give the level of fluc-
tuations for a vacuurn-state input i with no phase
modulation. That this is indeed the vacuum levet is
confirmed following the procedures discussed in Ref. 10.
Operation-at the half-powcr points of the output fringe
has the advanrage of presewing the virtues oi the bal-
anced homodyne scheme in suppressing excess local os_

This obsened_ improvement is in reasonable agreementwith^th.at predicted by Eq. (+). assumiru-ip"r",lon ",,--?.o, r,ve find lologro(V/v" ) : _Z.l Ai for the mea-sureo 
-values E -0.94, p_-0.85, To-0.97 , a -0.g9, and

a-0.93 appropriate to Fig. Z. Wirite our'r*"rur"rn"n,,
are conducted without phase_sensitive a"tection oi th"modulation at O, we note that coherent deteaion wouldprovide an additional 3 dB of impro"em"nt in-signal_to_
noise ratio both for the case of a vacuum_state input andfor a squeezed-state input.
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cillator noise. In the current experiments the inherently
quiet laser at 1.6 MHz together with the supprcssion
provided by the subtraction arrangement (I-) rcduces
thc contribution of cxcess local oscillator noise to below
0.1?o. The signal shown in Fig. 2(a) was generated by a
modulation amplitude d-7.5x10-6, which agrees with
thc value 5"-7.8x l0 

-6 
inferred from the parameters of

the exper iment  (P:800 pW, B:100 kHz).15
In conclusion, we have demonstrated an improvcment

in sensitivity for optical measurements beyond the limit
set by thc vacuum-state or zero.point ffuctuations of the
electromagnetic field. Phase modulation is detcctcd in a
Mach-Zehnder interfcrometer with an improvement in
signal-to'noise ratio of 3.0 dB relative to thc SNL. We
note that this incrcasc in sensitivity is currently limitcd
by losses in propagation and detection and not by the de-
grce of available squeezing. Indeed, the field emitred by
the OPO exhibits a degree of squeezing So-:pS-
: -0.8 for thc conditions of Fig. 2, indicating the possi-
bility of improvements in sensitivity of 7 dB if the
efficiency factors (To, a,4, and {) can be increased to-
ward unity. Although we have cmployed a Mach-
Zchndcr configuration, the results are generally applic-
able to othcr types of interferometers, in particular to the
arrangements under development for gravity-wave detec-
tion. l6
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CHAPTER VACUUM TECHNOLOGY

j

I

i

In the modern laboratory, there are many occasions
when a Fs-fiUed cpntainer mrst be emptied. Evacr:a-
tion may simply be the first step in creating a Dew
ga.seor$ environment. In a distillaUon proc.ess, there
may be a continuing regufuement to remove ges as it
evolves. Often it is necessary to e\acuate a container to
prevent air from contaminating a clean surface or inter-
fering with a chemical ieaction. Beams of atomic par-
ticles must be handled ia oactto to prcveDt loss of
momentum througb cpllisions with air molecules. A
vacuum system is an essential part of laboratory instru-
ments zuch as the mass spectrometer and the electron
microscope. Many forms of radiation are absorbed by
air and thus can propatate over large distances only in a
vacuum. Far-IR, far-W, and X-ray q)ectrometers are
operated witJrin vacuurn cuntainers. Simple vacuum sye
tems are used for vacuum dehydraUon and freezedry-
ing. Nuclear padicle accelerators and thermonuclear
devices require huge, sophisticated vacuum systems.

3.1 GASES

The pressure and composition of residual gases in a
vacuum system vary considerably with its design and
history. For some applications a residu.l gas density of
tens of billions of molecules per cubic centimeter is

tolerable. Irr other cases no more tban a few hrurdred
thor:sand molecnles per orbic centimeter ctonstihrtes an
acc.eptable r/actr1un: "One 

man's vacuum is another
man's sewer."l It is neoestsry to rurdersand the nature
of a vacuum and of rzrcuum apparahs to lcrow wtrat
canr and cannot be done, to r:nderstand u/hat is possible
within economic constlaints, and to choose crmponents
that are compatible with each other as well as with
onei needs.

3.1.1 The Nature of the Residual
Gases in a Vacuum System

The pressrrre below one atmosphere is loosely divided
into vacurrm cetegories. The pressrre ranges and nurn-
ber densities correqlonding to these categories are listed
in Table 3.1. As a point of rcferenc.e for vacrnrm work it
is useful to remember that the number density at I
mton is about 3.5x1013 cn-3, and at I pa about
2.7 x l0r{ cm- 3, and that the number density is propor-
tiond to the pressure.

The composition of gas in a racuum system is mod-
ified as the rystem is evacrated becar:se the efficiency of
a vacuum purnp is different for diflerent g:ases. At low
pressures molecuJes desorbed from the walls make up
the residual $$. Inirialty, the bulk of the gas leaving the
walls is water vapor; at very low pressures, in a con-
tainer that has been ba.kd, it is hydrogen.
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Table 3.1 AtR A,T AOoC

P,essl.re
(torr)'

Numba
Da&ty
(cm-3)

Swface
Mean Free Colltsion

Path Frcquarwy-
(cm)  (cm- 'sec-  t  )

Times fo
Jlonoloys?
Foflr14tionh

(sec)

One atmospbere
Lower bmit of:

Rough vacuum
High vacrrum
Very higb vacuum
tltrahigb vecnun

T x l o - 6

5 x 1 0 3
5 x 1 0 6

3 x l 0 $

4 X IOI ;
4  x  l0 l r
4  x  l 0 l l

3 . 3 x 1 0 - e

2 . 5 x 1 0 - r
t <

9.5 x 103

3.72 Kinetic Theory

In order to understand mass flow atd heat flow in a
racuurn system it is nectssary to appreciate the im_
mense change in freedom of morremenl experienced by
a gas molecule as the pressure decreases.

The average velocity of a molecule can be deduced
fr,om the Maxwell-Bolfzmann velocity disribution law:

a: ilII i '^.
\ r m  I

For an air molecule (molecular weigbt of about 30) at20"c,

D = 5x l0{ cmsec- r _ } lcnses- r.

Each second a molectrle s*'eeps out a volume with a
diameter twige thal of the molecule and a length equal
to the distance traveled by tbe molecule in a second. As
shown in Figrrrc 3.1, th;c molecnle collides with any of
its neighbors whose center lies within the srept volume.
lhe nurnber of crllisioru per second is equal to the
number of neigfibos within the svept volume. On the
average, the nnmber of collisious peisecond (Z) is the
ntrsrber deusity of molecules 1i1 times thl volume
svept by a molecule of velocity-d and diameter f.Morc precisely,

where the € accounts for the relative motion of the
molecules. The tjme between collisions is the reciprocal

9f thir collisiotr ftequercy. and the average distance
between collisions, or mun ftee path, b

) r_  62 -  |

I-w
The mean free path is inversely proportional to the

pressure. For an Nn or O, molecrrle, f = 3 x l0 - s cm.
The number density at I mtorr is about 3.5 x lOa
cm-3. fhus the mean free path in air at I mton is
about 5 cm. Recalting the relationship between I and p,

-GG.---1-.
\. I
:_-'

Figrrrc 3.1 Itre volume swept in oDe secud by a molecule
of _diameter { and velocity D (cnrsec - t ). The m-obcJe *.ill
courde wtth aoy oI its neigbbon whose cente! lies within thevo|ume.

I
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I
I
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7ffi 9.7 x l0 re

IO  -3  
3 .5x1013

lo  -5  
3 .5x l0 to

l o - e  3 . 5 x 1 0 ;
U

'l torr- 139 Pe.
I'Assumirrg unit adhesion efficiarcy ancl a nrolectrlar dianreter oI 3x l0 - ^ crn.
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3.2 GAS FLOW
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a valuable rule of thumb is that for air at 20'C

1- --o ",n.
f(mtorr)

3.1.3 Surface Cottisions

The frequency of collisions of molecrrles within a con_
tainer with the n:rface of the conAinet, per unit area" is

(sec- rcst- e1.

density can be hidh), and ges behavior is deterurined by
tJre random motion of tbe -rnolecules as &ey Uoronc!
from r.nall to rrall.

ln-|Jne oiscous-flou rcgroa where the mean fr99 path
is relatively small, gas flow improves with increasing
p*ytne because gas molectrles tend to queue up and
prsh on their neighbon in front of them. Gas flow is
impeded by turbulence and by viscous drag at tle walls
of the pipe that is conducting th. gar. In the viscpus
rcgion the coefficients of viscosity and tbermal crnduo
Uvity are independent of pressnra

When the mean free path far exceeds the dimensions
of the cpntainer, the proctss of gas flow is called nubc-
uLer floo. ID this region momentun trander oocnrs
between molecules aad the wall of a cpntainer, but.
molecules seldom encounter one another. A gas is not
cha^racterized by a viscosity. Gas f,ows hom rregion of
high pressure to one of low pressure simply because the
number of molecules leaving a unit oI volusre is propor-
tional to the nunber of molecules within tlat volume.
Gas f,ow is a statistical prcctss At very low pressrre a
molecule does not linger at a surface for a sufficient
time to reach thermal eqnilibrium. Thus thermal con_
ductivity at low pressures is a function of gas density,
and the cpefficient of thermal conducEvify d"puna,
upon tle pressure and upon the condition of the snrface.

3.2 GAS FLOW

3.2.1 Parameters for Specifying
Gas Flow

lefore discussing vacuum apparahls it is necessary to
define the parameters used by vacurun engineers to
characterize gas flow.

The volume rate of flow through an aperture or across
a cross section of a tube is defined as the pumping speed
at that point:

- d v) = _ ; _
ctt

The capacity of a

tul)z*t*- 
7

The sticking probability for most air molectles on a
clean sr:rface at room temperature is between 0.1 and
1.0. For water the sticking probability is about nnity for
most surfaces. Assuning unit sticking probability and a
molecular diameter f : 3x l0 -E cm, the time reguired
to-form a monolayer of adsorbed air molecules at
2O'C is

' : 2 ' 5 x l o - eE)-'*'
Thrx to maintain a clean snrface for a useful period of
lime may reguire a ga( pressure over the surface less
than l0-e torr.

3.1.4 Bulk Behavior versus
Molecular Behavior

The pressure 9f gas withn a \rasuum system may vary
over ten or more orders of magnitude as the system is
evacuated from atmospheric pressr:re to the lowest at_
tainable pres$lre. et trigi, pi"r"-o, when tle mean
free path is much smaller than the dimensions of the
vacSum container, gas behavior is dominated by inter-
molectlar interactions. These interactions, resulting in
\riscurs forces, ensure good communicaEon among all
Iegrons of the gas. At high pressures, a gas behaves as a
homogeneous fluid. When the gas dersity is decreased
to the extent that the mean free path js rnuch larger
than the container, molecules rattle around like the balls
on a billiard table (not a pool table, where the ball

fLt"tr""- 
I ; ft3min - t ("f-)]

vacuurn pump is specified by the
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speed measued ai its inlet;

^ d17
Sr=i  (atpumpin let ) .

The mass rate of flow through a vacuu.m system is
proportiond to the throughput:

g = fS (torrhtersec - r; torrdm).

To determine the throughput it is nec'essary that the
pressure and speed be measnred at the same place,
since these qrrantities vary throughout the system.

The ability of a nrbe to trarsmit gas is characterized
by its cotductarce C. The definition of conductance is
andogous to Ohm's law for electrical circuitry. The
througbput of a tube depends upon the conductance of
the tube and the driving force, which in this case is the
presnrre drop across tie hrbe:

?:  (P,  _  P)C (Pr ,  P) .

Notice that conductance has the same units as pumping
speed.

32.2 Network Equatlons

A complicated networt of tubes can be reduced to a
single equivalent cronductancr for the purpose of analy-
sis. In andogy to electrical theory once again, a number
of tnbes in series can be replaced by a single equivalent
tube with cpnductancre Cr.l* glven by

t l l l
C -  c ' * 4 * 4 *  " "

A parallel networt con be rcplaced by an equivalent
conductor with conductance

Cpr.tlrt - CL+ C2+ Ca +' " '

3.2.3 The Master Equation

By use of the networt eguations given above, an entire
vasuuin system can be reduced to a single equivalent
conductancc leading from a gas source to a pump as

Figure 39 .{nalytical representation of a vacuum system.

shown in Figure 3.2. The net speed of the system is

s : 9-  
P r '

and the speed at the pump inlet is

I
i f-s R

o=J c(a-e.i
f e . D

.  - 9_e p2

Notice that the throughput is the same at every point in
this system, since there is only one g:$ source. The
throughput of tbe conductanc.e is

g_ (& - pr)C.

Upon substitution for P, and P" from the previous two
equations, this equaEon after some rearrangement be
comes

This is the master equation that relates the net speed of
a system to tbe eapacity of the pump and the conducr
ton leading to the pump. From th;< equation we see
that botb the conducance of a s'4stem and the speed of
the pump exceed the net speed of the system. In
vacuum-system design, economics should be considered.
The cpst of a vacuum pump is usually greater than the
cost of constructing a tube leading from a vacuum

l l l
- s - + -
s s,, c'
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. container to tlre pump. In orrder to achieve a giwen n4

speed for a systcm' it is tlsually mct economical to

design a system whose equiralent cpnductance exceeds

the Lquired net speed by a iactor of three or four so

that the speed of the pump need only excted the net

speed by a small amount'

3.2.4 Conductance Formulae

In tl're viscprrs flow reg:ion the cpnductance of a hrbe

clepends upon tltc gas pressue and viscosity. For a tube

of circular cnxs section the conducttqce for air at

20"C is

c'$oFP""litersec- r'

when the diarlretcr D and lengti: I of the nrbe are in

centimeters, an'J the average pressule P." is in torr. this

equation is uscfirl for determining the dimensions of

roughing and forcpump lines. Ebows' bends and joints

in a tube will redrrce the conductance, but since con-

ductors are usrally overdesigned, it is sufficient to con-

sider only the sirnple cylindrical tubes in a network and

ignore the jtrnctirlns between these tubes'

In the molccular-Ilow region cunductance is indepen-

dent of pres$rrrc. Frlr air at 20"C the csnductance of a

tube of circttlar crrlss section is

c'L2+ [tersec- r,

when the diamctcr and length iue mea.suld in centime

ters. This eqrutiorl is usefuI in determining the dimen-

sions of a high-vacrrtrm chamber and the size of the

tubes leading from the chamber to a diffirsion pump or

ion pump. As art example of poor design consider the

case of " r".,,,,rn chamber cpnnected to a l0Glitersec- I

&ffrision pump by a tube 2.5 cm ia diameter and l0 cm

Iong. The net speed of the pump and connecting tube is

I  L  I  \ - r
t : (  m-15 l  

: 16 l i t e rsec - ' '

The pump in this case is being strangled by the connect-

ing tube. C<.rrrsider also the pressure &op across tJre

q@. Since the throrrghput is a constant, the presnue a
the inlet of the hrbe P, is related to t}e pressure at thr
inlet of the pump P, by

S& - 5oP2;

thus

Pt sP
_ - _ _ h

P 2 s - '

This result indicates the importance of proper location
of a pressure gauge. In this case a gauge at the moutl of
the pump would indicate a pressure six times lower than
the presnrre in the vaorum container.

In the molecrrlar-flow region the crnductancc of an
apertule for a gas of molecular weight M is

litercc- l,

where A is the area in cme. This equation is rxeful for
determinlng the rate of gas flow into a racuum chamber
through an aperiue in a gas-filled collision chamber or
ion source.!

There is a transition rcgion bewen the viscous and
molecular flow rsgs.t where the mean free path ap
proximately matches the dirnensions of the container.
Any mathematical description of this region is difficult.
In most vacuum systems tle transitjon region rs encoun-
tered only briefly during pumpdown from atmosphere
to high vac'tturn. The formulae for conductance in the
molecular flow region will give a conservative estimate
of the conductance in the transiEon region.

3.2.5 Pumpdown Time

The tirne regurred to pump a chamber of volume V
from pressure Pn to P is

1 : n o V ' ^ P n' z . r J :u t7 ,

assuming a constant net pumping speed and assurning
no addiUonal gas is admitted to the system. A r.vpicd
high-vacuum system is rough-pumped to about 5 x l0 

- 3

t  t  tL /2
c=s.z l*)  A
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torr with a mechanical prrmp and then pumped to very
low pressun:s with a dilftsion pump or some other
pump that work effectively in the molecular flow re
gion. The pumpdown calculation is performed in two
steps corresponding to these two operations.

3.2.6 Outgassing

The rate of evacuadon of a chamber at pressures below
I0-6 torr is not controlled by the p*niing rp*a of "
system-but rather by the rate of evohdon-of gas from
the walls of the chamber. Stainless steel outg;asses at
about l0 - 7 torr[tersec- t cm- 2 after an t r,rr of pump
ing- More than a day of nuglinS ,nay be ,"qir"d io
reduce this rate below l0-8 iorrlitersrc-,"*-2. Th.
ryt_e of outgassing irom metal surfaces can be consider-
ably reduced by baking to drive out adsorbed gases.
Plastics and elastomers outgas at as much as l0 - s
torrlitersec- lcm- 2 after an hour of prunping, and as a
result such materiais are not suitable IL;.ip*
below l0-7 torr.

, Consider for example the problem ef 6fiarainirrg 3
base pressurc of lO-7 torr in a stainless+teel chamber.
If the outgssing rate is l0-8 torrliterr""-r"*-r, "
punping speed of 0.1 litersec- r for errery ccf of nrrface
is requircd. For a container 30 cm in dianeter and 3O
gn high, a pumping speed of 400 litersec- r is needed.
Tl$s p:€d is qpical of a diffusion pump withi nomind
*in. iniet port.

3.3 PRESSUREMEASUREMENT

The pressure witbjn a \racuun slrstem may vary over ten
or rnore orders of magrritude. No one gauge wi[ operate"y tbt grcat r"nge, and thns ,i*i,yrt"ro, "o"
eEripped with several different getrg6.

3.3.1 MechanlcalGauges

The simpJest pressrre gauges are hydrostatic gauges
l"h o the oil or merlcury manometer. A closed<nd
U-tube manometer nUoa *iit "r"r*ry i. ,rr.fJ aolrnn ,o

di-n- lu ! . r I
Oeto i l  

-

Oc to i  l  -S
DC-704
Dc-705

OPEN DURING
OUTGASSING

T R A P  o F  S U F F T C I E N T
VOLUME TO CONTAIN
FLUID

HEATTNG TAPE

o tL  DeNSt r tES  (ao .  c )

phtha la te  I .O44Em crn- !
o . 9 8 3 -
o . 9 t z
, . o 7
f . o 9

$e,tte f-f Oil maaometer. The trap is iatended to conrarntbe oil in the eraot tbat the b*-i*"ur "rii Jr *,.
maDomcter is accideutally opeocd to tbe atmosphere.

l. ,grrj Diffirsion-purnp oils nrch as Octoil di_n_butyl
phthalate, or the Dow Corning si[cone oils DCTGI or
DC705 may also be used as manometer flujds. Oil_filled
manometels rnay be used down to O.l torr because the
oil density is much less than that of mercury. As shown
in Figurc 3.3, an oil manometer should be made of glass
n$ing of at least l-cm dianeter in orrder to reduc the
effecB of capillary deprcssion. To prevent oil adhesion
t-o- the walls, tfe manometer stroula be cleaned with
dilutg HF before $lling. Becar.rse air ii somewhat sohrlile
in oil, a heater is usually provided to outgas the oil pnor
to use.3 Several manometer designs haie been denel-
oped to increase the surface area of oit erposed to the

I
7
I

I
I
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vacuum in order to hasten outgassing.{ Bot}. oil and
mercury manometen will cpntaminate arracuun system
with vapor of the working fluid. U this is a problem, a
cold trap is placed between the gauge and the system to
condense the offending rapor. Mercury in a manometer
can be isolated and protected firom chemical anack by
floating a few drops of silcone oil on top of the merorry
column. t

The Mcleod gauge shown in Figure 34 is a
sophisdcated hydrostatic gauge and is sensitive tb much
lower pressures than a simple U-nrbe manometer. In a
Mclrod gauge a sample of gas is trapped and cpm-
pressed by a known arnorrnt (tlpically 1000:1) by dis-
placing the gas urith merorry from the original volume
into a much smaller volume. The pressure of the cpm-
pressed gas is meastred with a mercury manometer and
the original pressue determined by rse of the general
gas law. Of course, it is not possible to use a Mcleod
gauge to merslue the pressure of a gas that condenses
upon compression. With care a highquality Mcleod
gauge will provide acEuracy of a few percent down to
about I0-{ torr. Some gauges can be used at even
lower pressures, but it is nec.essary to crcnsider tJre error
caused by the pumping action of meranry vapor stream-
ing out of the gauge.s the useful presilre range of any
one llcleod gauge is limlted by geometrical constraints
to about four orders of magnitude in pressure.

The ltcl-eod gauge is constructed of glass and is
easily broken. If the mercur] is raised into the gas bulb
too quickly, it can acquire sufficient momenhrrn to
shatter the glass. Wben a gauge is broken, the extemal
air pressure frequently drives a quantity of merotry into
the.vacuum system. For this reason it is wise to place a
bdlast bulb of sufficient volume to contain the mercury
charge of the gauge between the gauge and the system.

A number of different gauges depend upon the flenue
of a metai tube or.tiaphragn as a merlsure of pressr.rre.
In the Bourdon gauge, a thin-wall, curyed tube, closed
at one end, is attached to tIe vacuum system. Pressure
changes cause a change in cr.rnratrse of the tube. A
mechanical linkage to the n$e drives a needle, which

Brves a pressrue reading on a curved scde. Another type
of mechanicai gauge contains a chamber divided in two
by a thin metal diaphragm. The volume on one side of
the diaphragm is sealed, while the volume on the otler
side is anached to tie system. A variation in pressure on

TO VACUUM
.SYSTEM

I MERCURY RESERVOIR AND
I DEVICE FoR RAlslNe MERCLJRY

Figrre 3.4 Mckod gauge.

one side re}ative to the other causes the diaphragm to
flex, and tlr.is movement is sensed by a system of gears
and levers, which drives a needle on the face of tl:e
gauge. The precision of these gauges is limited by
hysteresis caused by friction in the linkage. To over-
come tiis friction it is helpful to gently tap the gauge
before making a reading- Unlike the liquid manometer,
mechanical gauges are not absolute gauges. The pre*.
sure scale and zero location on these gauges must be
cdibrated against a Mcl-eod gauge or U-nrbe manome
ter. Mechanical gauges are usefuI dowrr to I torr. They
offer the advantage of being insensitjve to tJre chemical
or physical nahue of the gas. Excellent mechanical
gauges are manufachrred by \4'allace & Tiernan and by
LeyboldHeraeus.

A recent development of the diaphragm gauge is the
capacitance manometer, wherein the diaphragm is one
plate of an eiectrical capacitor. A change in the dia-
phragm position results in a change in capacitance,
which is detected by a sensitive capacitance bndge. The
MKS Baratron capacitance manometer is ciaimed to be
accurate to a few Dercent at I0 

- { torr.
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3.3.2 Thermal-Conductivity Gauges

The thermal conductivity of a gas decreases from some
constant value above I torr to essentiallv zero at about
l0 

- 3 torr. This change in thermal conductivity is used
as an indication of pressure in the Pirani gauge and the
thermocouple gauge. In both gauges a low-temperature
f:.lament is heated by a constant current. The tempera-
ture of the filament depends on the rate of heat ioss to
the surrounding gas. In the thermocsuple gauge, the
temperature is determined from the e.m.f. produced by
a thermocouple in contact with the filament (Figrue
3.5). In the Pimni gauge, a change in temperature of the
filament results in a change in resistivity that is detected
by a sensitive bridge.

The pressr:re indicated by a thermocouple gauge or a
Pirani gauge depends upon the thermal conductivity of
the gas. They are g5rrrlly calibrated by the manufacturer
for use with air. For other gases these gauges must be
recalibrated point by point over their entire range, since
thermal c'onductivity is a nonlinear function of pressrre.
In routine ue a thermd-conductivity gauge can only be
expected to be accurate to within a factor of two. This
ac{urircy is adeguate wheu the gauge is used to sense
the foreline pressure of a diffirsion pump or to de
termine whether the pressre in a system is sufficiently
low to begtn diffusion-pumping. The principal ad
vartages of these gauges are their ease of r:se, rugged
ness, and low cpst.

3.3.3 lonlzationGauges

In the region of molecular floq pressure is usuaily
m91ugd with an ion gauge. In this type of gauge, gas
molectles are ionized by elecuon impact and the result-
ing posiEve ions are collected at a negatively biased
electrode. The curent to this electrode is a firnction of
pressure. There are several tlpes of ion gauges, differing'
primarily in the mecbanism of electron pmduction. The
rnost common gaute is the thermionic or hotathodS
iodzation geuge, shonm schematically in Figurc 3.6.
Electrons from an electrically heated filament are accel-
erated through the gas toward a positively biased gid.
Ions are collected at a central wire, and the positive ion

Figure 35 Thermocouple gauge.

cu:rent is measured by a sensitive electrometer. These
gauges are useful in the l0-3- to i0-e-torr range. The
indicated pressure depends upon the ionization cross
section of the gas. lltren a gauge calibrated for air is
used with hydrogen, it will read low by a factor of 3.
With helium, it will be low by a factorof 8.

Ion gauges have tlre sometirnes useful and sometjmes
detrimental property of fi:nctioning as pumps. This
pumping ac6on resrlts from two mechanisms. Ions
aceelerated to and imbedded in the collector are effec-
tively rernoved from the system. In addition, metal

Figure3.6 BayardAlpert
gauge.

type of thermionic ionization

T H E R M o c o u P L E
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a
evaporated from the filament deposits on tJre ralls toproduce a clean, ciremically ""Uuu *rf".. that adsorbsnitrogen, oxygen, nnd *ater.1t pr€ssur6 ;i;;J;_";,".T 

.,hot pnrnping action creati " ;r;; gradient,which.causes the gauge to indicate a;r*r,r* differentfrom the pressure in the system to which it is attactred.Ol -&u other hrnd, it is possible 
t" n *nlr_Af systemso.lely with ar ion gauge.-Tlpjca[i[;;;;rg speedof an ion gauge is Oe Ut"ir""-i i"r'lrr"i"len it isopented with an electron+missioo *o,'i lo mA.At low pnsssures the- aceuracy "a;;; gauge isimproved if tbe elecuodesurfaces *d;;;; wals areperiodically outgassed by heating with most .ommer-

:3 
g":,g* &is desassinc is accompG; t heatingthe grid to incandescnee by passin;;-";. cunentthrough it.

Orher t11pes of ionization gauges inctude the cdd-
Tthg" gauge (penninC CauCe) and the AJphatron. In
-s: T: ry?e a magneti-caly;G;;;;;" is c.on_tained benveen nvo elecbodes "a-JiG*ra*a
Molecules in tbe discharge are ionized and collected toproduce a measurable orrrent. m*" s"c* L *"frrtbetween l0-2 and 10-6 rorr. t -,!; fiiHn e",rg.the ionizing electrons are produced ty;;;; sourc?.
*:fl{"*n rauge op"ote, u"*"J,, "i"rpiere andl0 - " torr.

, 3.3.4 Mass Spectrometers
illass spectnometersrmay be used to determine the partial pressnres of residuai-gasa;;;";;d to deterIeaks. Residuakas analizen GaAr;-; be of th,magnetideflection, Eraa*pofu, ur"".f_nigirt, r.f., ocycloidal t1pe, but most clmmercial RG.d are_ of thrfirst nvo gpes. Trcically 

F*;"""*;; the rangcof I to 200 anu and 
ry detect p.rtirt-p-lLro. ". to*as 5x lo-13 ton Fixe&focrrso,Jo ffiurers set tcdetect hetium are widety *"d ;;lJ;;1eat-J*-

tors. Leals are located by nonitoJg ,nu-fr"U,r_ **cenhation within a **u1n system while the enerior of
1: *"T I pTu"a with ;;n il;ii"uo,. rrucletecdon limit of these deviccs is of 

'the 
oJ", oi f O _ ro

torrlitersec- I.
The pn:ssure rans6 h y!"f, tle narjous gauges areuseful are showa in Figue S.Z.

3.4 VACUUM PUMPS

Y*u5n purnp;, Iike pressure gauges, operate in alimited pressure range. In gu""*r,T p"rilo-f;, ooura,oin the viscor.rs f,ow igion *iff ,o.oiraiJii-O",ol*_

Figure 3.7 Operational pressure
ranges of common gauges.

to-ta l d e
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ular flow region and vjce versa The useful range of apump is also iimited by the vapor presflre of thematerials of construction and O" *orking fluids \{.ithin
the pump.

3.4.1 Mechanical pumps

T" p-np most commonly used for attaining pressures
down to a few millitorr is the oikealJ -Lry o*npshown 

;ghematically in Figrre 3.g. In ,f* O*O a rotor
tu:as off+enter within a cytindrical ,t"to" n. interjor
of the pump is divided into two volumes bf spring_loaded
vaaes attached to the rotor. Gas from tle-pump inleteDterr one of these volumes and is compressed and
,forced through a oneway valve to O" "*ir.ri"t. The sealo€Ewgsn the valgs and the stator is maintained by athin film of oil. The oil used in these ilmps is agoodqudity lubricating oit from *hj"b;"-;igh_t?por-

pressure fiacdon has been removed. These purpp. " I"lso made in a fwlstage vesion in which *.l"Pt 
t

wlln rotors on a common chrfr ^*-r^ ,- ^^-^l lu'ntl

Figure 3.8 Two-raag oilsealed rtary p.mp.

with roton on a cpmmon shaft operate,r""", #,lpumps to be used for pumping condensable;;1
provided with a gas ballast. Th$ is a valve "il;]j
arr to q: compressed gas iust prior to the exhaust..,.,,)
This additional air causes thi exhaust "";;;; ::,before the pressures of condenjabl" ""*"-""";;*i
vapor pressure and thus prevents th;* ""p; il;r|condensing inside the pump. 

l
. Oil+ealed rotary pumps will operate well f I
the inner **"Ja-o not rust and the "u ,ni;rtiffJ,
lubricating properties. It is wise ,o tu"r," ,h;-^----',u,
operating continuo,xll, so that tlre oil ""r, ,iirlT*.
ory. ror storage a pump should be fiUed with "J;ii
and the ports sealed. In use, "n in"r*" in 

-ttre 
lowest iattainable pressure (the base pressure) indicates tf,"t fio Ioil has been contaminated with "of"tUu i"t"ri"lr. il :dirty oil should be drained wfrile tl.re O"-p i, *"*,. n. ,

pump should be filled with new ,if, *" l.
minutes, drained, and refilled. 

rr sevehl 
i

Rotary punps are available with capacities of f ts I500 litersec- r. A singl+stage pump is usefuI down to 59 r.mtorr, and a twlstage punp to 5 mtorr. Tpicat pu*or. i
l** of a singlestage ny_a 11j1aic"t"a Uy tf,. p*p
ing*peed ctrve in FigUre 3.g. With " t*oo,.g. pump, abase pressure of l0 -. torr can Ue actrierrea1?,"i " il"ipurnping time if the back diffusion of oil vapor from theprunp is suppressed 

?t *9 of a sorpEon or Uguid-air
trap on the pump inlet. This is a simple sch"me fo.evacrrating small spectrometers and Dewar flasls orother racrrurn-t,"e th;rrnat insnlators.

The exhaust gases from an oilsealed mechanicalvlcuutrt pump contain a mist of fine droplets of oil This
:il :y"!_f especialy dense when rh" i;L; ir"ss,rr" i,in the 200- to 60o-ton range. The oit droplets areextremely small, usully less thar, S rnicrons. Over theclurse of time, this oil settles on the purnp and itssurroundings and collects dirt and grirr. i;herrnore,
breathing the finely dispened oil mly in;u.Je open-tor's lunp..Most prrmp manulacturers market filten to
:ope toi$ this problem, and their *. i, ,r"o.mended.
An excellent system of coalescing_tpe flien-is manu-factured by Batston, Inc. These fiI.;;;; ;e droplersto accumulate into large drops, which ,* off in,o .
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sump at the lxr$om of the filter housing. Fitungs are
available to irrst.rll these filters on most pumps. An

alternative sohfion to the pusrp+xbaust problem, par-

ticularly when prrmping toxic gases, is to vent the pump

into a fume hood in the lab. Exhaust lines can be made

of PVC drain pipe available from plumbing suppliers.
In onder to achieve high ptnnping speeds in the IG to

10 
- 2+otr reglon, a Roots bloux, can be used in series

with an oil-sealed rotary puslp. As ilustrated in Figrrre

3.9, these pllmps c'onsist of a pair of $uDterrotatin&

nrolobed rotor on parallel sbafts. BotaUonal speeds are
about 3000 rpm. Iherc is a dearance of a few thou'
sandtbs of an inch between the mtors themselves and
between the rctors and the hosing. The mughing pump

in series is reqrrired l*cause tbere is no oil present in the
Roots blowcr to attain a seal at hlgh Pressute. A Roots

blower orpvidcs a compression ra6o of the order of
l0:1, and hcncc the speed required of the backing
pump is c.crrespondinfly lower th"'l that of the blower.

Roos pumps are available with displacements of a few
hrurdred to a few thousaad liters per second

There are now conrmercially arailable medranical
pnmps, eilcd ttpbafutdtzgp?,stups, u&ich operate in
the nolecular flow regime- In these punps one or motte
bdanced rotors tum at 20'000 to 50,000 rpm within a
sloned stator. Ttre edge speed of the rotors approaches
molecular veftrcities. When a molectle srilces a totor, a
significant cotnponent of momentum is transferred to
the moleculc in the direction of rotation. This trans-
ferred momcrttttm @Ltses mole$les to move from the
pump inlet toward the exhaust The most common
version of this prrmp sthe tu$omobalatpqng w-hich,

like a turbinc. hrrs a series of rotors with obliqug radial
slos turning beh'r'een radially sloned stators. These
pumps achicve a compression ratio of up to 106:l
provided thc outlet Pressure is kept below l@ mtorr.
This requircrnent means that the turbomolecular pump
must be nrrr in a series with a conventional rotary
pump, which is referred to as a backit4 putnp or

forqurrp. Tlre forepump, punping directly through the
turbopump. can be used for inidd roughing of a qystem
from atrnosphere to l0-r torr. In this capacity the
rotary pump is referred to as a toqJing pump.
Turbomolecrrlar pumps are available with capacities of a
few hrradred to 10,000 litersec-'. Th"y have tJre ad-

Figure 33 Roots blower.

vantage orer diffusion pumps of providiog an oil-ftee
and merory-free vacuum. Their main disadvantage is
cost. For companble purnping speeds, turbomolecuJar
pumps c.ost about ten times more than diffision pumps.

3.4.2 Vapor Diffusion pumps

In a diffi.sion pump, gas molecules are moved from inlet
to oudet by momenhrm fansfer from a directed stream
of oil or mercury rapor. As showrr in Figure 3.10, the
working fluid is evaporated in an electrically heated
boiler at the bonom of the pump. Vapor is conducted
upward through a tower above the boiler to a nozzte or
an array of nozzles from which tle vapor is emitted in a
jet directed downward and outward toward the pump
walls. The walls of the pump are cooled so that mole,
cules of the working fluid vapor condense before their
motion is randomized by repeated collisions. The pump
walls are usr:ally water-cmled, dthough in some small
purnps they are air-cmled. The condensate nns down
the pump wdl to rehrn to the boiler.
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Figure 3.10 Dffusioa prmp.

As indicated by the pumping*peed curye in Figure
3.10, the pumping ac6on of a diffusion pump begins to
fail when the inlet pressue iacreases to the point where
the mean ftee path is less than the distance from the
vapor-iet nozzle to the riall. When this oc.curs the net
downwar,il momentun of rapor molecr:les is lost and
the rapor begins to difft$e upward into the r€c.rnun
system. Dffusiou purnping of a system may be initirtd
at 50 to l(X) mtorr, but the rystem preisurc should
guickly fall below I mtorr or the s;rstesr may become
significantly contaminated with the vapor of the work-
ing fluid- Oil diffusion pumps sut nm against an outlet
pressure of 300 to 500 mtorr, ald mercury pumps qrn
tolerate an outlet prcssure of a few torr. Thus these
pumps must be operated in series with a mechanicat
forepump. The pump speed is insensitive to foreline
pressure up to some cridcal pr€ssure. If this cridcal
pressr.tre is exceede4 the pump is said to stall. Stalling is
a disaster, because hot punpf,uid vapor is flushed
backnards througb the pump into the system.

Oil diffision pumps rse low-vapor-presnrre hydrs.
carbon or silicune oil as the worldng fluid. Hydrocarbsn
oils are sublect to cra&ing and will oxidize if exposed to
air when hot. Silicone oils are much Iess subyect 1s
chemical reaction and may be exposed to air when hot.
Silcone oils are poor lubricants and thrs should be.used
with a foreline trap that prevents their entering the
backing pump. Many hydrocarbon oils have rhe ad
vantage of being much less expensive than silicone oils.
The absolute lowest pressure atainabie with an un-
trapped diffirsion purnp is the roonrtemperature vapor
pressure of tbe working fluid. The vapor pressures of
some cornmon pump oils are given in Table 3.2. For
operation at prcsures below l0 - 7 tor, and for a rea-
sonably oil-'free racuum environment, a vapor trap must
be placcd immediately above a diffusion pump. Vapor
traps tie up oil molecules by adsorption or condensation.

Merury as a punp lluid hes the advantage of being
chemically inert and is used in systems where hydro.
carbon conamination is ruracceptable. Mercury diffu-
sion pumps can tolerate inlet pressrres ten times greater
than tlp maximnsr inlet pressurc tolerated by oil pumps.
In addition the critical forcline pressue for a mercury
pnnp is much higher. Ilowever, the roorn-temperatue
vaF)r prcsstrre of mercnry is about l0-3 torr, and thus
an inlet cold trap is required to condense mercury vapor
in order to achieve system prcssut€s below l0 - 3 torr.
Merorry axnalgamates with many metals and dloys.
partiadarly brass. Merarry rapor is toxic, and cane must
be taken to properly trap and vent the backing-pump
edteust

To attain pnrsurcs in the l0 - 3- to l0 - e-torr region,
difh:sion pumps are the simplest and least expensive
route. Rrnpe $,ie speeds of 50 to 50,(X)0litersec- I and
with nominal inlet port diasreters of I to 35 in. are
available. Diffrsion pumps are crnstnrcted of Pyrex
glass, mild steel or stainless steel the lets and towers of
putrrps with steel barels are ahrminum. The choice of
glass or steel u*ally depends upon the material that is
used to coDstrlct the racuum @ntainer, although it is
dso rcla6vdy simple to mate glass to steel with an
elastomcr gasl€t or tlrough a meal-teglass seal. For
tbose systerns that ale intended to handle reactive gases.
glass is the preferrcd materid. However, glass pumps
are available only in small sizes.
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3.4 VACUUM PUMPS

I'bKE 3.2 PFOPEBTIES OF DIFFUSION'PUMP FLUIDS

li ame ( chernical c otrycsition)

Approxiatate
Roon-Tenwratwe

Vapor Fcsstne
(tor)

2 x l 0 - 3
2x l0  

- '5

3 x l 0  
- 7

3 x I O  
- 8

l0  
- {

S x l o - 7
3 x l 0 - e

l 0 - 8
5 x l 0 - 7
6 x l 0 - E

l o - e

The sorbent is init'ully activated by baking to 300oC.
After several punping cydes the pores of t}e sorbent
material will become "logg"d witl water and the ef-

BoilingPoint
at I Torr

("c)

(\{ercury)
( Di-n-butyl phtbalate;
Octoil {di-gethyl hexYl Phthdate)
Octoil-S tdi-2+thyl hexyl sebacate)
Convoil-I0 (saturated hydrocarboo)
Convoil-20 (satnrated bydrocarbon)
Convaiex-I0 (polfrpbenyl ether)
Neovac Sy (dkyldipheoyl etber)
D.C.7U2 (sihcooe)
D.C.704 (sihcone)
D.C. 705 (silicone)

r20
140
w
210
150
190
?&
2n
r80
210
2*

3.4.3 Sorption PumPs, Gettqr PumPs,
Cryopumps, and lon PumPs

A variety of vacuum Pumps remove gas ftom a system

by chemically or physically tying up molecules on a

zurface or by trapping them in the interior of a sobd.

Two of the principal advantages of these Pumps are that

they regr.rire no backing pump and tley contain no

fluids to contaminate the vacuum.

The simplest of this class of pumps is the sorpfion

pump.illutrated in Figure 3.11. The sorbent material is

activated charcoal or one of the synthetic zeolite materi-

als known as molecular siares. These materials are effec-

tive sorbents partly because of their huge rurface area.

which is of the order of thousands of sqr:are meters Per
gram. The rnost common molecrrlar sieves are Linde 5'{

or 13X. The number in tlre sieve code specifies the pore

size: 5.{ is preferred for air pumping, while l3X is used

for trapping hydrocarbons. All of Oo. *"r.ti2i5 will

pump water and hydrocarbon vaPors at room tempera-
ture, but they must be cooled to liquid-nitrogen temP€r-

ature to absorb air. Sorbent materials do not trap

hydrogen or hebum at hguid-nitrogen temperature' In

some cases, tlerefore, the pressure of hydrogen or helium

in a system wlll establish the lowest attainable Pressure'
Sorption pumps mr:st be provided with a poppet valve

because the sorbent material releases dl of its absorbed
air as it warrns to room temperanre.

l z
32

5A  OR t3X
MOLECULAR
SIEVE

RUBBER 516ppER
POFPET VALVE

ESS STEEL

STAINLESS-STEEL
MESH

COOLING F |NS
BENT UP FROM
COPPER gHE=T

L IOUID-N ITR ,OGEN
DErv4q

Figure 3.ll SorPrion PumP.
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slass insulation. custor*-m"d" l,""ting ,n"i,r., *"-L- fi 6 { lil 
erecrnoo€i

**1:gf.:"irvr-.,h"chJ"ia;;;;' * 
t "{ r/F- "...RExIn a welldesigrred pump, -* g of ary ra,a[i'*,I ll : f S:-- 

ts\rF E'

lpf :J{ter,volule from atrnosphere . r*r ,i,J ll' I I >-.-Ll-'o s..srE,".

system that has been rougbed do..rn. A ,irrri" ;;'; 
u

:*:,'3::X 11 
'".?o* d;;;;G Fisrre 3.I2 simpre titanium subrimation pump.

r0-2 torr in about 20minutes. d;;;;';;;fi li', ( 
.--F

iessred-t9 provide gmd thermal *""-"iili** ,r," l|,], [ (
sievs s116 the coorant' * q: Try,-' o;;;;-;JJ {l,([ \ i,l _rEEl?.ntrs,=?fEEF+A#.."ffiffiff; f ;'ffi? tr,*i#""F \ &/ iHi* fugl*^*i=r:rhe pump. pt;-G-b"t"w t0-6 may be "*ffil': 

=V: crRc-LrtrrNq-gLs-sf-cioi

several punps with appropriate "a"iog so that one 
rssg'r.Lre. psrnp.

pump is used as a rougb pump and *&rri"u pumpsare trsed at lower pr€ssures. 
J in conjunction urith 

_1 small ion pump tlclean surfa*s or t"r"""to'y metals nrch as titanium, :#i", ""re g:!ses, or if, as wiu be described in a ramolybden'4*dt*,orzirconi'mwillpumpNz,02; 
,*J*,1,r, used to prrmp a system that has beco2, H2o, and co by chemisorpcoa.Hi-pr"""r, 

i pr,'gd or ,oert gases prior to evasrauon-and gdtating. Iu a gettcr prary, tie active^ metal 
-X, 

"rt"* ;lt J ;"i:r.o for a gas t5at eostrrface is produced in ouu' As ilii'rre 3.r2, a a"rrl "r-,h"-.�";;;*i i'*" * A prunp ursimple pump can be made Uy ,rrrappiag Ur"oirr, ,oir" *U* prir"".,il, "prr;;;tion on a cold n'facearonnd a tr'gsten heater filanent ;;; ir; cl""r ;;"; "ryoporri.commercial versions of these prqlbulb' The filament is electrically tot"a toli"po,"t" tr,u hi**" a crosed-circ'it trairrcr refrigerator to setitani''' whicb in tnm condenses on the *als-;i;; t"""fi"-ortao* working tempentures arc tpicarbulb' This pumP oPerates effectivetv between lo - 
j 

;; il;; K These pr,orps ,ri,"ny employ two stages. Il0 -' torr' The titani'' suace m'st be renewed at a ,u"-t*i *s a metar ffface is rnaintained at 30 to Srate rcugbly eq'al to the nte at n&ich a monolayer of *;"; water rapor, carboa dioxide, and tbe m4.gas is adsorbed Dorm to I0-7 rorr th" flr.6;; i_i#""oof air.fberu_iJ*,'maintainedatl

:f:*-#:#l$ HS; Hl"#il ;f ffi i *.ry. *a " "'yL,t* ;;nJ;;,
u6uT nrblimation prolp is about 3o-ioitite, p", hetium. c:^lTl!: 

pT?Tq 
9f neon' hvdrqsen, anrgram of ri A forep'urpis not reeuire4 b"il r*,*u_ ;;;;[:HffiH:fffif:rffi;I*

ry;r;HT":it#"t jil"3'i;* to reach " ;;oii5od, "r' o" e,,;,tyand recent historyo
-ffi*ffi3#flffiT-T, * *r#*o*ffi,"* 

;;, punpins w*h th,coored r" rh;-;;;;'-.or uquid ;*r;11,"f;,J'J ilH'ilffi:lH:t:r?*#n:ra: -x*carbons and argon are adsorbed' e u""tt-'l'tir"*u* irt"il**n a stainless*teer anode and a titaniunPurtrp cen be usd to achieve aa 'Iuahigb-"acoum ir it *,h;". r:h" disctrarEe is initiatea by fierd emission
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Y t c
when a potentid of about 7- kV is placed acoss the
elecuodes. After the discharge is sEudr, a current{imited
power nrpply maintains the discharge rate at 0-2 to l.S
A, depending on thC size of the pump. Inertaas mole
cuJes, and otber molecules as well, are ionized in the
discharge and accelerated into the cathode with suffi-
cieut kinetic enerry tbat they ale pennanently buried.
Active gases arc chemiso$d by titanir:n tbat bas been
sputtered off the cathode by ion bombardment and
deposited on the anode. Ion pnmps operate between
l0-2 aad lO-tl torr. hrnps witb Aeeds hom one to
mauy thonsands of liten per secoud are arailable.

Ion pumps E$lfue no cmling water or backing punrp.
They continue p&mping by gener ac6on wen if the
power fuils. Ion pumps do not inEoducehydrocarbon or
mercury vapos into the tacuutn. The posiHve.ion crrr-
rent to the cathode of an iou prmrp is a fr.me6on of
pressure; thus the pump senres as its oqm prcssure
gauge. Ion puinps c?nnot be used where stray electric
and magne6c fields are tnacceptable. Tbe primary dir
adrantage of ion pumps is their cosL The price of an ion
prmrp with its control unit is nearly an order of magni-
hrde greater tl'.. for a comparable difitsion pustp.
However, on smdl ultrahigtlwcrrurn systems, an ion
pump may cfompete economically with other punps,
since the pump obviates the need for a pressure gauge.
The cost of a l- to Slitersec- I ion punp with a control
unit that has a pressrre readout is little more than the
cost of an ion gauge and conboller.

3.5 VACUUM HARDWARE

3.5.1 Materlals

Borosilicate glasses such as Ppex or Kimax glass are
particulady well nrited for &e constnrction of smdl
laboratory vacuurn systems. These glasses are chemi-
cally inert and have a low coefficieut of thermal ex-
pansion. Because of the plasticity of the material,
complicated shapes are easily formed. Glass vacuum
systems can be cpnsfucted and modified in situ by a
moderately cempetent glassblower. The finished prod-
uct does not have to be cleaned after working.

' Ilard dass tubing and glass \rfcuum acressories ar
inexpensiva Stopcods and Tef,oo*ealed ractnrm raive:
ball ioina, taper joints, and Gring*ealed ioiats; baps
and diffrsion pumps are dl easily obtained at low ctst
In most cases only &e glassblowing ability to mak,
straigbt butt joints aud T-seals is requir€d to make i
cumplete $.sten from stan&rd glass accessories.

Glass pipe and prpe fittings are manufactured for thr
chemical iDdustry. A rariety of standard sbapes such a
elbows, tees, aad crcssrxr are anailable in pipe diameten
of I to 6 iD" Glass process pipe with Teflon seals can tx
used to nake inapensive vecuum eqnipment for usr
dowu to l0-E torr. Carplinp are also arailable fo
joining glass pipe to metal pipe and to standard meta
f,anges and pipe fittiags, aad it is therefore easy tc
rnake a s)Etem tbat combUes glass and metal racuum
actessories.

Glass ald metal parts rn be mated through a grad<i
glass seal Tlpically a graded seal appears to be simply a
section of glass hrbbg buttsled to a secEon of Kovar
meal tube. In fact, the glass tubing consists of a series
of short piec=s of glass whose coefficients of thercral
expansion rzry in small increments from that of hard
gl,ass to that of tbe meal Craded seals are useful for
joining dass accessories nrdr as ion-gauge hrbes to metal
systems. Large, high'tbougbput glass stopcocks ale not
readily available. However, by using graded seals, large
metd vacrrum ralves can be inserted into a giass vacuum
line. Inexpensive gaded seals in sizes up to Z in. in
diameter are anailable from commercial sourcts.

Brass and clppet are rsefrrl vacuum materials. Brass
has the advantage of being easity madrined, and brass
parts can bi joined by either soft solder or silver solder.
Unforh:nately, brass contains a large p€rc.entage of zinc,
whose volatility limie the r.rse of brass to pressures
above about lO-6 tor, Heating brass car.ses it to lose
zinc quite rapidly. The vapor pressure of zinc is l0 

- 5

torr at 2(X)oC, and 2 x l0 - 3 torr at 300oC. Forelines for
diffusion pumps are conveniently crnsructed of brass
or copper tubing and standard plumbing elbows and
tees. Ordinary cgpper water pipe is acceptable for
forelines and other rough vacuurn applica6ons; however
oxygen-free highconductivity (OFHC) copper shouJd
be used for high temperature and high vacuum wor:k.
Copper can be heliarc-welded by a skilled trchnician.
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The most desirable metal for the constmction ofhigh-racuum apparatus is t)e-304 stainG steer. This
*"!"ti"l is strong, reSon-ably easy to machine, bakeable,
and easy to clean after fabricati"". S,rrrfor"teel parts
may be brazed or silver-soldered. Ipw-melting (230"C)
silver-tin soider such as StainTin f;i iA (Eutectic
welding -{Iloys co') is usefur for joining staiol"rs-rtu"lparts in the laboratory. However, it is Sest if stainressparts.le fused together by arc welding using a noncon-sumable tnngsten electrode h * d*Lmosphere.This process, known comrnonly ,. t"tir" irsion wetrC.ing oi nurgsten-inertgas GIG) weldinr,-"-dr*, "very suong joint, and, becanse no flux or *eiding rod isused, such a joinr is easily cleaned afte;;;ldj"g. Mostmaching shops are pr"p"r"a to do heliarc J"niog on "routine basis.
Type-304 stainless is widely used in the mi&_ andfoodprocessing industry. As a result rnory ,io"t shapesare cprnrnercjdly available at low crst. Elbows, tees,

lT_y: 
T s,,. and many orl.rer fitting i" ;; up to atteasr Drn. cliameter may be purchased from the LadishCompany or Alloy prociucts 

-Corlp""t.

Y-y stainless steels are oearly nonmagnetic. Ihefield produced by a piece 
9f t1.e 3iX "rt�", ,ilJining i,otr 6" order of 10-30 milligauss ", " Ao.oJ of I cm.This magnetism can be reduced " f .iifrgus byquickly heating the material to llOOoC "f,u, ,r""lir*,gand guenching in water.

Aiuminum dloys, particularly the @00 series, areused for vacuurn apparatus. Aluminum has the ad-vantage over $ainless steel of being lighter aod stifferper 
Tut weidrt, asrd much easier to ,r"lirru. tt i,

-T-llb*ty ,nonmagneric. The chief disatntages otatuminum stem from its porosity and the oSae byrrbat covers the surfacc. ib" ;";iou,g"lrg fr"rnaluminum is five to ten times greater than for stainlesssteel Wel& in aluminum are not as reliable as welds instainiess, and they tend t9 outgas _f"Uf" ,"iri*,fla,are ocduded in the weld Howerar, *t+Jiurnio*
vacuun containers can be used down to about I0_ztorr. The hard oxide laycr that fon iirtaotly on aclean aluminum surfaoe is an electrical insulator. Thisinsulating surface tends.lo collect * d*;; charge,which rnay be undesirable rn *i" "ppU*ii.s. Strav

fields resdting from this charge may be eliminated byhaving crjtical alumjnum parts copper_ or gold_plated
aJter fabrication.

M3nf Olaaics may be tued at pressures dovm tol0 - 7 or l0 - s torr. The use of O"* *"i"i:,ls rs limited
to varying degrees becarxe they outgas air and piasU_
cizers, and because they cannot be heated to- hl;temperatures. Fluorocarbon polymers such as Teflon.
Kel-F, and Viton-A. have reladv"ly to* ourgassing
rates. Teflon can withstand temfxratures up to Z50oC,and. its outgassing rate falls *e[ *]o* l0 - s
torrttersec- Icm- 2 afteran_iniUal p.mpdon* of a day
at 100"C. Unfortr.nately, Teflon is reiati"efy soft, and itcold-floua nnder mechanical pressure- fr-rfon, Delrin.
and Vespel (polpmide) "* {"nd", than'Teflon, and
becatse they are setfJubricaUng they "r, *"fuf as bear-
ing surfaces. Delrin is preferred to nylon, since nylon isquite hygoscopic and outg;asses *.,"" .r"po, a1ter each"rryyr= to air. polyimide is somewhat bygroscopic aswell, but may be batced to 2SO_300.C. ivindows in
I3*rT systerns may be made of acrylic plasUc such asPlexigles or Lucite. G€neral Eecuics ijr_ ,, a very
stron& tougb' and machinabre ptastic well srited for useas a sttchral materid or:Ls an elecUical insulator.
, 

A nariet): of low-nryEr-plgssut€ sealen and adhesives
nave racuum applicaUons. Apiezon M grease and Dow-
Corninq silico-ne high-racrrum grease are used to sealstopcocls and grund€lass tair ioine _4 rn ,orn"
yrt n5,-.r low*peedlubricanl. epi""o" wlbck waxis useful-for sealing windows to the ""d, oi glass ormetal tubes. This material melts at OO"E La has a
Yt":Tp"..-tr* \napor prcssure of about 10-6 torr.t-r)?rar ts anottrer low_vapgy-pysssute sealer and adhesive materid.
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Epo:y-resins arc particularly usefuL Epory cemen$consist of a resin and a catalytic hardener, wirich arecolbine! imnediately 
Ffo:-*. Tha p-roportions ofresin and baldener and zubsequeat curini must becarefirlly conbolled to r,h. #";;-;;;:tril "ffi:"strx,1'lT

*qry prepactcaged in the ;;t pro[*o* "ruanilable (e.9' from Tracon). Epory formr-,Iitions oitrr arange of flexibibties can be oUt"io"A, * ;;U irs oneswith high electrical or thermal "ood,r"iirriry. 
--
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3.5.2 DemountableVacuum
Connections

after exposure to cleaning solvents. Viton-A has a low
3!.-{ outgassing and will withstand temperatures up to
250"C. Viton-A will ta.ke a set after brLi"g. Generally,
the advantages of Viton-A Grtnp offset 

-their 
higlrer

c?st.

. .Ori"gfd{ ftangps and "guick 
connects" are easily

fabricated, and they are also "rrailable ready_made. Mat-
i_ng flanges have a groove that contains the ring after the
flanges have been pr:Iled into oontact with one another.
Unrally, one flange is flat and the groorne is ctt into the
mating flange, but flanges can be made sexless bv
cutting a groove of hatf the required depth in boti:
flanges. Tbe cross section of the groove shoutd be about
l0% greater than tie ctoss section of the Gring cord,
since rubber is deformable but incompressibl.. n"
grcove depth should be about 7M ofthe crrd diameter
for static seab and 80% of the corrd diameter for dy-
namic seah. The i.d. of the gloove shouJd match the
O-ring i.d- It is sometirnes convenient to rurdereut the
sides of the groove slightly to glve a closed dovetail cross
secdon rather than a rectangular cross section, so that
the ring is retained in the groove during assembly.

For rings up to a foot in diameter, the cord diameter
should be * in. or less. Choose a ring to fit in a groove
that is as close to the flange i.d. as possible, in order to
minimize the amount of gr trapped jn tJre narrow
space between the mated flanges. The bolts or clamps
that pull the flanges together should be as close to the
groove as possible to prevent flange distortion.

Vacuurn systems require detachable joints for cun_
venience in assembling and seMcing. There are a
tremendous variety of vacuum cpnnections, but de
mountable parts are most commonly joined by mating
flanges or pipe threads that are sealed with some elasiic
material.

Pipe threads rnay be reliably sealed with Teflon thread
dope that is dd in hardware stores for sealing threads
in water pipes. This seder consists of a thin Teflon tape
that is stretched over the mde thr€ad belore assembiv.
The tape mrst be replaced upon reassembly.

For pressures down to about l0 
-7 

tott, r,?.cuum
connections ale usually sealed with rubber Gring.
Several Gring*ealed joints are ilhstrated in Figure
3.13. Orings are circrdar gaskets with a mund cross
section. They are available in hundreds of sizes from
0.l2tin. i.d. (inner diameter) with a cord diameter of
0.070 in. (nominally * i".l to %ft td. with a cord
diameter of 0.275 in. (nominally * in.). Very large rings
may be made from iengths of cord stock witjr the en&
butted together and glued with &stman gl0 adhesive.
O-rings are made of a variety of elastomers. The most
common are Buna-N, a synthetic rubber, and Viton-A, a
fluorocarbon polymer. Brura-N may be heated to gOoC
and will not take a set aJter long periods of compression.
Linfortunately this material outgasses badly, particutarly

Figurc3.l3 O-ring-seded
vacrum cpnnectiotls: ( (, ) an
expiocled view of an O-nng-sealed
Ilange joint: (b) a flange joint:
(c) a guick connect: (d1 a
rotaring-sbaft seal.f,n

Ttffi
G)(b)
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For static seals, Grings should be used dry. Beforeassembly, the groove snouU b" "l*"J;d $e ringwiped free of mold powder *iO " fintfo, JotI. Gringsshould not be cleaned *itf, *font]iolmlung seals avery light film of grcase on the ring will preventabrasion. occasionaity. " d; ;i ;; rli u" resuiredon a static Gring to help ma.ke a s"al on an irregularsr:rface.
Meal 

-sealing materials are required for uluahigh-vacuurn (UH\D work Eastomes are ,_."""p,"bI" fo,this beca'se of their_hi*;;-il#; beca'sethey cannot be baked ,; urf i"riJ-i.J rhe mostcommon UIIV seal cronssts of a flat OnfC eopperCrrL"lFppud benveen Uif" .agol"-,fr"'i""* ol "pair of flanges as shown io fig,; g.i*. fh.." flangesand gaskeB are available torri" "u*U"r'oi _*ur"ofurers of vacuun hadnere. A rellable UifV seaf c", bemade by using a gold wire o.ring;;;" in thesame m2nner as elastomer Griog "t.� *; Th. Grirrgis made by bun-welding- U. "ia, of "l-ipropriatelengti of gold wire an{then;Jtil;t"'*loa" *,by headng it to a dun l€d;i " 
""ff 

L_" a.rlapemdtting it to cool in- air. After faUricaUo" the ringmusr be handled *a1se ,*-JJr-"*,"f,"a
Metal seals can be only used oace, since tJrey arepernanently deformed during i"".d;rie metal isrecoverable aad rnay be recyded.

STAI NLESS-STEEL FLAN6g

COPPER GASKET

HELIARC WELD

Fieure 3.la Detail of a bakeabh, ultrahigL-vaarum flange

is generally advisable t-o appJy a ligfit film of vacuungrease to.the G.ing and thi tt-r*ar-"f U*" "f"o.
Several metal vacuun 

-ralves arc iU*-*iJ h Hgur.3.16. The bellows*ealed ralve in-F6ri-i.rutot uusually crnstructed of- bTo ., ,"jril;eef and isavaitable in sizes suitable for *u o*irigli g- fo*odT",u?, to lt-in. o.d Tu ari"",*lLirno"o thusealing plate is conrained within ";;;;; stainress-steel bellorrys that rnaiar,;ns e vacuum J-while theplate moves from the open to ru a*ua pori[on. Thistpe of valve is comnonly *"d ; th; ior"L" or .diff'sion punp, but it may also be *J-Jr*"ff frrgf,.
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3.5.3 Valves

A wide wriety of valves arre arailable comnercially foruse in glass systens aad in ligb"orr'a-J'J,rrorUrfr-
lla.}. 

l. metal systems C,enerally, o*r_r-r,3trro "r"srfficieudy comolex tbat it "-rii"*r"il*f for thelaboratory scientist to undertale,h;;;;;".
The two most cummon glass ral"es are--i**,.a rn

lt^qr* 
3.15- Oae-(a) is arracuun stopcock oorsisting of

,Tryr"dg"* ptuc q/hich is mea iiti-a aX body by
_9:tT-1" rnating par6 are seated with a fih oftugD-tacutun gFeesa As shown, tnere stopcocls are d+signed so tbat atnosoheric p*r* forJtiJpfug intothe body of the ratve.lh";th;r,;"*-JJr; gpe ofglas; valve (b) has a TeflonlG rhrJd;il a gtass;body. Tbe ptug is sealed to,f"E ;i.;'Lring. It

VACUUM ON THIS
s. toE HOLDs er_uc
IN  PLACE

(a) (b)

Figure 3.I5 Ctass nolyr;alv1: (a) ralve with gtassstopcrck; (b) ratve witb leron ptug. I

f
I
i,
(
l i

fi

t

GLASS F{-UG ;F'1-8TFf.,hS=o.=



{

3.5 VACUUM HARDWARE 89

-.-- a-z -/

vacuurn q/stems. Stainless-steel, bellows+ealed valves
with Viton Gri.rgs can be heated to 200oC. Those with
polyimide Griogs can be baked at 900"C.

The gate valves ia Figure 3.lqb) and (c) are most
often nsed to isolate a diffirsion pump or ion pump from
a high-vaorum chamber. lfiese valves have very fugh
conductance becar:se of their low profile and becarxe
the sealiag plate or gate does not Sgrrificantly obsuuct
the valve aperfi[e when the rralve is open. Gate.,ralrres
will seal against atmospheric pressure in either direc-
tion, but when used to isolate a pump they are nsually
instdled so tlat aEnospheric pressure in the chamber
tends to bold them closed. The actuator may be eitlrer
bellows*ealed or O-ring-sealed. The bellows ,ol i, pro
ferred. The body of a gate ralve is cast from aiusrinum
or stainless steel. They are available with nominal aper_

Figrre 3.lO Metal hgh.vactrum
ralves: (a ) bellows*ealed foreline
valve; (b) quuter-sudqg gag6
vdve; (c) slidins*Bte ;Fe.

tnres of 2 to l0 in. to match tle inlet aperfiIres of most
dirffusion pumps.

3.5.4 Mechanicat Motton in ttre
Vacuum System

It is frequendy necessary to transmit linear or rota.w
motion through the wall of a vacrrum container. .{
simple and inexpensive linear-moUon feedthrough can
be made from the actuator mrchanism of a small bel-
lows+ealed vacuum valve. As shown in Figure 3.17. the
valve body is truncated above tle seat, a mounUng
flange is brazed to the body, and a fixnrre is brazed or
screwed to the valve plate for attaching the mechanism
to be driven inside the vacuum. hnear motion can be
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Fipre 3.17 .{ bellows+ealecl valve [Figure 3.16 (a)]
converted to a linear-motion feedtbrougb.-

converted to rotary motion inside the vacnum by apply-
ing the linear motjon to a crank through a pivoting
connecting rod. This sdreme will provide up to lg0o of
rotary motion. FuIl 3600 rotation may be achieved by
means of a system of springs that carry the cranl< over
center:Ls shoua in Figure 3.18.

Rotary mo6oa at speeds up to 100 rpm may [g
transmitted throug! an O-ring*eald shaft as in Figu;
3.lqd). These seals arc inexpensive but *"y f"il dth.
Gring becomes abraded In addition, lubricane and thi
elastomer Gring material are exposed to the vacuum.

Rotary motion may be transmitted through a
bellows-sealed wobble drive of the tpe shown in Figrrre
3.19. These drives are availabie commercially.

Moving parts can be magnetically coupied through a
vacuum wall. All tlat is required is that a maglet be
attached to the driving element and that the driven
element be made of a magnetic materjal such as iron or
nickel. Of course, the vacuun wall must be made of a
nonmagnetic material such as pyrex. brass, or type-3$g
stainless steel.

Metal nrrfaces becpme very clean in pacuo, particu-
larly after baking, and metals in close contact tend to
cold-weld Becanrse of this, urtubricated bearing surfaces
within a vacuurn system often become rrury rougir.Itu,
only a little use. Therc are a number of methods of
improving beariag performance in a vacrrum system
without introducing high-vapor-pressure oils into the

BRAZE

VACUUM

BFIAZE

NECTING FIOD

Figure 3.18. Spring arraagemeat to permit 360o rotation
ot a cranfi onven by a linear motion.

vacltuln.
lbe tendency for a bearing to gall js reduced if tbe

two mating bearing srfaces are made of different metals.
For example, a steel shaJt rotating without lubrication in
a brass or bronze iournal will hold up better tian in a
steel bushing A solid lubricant may be applied to one
of the bearing surfaces. Silver, lead-indium, and
molybdenum disrlfide have been used for this purpose.
Graphite does not lubricate in a vacuum. Mo$ is proba-
bly best. The lubricant should be burnished into the
bearing srrface. The part to be lubricated is placed in a
lathe. As the part tums, the lubricant is applied and
rubbed into the surfacr with the rounded end of a
hardwmd stick. By this means, the lubricant is forced
into the pores. After burnishing, tlle surface should be
*ipd frce of loose lubricant.

One component of a bearing may be fabricated of a
selflubricating materid such as nylon, Delrin, Teflon. or
polyirnide. Tef,on is good for this purpose, but its
propensity to cold-flow will cause the bearing to become
sloppy with time. Polyimide can be used in ultrahigh
vacuum dter baking to 250-300"C.

Bronm, Sowinslci, and pertelo have overcome the

LINEAR DftVE

CONNECTING
ROD

CRANK

I
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SLEE\/E BTARING;
LUEIR ICATE WITH 6REa.S E

STEEL BALLS

BALL  BSARINGS;  R INSE

Y,jEH'eE+E'W?rfrtoo=.
Figrre 3.19 A bellows+ealed wobbledrive, rotarry-motion
feedtbrough.

cold-flow problem in the desigrr of a drive screw for use
in a vacuum. Both the screw and its nut are steel, and
lubrication is accomplished by placing a Teflon key in a
slot cut in the side of the screw. Teflon is then continu-
ousl;, wiped onto the screrv threads as tle screw furns.

For very precise location of rotating parts and for
high rotational speeds, bal bearings are required. Preci
sion, very low-speed ball bearings that are bakeable can
be made rrsing sapphire balls nurning in a stainJess+teel
race. Inexpensive precision sapphire balls are available
from Indr-rstrial Tectonics. A ball retainer is required to
prevent the balls from rubbing against one another. As
explained in Section 1.6.1, the race must be desigrred so
that the bells rotate without slipping against the race
surface. It is helpful to burnish the race with MoSs.

For hlgh-speed applications a fluid lubricant is neces-
sary. Tbe following prclcess has been developed at
NAsA4oddald Space Flight Center.T Purchase higlr-

Sualiry stainless-steel ball bearings with side shieids and
phenolic ball retainers, zuch as t]re New Hampshire PPT
series or Barden SST3 series.-Remove the shields and

leach clean tbe phenolic by boiling the bearings in
chloroform-ac.etone, and then vacuum-dry at I00oC.
The bearings are tlen lubricated by impregrrating the
phenohc with Du Pont Krytox l43A!- a fluorinated
hydrocarbon. Imprcgnation is accomplished by immers-
ing the bearing in the lubricaat and heating to I00oC at
a pressue of I torr or less nntil air stops bubbling out of
the phenolic. After this process the bearing must be
wiped dmost dry of lubricanf The Tern'ipe Company
makes uluaclean loanr subes for this process. The
amount of lubricant in the bearing is determined by
weighing before and after impregnation. About % mg
of Krytox is reqrrired for an R4 (*-in.) bearing, and
about 50 mg is needed for an 88 (l-in.) bearing. This
lubricaEon procss should be carried out in a very clean
environment, and the bearirog should be inspected un-
der a microscnpe for dea.nliness before the side shields
are replaced. Beariogs treated iq th;c 63apsr have been
nrn at spee& up to 60,000 rpm m o(EtE.

3.5.5 Traps and Batfles

Traps are used in vacuum s)rstems to intercept con-
densable \a.pors by means of chemisorption or physical
condensation. Most high-vaorum systems have a trap in
the foreline to prevent mechanical pump oil hom back-
streaming from the forepump to the diffirsion pump. In
addi6on, a trap is usually placed between a difhsion
pump and a vacuum dramber to pump water vapor and
to remove diffi:sion-pump fluid vapors that migtate
baclopar& from the pump toward the chamber.

Foreline traps are simiiar in desigrr to the molecular-
sieve sorplion pumps previously described, except, of
course, that a trap must have both an inlet and an
outlet. Two simple ts'aps filled with l3X molecular
sieveE are illnsuated in Figure 3.20. The molecular sieve
must initially be activated by baking to 300oC for
several hours. In use the sieve material is regenerated at
intervals of about a month by baking at 100"C to drive
out absorbed oil and water. The baking may be done at
atmospheric presflue or uader a rough vacuum. If the
baking is done in atmosphere, t}re sieve should be
permitted to cool down from l0o"C in vacurun to
prevent reabsorption of water. If the baking is done in
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Figure 3-20 Two desiEes for
a moiecuiar-sieve foreiini uao.

STAINLESS
STEEL

F_Ex oara BLE c"A,EtTFr I D GE(coPPEFa SsFaEEr.r nulE=
wtrH LINDE tax)

STE'EL SPACER

BFIASS

MECHANICAL-PIJMF
INLET FITTI|\.C

(a)

srtu, as would be the case for the trap in Figure 3.ZO(a),
the trap strould be isolared fmm the didrsioo po.p
with a nlve, and the line between the trap and the
mechanical pump should be uarmed to pivent de.
sorbed vapors from coadensingia tbe foreline. rl,lso, the
gas Uat!1 of the pump should be opened q/hile the
1ar-e b baking to prevent water rapor hom condensing
in the pump.

The lowest prcssule attainable with a rwostage
mechanical purnp is largely determined by the va$r
Pr€ssure of the oil in the punp. By ,,cng a molecular-
sieve g3p in series with a mechanical purnp to remove
-o! fpor it is possible to achieve p.or-* as low as
l0 -' torr in a small s)Etem without using a diffusion
pump.

A molecrdar siwe may also be used in a high-vacuum
tnp over the inlet of an oil diftrsion pump. As shown in
Figure 391, these traps are desig3ed tl be opucalty
op:r{Iue so that a molecule cauot pass througL tir" t-p
in a suaight lbe. This precaution is necessary b.c"..sc
this tpe of Uap is iatended for rrse at pressures where
the-mean free path of a molecule is very long. To ensure
high condrrctance, the inlet and ootl* ports-should have
the same cross*ectional:uleir as the inlit of the attached
pump. AIso, the crcss section perpen&arlar to the flow
nq t!lon1+ the bap (indicated by "o "-* in figrue
3.21) should be at least as large as tbat of the idetLd
outlet ports. The molecular siera is actirated by baking
urder vaanum to 300oC for at least six hours. fhe trap
may be heated with heating tape covered with fiber-glass
batting for iruulation. Alternatively, a custom_made

WATEB-CgOLrNq
c0rLs

HeaTlF{q T4ANTLE

r3x MEOLECULAR

Figurc 33l Higb-rncrnrn molearlar*ierrc trap.

RUBE€R STOPPER

FILLER CAP

J
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FILLER TUBE TURNED DOII/N
TO AV\,ALL T}IICKNESS OF
.oto-.ot5" To REoucE HEAT
TRANsPORT

Figrrrc392 Lieuid-EitlogeDoledtrap.

mantle may be pur&asea from the Glas€ol Apparahrs
Company. The llanges of the tnp are watercpoled to
prevent overheating the seals.

The maintenance of a high-rraomm trap is different
from that of a foreline trap. A high-racuum molecular-
sieve trap is placcd above an oil diffusion pump, and a
gate valve is located above the trap to permit isolation
of the trap and pump stack from the vacuum chamber.
After the initial bakeout the pump is nrn continuously
so that the rrap is always rurder vacuum. The isoladon
valve is closed qfienever it is necessary to open the
chamber to the atmosphere, and the chamber is
rough-pumped before reopening the isolation nalve. It is
unwise to aftempt to regenerate tbe molecular sieve by
baking. The initial bake of tle sieve resr:Is in the
evolution of water vapor, but zubseguent baking will
drive out absorbed pumgfluid vapor. This oil vapor will
conderse on the bonom of t}le jsolatiomalve gate and
will be erposed to tbe vacuun whenever the valve is
open. .tter tbe inifral bakeout, the molecular sieve will

tnp oil vapor effecdvely for a period of at least six
montl:s if tt js not exposed to moist air dr:ring that
period. When the sieve becomes clogged rvith absorbed
vapor, the base pressure attainable with a typicd PumP
and-u'ap combination t"iU begn to rise. At thi< tirne the

molecular+iwe charge shouid be replaced. If it is absc
lutely nec.essary to stop the diffirsion pump, the pump
and trap should be fined with argon or dry nitrogen'and
isolated from the atmosphere in order to presene tie
molecuar $eve.

Uguid{dbogen{ooled traps and baffles are fre
quently rsed wi& either oil or merlcury diffusion pumps
to condense backsbeasdng pump ftid. A metd cold
trap is illnstated in Figule 322. These are very effec-
tive traps, but they bave the disadvantage of requiring
regular refiling with coolant. fui dternative is to fill the
trap witb a low.meltiag liqrdd sucb as isopmpyl alcohol
and refrigerate &e liqnid with an imnersion cooler. A
temperature of -4OoC is usually adequate. Wheu a
cold trap is perrritted to warm up, it must be isolated
from the \racuum chamber so that condensed material
does not migrate into tbe che'nbes. Also the trap shoul<I
be vented so that the araporating eondensate does not
build up a dangerously higb pressule.

An op6cally deuse baffle of the tlpe sho,r,n in Figrre
3.23 is r:nrally placed over the inlet of a diffusion pump.
These balf,es may be air-coole4 rvater<ooled or cpoled
by a smdl r*igerator. \ilben placed between a diffu-
sion pump and a liqui&niaogen rap or moleculartieve
trap, a baffle will sipificantly rcduce ttre rate of con-
tanination of the trap. When a baffld pump is used
without a trap, the partid Prcssurre of oil vapor in the
vacuum system is reduced to the vapor Plessure of oil ut
the temperatnre of the ba.ffle.

3,5.6 Molecular Beams and Gas Jets

Very often it is necessary to introduc'e a gaseous sample
into a vacuum system. The sample may be contained in
a chamber with holes zuitably located to admit probes
such as light beams or electron beams. However, t}re
wall< ef such a chamber may prove to be a hindrance to

Figrre 393 Cooled baJfle.
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I..l^*O:*_experiment. In &is ease the sample maybe introduced as anr,rncont2ined, but directed beam ofatoms or molecules. The absenee "i;.Ur; only one ofseveral advantaEes ,1 
Trn* " go b""rdcause of dredirecred ,,elocities of the-parill;;;;beam. it ispossibte to maintain.th. ,;;;;l Jolirionr"r, ""-vironment while still obt"jr;; *"rri-il"r,oes. Thebeam can be crossed.with "r,oaZ, dJ oiirected at asurface to obtain cotbsions ;i;.ffi;'onlnooon. ro

:.1:r 
*.".the expansion or a- j;-;i ; results inextreme cooling to give a sampre or 

-grr'*itr, 
onry as1{ nurnbel of e'antu1n states poiuf}.'Lucas zuc-cinctlv stated the *i.lgt atomi; o, *ot""ut", uo-,when he observed thaj -bearls';;ffiff 

in experi-ments where collisioq
b€ avsi{sd.,'s 

5 ' ' ' a|e either to be snrdied, or to
A gas beam is created by permitting the gas to flowinto a vacuum throueh a tube. Th" dt d;;nds uponwhethei tle flow e:riu:.c O" **,, "?"'ffi,."uf", o,

f:*.Iloy. regime. or *o"r, trJb*_'#; can be
::-r:-r;rl3d br _annronria-te "purt rro-aor*ilirn of ti,,channet rhrcugb whjch the eas ar*-i"fiJo*_.we beera witi the.rrt";h;;;?L,*inrr" *umean free path I of t:q"i ; #"; ff;"ffi*: ;:l"il'"h,trFor the case of flow from a regjon of relaUvely highprcssurc into a rzeuum.ryrqh i -*i "iirr* f,U,ts, a nrbe of Iengrt g - 0), g" ft*;-a.iiecTj;f, to thenonnal to the aperture surfaoe is

I(0) : I(0 - 91gxr g (aromssec- rsr - r,;,

imply that to obtain useful fluxes and reasonable j.sl.[mation, a beam sourc€ consisting of a tube or channelmust be at least ten tirnes gr*iu, i, i."grn thao ;,.
$il:,;,ffi ff j: ̂ ,:*.*'J"h"jH "'ff,J]

Lucas has O.rr1^_".::!_d11n,r." of Bas beams ;nthe molecular_flow regime in terms of a ,ei of redu6.edparameters.e The <,as.pres_surep behind ti, cir^nn.l ri,,torr), the.beam width.n.tdegr..r;:-# gas flru I(atomssec- rsr - I )' 
Tjj:,$rt";' di"",o,nrr.-,,are related to the corresponding reduced parameters bv

P_+,
ao-

a: Hld 
.

a

I  T 1tn dzlo,-|ffi) f.
o=( T \ " 'd"Q^.  \m)  f r .

where lis the absolute temperature, M is the molectlarweight, d and I are in cm, "oa "Ji dg:=r'"r). Fo,
LT"T. rolghly in the range where'J.f </, they"Y hlf *tt", Ilrrx, and A-"g,pr, "* retated tothe reduced presnrre by

H^:2.48xI0"/4,

16 - 1.69x l0ni4 ,

?n = 2.16x l},tp^.

I

I
)
I
I

I
(

I

Irl
Iand rhe bean width H: D0" (fuII width at balf maxi-mum). Tte beam carp*';-,#;'b:?ffiffi#;ffi:*

uows into the vacuu'. e.oeorcuca]EipTion ot ougas bean iss'ingfrrom *o " "h"iif, a}j"al,rp"" rr*molecrrlar diameter o a,h"'""r*,r;l;;;tr"ff ffi;:*.trffiLJical aad experimenhl i
out in an effon to 6*ct.?lTga1"* 

bare been carried

IT*:o. *;;;ff "#ffi :.ffi :j,Ti
:::Z 

it has turned *: Fi th" ouJrrJiiir a,,a tr,"snarpness of the bean f"r ,b"ft;-th;J*=t*"*o."o-tio_n by a factor of 2 to b.
rn general, both erperimental and theoretical resuls

From his model calculations, L-ucas has discovered thatto obtain maxinum inten;itr j9r " g""ol;- ang)e H,tbe reduced pressure rr-$onrJ not"uu-iort* *ar.
, l* 9T* wortc. a *in r ;"nui,-,;;;;;, can rre
:::"d by combining ou "bo"" *Tr"'i"?i" __ r ,ogve

I = 6 . 7 y 1 g n (  T \ t " 4 1 1  , .
tffil 7 (oPtimum)'

3:"'.t".: any gas and.a gjven channel diameter andbeam half angle, the "*ia i.,tunriiylr,-iJJ","rrn,,,.0.
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The tube length is fixed by the equations for H and
Ha(Pa = I) above, and the input pressrue by the egua-
tion for P. Note, however, that operating at somewhat
higher pressures gives some control over the fhx and
througlrput without sigrrificantly departing from the
optimum condition.

The construction of low-pressure, singledrannel gas-
beam sources is fairly straighdorward. An excellent
source can be made of a hlpodermic needle cut to the
appropriate length. These needles are made of stainless
steel, they are available in a wide range of lengths and
diameters, and they cpme rpith a mor:nting fixture that
is reasonably $stight.

The goal of high intensity in a sharp beam is incprn-
patible with a single-channel source since for a fixed
half angle, the gas load (throughput) increases more
rapidly than the llux as the channel diameter is in-
creased. The solution to this problem is to use an array
of many ttrbes, each ha"ing a small aspect ratio (i.e.,
d /I << l).to Tubes with diameters as small as 2x l0 

-a

cm and lengths of 1xI0-I crn arranged in an array a
centirneter or more actross are commercially arailable in
glass (e.g. from Gdiieo Hectro0ptics Corp.).

When the gas pressure behind an aperture or nozle
leading to a vacuurn is increased to tle extent that the
mean free path is much smaller than the dimensions of
the aperture, a whole new sihration ensues. Not only is
the density of the resultant gas jet much greater than
in the molecular-flow case, but the shape of the jet
changes and the gas becomes remarkably cold. This is a
direct renrlt of cpllisions between molecules in the gas
as it expands from the orifice into the vacuum. Becatrse
of collisions the velocities of individual molecules tend
toward that of the bulk gas flow, just as an individual in
a crowd tends to be dragged along with the crowd..
The translationd temperature of the gas, defined by the
width of its velocig distribution, decreases, while the
bulk-flow velocity increases. This conversion of random
molecular motion into directed motion continues until
the gas becomes too greatly rarefied by expansion, at
which point the find temperature is frozen in. Because
the mass-flow velocity increases while the local speed of
sound, proportiond to the square root of the transla-
tiond temperature, decreases, the Mach number rises
and the flow becomes zupersonic. Inelastic molecular
col[sions in the expanding gas also cause internd molec-

ular enerry to llow into the kinedc energy of bulk flow,
with the result that there may be substanUal roational
and vibrationd relaxation. Rotational temperahrres less
than I K and vibrational temperatures less than 50 K
have been obained. At these low temperatures only a
small number of quanhrm states ar€ occtrpied, a situa-
tion that is ideal for a viriety of spectoscopic shrdies.

The low temperatur€s obtained in a zupersonic jet
can prcsent some problems. €hief among tbese is that of
condensation. Collisions in the highdensity region of
the jet cause dimer or even polymer formation. With
high$oiling sarnples, bulk condensaEon may occtr. Of
course, if one rrisbes to snrdy dimers s1 du5fg6 thic
condensadon is desinble. To avoid dimer formatiou, the
sample gas is mixed at low concentration with heliun.
l1tis seeded gras sample is then expanded in a jet. The
degee of clustering of the seedgas molecrrles is con-
uolled by adjusting its cuc€ntration in the helium
carrier.

The cooling effect as well as the directionality of the
jet is lost if the expanding gas encounters a significant
pressure of background gas in the vacuum chamber.
Unfortunately, optimum operating condjtions regr^rire a
large thrcughput of gas into the chamber. The extent of
cooling depends upon the probability of binary colli-
sions, which is proportioual to the product Pod of the
pressure behind the nozzle and the diameter of the
noaJe. Furthermore. to minimize condensation the ratio
d/Po should be as large as possible. The result. in
practice, is that a large-capacity vacuum pumping sys-
tem is needed. In trcical continuor.rsly operating zuper-
sonic jet apparatus, source pressues of l0 to l0O atm
have been used with nozzle diameten of 0.01 "rn dewl
to 0.0025 cm. The conductance of an apertrrre under
these conditions is roughl

C : l1d2litersec- r,

when the diameter is in centimeten. This implies a
throughput on the order of l0 ton[tersec- l. To obtain
a mean free path of several tens of centimeten, a base
pressure of about l0 

- { torr is required. Thrrs, a pump
speed approaching 10,000 [tersec- I may be necessary.
Typically several large diffr:sion pumps are r:sed. When
possible the jet is aimed straiglt dorvn the throat of a
pump.
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In many experiments the coid molecules in a zuper-
sonic jet are only probed periodically-as, for example,
when doing laser spectroscopy with a pulsed laser. In
this event the gas load imposed by the jet r" be grezlJy
reduced by operating the jet in a synchronously pulsed
mode. A number of fast valves for this pur?o5g havs
been devised.rr The simplest are based upon inexpen-
sive automobile fuel injector valves.P ;et sot rces provid-
ing gas pulses of duration less than a millisecond at a
rate of l0 Hz are easr'ly hbricated and are compatible
with very modest vacuum s'6tems.

Another efficient meals of dealing with the back-
groun&gas problem bas been demonstrated-I3 lbis re
lies upon the fact that interacdon of the expanding gas
with the background gas gves rise to a shock wave
surrounding the gas jet. U the pressure Po behind the
noafe is increase4 it is possible to achiwe a mode of
oper:ation where the erpanding gas behind tbe shock
wave is unaffected by the background gas. I" the region
upsream of the shock front the gas behaves like a free
jet expanding into a perfect vacuun. The distance from
the nozzle to the shock front is '

t=0.67d(+)'n,
\ r  l

where Pe is the pressure ia the nozle, P the background
pressurc, and d the node dianeter.

Whea the nozz)e pressure is srfficiently high to
achieve a free jet leagih d usable dimeusirons, tle
backgrqrnd prcsure will increase gcatly. Tbis sate of
atrai$ has a distinct adrantage, since at a high back-
ground presstue, a large tbrqrgbput e.', be achieved
with a punp of moderate speed. For exasrple, ge s[trin
a free length l: I csr with a 0.01+rr nozzle and a
source pt€ssur€ of l0 atm, tbe background presnrre
should be about 400 mtorr. Tbe throughput in this case
is about lO torrlitersec-I, and 6e requted punpiBg
spee4 25 litersec-r, could be achieved by a large
rotary mecbanical pr:mp or a Roots punp of modest
capacity.

The fabrication of a no:zle is staigbdonvand, at-
though some diffieulty may be encountered in making
the nec,'essary srndl hole. A skillful mechanical techni-

cian can drill a hole as small as O.01cm diameter.
Smaller holes can be made by spark or electrolytic
erosion, or by swaging a hole dosed on a piece of hard
wire and then withdrawing the wire. One of the first
small, higlr-prcss:re nozzlesl3 *as made by drilling dor*1
the axis of a stainless-steel rod to within 0.1 mm of the
end with a drill bit having a sharp conical point. .{
0.0025-cm-diameter hole was then made through the
remaining metal by spark erosion.

For many experiments, the gas flowing into a vacuum
system through an aperfise or a channel produces a
beam that is too broad or too divergent for the intended
application. In this case the beam shape can be defined
by one or more aperturcs piaced downstream from the
sourc€. Often it is adVantageors to build these apertrrreg
into partitions that separate the racrrum housing into a
sucression of chamben. F.ch chanber can be evacuated
with a separate pump. The pressure in the first *ill bg
highust, so that the large throughput obained here u'ill
sigrrificantly reduce the gas load on the next pump. This
scheme is called diffetenfiol putrrying.

A.n aperture doums;tream of a supersonic jet but dose
enougb to be in the viscsus flow region is called a
skhnme?. The design of these skimmers is critical, since
they tend to produce turbulence, which will destroy the
dirccdonality of the f,oring gas A skimmer is usrally a
cone with its tip cut off and the tnurcated edge ground
to knife sharpness The details of the design, locatioq
and &bricaEon of a skimmer are beyond the scope of
this book, and the interested reader should refer to a
spedatizea text on this sublect"!4

3.5.7 Electronics and Electrlclty
ln Vacuo

Elecuical insrlation inside a vacuum system is not
generally a probhn At pressures below l0 

-' torr a gap
of I mm is adequate instrlation up to at least 5000 volts.
Inirully, sparls may ocrur between closely spaced parts
because of hiEh field gndients around whiskers of metal
These whiskers Euckly eviaporate and spark do not
recur. High-voltage discharges can also occur dong
snrlaces in a vasuum s),stem. This ir particularly a

r
I

I

f
I

I

I

lr
I

:

l

l,
t i
; i
i

I

J,
l lrl
(l
il
-rj



3.6 VACUUM.SYSTEM DESIGN AND CONSTRUCTION 97

p-Uf"* iI til sudtces are dirty oi htgrcscopic' Io-

orsanlc salts on the suriace of an ins'rlator tend to

aULrU moisture and becpme conducting' After clean-

ins, insulaton should be ftsed with distilled water

foilowed by ethanol and then dried with hot air'

U the spacing between wircs iD a vacuum system

cannot be- rel'nbly maintained, then insuladon is re'

ouired. Teflon-innrlated hookup wire may be used down

to l0 
- ? torr, although air bleeding ort from under the

insuladon will slow pumpdown' At very low press'ues

and high temperah!€s' wites can be insrlated by string-

ine ceimic bea& or pieces of P;rre;x tubing over ttrern'
-Soldrr 

should not be used for elecuical connections in

a vacuum system, because the lead in solder and solder-

ine flux -nt"tin"t" the racrnrm' Mechanical connec!

,iJnr rnt preferable- Connectioru to elecbodes can be

made by wrapping a wire r:nder the head of a sqrew

*a ugi.t""i"i the screrv' liltues may be lointd by

slipplni the ends into a piec€ of tubing and crimping

tnu- ntbiog onto the wirc' Tuagsten, molybdenurt,

nichrome, or sainless*teel wires may be spot-weldd

together. In welding refnctory metals' a mor€ secur€

*Ja ir obtaind if a piece of nickel foil is interposed

between the wires.
Electronic devices tend to overheat in a vacuurn'

since the only cooling is by radiation' Hectronic cempo

nents nrch as power tnnsistors and integrated circuits

that must dissipate more than about i watt iue particu-

larlv ,nrcliab[. Such devices should be placed in

vacuumdght, air-filled boxes that are themrally con-

nected to the raeuum wall'

A number of electrical feedthrougbs are ilhstrated in

Fignre 324.7\etungsten'wire feedtbrougb (a) is made

Uy-seai"g the wire directly into Pyrc;x as described in

Section g.g.tO. A simple electrical feedtluough for glass

systems may be made by soldering or brazing an elec-

trode into a KoT ar+o-Pyrex gaded seal as in (b)'

Ceramic-insrlated termlnd eod bushings of the 5pe

shown in (c) are availabie commercially (e'g' from

C"*nod} After an electrode wire is welded or braeed

i"to tte c-nt"r hole, tbese bushings are easily joined to a

metal vacuum wdl by welding or brazing' There are' in

addiUon to the feedthrougbs shown in Figrrre 3'2tl' a

number of different types sold by manufachren of

vacuum equiPment.

o.o6,,TUNG5TEN FIOD;
ENDS FUSED

PYREX CAPILLARY
FUSEO TOTUNGSTEN

COPPEF? ELECTRODE
SILVER.SOLDERED
TO KO\/AR TUBE

I'VAR-]]O-PYREX
CTFiADED SEAL

EIECTRODE BFll;3gP 1L6O
CEN'TSF' }t4E OF STUD

ALUMINA,

TERMINAL BRAZSD OR
WELDED INTO FLANGE

(c)

Figure 39{ Eectdcal fcedtbmugbs s,ploytog
(aj a hugsteFtoglass seaL (b) a Korar'toglass seal; (c) a
cerasric.tometal terrrinal busbiog.

3.6 VACUUM.SYSTEM DESIGN
AND CONSTRUCTION

Before beginniag the desigrr of a vacuun system, the

size arrd shape of the rractrum cbamber mrst be de

termined. The desired ultimate pressure and the corn-
position of the residuat gas in the chamber must be

specified. In order to cboose pumps for the system, a

number of pa.rameters must be determined in at least a

serniguantitative manner. One must estimate the gas

load on tbe pumps from outgassing as well as from gas

introduced into the vacuum. The maximum tolerable
pumpdown time should be specified.

The amount of money and time available are irn-
portant considerations when desigrring a vacuutn sys'

tem. It is insErrctive to spend a few evenings ieafing
through vacuum-eguipment manufacturers' catdogs in

order to become hmiliar with the specifications and

cost ol commercial appann$.

(a)

I

fti)

J
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3.6.1 Some Typical Vacuum Systems
A 

_diffusion-lumped vacuurn systern js shovn schematj_cally in Fig:rrre 3.25. For ilustrauon, *o;r. rhe vacuumchamber has a volurne of l0 liten;T;:* area of30O0 cm!, and is constructed of ,t"inf*, ,t*l with aninitial outgassing rate of l0-7 torrUt"rru"l,"1n-r. lithe- pump stack consisrs of a Zin. oit ali*ton p*pwit]r a speed of 150 litersec-r and a *o-."a U"fn.with a cpnductance of 300 litersec-,,-;"; dre netspeed of the pump statjon will be

s - { -L-- 
) 
-'- 

,* Iitersec-,.\ 150 litersec- I 300 liters.c-l / 
- r(ru

P: d!-r"" pressure attainable against the outg;assingIoad will be

r = 9
s loottersec-r 

--

: 3x10 -6 to r r .

*:- 
day of pumping and perhaps a light bake to100"C, the outgassing rate should- tal f,tow tO 

_ E

Figure 3.25 Schema of a
diffusion-pumped viaqrum rystem.

torrlitersec- lern-2 and the ulHmate pressure will ,.t^
crease to 3 X l0 

-7 
torr or less. 

' '' u$

To determine the speed required of the baclr;^_pump, first estimare the..maximum rt -.girp"i"i]l
diffusion pump. If the diffusion p,rmp is-oierated ,.pressures up to its stalling pressure of about SxfO jitorr, the maximurn throughput will be

Qu* : P,,..S: (5 x lO - s torr) x(100 litersec- ,)
= 5 torrlitersec- r.

T" kTp the {oreline pressure below. 300 mtorr at thisthroughput, the speed of the bac.king purnf ,ioufa fr"

n  = . -  - l
S_ - Yi- _ o rorr[tersec-'
'  r  3x  l 0 - r  t o r r

: 16 litersec-1.

This requirement can be rnet by the smallest singlestage
or doublesage mechanical punp.

The conductance of the 
-foreine 

should be at leasttwice the speed of the forcpump, ,o th.f O" ior.p,rrnp
is not strangled by the foretine. To achierc. conduc-

ION GAUGE

r 9 1

ROUGHING YALVE

FlArar-e coupLrNc(RUBEER xose) i

GATE VALVE

TR,A.P

E}AFFLE

cooLrNG \A,/ATER

DIFFUSION PUMF

NorD VALVE (N.O.)

SOLENOID
vauve6x.c.)

r/L??sN'cAL FOFIELTNE VALVE

FORELINE TETAT

SEC,TTON OF FORELINE
BOLTED TO WALLTO ISOLATE
MECHANICAL- PI,MP VI BRATI O N
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tarrce of 30 litersec- t at a pressure of 300 rntorr in a
foreline I m long, the diameter (from Sec6on 3.2.4)
mrrst be

6 : l  C L  t r t t

\ lsop/ crn (z in cm)

/ 30 x tOO \ rz't= 
f ,eomi 1 

=2'7 un'

In this case a l-in. @pper water pipe would ma.ke an
excellent foreline.

A number of inexpensive safeguards are incorporated
in the design in Figure 3.25 so that the system will be
failsafe in the event of a loss of electrical power. A
normally open (N.O.; solenoidoperated water valve
wired in parallel with the pump heater admits water to
the diffusion purnp guick<ooling coils if the power fails.
Also, the diffusion purnp i.s isolated from the mechanical
pump by a normally closed (N.C.) solenoid valve to
prevent air or oil from being zucked through the mechan-
icd pump into the fore[ne. It is helpful to place a
ballest volume in the foreline to maintain a low foreline
pressure while the diffr:sion pump cools after a power
outage. A tseful failsafe mechanism, not shown in Fig_
ure 3.25, would be a water-pressure sensor in the water
line that intemrpts the electrical power if the water
fails. Another ueful, but expensive, acc€ssory would be
an electrically controlled, pneumatically activated gate
valve that can isolate the vacuum chamber from the
Pump.

To activate a system of the type shown in Figrrre
3.5, starting with atl valves closed and the pumps off,
proceed as follows:

l. Turn on the mechanical pump.

2. When the preszure in&cated by thermoc-ouple gauge
I (TCl) is below 200 mtorr, open the foreline valve.

3. '\lhen TCl again indicates a pressure below 2961
mtorr, h!ilI on the cooling water and activate the
diffusion pump. The pump will require about 20
minutes to reach operating temperature. W.hen oper-
ating it makes a crackling sound.

4. Before pumping on thC Chambei with the diffusion
pump, the pressure in the chamber must be reduced
t9 a rough vacutun. Close the foretne valve and open
the roughing vdve_ When the pressure indjcated bv
TC2 is below 200 mtorr, close the roughlng valve
and open the foreline valve. The diffusion pump
should not be operated for more than g minutes with
the foreline valve closed. If ne.cessary, intemtpt the
roughing procedue, dose the roughing val"e and
reopen the foreline rralve for a moment to ensure that
the diffusion-pump outlet prasnrre does not rise above
about 200 mtorr.

5. Open the gate valve that isolates the diffirsion pump
from the .hamber. Within about a minute the-pres-
sure indicated by TC2 should fall to a few milliton
and the ionization gauge can be turned on.

A diffusion-pumped system of the tlpe shown in
Figure 3.25 is one of the most cpnvenient and least
expensive systems for obtaining high or even ultrahigh
vacuum. The system can be fabricated of metal or glass
using either an oil or a mercury dithrsion pump. Without
a trap, a mercury pump will yield an ultimate pressure
of about l0-3 torr. A baffled, but rurtrapped. oil diffu-
sion pump on this s)6tem will result in an ultimate
pressure slightly below l0 - 6 torr. Using a mercun,
diffrrsion pump with a liquid-nitrogen<.ooled trap or an
oil diffusion pump with either a molecular-sjeve tnp or
a cold trap, an ultimate pressure of l0 - E torr can be
achieved. -{n ultimate pressue of l0 

- lo torr is possible
if the vacuum chamber is baked and only verv lorv-
vapor-pressure materials are exposed to the vacuum.

A small, inexpensive system, capable of producing an
oil-free vacurun of about I0 

- lo torr in a l-liter volrrme.
is illustrated in Figu,re 3.26. The main residurl gases in
such a system are primarily water vapor and rare gases.
The system must be heated to drive water vaDor frorn
the walls, and since none of the pumps are particularly.
efficient for rare gases, the system is ptrrged rvrth nitre
gen before being evacuated in order to displace the rare
gases.l5

The pumpdown procedure for this vacuum svstem is
as follows:
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Figure 396 A small, clean.
rnexpeosivg ultrahi gb-vacuum
s)Etem.

Figure327 An oil-free
ultrahigb-r,actnrn s)6tcsL

soRprroN
PUMPS
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1. Flow pr.re, dry nitrogen througb the system from S,
to the aspirator. Do not acHvate the aspirator. The
nitrogen g;as can be obtained from a Dewar filled
with liquid nitrogen.

2. As nitrogen flows through the system, the molecular_
sieve sorption pumps are heated to 300"C and the
trap is cooled with Uqujd nitrogen. The remainder of
the system should be heated to about IOO"C with
heating tape or by bnrshing the glass hom S, toward
Vl *ith a cold flame or with hot air from a heat grrn.

3. After about an hour, dose pinchoff S, by heating the
glass with a torch, and turn on thC aspintor. The
pressure wil qmckly fdl to about 20 torr.

4. Seal off crnsEiction S, and refrigerate the fint
molecular-sieve pump. The pressrre will fall to about
l0 - { torr. Continue to heat the system.

5. Seal off S. and cml tbe second sorption pump. The
pressure will fall to about l0 -7 

torr. ConUaue heat_
ing the system for a short time to drive off the
remaining adsorbed gases.

6. Pass a curent throgh the filament of the titanium
pump to evaporate a layer of tjtanium onto the glass
envelope, and activate the ion pump.

7. Seal off Sn and deposit a fresh layer of titanjum. The
pressure should fdl well below l0 - s torr.

When sealing off the constriction it is wise to proeed
slowly so that the punps have time to take up any gas
that is libented.

A similar system caa be made with the pinchoffs
replaced by all-metal higb-vacuum valves. In thr case it
would also be possible to construct tle entire system of
stainless steel.

A large, oil-.free ultrahigh-vacuum system is ilhstrated
in Figure 3-27. 'Ihe 

system is roughed down with sorp.
tion pumps, and the ion pump is depended upon for the
removal of rare gases. The system must be baked. A
number of variaUons on this system are possible. T'l:e
roug!-pumping operation can be ac.celerated and the
gas load on the sorption pumps reduced if the system is
first roughed dovm with one of the compressed-air
aspirators sold for this purpose. The pumping at hig!

vacuum can be carried out with a crllopump rather than
a getter pump. The choice of the higb-vacuum pump or
combination of pumps depends upon the composition of
the residual gas as wdl as the. cornpos:ition of gases to be
admitted to the system at high racuum.

3.6.2 The Constnrc,tlon of
Metal Vacuum Apparatus

Metal rracuum chambers are nsually made up of one or
more cylindrical sections, because a thin cylin&ical
shape has the sEength to withstand external pressure
and becanse metal tube stock is readily availabie. Even
when hrbe stock is unarailable, a cylin&ieal sectiou is
easily fabricated by rolting sheet metal. The ends of a
cylindrical chamber are most conveniently closed with
flat plates as shown in Figure 3.28. A flat end plate mrst
be quite thick to withstand atmospheric pressur:, .rs
discussed below.

The ability of a clinder to resist crllapsing rmder
external pressue depends upon the length of the cylin-
der between srpporting f,aages, the diameter, the wall
thickness, and the suength of tbe material. The A.S.M.E.
has published standards for the wall thickness of cylin_
dricel vesseh r:nder external pressure.ro The data in

BASEPLATE

Figure 398 Typical metd vacuum chamber.
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Figure 329 Minimum *,all thickness for aluminum alloy
and stainless-steel tubes under atmospberic pressrue as a
frnrction of lengti between supporting flaaga.

Figure 3.29 have been abstracted from the A-S.M.E.
specifications for type 3003-T0 aluminum dioy and
type 304 stainless steel respectively. These necom-
mendations should be more than adequate for any of the
400G, 600G, or 7OOo*eries tempered aluminum alloys
(zuch as 202LT4,6061-T6 or 707-a-T6) andadeguate for
most stainless steels. Soft aluminum zuch as the t00G
series alloys should not be used for cuum chamben.
Holes cut for ports in the side of a cylinder reducr the
strength of the cylinder and should be avoided. If side
ports are necessary the wdl thicloess strould be in-
creased over the recommen&tions of the code. Dents
and outof-roundness ia a cylinder weaken it and should
be avoided.

A flat end plate will bend a surprising amount r:nder
atmospheric pressure. The deflection at t[e center of a
flat circular end plate clamped at its edges (e.g. by
welding or otherwise firmly affixing it to a cylinder) is

$ :

r,r'here R is the radirrs of the plate, d the thickness, P the
extemal pressure, p Poisson's ratio, and E the modulus
of elasticity or Young's moduh:s of the material.r; For
metals Poisson's ratio is about 0.3. For steels with a
foung's modulus of 3 x 107 psi, an ac'ceptable value of
the ratio of radius to thickness, R/d, is 30. In this case
the relative deflection is

(steel. R/d: 30).

A slightly thicker aluminum piate is required to achieve
the same result:

A

* :0.009 (aluminum, R /d : n).
n

The deflec'tion of an end plate is greater rvhen the
edges are not securely clampd, as is the case for almost
aII removable end plates. For a circular plate rrith
unclamped edges,

"  3 P R ' ( 5 + p ) ( l - p )" : @ ,

and the maximum tensile stress, which occurs at the
center. is

$ :omz

I
I
t
[,
)
t
I
I
I
I

s*(center) : 
3 (* )'{r* r)r.

A deflecdon of about 0.0()3n is usudly acceptable for a
demountable end plate:

* 
=0.* (steel, f i /d:20),

and

* : 0 . *
(aluminum, R/d=15).

and the
edge, is

maximum tensile stress, which occurs at the

s*(edge) = 
i (*)'u,

Steel is about three times heavier than aluminum: so for
a given maxinum deflection, an duminum plate is less
than hdf as healy as a steel plate. A vacuum<hamber
design that incor-Dorates a stainless*teel cylinder with a
demountable aluminum end plate has much to say in its
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.Iq1l: ?fo .The design of ;bintsto tr soldered or brazi.

GOOD

the favor. Welds in the.stainless.?h9* are much stlongerand more reliable than would L ,n. "*",f the cylinderwere made of aluminnur. e *r""Jl"-alLin,rm endplate is ligbter and much tess expensive to machine thana steel one.

'j:d -F-arts may be pined.by soldering, welding, orbrazing. Heliarc welpg produces the aelest, srong-

:.di::, t!?ii.#'# m: #i [**:operations in the labrjoint that ;i"; #HT; ffiTfr I'ffij,ffJso rhat tire metat *r.ok the,hiiiffi" ltrorph"r.
:-1 1. rcldering_or j*Lc material serves only as aseatant. If possibte, 

fre ioint *oJJ il'it,** ,oprovide positive location "f ,"ungilril il" ,*f""u,to be loined ,hott,.T. "rooJ.Uti arr..ury Uy
:311t:Tr 

or by potishing with sandpaper so that the
::io:l * brazing metal will flo*ul," "rlJ."r",otetety fillthe joinr. This is neccssary " ""f,r." i*rn# srengthand to eliminate the narrow gap, which is difficult to
llTp..":t and is tiabte to co[Jt dux;;; materiar
_y,:1 contaminate tie vacuum system. lrad,tin soldershoulg 

9-nty be used for rough "d;;;Gons such
1,1 .dfyon-oump foreline -pr"r.al"i"i, il """.0u
,..:f T high vacuum, but rsually ,f,.i"i"irlrr"-Jd not be
l,i:.Y 

o':t."bout roo.C in oacrp,;;;; brazing
-t_?: 

*n:"ir high-vapor-pressr:re cu$iruenrs such aszrnc or cadmium. Brazing is an excellena*", "f aftach_
15.trn T:rrr ryrt,*"r,.1 b"xr;;h;J"ln .*ityDe burned througfi in a weldrng o*raoon...-" 

'.

Parts to be joined by welding are designed so tJrat the
::?:11* oo,r*o* *hjd;;d;;ij;" same toeach part. This is nec
mal stresses fatn *iery 

to preveDt destructjve tber-

It,*;;d;;'#T#"T"TiltJxH:#TFigr:re 3.3I, a notch or a groove is cut in the thick pieceof metal near the ioint to conrol tt. raiJ iisrip"uonof heat from the ioiot 
,W?r.rt.r,., iis'r.ir","i.l* " *.wdl of a racuum chamber should be on the inside. U anoutside wetd is nec€ssary, it ,hodJ;;; i,it_iin"*oonweld. If neitler an inside nor a fuIl_peneEatjon ouBide

,::11,-o 
pr,ybt., tie mating p"ru ,f,""fi-ii'tog.rha,loosely so that tbe eao t

M;i P";i;f,;::.**" 
is wide open.

-1*.,, ild;, ;.f ilT"3'*,TJ,-5 j".ffl 3sembty is more cpnvenient. Sp"o"f ""r" i,iii. ,"*.nto prevent air from being trapped under a scre$.in a

,r
E

r
a
s

Figure 3.31 Tbe design of joints to be heliarc-welded.
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PUMPOUT
r-'l0LE

_ Blasting with 20-30.pm glass beads effectively rsd5es th9 adsorbing area of a ."t"f J"* an6 thrrs
reduces the rate of outgassing from the s,trf".e. C,lllri
be"diog can be carriedout in a conrentioJ sandblast_
ing apparatrx. The machine should be carefully "l""r,ua
of coarse grits before use.

- Glass may be effectively cleaned with a l0% solution
of HF. The routine cleaning procedure for i.tA pa'rt, l,as follows:

l. 
**! TF " sEongsolution of detergent (Alconox orliquid dishwashing derergent is fine)]

2. Rinse with very hot water.

3. Rinse with distilled water.

4. Rinse with pure methanol.

Figure 332 hrmpout boles for bliud screw holes.

blind hole. The placemenr of pumpout holes for blindscrew holes is ilh:strated in Figrrre 3:t

3,6.3 Surface preparation

Surfaces that are to be exposed to a racuurrl should befree of substances that harae ".ififi"""t;;, pres$ue,and they shoutd be as srnooth; p"*"? minimizethe microscopic sLrlace area and thus minimize theamount-of adsorbed gas. The s'bstances tlat _rrst Ueremoved from the n11taa of *raorom-.ppar"trs aremainly hydrocarbon oilsend gr€ases, and inorgnnic saltsthat are hygroccopic and outlas d";;;;:
Ite two preferred trrea.&neots to, rnutil-rr".,rrr*rf*

tem nrfac:s are etecuo;olishing arrati Hasting.Convenuonal wheel polishins *JU"fenjJ,ror"tirt"o
tory' since these processes tend to fl"nJ s,rrrace uur.,and trap gas rurderaeath. E*t "p"lisb;Jo* *nrr*_ently carried out in th" t"b.;;";;Aolugh rnor,machine shops are orepared to do ori"i"ay. ,r"elechopolishing soluUon for stainless steel reconr.mended by Armco Steel cpnsists "f -;;;y votumeof cieic acid and 15 par* uy "ar-"?rrri'ic acidplrrs enougb water to'r"t" rm parts of sorution Thesoludon should be used " " t�"r,ip.-,"*?'*"a. ^curreutdensity of about O.l Acm:2 "i O t" ig volts isrequired. A cropper cathode is used *U., il" nL " U"polished serving as the anode. 

--' 5'v r"!

Do not touch clean parts with bare hands. Disposable
plastic gloves (free of tatc) are conrrenienlio, i,"r,dting
vacuum apparatts after deaning.

An ultrasonic cleaner is pardcularly effective for pre
$nng parts. The cleaner shoula Uu fru"a *ri'tt "detergent solution. If two cleaners "n" "oil"bt", fill onewith detergent solution and the oth", *iUr disEfledwater, and use them in sequence with a hot-water rinse
between.

^ f peol-ntuse degreaser is one of the most effective
rm| tor cleaning metal parts after fabrication. Th+ ..,+
to be cleaned is nrspended in " douJiril;r;;
npor. Vapor condenses on the part, heating ,t and
ry"8 it with pure hot solvent. e, iU*u"tua in Figure3.&3, a _rapor degreaser is easily and inexpensively con_structed Any steel container, from a *if"" "- ,o "S5aallon drurn, can be use4 depending ;;,h. size ofthe obi'cc to be eleaned Tlre cooling"coil'arorurd thetop of the can is necessary to condense solvent vapors

Fo* F"t -.p" the container. Trichloroethylene isrne Prclerecl solvenl A rapor degrcaser should alwaysbe operated rmder a fume looa ti pr"".ii -ntarnina_
tiol of the laboratory with toxic solvent %po;. Objectsto be cleaned in the degreaser should fi^i b. washed Iwith detergent and rinsed .so as not to to"J the de lgreaser with volatile o&.
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Figure 331 Vapor-phase degreaser'

3.6.4 Leak Detection

A leal< that raises the base Pressure of a system above

about 10-6 torr can usually be for:nd by probing

suspected locaEons on the outside of the vacuum cham-

Ueiwltfr a Uquid or ttaPor for which the gauge sensitiv-

ity or pump speed is very difierent from that for air' A

,q,r""t. bottle of acetone or a sPray can of liquid Freon

cleaner is a rseful tool. These liquids will usually cause a

very abrupt increase in indicated pressure as they flow

through " t".t, but sometimes rapid evaporation of a

hquiithrough " 1u31q will cause the hquid to freeze and

ternporarilyllug the leak, carsing the pressure to fdl' A

disadl antage of this method is that the solvent may

contaminate Grings. A small jet of helium is dso a

rxeful leak probe, since an ionization gauge is very

insensitive to h"U.t*. The indicated Presslue will fall

when helium is introduced into a leak'

In a glass system a leak that raises the pressure into

the ,an!e from l0 mtorr to several torr can be located
N. Milleron. Res' Dev-' 2l' No' 9' 't0' 19?0'

The derivation of the conductance equations is given by

FUME I{OOD

COVER wl{Er{ NOT IN USE

t coourNo vvATER

TL DRUM

tBERGLASS
,NSULATION

TRICHLOFIOETI{YLgNE

BAR, I{EATST,

with a Tesla coil Ttre surface of the glass is bn:shed

with the discha€e from the Tesla coil' The discharge is

oreferen"^lly directed toward the leak, and a bright

white spot will reved the locadon as the discharge

orss"s ttuo,tgtt' Avoid very thin gleqs walls and glass+o

metal seals, as the Tesla rtisctarge can hole the glass in

these hagile areas-
For very small leals in high-vacuun s)'stems a mass-

specmmeter leak &tector is needed'

3.6.5 Ultrahigh Vacuum

To achieve pressurcs much below l0-7 torr' baking is

required in 
-order 

to remove water and hydrocarbons

from vaeuunrtystem wdls. Heating to 50-100oC for

several [6s6 will improve tbe ultimate pressue of most

systems by an order of magnihrde' A true -gltrahigh-
v"** system must be baked to at least 25OoC for

several hours, and a s)Tstem cpntarninated with hydro

carboos should be baled at 4O0oC' After a rigorous

preliminary bake in oaan to lemove deeply adsorbed

m.tetial, the system may be baked more gendy after

subseguent exPoflrres to air'

A srall system can be wrapped with heating tape

and then cpvered with fiberdas or asbestos insJadon'

For larger systems an oven cpnstnrcted of Transite or

sheet rietal insrlated with fibergtass can be erected

around the 'racuum chamber and heated with bar

heaters. Batts of fiberghss insulation intended for use in

automobile engine compartnents are readily available'

Do not use homeinsulating fiberglass materids' Metd

seals rnust be t sed in a metal vacuum system that is to

be baked. It is, however, often necessary to join the

vacuum chamber to its pumping station with an G

ring+ealed flange. In this case, a cooling mil should be

nsialled around the llange (as in Figure 3'21) to prevent

rn"ttit g the Gring wtrile the chamber is being baked'
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I

ELECTROIVIAGNETICALLY COUPLED BROADBAND

GRAVITAT IONAL Ai{TENNA

Introduction

The prediction of gravitational radiation that travels at the speed of light has been

an essential part of every gravitational theory since the discovery of special rela-tivlt-y,
I

In 1918, Einstein,' using a weak-field approximation in his very successful geometrical

theory of gravity (the geleral theory of relativity), indicated the form that gravitational

waves would take in this theory and demonstrated that systems with time-variant mass

quadrupole moments would lose energy by gravitati.onal radiation. It was evident to

Einstein that since gravitational radiation i.s extremely weak, the most like1y measurable

radiation would come from astronomical sources. For many years the subject of

gravitational radiation remained the province of a few dedicated theorists; however'

the recent discovery of the pulsars and the pioneering and controversial experi'ments

of Weberz'3 at the University of Maryland have engendered a new interest in the

field.

Weber has reoorted coincident excitations in two gravitational antemas separated

1000 km. These antennas are high-Q resonant bars tuned to 1.6 kHz. He attributes

these excitations to pulses of gravitational radiation emitted by broadband sources con-

centrated near the center of our galaxy. If Weber's interpretation of these events is

correct, there is ern enormous flux of gravitational radiation incident on the Earth'

Several research groups throughout the world are attemPting to confirm these

results with resonant structure gravitational anterutas similar to those of Weber- -4.

broadband antenna of the type proposed in this report would give independent confirma-

tion of the existencc of these events, as well as furnish new information about the pulse

shapes.

The diseovery of the pulsars may have uncovered sources of gravitational radiation

which have extremely welt-known frequencies and angular positions. The fastest known

pulsar is NP 0532, in the Crab Nebula, which rotates at 30. 2 lfrz. Tlne gravitational flux

incident on the Earth from NP 0532 atmultiples of 30. ? Hz canbe l0 
" etg/crra' /s at

most. This is much s6al1E1 than the intensity of the events measured by Weber. The

detection of pulsar signals, however, can be benefited by use of correlation techniques

and long integration times.

The proposed anterura design can serve as a pulsar antenna and offers some distinct

advantages over high-Q acoustically coupled structures,

Z. Description of a Gravitational Wave in the General Theory of Relativity

In his paper on gravitational waves (1918), Einstein showed by a perturbation

argument that a weak gravitational plane wave has an irreducible metric tensor in an

QPR No. r 0 5 54
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almost Euclidean space. The total metric tensor 
's gij nij * hij ' where

n . .

is the i\Iinkowski background metric tensor, h.. is the perturbation metric tensor

resulting from the gravitational wave, and it is assumed that all components of this

tensor are much smaller than 1. If the ptane wave propagates inthe x, direction' it

is always possible to find a coordjnate system in which h.- takes the irreducible form

/ ' . \
/ / 1  O \l v . v \

I
h  - ,  \
i r . .  -  t .  .  r  t

U l  r
\  \ ,  hr . ,  I
\ . 1\ n l
\ L / ' h u /
\  

"32  "33  
/\ /

with h^^ = -h-., and h.. = h... The tensor components have the usual functional
4 L  5 5  L )  5 L

dependence f(xr-ct).

To gain some insight into the meaning of a plane gravitational wave, assume that

the wave is in the single polarization state ha, = hr, = 0, and furthermore Iet hr, =

-h-. = h sin (kx,-ot). The interval between two neighboring events is then given by
J J  I

/ 1 1 / /

d s  =  g : ; o X o ) t  =  c  o !
fJ

- ' t t t  ax l  +  ( l -hs in (kx , - , t l f  ax l l .

The metric relates coordinate distances to proper lengths. In this metric coordinate

time is proper time; however, the spatial coordinates are not proper lengths' Sorne

reality can be given to the coordirates by placing free noninteracting masses at various

points in space which then label the coordinates. The proper distance between two

coordinate points may then be defined by the travel time of light between the masses'

Assume a light source at xz = -a/z ana a receiver at xz = a/z' For light' the total'

interval is always zero so that

2 2 2 ' >
d s t =  0  =  c " d t t  - ( 1 + h s i n ( k x , - - t ) ) d x l .

Since h (< I,

r h l
cdt  = |  I  + ;  s in(kx,  -ut )  |  dx '

L & r J

If the travel time of light, at, is much

I
I
I
I
(

I

t
I
!

(

i
i
I
i
(

i

I ,  C  \

\ o  
- r  

, )

f ,-  
L o * ; +  

( I + h s i n ( k x ,

1

I
I

less than the period of the wave, the i.ntegral for
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At becomes simple and we set

This can be iaterpreted as
in the x, direction of

though the gravitational wave produces a strain in space

a t = ( r

In tlre absence of the gravitational wave At = !-o/c = ?/c, the coordilate ciistance becomes
the Proper length' The variation in At becausJ of the grawitational wave is gi.ven by

- 1"* "') i

= (! "i,, ") +6At

# = * s i n < , , T =o

There is a comparable strain in the x, direction, however, inverted in phase.
This geometric description of the effects of a grawitational wave j.s usefur for showing

the interaction of the wave with free stationary particres. It beeomes cumbersome when
the particles have coordinate velocities or interact with each other. w"u".i r,"" ;J:'
oped a dynamic description of the effect of a gravitational wave on interacting matter
which has negligible velocity- For the case of two masses m separated by a proper
distance '0 along the x, direction that are coupled by a lossy spring, the equation for
the dif,ferential motion of the masses in the gravitational wave of the previous example
becomes

2
d-*zR 

. 
-o d*zR z z

F7. O 
-;[= * -J*zR = c-Rroro!.,

where *ZR i" the proper relative displacernent of the two masses, and RZOZO is that
component of the Riemannian curvature tensor which interacts with the masses to give
relative displacements in the x, direction; it can be interpreted as a gravitational
gradient force.

For the plane wave,

x z o z o = * *

If the masses are free, the eguation of differential motion becomes
7 )

d-*zR I d'hrr.- - = r i  t
r l  n -  '  a+-

h'22

T .
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and, for zero-velocity init ial conditions, the strain becomes

same result as that arrived at by the geometric approach.

The intensity of the gravi_tational wave in terms of the plane-wave

gi.ven b3' Landau and Lifshitz' as

xzR I
T = 7

( 1 )
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h-- ,  which is  the
L L

metric tensor is

"3 [ /onrr \ t
iG6;G L\T /

, t  (dhzz onrr\ ' l
' a \ E - " - - - f - l  

) '
3. Gravitational Radiation Sources - Weber Events and Limits

on Pulsar Radiation

The strai.n that Weber observes in his bars i.s of the order of AQ/Q- tO-15. if the

strain i.s caused by i.mpulsive events that can excite a 1.6 kHz oscil iation in the bars,

the events must have a rise time of l0-3 second or less -the factthat the bars have

a high Q does not enter into these considerations. The peak incident gravitational fLux

of these events is truly staggering. using Eq. l, we calculate Io > 5x to9 erg/s/emz.

If the sources of this radiation, which are alleged to be at thE center of the galaxy,

radiate isotropically, each pulse carries at least 5 * tO52 ergs out of the galaxy, the

equivalent of the ecmplete conversion to gravitational energy of 1/40 of the sun's rest

mass. Weber observes on the average one of these events per day. At this rate the

entire known rest mass of the galary would be converted into gravitational radiation in
l n

l0'- years. Gravitational radiation would then become the dorninant energy loss mech-

anism for the galaxy.

Gravitational radiation by pulsar NP 0532, even at best, is not expected to be as

spectacular as the Weber pulses. Gold5 and PaciniT h".r" proposed that pulsars are

rotating neutron stars with off-exis magnetic fields. In a neutron stErr the surface

magnetic f ield can be so large (-tol2-tol3 C) that the mag:reti.c stresses perceptibly

distort the star into an ellipsoid with a principal axis along the magnetic moment of the

star. The star, as viewed in an inertial coordinate system, has a time-dependent mass
quadrupole moment that could be a source of gravitational radiation at twice the rotation

frequency of the star. Gr:nn and Ostriker8 have made a shrdy of this pulsar model and

conclude from the known lifetime and present decay of the rotation freguency of NP 0532

that no more than l/6 of the rotational energy loss of the pulsar could be attributed to

gravitational radiation. The measured and assumed parameters for NP O53Z are listed

below.

v  =  30 .  z I5 '>  . .  .  ( t3 .  +  *  tO-91 H,
dv/dt = -3.859294:.000053 x to lo t1"1"

d  =  1 . 8  k p c

m =  1 . 4 * O

r =  l 0 k m .

Rotation Frequency

Slowdown Rate

Distance

Mass

Radius

t

i
t

I
__*- *lN -
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The gravitational radiation intensity at 50. 4 Hz incident on the Earth must be less

than I- -< I x i0-6 "rg/croz /s.. The strain amplitude corresponding to this lltensity is

^!./!-
-24

4. Proposed Anteruea Design

The principal idea of the antenna is to place free masses at several locations and

metsnie their sepefationa inteiferometri.eaily. The nodon is not new; it has appeared as

a gedanken experirnent inF. A. E. Pirani. 's9 st,tdies of the measurable properties of the

Riemarur tensor. However, the realization that with the advent of lasers it is feasible

to detect gravitational waves by using this technique grew out of an undergraduate

seminar that I ran at M. I. T. several years ago, and has been independently discovered

by Dr. Philip Chapman of the National Aeronautics and Space Administration, Houston'

A schematic diagram of an electromagneti.cally coupled gravltational antenna is shown

in Fig. V-zO. It is fundamentally a Michelson interferometer operating in vacuum with

the mirors a1d beam splitter mounted on horizontal seismometer suspensions. The

suspensions must have resonant frequencies far below the frequencies in the gravita-

tional wave, a high Q, and negligible mechanical mode cross coupling' The laser beam

makes multiple passes in each arm of the interferometer. After passing through the

beam splitter, the laser beam enters either interferometer arm through a hole in the

reflective coating of the spherical mirror nearest the beam splitter' The beam is

reflected ald refocused by the far mirror, which is made slightly astigmatic' The beam

continues to bounce back and forth, hitting different parts of the mirrors, until even-

tually it emerges through another hole in the reflective coating of the near miffor' The

beams from both arms are recombined at the beam splitter and illuminate a photo-

detector. Optical delay lines of the type used in the interferometer arms have been

described by Herriott.l0 An experimental study of the rotational ald transverse trans-

lational stability of this kind of optical delay line has been made by M. Wag""t' 
I I

The interferometer is held on a fixed fringe by a servo system which controls the

optical delay in one of the irAerfer"ometer arms. In such a mode of operation, ihe servo

output signal is proportional to the differential strain induced in the arms. The servo

signal is derived by modulating the optical phase in one arm with a Pockel-effect phase

shifter driven at a frequency at which the laser output Power fluctuations are small'

typically frequencies greater than 10 kHz. The photo signal at the modulation frequency

is synchronously detected, filtered, and applied to two eontrollers: a fast controll'er

which i.s another Pockel cell optical phase shifter that holds the fringe at high frequen-

cies, and a slow large-amphtude controller tLrat drives one of the suspended rnasses to

compensate for thermal drifts and large-amplitude low-frequency ground noise.

The anterura arros can be made as large as is consistent with the condition that the

travel time of light in the arm is less than one-half the period of the gravitational wave

\< I O
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Fig. V-20. proposed antenna.

that is to be detected' This points out the principal feature of electromagneticalrycoupled antennas relative to acoustically coupled ones such as bars; that an electro_magnetic antenna can be longer than its acoustic counterpart in the ratio of the speedof l ightto the speedof sound in materiars, a factor or ioJ.- ;;* 'rJ"", the strainbut rather the djffererrtial displacement that is measured in these gravitationar arrte*as,the proposed antenna can offer a distinct advarrtage in sensivity relative to bars indetecting both broadband and single-freguency gravitational radiation. A significantimprovement in thermal noise can also be realized.

5. Noise Sources :.n the Antenna

The power spectrum of noise from various sources in an antenna of the design shownin Fig' v-20 is estimated below' The power spectra are given in equivalent displace-ments squared per unit freguency interval.
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a. Amplitude Noise in the Laser Output power

The ability to measure the motion of ar interferometer fringe is Umited by the
fluctuatjons in amplitude of the photo current. A fundamental limit to the amplitude
noise i.n a laser output is the shot noise in the arri.val rate of the photons, as well as
the noise generated in the stochastic process of detection. At best, a laser can exhibit
Poisson amplitgde noise" This limit has been approached in single-mode gas ilasers
that are free of plasma oscillations and in which the gain jn the amplifying medium at
the frequency of the oscillating optical line is saturated.12, 13

The equivalent spectral-noise displacement squared per unit frequency interval in
an interferometer of the design illustrated by Fig. V-20, illuminated by a poisson noise-
limited laser and using optimal signal processing, is given by

axZ(t)-zF > hc). 
,

Sn2ePbz e-b( t -R)

where h is Planckts constant, e the velocity of light, L the wavelength of the laser
light' € the quantum efficiency of the photodetector, P the total laser output power, b
the number of passes in each interferometer arm, and R the reflectivity of the spherical
mirrors. The expression has a mini.rnpra. value for b = Z/(l_Rl.

As an example, for a 0.5 W laser at 5OOO ;. and a mirror reflectivity of. 99.570
using a photodetector with 50% qualtum efficiency, the minimum value of the spectral
noise power is

Ax- ( f )  _?? ?-;1- >- t0 -- 
cm'/Hz.

b. Laser Phase Noise or Frequency Instability

Phase instability of the laser is transformed into displacement noise in an inter-
ferometer with unequal path lengths. In an ideal laser the phase noise is produced
by spontaneous emission which adds photons of random phase to the coherent laser
radiation field. The laser phase performs a random walk in angle around the noise-
free phase angle gi.ven bJ 0o = r.rot. The variance in the phase grows as (IIO)Z = t/st-.
where s is the number of photons in the laser mode, t" the laser cavity storage tirie,
and t the observation time. This phase fluctuation translates into an oscillating fre-
quency width ofthe laser given by 6 = I/+rt"s.

ArEstrong'- has made an analysis of the spectral power distribuuon in the output
of a two-beam irrterferometer illuminated by a light source in whj.ch the phase noise has
a Gaussian distribution in time. By use of his results, the equivalent power specrrum
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of displacement squared per unit frequency in the interferometer is given by

)
Ax-(f) 4 2 2 ?
-  =  i  r - 6 - r -

a f  3 ' '

for the casef t << I and 6r << I, where r is the dilference in travel time of light between

the two paths in the interferometer.

The main reason for using a Michelson interferometer in the gravity antenna is that
? caJl be made smal'l (equal to zero, if necessary), so that excessive demands need not

be made on the laser frequency stability. In most lasers 6 is much larger tharr that

because of spontaneous enaission, especially for long-term sleasurements 0arge r).

For small t, however, 6 does approach the theoretical limit. In a t)?ical ease 6 might

be ofthe order of l0 Hz and r approximately l0-9 second, which gives

ax- (f)
- -. lo-34 " z 

1Hr.A I

c. Mechanical Thermal Noise in the Antervra

Mechanical thermal noise enters the antenna in two ways. First, there is thermal

motion of the center of mass of the masses on the horizontal suspensions and seeond,

there is thermal excitation of the internal normal modes of the masses about the center

of mass. Both types of thermal excitation can be handled by means of the same tech-

nique. The thermal noise is modeled by assuming that the mechanical system is driven

by a stochastic driving force with a spectral power density given by

arz(r)
--Z-i- = 4krc dwz /Hr,

where k is Boltzmannrs constant, T the absolute temperature of the damping medium,

and a the damping coefficient. We can express c in terms of Q, the resonant frequency,

oo, of the mechanical system, and the mass. Thus a = moo/Q. The spectral power

density of the displacement squared, because of .the stochastic driving force on a har-

monic oscill.ator, is

2
Ax-(f)_ 

I I 4kToorn

ar ^'4 e-rzlz * ,z /ez a '

where z = u/.^. The seismometer suspension should have a resonant frequency much' o

lower than the freguency of the gravitational wave that is to be detected; in this case

z >> I and Q )) l, to give
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a*2(f)- -F=

On the other hand, the lowest normaf-mode frequencies of the internal motions of

the masses, including the mirrors and the other suspended optical components, sbould

be higher than the grawitational wave frequency. Some care must be taken to mai<e the

entire suspended optical system on each seismometer mount as rigid as possible. For

the internal motions z<< I and Q >> l, so that

axZ(fl 4kr- g

af ,1*Q'
o

It is clear that, aside from reducing the temperature, the thermal noise cal be min-

imized by using high-Q materials and a high-Q suspension, as long as the gravitational

wave frequency does not fall near one of the mechanical resonances. The range of Q

for internal motions i.s limited by available materials: quartz has an internal Q of

approximately 10", while for alurninum i,t is of the order of 10-. The Q of the suspen-

sion can be considerably higher than the intrinsic Q of materials. The relevant quantity

is the ratio of the potential energy stored inthe materi.als to that stored inthe Earthrs

gravitational field in the restoring mechanism.

The suspensions are critical components i'n the antelula, and there is no obvious

optimal design. The specific geometry of the optics in the interferometer can make

the interferometer output insensitive to motions along some of the degrees of freedom

of the suspension. For example, the interferorneter shown in Fig. Y-20 is first-order

insensitive to n:.otions of the suspended masses transverse to the direction of propaga-

tion of light in the arms. It is also first-order insensitive to rotations of the mirrors.

Motions of the beam splitter assembly aloqg the 45" bisecting line of the interferometer

produee common phase shifts in both arms and therefore do not appear in the interfer-

ometer output. Nevertheless, the success of the arrterura rests heavily on the mechanical

design of the suspensions because the thermal noise couples in through them, and they

also have to provide isolation from ground noise.

The general problem with suspensions is that in the real world they do not have only

one degree of freedom but many, and these modes of motion tend to cross-coupl€ Don-

linearly with each other, so that, by parametric conversion, noise from one mode

appears in another. A rule of thumb, to mini.mize this problem in suspensions, is to

have as few modes as possible, and to make the resonance frequencies of the unwanted

modes high relative to the operating ,rlod".I5

It is sti[ worthwhile to look at an example of the theoretical thermal noise limit of

a single-degree-of-freedom suspension. If the internal Q is l0-, the mass l0 kG, and

, ' o  k r: -  . . - .
.,* rrtt'{
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thermal noise

l0 kHz is

from internal

axZ(r)
Af

- Io -" crn'/tlz.

The thermal noise from center-of-mass motion on the suspension for a e - r04 a'd
a resonant freguency of 5 x lO-Z Hz becomes

Ax- ( f )  ,  n-24 )
_  l V  a  t - -

--f 
- 

Tcm 
/Etz

for frequencies greater than the resonant frequency of the suspension. with the chosen
sample parameters, the Poisson noise in the laser ampUtude is larger than the thermal
noise at frequencies greater than 200 Hz. An antenna that might be used in the pursar
radiation search would reguire, at room temperature, an me product loz larger than
the example given, to match the poisson noise of the laser.

d. Radiation-Pressure Noise from the Laser Light

Fluctuations in the output Power of the laser can drive the suspended rnasses through
the radiation pressure of light. In principle, if the two arms of the interferometer are
completely symmetric, both mechanicaily ald optically, the interferometer output is
insensitive to these fluctuations. Since complete symmetry is hard to achieve, this
noise source must still' be considered. An interesting point is that although one might
find a high modulation frequency for the servo system where the raser displays poisson
noise, jt i.s the spectral Power density of the fluctuati,ons in the laser outDut at the lower
frequency of the gravitational wave which excites the antenna. In other words, if this
is a serious noise source, the laser has to have amplitude stability over a wide range
of frequencies.

Radiation-pressure noise can be treated in the s€rme manner as thermal noise.
If the laser displays Poisson noise, the spectral power density of a stochastic radiati.on-
pressure force on one mirror is

a F ? . ( f )
r ao '

: - =
+u2trp

\c
2

a.w / Hz,

where b is the number of times the light beam hits the mirror, ald p is the average total
laser power- Using the same sample parameters for the suspension as we used in calcu-
lating the thermal noise, and those for the laser in the discussion of the arnplitude noise,
the ratio of stoehastj'c radiation pressure forces relative to stochastie thermal forces is
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2
n 1r-  / f l- ^  

r a d t "
- - - i g - c .
AFirr"t-":(f)

e.  Seismic Noise

If the antenna masses were firmly attached to the ground, the deismi.c noise, both
thro,ugh.horizonJal and tilt motions of thq grouad, would be larger than any-of,the other
noise sources considered thus far. The seismic noise on the earth at frequencies higher
than 5 Hz has been sturl;gd by several investigators l5- l8 

at various locations both ori
the surface and at different depths. In areas far from human indusrrial activity and
traffic, the high-frequency noise can be characterized by i stationary random process.
The noise at the surface appears higher than at depths of I km or more, but an unaln-

. biguous determination of whether the high-frequency noise is due to Rayleigh or to body
waves has nort been carried out. i\'leasurements made in a zinc mlne at Ogdensburg,
New Jersey,'" at a deoth of approximately o. 5 km have yietded the snr,allest pubh.shed
values of  se ismic noise.  In the region lo- loo Hz,  the power spectrum is  approximated
by

2
a x i ( f )  3 x r n - 1 4  )
t_i cm-iiiz.

Althcugh the sPectrum has not been measured at freguencres higher than loo Hz, it
is not expected to decrease more slow1y with frequency at higher frequencies. Surface
measurements are typically larger by an order of magnitude.

By mounting the anterura masses on horizontal sej.smometer suspensions, we can
substantially reduce the seisrnic noise enterir€ the interferometer- The isolation pro-
vided by a single-degree-of-freeciom suspension is given by

l!-"zt + e/qlzlz * e3 /e)z

where z = f/fo, and fo is the resonant freguency of the suspension.
placement of an antenna mass at frequency f relative to an inertial
is the moti.on of the Earth measured in the same reference frame.

At frequencies for which z >> I, the isolation ratio is

la*-to l2
l : l  =
I axr(f) |

ax-trl l2
;wl

ax-(f) is the dis-

frame, and Ax1 (O

-(iI.(?l;
For the sample suspension Parameters given, the estimated seismic noise enterug
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t h o  i n ? a n n 2  1 q

)
n - - l f t  - l R

2  v  l n  ' -  2
--F-_ :- cm- /Hz; l0 < f < l0 kHz

g !

with the average seismic driving noise at the Earth's surface assumed. For frequencies

higher than 100 Hz, the effect of seismic noise is smaller than the noise from the laser

amplitude fluctuations.

Although the isolation is adeguate for detecti.ng Weber-type events, an antenna

to detect pulsar radiation would require better rejection of the ground noise. Several

aoproaches are possible. Clearly, the suspension period can be increased to be longer

than 20 s, but suspensions of very long periods are diff icult to work with- Several

shorter period suspensi.ons may be used in series, since their isolation factors multi-

ply. The disadvantage of this is that by increasing the number of moving members, the

mode cross-coupling problem is bound to be aggravated.

An interesting possibility of reducing the seismic noise is to use a long-baseline

antenna for which the period of the grav!.tational wave is much shorter than the acoustic
'travel time through the ground between the antenna end points. In this situation, the

sections of ground at the end points are uncoupled from each other and the gravitational

wave moves the suspended mass in the same way as the ground around it. In other

words, there is little differential motion between the suspended mass and the neighboring

ground because of.the gravitational wave. Differential motion would result primarily

from seismi.c noise. The differential motion can be measured by using the suspended

mass as an inertial reference in a conventional seismometer. This irdormation can

be applied to the interferometer output to remove the seismic-noise component.

f. Thermal-Gradi.ent Noise

Thermal gradients in the chamber housing the suspension produce differential pres-

sures or. the suspended mass through the residual gas molecules. The largest unbalanced

heat input into the system occurs at the interferometer mirror where, after multiple

reflections, approximately l/10 of the laser power wil l be absorbed.

The excess pressure on the mirror supface is approxi.mately p - nkAT, where n i.s

the number of gas molecules/"rrr3, k is Boltzmannrs constant, and AT is the difference

in temperature between the rnirror surface and the rest of the chamber. The fluctua-

tj.ons in AT can be calculated adequately by solving the one-dimensional problem of

thermal diffusion from the surface into the interior of the mirror and the associated

antenna mass, which are assumed to be at a constant temperature.

The mirror surface temperature fluctuations, AT(f), driven by incident intensity

fluctuations AI(f), is given by
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ar(f)
aT (f) =

+ (ncupkr) l /z f | /z

The first term in the denominator is the radiati.on from the surface, with € theemissivity' o the stefan-Boltzmann constant, and ro the ambient temperature. The

::ff"t::: 
t'".,:::^":-:i .lr,*:1on.f.rom the suiface into the interior, with cv thespecific hgatt p the dens!!y, and k, the thermal conductivity of the mi*or.

If the laser exhibits Poisson ,,oi=.' the spectral force density on the antenna massbecomes

.AFz (f) z (nk)2

--=;("";v

4eoT3
o

h a -

T '

Radiation is neglected because it is much smaller than the thermal diffusion. using thefo l lowing parameters forg lass,  cv-  to5 erg/gm "K,-p -  4,  k t_ , ; t ;J ;  cm oK,  anaverage laser power of 0' 5 w and a vacuum of I x 10-8 mm trg, the ratio of the thermar-gradient noi'se to the thermar noise forces in the sample suspension is

aFl ^tr)
r r  \ J_ _ -

aF;h(f)

t

C. Cosmic-Ray Noise

The principal component of the high-energy particle background. both below and onthe Earth's surface is muons with kinetic energieslg g"eat"r than o. I Bev. A rnuon
that passes through or stops in one of the antenna masses imparts momentuln to the
mass, thereby causing a displacement that is given by

6 * = A E c o s g
mooc

where AE is the energy loss of the muon in the antenna ltrass, I the angle between thedisplacement and the incident muon momentum, m the antenna mass, and <.r" the sus_pension resonant frequency. (

The energy loss of muons i'n matter is armost errtirely through electromagnetic inter-actions so that the energy loss per column density, k(E), is virtu"tly constant with
energyforrelativistic muons. A Io-l B"v muonloses 3 Mev/gm /"^i, while a lo4 B"vrnuon loses -30 Mey/gm/cmz.

i

?he vertical flu:r of m.uons at sea level
-?.  ,approximately l0 - particles/cm. sec sr.

QPR No. to5
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lntegrated flu;< varies as -to-l/et{e"rr1.

Since the flux fells off steeply with energy and the energy loss is almost !.ndependent
of energy, the bulk of the muon events wil l impart the same momentum to the suspension.
I f  we use th ie fo l lowing sample suspension parameters,  m -  toa g,  f^-  5x lo-z Hz,p-3,
and typical l inear dimensj.ons -10 cm, the average energy loss per i lrol is -to 1 

B"V.
At sea level the antenna mass might experience impulsive displacements of -10-t8 "*
occurring at an average rate of once a second. -4,n event arising from the passage of a
t04 Bev *oon results in a dispracement of lo-I7 cm at a rate of once a year.

-{'lthough the shape of the antenna mass can be designed to reduce somewhat the effect
and freguency of muon interactions especi.ally if we take advantage of the anisotropy of
the muon flux, ihe best way of reducing the noise is to place the ant'enna masses under-
ground. The pulse rate at depths of 20 ::o, 200 m, and 2 km is approximately 3x I0-2,
l 0  l 0  ' pu l ses / second .

If the antenna output is measured over times that include many muon pulses, as it
would be in a search for pulsar radiation, the noise can be treated as a stationary dis-
tribution. Under the assumption that the muon events are random and, for ease of cal-
culation, that the rnagnitude of the momentum impacts is the same for aII muons, the
spectral power density of displacement sguared of the antenna mass is

o*'(f) +N(aE/c)z- - E - = -
(z ,n )  m I

2
ctIr / nz

for f >> fo, where N is the average number of pulses per second, aE/c the momentum
imparted to the mass per pu1se, and m the antenna mass. For the sample susDension
parameters at sea level

a*z(t)
a,f

- 1s-ao y1a "^z 1H".

h. Gravitational-Gradient Noise

The ar:tema is sensitive to gravitational field gradients, that is, differential gravi-
tational forces exerted on the masses defining the ends of the interferometer arms. No
data are available concerning high-freguency gravitational gradients that occur naturally
on or near the surface of the earth. Two effects can bring about gravitational-gradient
noise: first, time-dependent density variations in both the atmosphere and the ground,
and second, motions of existi.g i.nhomogeneities in the mass distribution around the
antenna.

An estimate of these two effects can be made with a crude model. Assume that one of
the artenna masses is at the boundary of a volume that has a fluctuatir:g density. The

QPR No .  105
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amount of mass that can partake in a coherent density fluctuation at freguency f and
exert a force on the mass is roughly that included in a sphere with a radius equal to half
the acoustic wavelength, L, in the ground. The fluctuating gravitational force on the
mass is

F-( f )
E a

;_ 
_ 

f n),ap (f) G,

where Ap (fl ls the density fluctuation at freguency f, and G the Newtonian gravitational
cons-tant. The density fluctuations driven by ground noi.se in the sphere are

ax-(f)
ap ( f )  =  3 (p )  - -F - ,

where ( p ) is the average densi.ty of the ground, and Ax" (f) is the ground noise displace-
ment' If f is larger than the resonant freguency of the suspension, the ratio of the dis-
placement sguared of the mass to that of the ground motion is given by

2 - - - taxi ( f )  l (e  )c ; '
- = t - lax:(f) lurf I

For the earth, this isolation factor is

2
ax]( f )  , . , -14

2 4
ax; (f) f 

'

which is much 51a:lls3 than the isolation factor for the attenuation of direct ground
motion by the sa.urple suspension

A comparable approach can be used in estimating the effect of motions of inhomo-
geneities in the di'stribution of matter around the antenna which are driven by ground
noise' lf we assume an extreme case of a complete inhomogeneity, for example, an
atmosphere-gr_or:nd interface, the mass that partahes in a coherent motion, ax(f),

2

could be m - r'(p). The fluetuating force on the nearest antenna mass is

F_(f)
E )_ A _ = i " c ( p ) A x ( f ) .

The isolation factor is

o*lrrr [o<o>lt
- - t 3 t ,
ax](f) [ 6nf J
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which is comparable to the isolation factor attributable to density fl.uctuations.
factors become smalrer if the distance between the masses is ress than \.

i. Electric Field and Magnetic Field Noise

, ̂ _rt:::tttc 
ii;Us in dielectri6-free conducting vacuum chambers are t,,pically

lo - 
Y /cm' These fields result from variations in the work function of surfaces and

occur even when all surfaces in a system are constructed of the same material, since
the work function of one crystal face is different from that of another. Temporal fluc-
tuations in these fields are caused by impurity migrations and variations in adsorbed
gas layers' Little is known about the correlation time of these fluctuations, except thatat room ternperature it seems to be longer than a few seconds and at cryogenic tem-
Peratures it is possible to keep the field-s constant to better than r o-rz i/'.rnfor severalho.,"s.2o

The electric force on a suspended antenna mass is

1 t
F.- q*= E-A,

where A is the exposed antenna surface, and I is the fluctuating electric field at the
surface' under the assumption that the power spectmm of the field fluctuations is
sirnilar to that of the flicker effect in vacuum tubes or to the surface effects in semi-
conductors, both of which come from large-scale, but slow, changes in the surface
properties of rnateriars, the electric force power spectrum might be represented by

&_
dynz /Hz,

where to is the correlation time of the fluctuations, and ( r!) ir the average electric
force squared.

If the gravitational wave freguency is much greater than l/to and also higher than
the resonant frequency of the suspension, the power spectrurn of the dispracements
squared becomes

o*2(r) (€a>ez
Ar- =;E;4?

F o r m -  t O 4 g m ,  A -  t O 2

+- ,0 -381 f

These

"*z yH".

"^2, € - to-5 stat V/cm and ro - I s,
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This noise is considerably less than that from the Poisson noise of the laser. Never-

theless, it is necessary to take care to shield, electrostatically, the deflection mirror

surfaces.

Geomagnetic storms caused by ionospheric currents driven by the solar wind and

cosmic rays create fluctuating magnetic fields at the surface of the Earth. The smoothed

power spectrum of the magnetic field fluctuations in mid-latitude regi.ons at frequen-

cies greater than to-3 H" is approximatelyzl

sz(s) - elE cz ltt ,

with B^ - 3 x f o-8 C. Large pulses with amplitudes -5 x'lo-3 G are observed occ?-
o  -  t )

sionally; the rise time of these pulses is of the order of rninutes.--

Fluctuating magnetic fields interact with the antenna mass primarily through eddy

currents induced in it or, if it is constructed of insulating material, in the conducting

coating around the antenna that is required to preverd charge buildup. The interaction.

especially at low frequencies, can also take place through feromagnetic impurities in

nonmagnetic materials. Magnetic field gradients cause center-of-mass motions of the

suspended mass. Internal motions are exci.ted by magnetic pressures if the skin depth

is smaller than the dimensions of the artenna mass.

In an extreme model it would be assumed that the fluctuating magnetic fields are

completely excluded by the artenna mass and that the field changes over the dimensions

of the mass are equal to the fields. The magnetic forces are F* = 
a; B-4.

The power spectrum for center-of-mass motions, with f >> f^, becomes

axz(r) ot"j
"i-=;a13

)
c m  / d z .

For the sample suspension, using the smoothed power spectrum of magnetic field

fluctuations, we have

o*z(t) - to-36/ta 2 ,--
cm /nz .

The displacements arising from i.nternal motions driven by magnetic pressures at

frequencies lower thanthe internal resonant frequency, fo. ., 
*" given by

-int

> ? a
ax-(f) A-B; z
- - = -  - - u 1 - - z .

a r  
l6n-m- f '  f

oint

Although the disturbances caused by the smoothed power sPectrum do not aPPear
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troublesorne in comparison with the other noise sources, the occasional large magnetic
pulses will necessitate placilrg both conducting and high-p magnetic shields around the
antenna masses. (It is not inconcei.vable that Weberts coincident events may be caused
by pulses in geomagnetic storms, if his conducting shielding is inadequate. It would
require a pulse of  lo-2 G wi th a r ise t ime - lo-3 "  to  d is tor t  h j .s  bars by a! - /g--  tO-16.)

6. Detecti.on of Gravitational Waves in the Anterura Output Signal

The interferometer (servo) output signal is fittered after detection. The gravita-
tional wave displacements in the filtered output signal are given by

-  Z  I  r c o  t  t 2  ?  ?
ax-  = 

i  J ; -  iF( f ) l -  h-( f )  l -  d f ,

where F(f) is the fi l ter spectral response, irZ(t) i" the spectral power density of the
gravitational wave metric components, and .0 is the arm length of the antenna interfer-

ometer. The noise displacements in the fi l tered output signal are given by

?  - m .  , r a x ] t r tAx- = i j  l r ro l ' f  ar ,
2

where ax;(f)/af is the spectral power density of tbe displacement noise. In order to

observe a g_ravitational wave, the signal-to-noise ratio has to be greater thar l. That
) 2

is ,  axl lax: > l .
t s r r

The dorninant noise source for the antenna appears to be the arnplitude fluctuatj.ons

in the laser output power. When translated into equivalent displacement of ihe masses,

the noise has been shown to have a flat spectrum given by ax:(f)/af - lo-33 " 
21H".

lf we assume this noise and an idealized unity gain bandpass filter with cutoff fre-

quencies f, and f' then the signal-to-noise ratio becomes

f
2 . 2 ,

Axl t /+ [" '  h,( f)  , . '  df
g  . l  .

- 
= -i---

ax- axz(f)
n n '  / f  - f  r

- f  \LZ-L| I

For conti.nuous gravitational waves, the minimum detectable gravitational wave

metric spectral density is then

r '2(r) > + $r9= 
4 \to-33 Hz-i.

2- d '  
.0- (cm)

Detectability criteria for pulses cannot be so well defined; a reasonable assumpti.on
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is that the pulse renergy[ be egualto the noise "energy." The opti 'mum fi]ter should have

a bandwidth comparable to the pulse bandwidth. The spectral density of a pulse of dura-

ti.on t is roughly distributed throughout a l/t bandwidth. A possible signal-to-noise

criterion for Pulses is then

z . ^ .
^  A x  { t )
/  n '--

A f
5 - .

or in terms of h,

? 4 o*ltit
n - a  > -  -

t -

As an example, the Weber pulses induce impulsive- strains of h- 2 x tO-15 for a

duration of approximately ,o-' ,, so that h?r - +x lo-35. A l-m interferometer arm

antenna of the proposed design would have a noise "energyn of 4 x 10-37' so that the

signal-to-noise ratio for Weber events would approach I00/I '

A meaningful search for the pulsar radiation requires a more elaborate and con-

siderably more expensive installation. The spectral density of the pulsar gravitational

wave metric is

i,z1q =

where f^ is a multiple of the pulsar rotation frequency. The signal-to-noi'se ratio is
?

a - e  ?  2-^g r/4 h:!'
+ -

ax- Ax-
D  r l r r-- 

zi trr-f ,)

By eoherent amplitude detection, using a reference signal at multiPles of the pulsar

rotatj.on frequency, we ca.n reduce the fi l ter bandwidth by increasing the Postdetection

integration time. The integration time, trrr,, reguired to observe the pulsar radiation

with a signal-to-noise ratio greater than I is given b;r

,
Ax-( f  )n ' p '

- a f
L:-+ _ t  ' )

l r l  h -  0 -
o

Assuuring the Gunn-Ostriker upper U.rnit for the gravitational radiation of the Crab
- ? A

Nebula pulsar, ho - 2 x IO-1+, and an antenna with a l-km interferometer arm, we find

that the integration time is around one day.

)
n^  0( t - rh l ,

QPR No .  105 '72



(V. GRAVITATION RESEARCH)

An interesting point, suggested by D. J. Xluehlner, is that the Weber events, if the-v
are gravitational radiation pulses, could constitute the dominant noise in a pulsar radia-
tion search. Under the assumpti.on that the Weber pulses cause steplike stralns, ho, At
an avelage rate of n per second, and that the integration time includes many pulses,

the power spectrum of displacement squared is given roughly by

a*z (f ) x.oznz
_ o

z,z
I b l T  I

z ,__
cm /Hz .

wi th f  -  50 Hz,  ho -  to- '6 ,  ! -  -  105 cm, and N -  to-51",  the noise is  - lo-32 "^z1Hr,

whi.ch is greater than the Poisson noise of the laser. Large pulses can be observed

directly in the broadband output of the antenna and can therefore be removed in the data

analysj.s of the pulsar signal. If the energy spectrum of grarritational radiation pulses

is, however, such that there is a higher rate for lower energy pulses, in particular, if

Nhi is constant as ho gets smaller, gravitational radiation may prove to be the dominant

noise source in the pulsar radiation measurements.

Aopendix

Comparison of Interferometric Broadband and Resonant Bar Antennas

for Detection of Gravitational Wave Pulses

Aside from their greater possi.ble length, interferometric broadband antennas have

a further advantage over bars, in that the thermal noise in the detection bandwidth for

the gravitational wave pulse is smaller than for the bar. In the following calculation it

is assumed that the thermal noise is the dominant noise in both types of arrtennas.

Let the gravitationeil radiation signal be a pulse given by

h / r \  =

t < 0

0  - < t  < t

t t t o

Af

[ '

1 '
L 0

The spectral energy density of the pulse is

^ . 2 . ?  . z . t ^ / z
t  zD t^  s ln

. . \ g r - " - v \ - d \ E

(Zn)- (, t to/Z\ '

l rn'r'
l ; j  oc r , ,  -< r r / t o

= ) (?tl-= 1 the eguivalent energy box spectrurn
I
[ 0  

o > ' n / t o
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(v. GRAVITATiON RESEARCH)

The gravitational force spectral density is

r!t.l = { -ar,z{",t Q? rn? .

using the dynamic !.nterpretation for the interaction of the bar with the gravitational-

wave pu1se, the "energy" in the bar after the pulse excitati'on is given by

. z  z ^ z
c€
\ x"(t) cit = Eo = 

F
E O

where aro is the resonant frequency of the bar'

The putse "energy't is distributed throughout the ringi'rg time of the bar so that

?
e, - x](t) zQ/.o,

E 6

and the average displacement of the ends of the bar becomes

2 2  2  2

, h-ti,rl{-
x l ( r ) - - .

tn"-".r"".ge thermal-noise di.splacement is

, z ,  4 k T
\ * rH/  

- . ,2 'o

The thermal noise also rings on the average for a period t - ZQ/uto'

The signal-to-noise ratio for the bar is given by

2
2 2  2  ? ,^g n-{-5.")- -%

t - t  r - E
\ xrH/

Now make the same calculaiion for the broadband antenna with a fil'ter matched to

the pulse spectrum- The displacement spectrum is

er
T

{s

,  ̂ z*2 oZ
* '1r1 = nz @l Lz = ' *  

'o ;

(?tr1-

T t rep r r l se l , ene rgy ' i na f i l t e rw i t hma tchedbandw id thaJ tda low . f requencycu to f f
: ^

o -  1 5
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(v. GRAVTTATiON RESEARCHl

* / +

f " ' " o  )  .  a
r  -  t -  l  - . L r  ,  '  - . e \ t
. L g = L i i . )  *  ( s r l O ( , = {  n t O

E  v , \*L
eL << It /to.

If the resonant frequency, oo, of the suspension is smaller than o", and the suspen-
sj.on has a high Q, the thermal " energy'r in the same bandwidth is given by

I H

,
\  *TH/

Generall-v ., << *, the thermal 'tenergy't becomes- L , t
I

or /t 4kTo m
.  \  o  4 - - - 9 - , . .' o  

J ,  ,  * 2 , . 4  a-L

Ern
4kTr*r t

-  o o
3

Jqm(,l

The signal-to-noise ratio for the broadband antenna is

2
E  x -  ^ 2 7  ?-e ^e 3h-l-Qmr.,f

i - - -lT ' '  t * -  1  4kTo_
r r a  \ * T H /  o

The signal-to-noise rati.o for the broadband antenna relative to the equivalent-Iength

resonant bar antenna at the same temperature is

* = 
(t/")"" 

=
(s/N)e

The best case for the bar is a pulse with to - 3. If we assume Weber bar param-
A 4 o

eters mB - l0- g, .oB- l0'and the sample suspension parameters prevj.ousl.y given,

_  4  4  3  - l
Q"" -  t0 ' ,  *BB -  l0 'g ,  ,L  -  lO' ,  .oBB -  3 X l0  ' ,  

the s ignal - to-noise rat io
. 4

approaches -10-. This entire factor bannot be realized because the laser amplitude

noise dominates in the interferometric antenna.

R.  Weiss
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I. WIDEBAND INTER:FEROMETER ANTENNA

The wideband laser-interf erorrete! Favitational-

radiation a.utema coDsists of a lasei-exeited

Michelson interferoroeter vith the bea'osplitter

and ieifectors attached to kilogran-sized masses

o" soft suspeDsioDs tbat allow essentially free

mo6on above the nrspelsion frequeucies' As

"J"*" i" Fig. 1, when tbe direction of gravitational

radiation is aloug ooe of tJre interleroueter arEls'

;h"t; does not experience any dillerential loo-

uon between tbe be^-sPlitter a'od retroteflector'

and tltt. acts as a refereoce ar:n for the ilter-

ierometer. The strai'ns produced by tbe glavita-

tional radiatioo (of proper Polarizatiotr) ttren act

ooEe otl"" arm of tbe interferonete!' causi'€

a ditlerential ac Eotiouof tbe bea'lrsplitter aad

retroreflector at the frequency of the Coi?tt:nd

tlai",lo":" Wheu the direction of the gravitatioDal

t"aA.tioo is at rigbt engles to the plane of the iD-

terlerometer, one arrD will decrease in len$b and

tbe other tiII ilcrease' resulting in a dorbling of

the signal.

A. CouPling ofradiation ro entcnn:

Gravitational radiatioE couples to the I'aser-ia-

terferometer antedra by causiDg relative rnotion

beteeetr the bs-Esplitter a'ud rnirrors in tbe inter-

i"to-","". Tbe strains and relative Eotions iD-'

l"J uv the gral'itational 131ti21i611 are leadily

a."i"J"f to--tbe vea'k-field aPproxination to the

Ei.nsteio iield equaHons,

tr" ^oo (1)
R o g - 2 8 o c K = T ' '

The gravitatiooal-radiation field is assumed to

be a weak perhrrbation on the metric ros =4oB

+itoo, tbat proPa€3tes as a teDso! rtave:

? " h o ^ _ l t r + = 0 .  . t z l
8to '  e  8 t '

Tbe geoeral lotm of a gravitatioDal Y"" 
p:-olt-

g3'ti.Dg in tbe z direction will have the characler ' '

- i(ot-u) , 
(3) .hor=(hrt  o +hss ot)e-

vtrere h, and h, are the scalar anplibrdes of tbe

tso states of polarization of the rrave' For linearly"

polarized radiation one state of polarization G.the

ieosion-compression polarization represented by'

(4)
[ o  o  o  o l

l : : : : l
L o  o  o  o J

t a E -
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: I:G. 1. Widebald laser_iaterferometer a.Dte!Da.-. i .

'. 
ot 

! 
=- 

b, 
Fbich coDsists of a tensioa aloag tbe: r axis 'nd a compression along tUe y a.x$ [se"

. 'Fie.  2(a)J.
-.. Tbe otbe! state of polarization is tie sbear' polarization represented by

o-t hrz=4r, ebich colsists of sbeai forces aloag. tbe btectors of tie : and y axes [see frg. ZfUl] .
- From inspecfion it is easily seea'n-, tfrJt*o

polarizatioDs are ortbogonal since soo!.r=0 and
tlat tbe shear polarizatiou so" is ;uJtfre telsion. pola-rizarion rotated tnrougb?1" (i"_oJoiirrc tt"
spr.u-2 cbaracteristics of tbe oai"tioo).

If desired, the flur of this gravitational radiation
iD popet per uait area can be obtained from the
relationi

-3r =ffi[i,,"**(i,, - 4Y] . (6)
Each arm of the i-nterfeloloeter coasists of apair of freely suspended uasses holding " U".-_

splitter or a retroreflector ard ""p".,l"a Uy "
distarce lt=IE + gr(/), vhere f, i" tl" ooroioi

,T
I

isiL.
I

\J-

separa{oa distaace .of t!e. uasses rrltbout ercira_
tion, aod *(t) is the tihe-var?igg portiou of tbe
displacement car:sed by the radiatiou.

: Th€ gravitatioDal radiation i.uteracts w.itb tbe
gar of Easses thmug! the eguation of geodesic
derriation f6r cnril, uoaretativistic uotioas as
follovs:

dzrt

* 
=- CRtonoE" =-c#oJo

If the detectiag Easses are eatirely free, tlen tbe
eguatioas simplify to give tbe rclative dispt3ges
meot ft betseea tbe massei iD telros or tie grari-
tational-f ield strength,

it=- ca\Ja=!fraol. (8)
The egui lent strair <to=gt fta over tie d,istaace

to is tben giveo by

/ ( \ ?to=- Cpco*=1fi to

whicb shorrs tbat the strain is a direct beasure
of the gravitatioaal-field streagtb.

The Michelson interferoroeter used a3 tbe a.n_
ter.Da consists of ko orthogoaal a-rros of the saoe
sssqinrl lengtb l. Tbe i.nterferoaoeter produces a
cbaage io ortput Ette! thele is a difference iD tbe
tr|o path lengtrs. For aa aDten.^ w.it! oae aro
doag tbe:r axis and the otber aloag the y a.xis,
the output is

9 t -  q r= j1 i t r / r  -h " r l r )

a g = i ( 4 ,  - \ ) t = r h ,

where fto, is aeasured in the coordinate system
of tbe anteaaa. ThiS Scebr output can be 9!r-in6d
by assuaiag a teDso! format for the combined
respoase of tbe fwo aros of tbe antenna

0 0

1 0

0 - 1

0 0

aad carryiag out the operatioa

Ae =efrr,r,4,cr . (13)

B. Derccrion*rsitivity par tern

The detection-sensitivity pattern of the laser_
interferoloeter antenna for the gravitational radia_
tioo of difrerent polarizations coming froa d.if-
lerent directions is a conplex oae.

In Fig. 3 we assume that the laser_inter_
ferometer a.oten a lies in tbe .r-y plane s,.ith oDe
arm along tbe r axis and the otiei a.long the y

(?)

, , '  Io  o  o  o l
" ' r ; 1 0  o  1  o l

f o r o o I
l o o o o J

(10)

(1 i )

' J
o  I '
o f 

"
0 J

l-'
o"r= I 

o

l o
L0L._

i. ')

FIG. 2, The rwo states of
tatioDal radialio!.

i b )

polarizatioD of telsor gravi_
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tioas for, .itU tl" teosion lyiog in the t-t plare

oi[" i't"oo^, and so, at 45' to it'
-'to 

"oo""tt ti" t*o llosot polarizations. f rom

thJ t"ai",lon-coorditate systeu to the antenna-

coordj.oate systeEr, rre use tbe geaeral form of

the rotaHon matri:f with 0=0:

l t s o
I

I o cos0 sino
q= 

l0 
-ct isosino cosdcosO

[o singsino -sinocoso

o l. l
sue I
cosdJ

axis, tli.le the gravibtioual radDtion is arriving

t-t-oJ "r, atbitnry'dilectioo (d, O) witb an arbi-

l"ty p"f"tt-tioo' In the coordi'Date systeEr

(a,,,' y ),, z',1 of tbe gravitaaiond "{l1l^"1'_T ji

:! o(Y.Z SErgdqufrS#r' 
;;.-f, ls^nd@igstsfEu
q'.r.r: lftr'Gouft (siosTl t6ltr

EIG. 3. CoordiBates for catculetioo of isteracti@ of

alteE a *'ith ladiation'

. (14)

Plane-polarized radiation proPagating tt::?. 
T"

,J [[[li"""iioo and polarized alorg the '"'!" direc-

tion .

[ o o  
o o l

l o r  o o l r , ,  ( 1 s )
h , ! r = h r t , ! r =  

l o o _ r o 1
L o o  o  o J

is then converted by tbe rotation matrix into tbe

-rt"'*"-tootdinate systen by the oPerations

tor=R 'Lor t$Rig ,  
(16)

or

IlG. 4. DetectioD seDsitiYity eatten for.Ibe-a1! 
-.

".ii;; f,"otta'lo*f radiation with one ciirection or

polarizatica in pbne of the a$enna'

;"L;ut"-;aion into its tso linear polariza-

' f o  o  o
I

. - | o cos2E - cot'9 sin'�E (1+ cot'9) sinO cos6
' " t -  

I  o  (1+cos2€)s iooeoso s i fo -co*9co*o

Lt 
sin9 cos6 sinf -si'n9 coso cos6

Tbe antenna response to this polarization is

LE=thesA't =lrTrtorAd

=!hrl11+cos'9)cos20 '  (18)

Tte shape ol tbe altenna-response pattem ln 
lle

;;tti and polar djrections are giveo in Fig' 4'
*ir"l"-p"r"ied 

radiatios propagating .1oaq .th"
r,i 

-f""'tto" 
ald polarized in tbe shear direction

to tie /'r-Y" a.:xes,

[ - o o o o l' t l
l o  o  t  o  1 .  / 1 o \

h ' ! r=h,s ' ! r= lo  r  o  o I  
n ' '  \ 'Y '

t l
L o o o o J

is converted by the rotation matli' irto the an-

te.na-coordiaate sYstem bY

sor=R'rots" 'o.R6, 
(20)

0 l
sin€ cos9 sin6 

I
-sin9 cos9 cosO I

-sin:8 )

(1?)



lte alteaaa respotse pateras ia &e polar and
.. aziauthal directions are shoea b fig. 5. .

When.we analyz€, the response of each arE in_" 
dividually we see that eacb has a cos2g ra.tittion
pattern, sim;r-" to that of a simple uass quad_
nrpole, ald is tbe saEre as tbat of an elastilc soiid

. bar antema (neglect;,rg poissoa ratio effects). The
combined antenna pattern is thr:s seen to be tbe co_
berent addition of trpo orthogon,l cosrg tipe pat-
terns.
' Tbe total combined respoase of the anterua to
the t:adiation of arbitrary polarization is a com_
plex shape-+l artist's cooception of tie pattem
is shosn i:r Fig. 6.

When tbe antenna was operated as a detector for
gravitatioh^l radiatioa, it szs sitrated in the base_
meat laboratory of the Hugbes Research Labora_
tories, Malibu, Calijornia. The Research Labora_
tories are located at 119" west longitude and 34"
sorth latifude. The arms of the antesra \rere
ta-ngent to the earth,s surface and vere pointiry
at 53o and 143" from norti.

ttl2

ot

Ss! =
-sin20 cos9 cos2di cosg

cos26 cosd sinrg cosg

cos6 sing sinO sinA

' (21)
enrl ![s attenna response to &re polarizatioa is

te= iho rAa  = !h , so rAc t

=- lJ cosg sia26

- lTG. 6. Badiatioo pattenr of Maltbu widebaa&;*er-
ferornetric Fa?itatioaal a!re!Da.

From Fig. 6 we see tbat tbe roajor response of
the aateala Eas iD the directions aoraal to tbe
pla.ne of the astelrra. The secondary-respoDse
characterisucs of tle aDtelra were aloug tbe forrt-'gential 1o5ss rlifd vith the anteDDa ar.rns. If
we $a,oslate tbe antehn" pattera to the ceuter of the
eartb, .thea !!s 6ain lobes were at

119" west longihrde, 3{" north }atitude_Malibr,r.,
61" east long.ihrde, 34" soutb lafitude_Soutl_
pest pacific,

leiire tbe four taagent lobes lie on a great circle
vith Malibu as the ceoter and vere located at

ll_1est longihrde, 29. north latitude_Morocco,
1?3" east loagitude, 29o soutb lattihrde_New
Zealand,
65" 

- 
rpest loag:itude, 43 " south latifu de_Argeatira,

115' east tongihrde, 43o norttr l"fiAra"_G-oUi
Desert.

(Ooe pair of aate^'^ nulls *as orieuted close to
tbe polar directions.)

Tte New l,szraie lobe strongiy overlaps the aa-
tenna patterns of tlre Glasgow [ar. a5ts,..s, rptils
the Argentina and Gobi Desert lobes orerlap the
Maryland bar-anteana pattern.

-Fgr 
the night bours of tbe lall of.!972, tbe center

of the galaxy passed under the earth so'tlu ""t""""
sensitivity *as a ma.xislum for gravitational radia_
tion Jroro that direction. Witb tie coubination of
the multilobed pattern aad tbe earth rotation, Dost
of the sky (except for the poles) was scalaeddur:-og
tie period data was collected.

U. .{I{TENR-A DESIGN

. , A. lnterferometer

The iaterferoroete, used pas a folded Michelsoa r_-:_:.
irtetferometer. The light source for tbe inter_ :;f=
ferometer .was a large laser on a 3_m gla.uite sf*:.iE

r ' ' + J  s ' - : \ j : - : '

f'
l o
l o
L'

' l
cosd sin, 

I ,"t";""J

f
I

--a 
t*  '

FIG. 5. DetectioD sensitivity pattera,o! tineariy
polzrtzed Sravitation-t radiation wit! a bisector oi thepolarizatioD directioDs iD the plane of &e aatenna. 

'-

,#
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FIG. ?. Scbeaatic of folded optical ptb'

on los-trequeocy air mounts' As is shosa in Fig

;: il;;;;- tbu I"t"' enters throush a tFiE-

iiJ " I o.s---di2'Eeter cvlindiical "-1TP ttok

l"a lt *p*ted into two beaos by a 50/50 bea'o-

;Jiil;-jsiJe' one bearo ttavels u?Y " 3 i^-
ii-*i "i."""t ted aluninua irription pipe-t9 a
'.lT"i*tL-F- .,"ac'ulo ialk containi'og a !isu-
orrality optied- corner- cube retroreflector' Tle

ilJipiiii"" aad retroreflectors sere mo'nted is

. ""t-*t', if""ks designed to have ao interoal mecb-'

;ffi;;;ances below 25 tanz' The reflected

ilrf-t-*-" dowa tbe oipe to the center Yacuum

. te.nk sbere lt stri'kes " -t"ot rooruted on the

ilJ*pp.* block as tbe bea'msplitter' lte mir-

;;;'"; coupled to a stack of piezoelecrric
';;St 

lr=ota't"""" that are used io a lorr-fre-

;J; serro systen to mailtain tbe irter-

l"'t"."r""-ot"ilogth constaat it the lower fre-

- iueacies. The bea'b rehrrns to the retloreflector

. ;";;t is aga" rcflected (ir tbe process ca.o-

;;;;" ; tbe oPtical erlots in the retro-'

t"t,"ii-a seut back dovn to tbe bea'msplitter'
'?i.-!""*a 

bea'ro lrom the beamsplitter travels

UJ-"".Uter enacuated section of pipe to a:rotier

. "ri:tJf"i""f rracuu:n tark mounted on a separate

$"J;oi.fsoltioo alte' ttte laser be-- i'o-this

"-J i"-""if"tted from tbe refroreflector and're-

turDs to a oirror also mounted os tbe s'ne.block

Ja" u""-spUttel' This mirror is coupled to a

; ;* *'''"k :3.,: :3 H j*Tlf*""#;.,
brated voltages to lllc

.;;; -otibo tbat can be used to cal'ibrate'the

ili.J""-"'er' This u"* dlo :o"t- -o:t*^3-'S
its retroreilector and returns to tbe be--splitter

;;l; t" coobined witb the 1it51 6saE' In this

' 
folded configuraflon' the effective }ength- of each

arm is 4'25 !o' !'or glavitatiooal radiation ortboj

eonal to tbe plane of the interfeloloeter' -the 
ef-

i""fr" t"tt t of tbe interferoloeter is 8'5 u'
'-ii" 

"o-utt"d bea'urs from the tvo an'lrs sele

"""i*ti+, out througb windorrs where tbelr were

;";"t"d iy a differeotlal pair of silicon photo-

detectors.

B' lsoladon s'vstcm

fle primiry isotatloo table foi the interferom-

","t t*" a O-i x 1x 3 B 2300-kg granite slab on

i"r" i*"4* 1x 84D-1 air mortts' The re- 
r

Jrrt#.o.uitotion bad a resonant frequeucy ol

approxiroatelY 1'5 Hz' .-T-"""ona 
isolation ta'ble of O'3 x 1 x 1 t! gratlite

slab on s!6il2r ai! mouDts vas used forsuppott

;fr;;;t arro of tbe interferooeter' The inter-

i"ti--"a"t vas enclosed in a vacuum bousing tbat

;;J;""*ated to nominal lorepump vacuutn

level.s (<100 P Eg)'--ffr" 
o""oo- systeEr and isolation tables srere

0""'i-"0 so that after a'o initial checkout ard opela-

ir*-J" 2-u sections of alurinum irrigation pipe

i'tl -,"", inte rI e rome ter pthlength)'-,th:-t,"- 
-t 

" " -

ii"t, """fa be replaced witb longer sections (up to

i-*f-*" a suuita^otlat iacrease in interferom-

;;;;t*ional radiation- strai! seositivitv for

;;;" Pboton-Doise-Iioited 
displacement sensi-

tivity.

C. Rctrorcflcctors ',t

Tte retroreflectors used at the ends of the arlos'

in tbe interferoEreter vere 5-cro-di'meter fusedj

lii"..o.n"t cubes' Tbe relurn bean lto- 1

corDer retroreilector is elliptically polarized' B'

;;.;;' the be^- is reflected back on itsell' then

tle ellipticity of ttre polarization is corrected' This 
'

"'*T,!""iic o! the retroreilector and the desire

to bave 2lr the active coEpodeDts il th€ 
:ysteE 

at

iJol,too (near tbe bea'rrsplitter)' to- keeP the'

""-"i" p."tilns of tle atrteoDa as siraple "t 
P*-

rio-t" lii," tue tolded-uea::r coafiguration-of Fu":;

?. A flat Eirror rras used for the iatermediate' :

reJlection at tire eoa oittre b€a- (back at the beab-'":

.irin*il" prevent ueao translation *ith "o-"1 
,,,t.-,

,o t " t ioo .  
' . , ; . :

D. Suspcrrsions , -.,

The beamsplitter and the retroreflectors vet€.':"- '

roounteO in holes bored into aluminum cubes ap- '' '

ororimately 10 cm on a side' With these di-Een- '

sions, the- fkst longitudinal vibrational raode G'

about 25 kffz, a'oove the 1 to 20 lcElz search T* '

No additional rnodes in the 1 to 20 k'Bz band should

have been genetated iy the holes' Theseoptical " '

support blocks sere piaced on.top ofstacks oI ' '

altelnating 6-mm neoprene nrbber pads and'I'trr,
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an brass plates stac&ed to the desired heigbt.
ltese suspensioos bad a typical ir"qo"o.y?iO
82. Although they would not O" "a"Eoi" ;; 

'-

search for radiation at pulsar fregueo"i"" O.f-ztru Ez, tbey pere lcore tbar adequate for asearch in tbe 1 to 20 kHz band.

F. photodetcction sysrem
Tbe photodetectors used ia the interferoloeterPere Ulited Detector fecUotogy iype ;Dr_;;

flllty^b-:ier photodiod"". t#i"ji'."ir""area of 6 cm2 (2.8 cm diameter); ;li";;;g"
1l l0.wZ.-z (better tban 60 *w;; olr"i*f .This was more tban ad
e,Pected at each d"t".t"@t" 

for the 10 to 20 mw

au te "to,, u, "!-i;; ;?L*liTii*: :i::?".up to 6 urA of detected
cident power) 

rent (about 24 aw in-

. 
Tbe opticat transloission through the inter_

::::T,:" 
bearrsplitter rlirrors and retroreftec_tors Eas measured as 0.?. rtre ,Jl"tio"-i;ss**eacb pbotodetector was 0.6 a.nd,i"-*"ror."*""_

tion elficieacy vas 0.?, ror a co_ui-iJ;;J-
efricieacy ot 0.3. Thus, to, " no*JJ3f;;or
single-uode l,aser power, 24 mw _;" ir;;"*

E l *e t

lfts recsl used in the interferometer Eas a uodi_fied Spectra-physics. Model 125, ,ai"l "r-Lr,emiG a 65-ow multiaode. rrr" u"-"i-oilir",
podified by a aew etalon desiga. ;;;;;;_tvegl rs to 55 uW single modl. rte aerltaroa
.d"rp uaa lgl,t"liuty trr iL. L-i..".L"
l3:],*O 

low noiss, except whe! &e et-ron, waseactly on its celte! uode, whea i, *"loir"".oryDoiser.
' The uoise io tbe 1 to 20 kllz reg:ioa leas furtherreduced 

f1 reelacias tt. sp""to]pr,y"il pf,...suppty with a Flu.ke precision ulgl_"orr"g-".plr",
supply, aad then deliberately induciag . t;;-plasma oscil,tation at 100 kgz. *riiifr.-"1-*oi-catioos, the laser ooise was or*u""ff, ,-.iLofrom the aorroal noise level ", ,1" oa"oliiii.'F-iSure 8 shovs the laser_aoise spectnrro for 9 mr{of detector cunent asr-aoiati, ru;; ;; Jffi,:1,:T:tj;#;?

kIIz is about 5 times the pboton_no*"lr.lailli l"detected pbot6as.
lbe aoise loeasureloent rpas the! repeated usingalea.Erspl.itter and optics to simulate iU" il-."aoerector operation of the ach:al :nterteroaeter.Firy: 9 sbows tbe laser_noise spectrun as mea_sured by a pair of balaaced ptrotoa.tecto"s, ;carryDg about Z-2 a,{ of pbotoel""t"o*. 

-h-Jo:.._

sured noise is now very close to trr" puiioo_ioil.liruit of the detected pir-otoas.

R O E E B T  L .  F O R T A B D

FRea!"rGrcr. rk

FIG. g. Laser aoise aeasured iD lO_Hz U""a"riAU-

the interferoEeter, 14 mW reached the photodetec-
tor, aad I0 uW rnas detected. aU of tl"!"-J_ficieocies could bave been inprovJ.i'--"ri"t,itU :.furtber efiort. Tbe Eost ob"ious i-pr*"nrJt
world have been to bave tbe photodetectors fJbri_cated witb a froat surface_contact 1"y"" &.ituiabe compatible eith an aatireftectioa ;G: 

-

Tbe photodiodes Eere operated s1 3 nqnin:t lias":lbg" of 10 V, whicb ga.ve a capaciFnce of f ii-pF ard a dark currdat of S pA. il;t;;;
u:ed tritb the photodiodes Eas "o;i*ti;;;-'-'
*9OO *o" a 3 dB freEreocy roltoff at 20 kJtz.

The photodetectors pp_air in- a circuit ;;:-Tf e'y#. i il#T
:peciaf filter that ^nowed the siglaj.s t tfr" 0.i,"
,t3 Y: 

band to pass oD to the prearopUti"",lU"

l*"S:t,1n: 
high-Iregueacy piasara osc jltatiol atrw urtz (ulduced for laser_noise reduction) andtbe lov-freguency liae barbonics that could bavesatulated tbe preamplifier.

The circuit also allowed for the extractioa of the

< 4

I
9 r

a : o

E r o

j r

: J

_ FIG. 9. Iaser Doise ia tO_IIz baDduddih witb!el^n6g6l detectors.
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FIG. 12. Filter baadpass atleuuatioB'

l = 6 . 6 2 6 x 1 0 - ! { J s e c

v=4.14 x 10r{ Ez

hv =3 .L4 x 10- te J

t24)

(25)

i:r r..

a-:.{."

r.a.: '-.

?f.,.:: .
";' .::

EIG- 10. Pbotodiode bias aad filte! ci:icuit'

160-8z pathleDgtb serro signat tlrat rlr1 u"tl '

;;*-;; felduack circuit to control apiezo-.

electric stack iD oDe arm of the ilterfetoEeter to

-"-tt" equat illurniration of the two photodetec-

tors.--fi" 
o-ap""s filter used irr the circuit €s a

"*"t"f design coosistiag of a 5 kJ2 ine.e^da!:::

;:;i;, ueb-sass Buttervorth filter sitrt a 'tos-

;;f;;;;tffi-oisso s' aad a sroPe ot26 dB/

;;;;: ;bt" ras folloeed bv a 5 kf,r inp€da!'ce'

;;;; tot-P""t, Tscbebyschefl flt""-:j::,, '

;;;--;;";"t;v rot-loff of 25 kIIz a'od a slope of 30

G/oc;"; (sel rig' 11) The i.userlion loss-of the

;;;; less than 1 dB froro 1 to 2o kltz (see

Fig. 12)-

Iu. INTERFEROMETER S/N ANALYSIS

In the Micbelson interferometer shown iD Fig'

'fg. &" single-mode laser power l-"tt"::itl:
tJ"J"--i,"r produces a photon flux at'the en-

tralce to the beamsPlitter of

(A single-mode laser power of 50 oW is equiva-

il"ii"". ni",on flux of 1'6 x 10* photons/sec')
";;;i.":;;am 

is divided at tbe 50-50 beam-

.oil;;:-o"" h'lr travels down arm one and is

a!^"r*'tt l* patlr'length !1 =i, + 5'(f) of arm 
,one'

*iU" tn" otn"r balf travels dovn arm fso aDd rs

;;i;;J;t tbat patbleDstb !2=!,+ E (!)' ontbeu

;;;;',b" b€a'losputter' the tso be2':ns are

lii-' J t, i1'l ::"- H^:t.'*."r: tff#fi *ff :. .
lrith one balJ of the otne-;"-;;",* 

flux reachi'og the trco pbotodetectols

is ther given bY" ;+tr-"o.{ t , , - r , r ] ,

o,=,t +[ r *.o" * n' - r,,],

where I is the tra'ostoGsioa efliciency of the opucs

a"tf, ,
/ r  1 \

3 d € i l q t s
rutEMrrx
Z .  - t r O

3 E
!d/GT^v€

! rc!€ !d ts
Ex€!€€tr
Zo .5 t .0,
Et i t
!.!Gl^vt

fin

i {

? r

: n

FIG. 13. MichelsoD ilterferosreter scbemattc'

11. Lsw-ilserttcn loss sidebald fi]tet'
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ln,tbe iaterferoloeter, :.d tbe difiereace in tbepathiengths of &e tvo aras of nu iot"rf"ro.li",
is

f r - l r = l r - l r + { r -  l ,

ot

a l = A l + a {
/ t a \

Each loeasurement iaterval bas a oeasured or:u-ber of pbotoel,ectrons thirom *e """;;;;;1 T"t"*.il:11:":,

L .  F O R T A R D

AlI, =.1f, - (i\'1)

The spectral
of the noise is

(36)

-The detectors Fele operated in a differential
signa.l mode. For ma*imun ;;;.::=::"j- .
nal path.leogth l, of one 

muo seositivity the nomi-

'.;i;-q#;;ffiffiffi ff "f lff :",i"'J"kppainrlty half the tota_l power on each detector.
Tbis occurs when

is-greater or less depending upoo tbe leagti of tiemeasureoeot time (auober of roeasured pUoL
electrons). The time average of rhis dilference is

(3?)

inteasity in photoelectrousz/seC gz
tieo given by?

15
7

Az, =

=q(P,
hv

*r|l a
-  = -  * tr  2  - -

",=#(t.*"r) ,

*"=ry(r- f "4 ,

(\) = (x,) ==i(?r(6J) ,
and a variarce of

varN2 =var.li! = ((N, _ (fr).) = (fr)

At this iuterferometer settiag,
A q

cos { {az*a$=-s ia f "e= - foe  (2s )

[where we bave assumed Af(l) is saall cornparedto the vavelengtbl.
Tbe flux incideot at the two detectors is then

Tbis spectrd inteasity of photoelectron aoj,se Sproduces a sguared noise current in a bandsidt!
B given by

Ir" =Ir' = eSB

=€q(oo)a =1(4ds

l rn\

(28)
" r = |  * |

r , = r * ( t " * " , )  ,

o,=n!( t -  f  " r )  .

"(l1=,t} 2t(^\2)

=lim ! 
(aJv")

t - _

=6- 2(ar,)
t ' -  T

=q (Qo)

(30)

(31)

As the Datblengtb diflerence A!ft) .t,ta l^ +L^ __ -
tationar-radiatioo "toJnte 

at(t) due to the gravi-

flux at one detector *ilI:-:=c_"s 
'Fith- ti'ne, tbe

in the other plt aecreaseTcrease, 
while tbe flux

_In 
a IneasureElelt fihe interval r, the numberof photoelectroas produced jn eacb A",".,""1I-'

$ere. 
(rf =i(n(e))e is tbe average pbotocuneDr

in each photodetector- Tbe noise *.r"ot i" &usa.me in both pbotodetectors since tbeir average
detected flux levels are kept egual.

1ae signd suneDts and &e noise currents fronthe photodetectors are converted into vottagesly
mea.ns of the load resisto! of nominal resisLce
n = 5 P 

.h2t terEinates the videbana fUr""G"
Fig:. 11). Ttre 1oad lesistor also cootribut"" iU"followiag Jobasoa noise voltage:

=2e(I )B

vnt =4bTBR

Fhe!e

,b=1-38x l0-23 J/K ,
" = 2 9 0  K  .

The Johnson noise of a 5_kg resistor in a 10_Hz
bandwidth is

VR=(A|TBR)r/2

(3e)

\ J Z '

(33)

where the guaah]lr elficiency of the pbotodetector
is now included in the efficien", "*irr"r""in- 

'-

. 
The number of photoelectrooi ir, ".J fiiioa"tec-tor has art average value. of

(34)

(3s)
tiat is proportional to the average number of de_tected photons.

=21 ny .

During the operation of the j-oter{eroEeter.
(41)

the



i '

s:.

I t

rhus, in "u ":".11-:".;rtlil:ff:t"":1":s; ""
\rzts verY mucb larger ti

io.a t""!"to,' so we can ignore tbe Doise con-

i"t:"i* "t the Johnson loise in our a'oalYses' ',"' 
;;;;"ise dilierentiar'-qyi:1 ::.":'.1.::-

V r=(2eIB)L 
tzR

-=3?0 nV .

;;#;;; " Pen.cn- +' :.:T-'1".*i#?1';e"'e*Etul ---- 
ti ooit" figure for the 5-kfl

"oi FEtt- Tbe a:lplifie -. i.rlt^ ^rraar nn nr€
il""u'#ir'Jri' ti" r'"u a negligible elrect on tbe

Ioad resistor was carryjlg a photocurrent that sas

li*' ;il-,- * -llftf ff \S'f):':H::"'
rould geoerate in a Danl

voltage due to shot norse of the photoelectrotrs of

overall systelo Perfomrance'" 
;;;d;*;tc signar voltage" t"^ 

-t-:o^o::"ot'
thii;,h" pbotoelectron noise currents are u!-

;;;;-'il"s the diJfereotiar a:oplifier oea-

;t". . t*""ed signal voltage as foUows:

L A S E R . T N T E R F E B O M E T E R . . '

(4b)

is then

(46)

N. DISPLACEMENT TRA}ISDUCER CALIBRATION

To calibrate the interferoraeter tor displacement

,#tiltt "t" used a piezoelectric disk.attached to

#;;; oge of the irterferooeter mirrols'(see

;;;. ;t. rl: -i.'1"-' f;ln:i';?;ffi ffH"
voltage on tbe PiezoelecLnc-uu 

s::.:::;;-" '

"" ti,Z prpqa"t-,':.9'.'_T:: :Til"ff# [IT-
mum. The ioterfetomet

;;i;; ^/z u'atbe.mirror bad moved r'/4'

ri" ii"pr"""-ent sensitivity obtained tras

o = 1.6 >( 10'to o/V ' 
(48)

The drive on tbe piezoelectric crystal s"s-then

t"a""Jito- a very hig;h levil dosn to a-ddve

i;;;;;; * "ieo"r #" bidden bY th" Y'"u: '

;";;.- t;t this- decrease in the drive -teve.t' lue

;r;;;;t-t output remaired a tiaeat fy:tl3o

;;;;;i;el (io leitlin the noise level oi the

measureoegts)'-"o. 
pi"r*r"ctric displacement calibration tecb-

uique sas also cross-thecked at the loq/ drivl

i"l"L ut the use of a potassiuu dihydrogen pbos-

pirate (KDP) optical modulator' The KDP rnod'n-

ffi;;;rated for a balf-rravelencth Patl.

iJi*"t* -a fouad to bave a displacenetrt sen-

sitivty of 
(49)

o t=2-ox1o 'u  m/v  '

The volt4e on tbe KDP patblengtb -P1::

#;;;"ced to ts'here it gave the saro€ rnrer-

ferometer respoose'as the Piezo€Iectric 
displace-

ment.transducer' The cdculated patblength diI-

;;;;;;;"- the KDP roodulator was 1'o- PB' 
.

withb 10% of the displacement calculated f9r the

oi"tl"r""itit modulator for the sarae irrterferorr-

eter outPut'

V. INTERFEROMETER SENSITTVITY

Tbe sensitivity of the i"oterferomete": " 
ly"-

tion of frequency eas deteruined by a lrequency

s ca.u of the i.otetf eroEeter outtrrt -usjn8,i^t^t!1*
Jyi." "ltl zLo-Ezbadwidtb iilter (see !-rg'

14). DuriDg tle sc"" " cdibration siglal-of 100

gV rros was placed on ttre ca'tilration piezo€lectlic

i"n*"-*t'tra'osducel to insert a 16-fro anpli-

hrde signal. The anplihrde oi tbe calibration sig-

nal was a.bout 5-? ti-es the loise level it T", 
t"-

;";;;;t 4 and 5 kgz' The amPlitude of the

noise measured ttrrouglr a 10-Hz IT.OT^03^t1""
iB tiat region is *tJott about 2'8 im or 0'9 fm

tor a !-Hz bandwidth'

IJ ve assume that the eflective lengilr of th-e u-

,J."o-"*" is 8'5 m then t}e eqrrivalent strail

seDsitivitv is 0'1 fmlm per toot Ti 
^t 

3"-:t0""
irequencies, rising sllgitly to o:3 tyii:::::^

Ez at ! KLIz' For comfarison' the lf strain norse

W I D E B A N D

(42)

V12 =(Yr -Vf ,

= lI, - I2)2R2

=(6,- 6"YdR'=(nt"nfot ) 
't"' 

'

wb.ile i.o a bandwidtb E it measures a squared shot-

noise voltage given bY

V12 =V^r2 +V rz 
=(I^r2 + Ir2)E

=zdtla.oBR''  
(44)

Tbus tbe sipal-to-noise (S/N) power of tbe mea-

sured diJlerential signaf is

(43)

i=+(+)'
?or unify S/N, tbe detection sensitivity

a E 2  ^ 2  ^ 2  1 2

}= f r o "=m '= f f i '

vlere 0o and P are the initial flux a'nd power of

;;;:;,; is tbe ligbt bcideot to photoelectro'-

conversion efficieocy, and 'I is the colabined pboto-

crrrreot of the tgo detectors'

;;;;=io uw of detected laser Powe!' th:

*""t"t" Ohotoo-noise tjroited displacement

sensitiYilY is

-#=O#,V*'4rm/nzttz

II we assume an inter{eroBeter pat}rlengttr^of 8'5

;. tis converts to a stlain selsitivity of 0'5

, . ,O- rs  ,q /ml1zr /2 .
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and recorded on bot! clana'els.
Ister a.Ealysis of tbe EagDetic tapes revealed

tbat about once every teo 
:llutes tf,ere poui]-i,e

a sbort cobereut signal audible to tle ear o*- "
tbe wtite-aoise hiss d tbe pbotou A9ise. frtost st .these were chirps from a sptrrious t.""r aoOa'
aixiag vitb tbe nain laser uode, clic&s as the :.
laser sritched Eodes, aad toreS froro t1errnal- .
coDtractioDs e(cifihg mecbaaical vibrations :!
stnctures. Nearly all c( tbese were also fouad
in the monitor clraonel. About oace every te!-
ainutes tbere *urld be an audible cbirp or tone
that pas sot oa the Eonitor ghrnnsl. Soane C-["*:

FREOUEiCT. rxr

EIG. l{, StraiD seDsitivity of interfersDeter alteEna.

ia a rooa-teuperafure, 2_m long, 1000_kg elas_
tic solid bar anteua ie 0.14 fmln.

VI. OPER,A,TION OFTHE ANTENNA

Our ultimate plaa for the antenna systelo Eas to
ruove tbe interferometer to a reEote site a.nd re-
place tbe 2-m evacuated pipes with much longer
sections of evacuated inigatioa pipe. Si:aifar
laser ilterferoneter systems up to a lritssslg.
ia arm lelgth h^^ already beea demonstrated bv
Earry others for geophysical studies.s Since tbe
sensitivity of the interleroueter was fixed at a
certatr level of displaceroent sensitivity by tbe
photon noGe, aa increase iD iotederooeter arm
Iength sbould give a proportional iucrease ia
strain seDsitivify for tle srne laser_pover level.
Tbe lundiag for this Dext Eove proved to be un-
available so we concluded tbe progra.o by oper_
ating the system as it vas, despite tle bigh level
of acoustic, electrouagnetic aad vibrational noise
froro the otler activities i.o the buildfag.

Siace the output of ttre laser iDterferoneter eas
a widebaad analog siglal ia the audio regioa, the
sigaal was recorded direcily ooto magnetic tape
throug! one ch*nel of a hig! quaiity stereo tape
recorder. The otber cha.nnel of tie recorder Eas
used as tbe monitor cban^nel. To bonitor tbe sys_
tem aad environmeatal noises we conbined the
outputs of a pbotodetector to detect the audio_fre_
guency aoises ia a se'aple of the laser be.n. a
microphone to detect acoustic Eoises in the roou.
a sjdeband seismometer to detect floor rrotion,
artd an amplifier to detect audio voltages oa the
power liaes. The corobined sigrral *as then placed
on the monitor charrnel.

To provide a constaot time a.ud arnplifude cali_
bration, an accllrate 2-kHz signal of about 10_fm
anplifude was maintained on the calibration trals_
ducer. At 15-min intenals, the time from W.WV
would be acoustic2ily introduced into the systeut

5
e

: s

z

G

trere digjtally er.lyzed aod conpared vith tbe
Sltltiou_siAal. A typical audibte signat ras
a.bout 1 to 5 ti:oes ile power of tbe cal$ratioJ
siEl'^l or about 20 to 100 times tie pboton_noi"" 

-

rinif js a !-Ez baadwidth.

about 120 Ez.

VIL CAUBRATION OF EAR
Wbea the iater{erometer was sorkiag vell, ve

were able to bear siagte-freErency 3_ to 10-kEz
loaes of 10-fm ras aopl,ihrde iatroduced iato the
interferometer by tbe piezoelectric a;splaceoeat
transduce!.

Since tbe ooise level of tie interferometer ia
that band is about 0.9 fm/flCtr, this means tbat 

- j;
tbe audio systeE, including our ear-brain com_ .r'.-.,
biaatioa, bad a:r elfective detection baadwidth 61..:;.

Althougb tbe detectioD capibility for single toaes,
cbirps, aad imprdsive events will be differeot. *e
Ieel that if re were liste'li,rg carefully for a sigaal
that exceeded a.a ruis aaplihrde of about l0 fi:r or
a strair enplitude of 1 fm/m, tbat ve eould bave
detected it by ear. We could tben pin down tbe
eEct positioo oD tbe tape aad carrT out a detailed
digital aaalysis of tbat sectioa of tape that Eould
produce data pit}r ti-Ee resolution ol {0 gsec. rE_
plifude resolution of.0.9 fa/Ez,r/2 and strai.D'r€so_ 

'

]ution of 0.1 fm/ragl*tz.
Ilowever, because sf f!6 uags3rrinties ia the

sigDatures of g:avitational-radiation sigaals aad
the capability of our ear-braia combination to
recop.ize 2a rrnkrfosra signah8e as sometbing .,r:u-
usual" in a background of .pbite noise, we vill be
conserrative and say only +b-1 a gravitational $ave
with a total str2ih level of 10 fm,/m over the audio
band (1 to 20 kl{z), woul.d have been easily de_
tected by ear on our tapes.

To give an e=.rrpte oi the der.iled stnchrre tbat
car be extracted.trorn a short siEDal rdth a so_
phisticated dig:ital signal processor replacing the
analog ear-brairt sigral processing system, we
analyzed one short (- 10 msec) tone tbat occuned
at 09 h 46 min 21 sec GMT Sunday 3 December 
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19?2. The detailed signahrre can be seen in the

#;;'#;"to', or the sigaar !t^"^"-Tlt;it)'
:' ;d ;;;';;v sPectrun "-a.0" ::"',iT:4s u's ^^va---J 

nlot of Fig' 16' (Tha peak
pover spectrd deosity - - -.--r rr alrnrri 1o rmi P'wer >PsL.'- -'-.riittuon 

signal of a50ut 10 im')
. . -at 3000 Ez is tbe c:

1; 
";;;;6*s 

sign"r occurre! :iY'- jl"--lt" i"
*: :;;;fi;";;,;"en the to'o 1660 Hz anteil''s in

^ -^^a paaAidate-

i-:: ;;;;;;J svstem, it is not a good candidate'
;.j.j. .l 16An I{z is neeliCrble and the time:'i-' qs rYr4rre'e -'- -lc'is 

negligible and the time
ti'i Tbe eoerry at 166c
ii', J"i"" exceeds tle estinated errors in the urea-

itir'-''";;;; of absolute time (0'6 sec) in the two svs-

VIIL COi{PARISON OF DATA WTTH OTHER.OBSERVERS

Duri4 October 19?2 the Frascati group vere

;;&;;i"cl" elastic-solid tvpe gravitatiood-

5i;rff;eoi"'e Duri'ng tbe hours shen the

*iiut-*i"-" ras in ope'ration between the dates

;;-i5 " ,5 october 19?2' the Frascali group

iJ#ri};; ;G""J'u"o tu aadeona ortPut

;il; " "i'g"ui"-t level of resPonse' None

:;il;;-;;-ided witb a sisn4l in the M4ibu

antenDa.
;";; the fall of 19?2' tbe Glasgow groln.vele

;;ilt; *r of cddeband (BW=800 Bz) elastic-

:ffi;"";i;s' Du*Es tbe hours vhel the

;;;;,;"* was ir operation' their."T":1t^-

;";;JJ;2 events sbere tbe signal fro:n one

.i-ti" ort"t of tbeir teo aotenrus exceeded a pre-

"i"iit !"i"reshold' None of these coincide

;;;tt*"t in the Malibu anteuDa' The one

':;;;;ti"" sigral" leported bv tbe Glassol -
#;;;;;;'-"a "t rs u o? min 2e sec GMr 5 

,
::#ni-r-Gz, *itn vas Prior to the stant or

ti. fU"fiU" data collection period'
"?J*,io*r-radiation 

a'otennas of the elastic-

,ona typ" bave been under developT"ll t:- 
T:-

;;;;tb; Marvland sirce 1e5e'' statrticaltv

;igttifi; numbers of coincidences betseea an-

,"Lrt "t tbe University of Marytand and tbe

i"*fr""-*"itoo"r r'^uootory bave been reported

sin-ce f9os.t?"";;;L 
rall of 19?2' the Marvland sroup lras

recording coincidences between a 66-cm diaueter'

t.t-t ffi;;;sooant alumi'nuo cvlinder at College

i.rf, ii.b*d ard a sinilar cvlinder at Argon'oe'

* t1u as coinciaences between a resonart '
;;;a$ "t college P""k-al tb€:I]::'der

t gtgo*". Tbe Argonne and College Parr

"tf"i"* tO a nomiaal resooant frequency of

iiso s". The disk nas origi'nelly designed to-

,o".t for 1660-Ez scalar radiation and T'zrs con-

ffi;;;ke a radiallY sYnnetric tgd'".:'t

1660 Ez tbat would ue excited by scalar radiation'

It eas also itsbrrnented to detect a mode at'1100

gtrU., toofa ouly be excited by tensor gravita'

tional radiatioo'.;;; 
tu" ti-" tbat the Malipu antenna T1s

;;li;J, the Marvland group recorded-28-

ioio"ia"rr"". between either tbe bar at Argonne

;th. bar at lriaryIand, or tbe bar at Algonle

Ir�,h; disk at Marybni' Because oi triple"co-'

incidences and close- spaced coincidences' thc

iila.tyr-a coincidences tell into 20 tw-o-r.uinute

trme blocks. Of tUe ZO time blocks' ? blocks (coo-

ta:.oing 1? coincidences) had audible siela]s-ta tUe

Malibu hterferonetet if'"t t"t" rrithin 10 se.c of

the Maryland coincidences and were not audible

in the monitoriog charurel'

W I D S B A N D

0 t 2 l ' )

Tts€,ffi

FIG. 15. Time bistory of tJpical sigral'

terns.
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Both ralr po*er aad derirative poPe!-sguared
digitized arb plots digitized t. o.f-i". JJr_o.,'pere obtained froa the Maryl^nd group aad com-pared with the 02_sec aceuEcy U"iil. daa. Noneof tbe audible Ma.libu signals t"U "ttUi" O-6 sec oia Maryland-Argolne coincidence.

It is difjicult to cobpare tbe relative detectj.oncapabilities of the various antennas sirrce tt eiranplitude seasitivities, lsndeidrhs, _i"Jgfprocessing tecbniques differ widely.
- In general we.can say that lhs li_snfennr {gfsg:, tion systems responded to g:o"it"tioJ_;i"Uon

strajns wjth spectml components ""_ tU" ,""o_aaat frequency of the bar that had "o ,-pUtra" ofthe order of 0.1 fm,/m, while t}e interferometer
aDteDDa responded to grarritational-radiatioa

1;tt"jto with spectral conponents in O"J"Ja rro*1-20 kIIz. The sensitivty of the t"i""i"i"il,""
is highly dependent upon the signature of the signalaad the processing technique -a ""ri".lro- O.ltm/a tor kno*:r a-arow_band siguats to 10 fm,/ufor noiselike sigDaj.s.

Ilowever, the lack of a sigrificant colrelation
between the interferomete, outtrrt aoa tne iareveDts and coiacidences can be used to put anuppe-r limit on the gtavitational_raaiatioa stn:naapUtude during the bar coincideacu, -rOE"rrts.
Thu.s, at the time otre of,lfe ba"_aote"^^-"r;;-"
produced ar eveDt or coiacidenca "o""""poniiog
to a graeitational_radiation signal Jrf,-arr "_pf i_fude of 0.1 fm,/m due !o spectral corapoaents irr "narow band around the bar ,"roo"rr"a, tirelpfi_tude of the gtavitational_ radiation "p, jrJ J'_ _ponents in the entire band from f _ZO tg, \o.defiailely less tbaa I0 lm,/m arra *as *"oJ], l"r.than I fm./m.
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The Nyquist criterion for the stability of a control loop [e.g., read Dor4 pp. 309-
333]. [The Nyquist criterion, in a nutshell, ie tbie: Consider a simple feedback loop
of form shown i" (") below. If the input and output Ports are shut, the resulting
cloeed loop shovm i" (U) can oscillafg 3f ssrtrin complex eigenfrequencies without
any stimulus. Thoee frequenciee are easily deduced from the requirement that the
a.mplitude g at the indicated point must satisfy y -- G(w)E(u)9, and therefore
y(l + GE) :0, and therefore the loop's lrcgtencies of self oscillotion are the

zeroes olL*G(w)H(w\.

V*= G v;

I

I
i

i
i :

l - r G p

(a )  (  b )
Since the time dependence of tbese oscillations is eli't, if there irre any zeroes of
L + GE in the lower-holf complex frequency plane (any eigenfrequeucieg ru with

negative im"grnary parts), then the a,mplitude of the cloeed loop's oscillations
will gronr in time; i.e., the closed loop will be nnstable. The nurnber of zeroes
in the lower-half frequency plane can be inferred from the Cauctry theorem of
complex variable theory: Construct the curve G(u)fr(u) in the complex plane,
with c.r running along the real axig from -m to *m, and then swinging dowu
around the lower half frequency plane and back to -m; see drawing (a) below.
The nnmber of times that this curve, G(u)E(w\ encircles clockwise the point

GE : -1 (on the real axis) iE the number of zeroes of 1* G.EI minus the number
of polea of I * G.F; see drawing (b) below. For feedback loops there usually
""" oo poles of 1 * G.F [such a pole would give precisely zero output/input in
the feedback loop of (a) abovel, so usually the number of clockwise trips around
GH = -1 is the nunber of zeroes in the complex frequency plane. Thus, if there
are no clockwise trips, the closed loop is stable; if there atre some' it is unstable.
This iE the Nyquist criterion for stability.l

Lrr f,r.t)
.w. (6)0)

R" r-) Re (Gr r )

Tere \
o f 6 o

(a ) (b)
Sugge*ited Supplementary Reading:

5. R€ad whichever of items 3. and 4. you did not do as

Tw o c(r<.twsq
* ' . ,gs Jrou- l

G  t r : -  1
nassigaed reading".
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A F'ew Suggested Probleme

1. Use the Nyquist criterion for the stability of a feedback loop to show that, when
the Bode diagram has the qualitative forzr shown on tra&tpareDcy 23 of Kammura's
lectnre (where | = ufhr), then the loop ie etable if the phase of GH at the unity
gain point is d > -1800,. and unstable if 0 < -180". fEint: show that, because
in the time domain the equations describing most aoy s€rvo loop are real, when c.r
is real then G(-w)E(-w) ie the complex conjugate of G(+w)E(+r). Thie permita
you to construct the Nyquist currre in the frequency-response plot for both poeitive
and negative ar from Kawanura's positivefrequency Bode diagram.] Fbr what shapes
of Bode diagramo will thiE d > -1800 atability critericn remais tnre?(Consider, for
example, the issue of how urany unity gain points there are).

2. Construct a complex frequeucy-reponEe curve aod also a Bode diagram for the fol-
lowing pass .R- C circuit. Flom the Bode diagra,m infer thbt this circuit is a low-pass
filter.

In his lecture [transparencies numbered 15-17], Kawamura described the damping of
the swing of a pendulum via a feedblack loop tbat produces a displacement de =
-1dy/dt of the pendulum's support point, where 7 is the damping constant and g is
the horizontal position of the pendulum'E mass. Of course, in order to implement thia,
oae needs some fixed object with respect to which y ie measured. In transparency
15 that object is the shadow sensor, luf aofhing it said about what that sengor is
attached to. A practical approach is to attach the seDEor to the penduluur's support
point, as showu below. Then the feedback displacemeut is 6o = ld(y - r) f dt, where
c is the instantaneous horizontal position of the Eupport point. Repeat Kawamura's
analysis [traneparencies 15-1fl] for this feedback systen.

Vr

RF vz
t-o

I
:

X-?



4.

o.

Suppoee that one were to try to da-p the (low-frelpency, lEz)swing of the pendulrrm
in problem 3 not with a feedback displacenent fu = -1a@ -'t)ldt]b,rt i*tu"d *ith
a feedback displacement that is -ay (for Eome constant'a >-i1 "t low frequencies
(near I Ez) but that shuts of at higher frequenciea (above l0 Hz), where the gravity
waves are to be measured. Suppose one inplemeatg thiE feedback aisptacemeat Ui
simply Passing a voltage, proportional to y, througb a low-pass R- C filier of the sort
discussed in problem 2. Show that the resultiug d"*'firng system will be rrnsfs[tg.
Derive the relation dl : d$Or * d2602 on transparency 28 of Kawauaura's lecture.
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LECTUR.E 11.

Optical Topolory for Locking and Control of an fnterferometer, and Signal Extraction

Lecture by Martin R.egehr

Assigned Reading:
EE. P W;Milo"ri arrd J; H. Eo-erly ̂ 6asers(Wiley;Ncw Yorh 1988): sections l2.g .AM

Locking" and 12-10 "FM Locking," pp. 381390. [Here you are "*"a to focqs on the
description of AM modulation and FM modulatioras pr.ritiog side bands onto a carrier
frequency. Of particular interest is the fact that a sirusoidal FM modulation produces
a whole eeries of side bauds, whose etringths are deecribed by Bessel firnctions. Wben
the modulation amplitude is small compared to a radian, ooty the first side bandg
derninsfs.l

FF. C. N. Man, D. Shoemaker, M. Phatn Th and D. Dewey, "External modulation tech-
nique for sensitive interferometric detection of displacements,' Physics Letters A, !4t,
8-16. [This paper describes in detail a technique used in LIGO to circumvent laser
noiee that is seriously in excess of standard photon shot noise in the gravitational
x'ave's kHz ba,nd. The trick is to upconvert the gravitational-wave signal to - l0
MHz frequency, where the laser'e noise ie near the shot-noise level. tUie iE achieved
by modulating the laser light at - 10 MHz (i.e. put 10 MIIz side bands on the light's
rv lQ15 Hz carrier freqrrency), ed then aranging that the gravitational-wave sigqal
becomes a - I kHz side band of the r0 MHz side band.]

Suggested Supplementary Reading:
Read in one or more electronics or laser textbooks about places elsewhere in experi-
mental physics and engineering where noiee is circumvented by upconverting a signal
to higher frequency via modulation, and then recovering the signal Uy ry*,rotto*
demodulation. For exa,mple, read about "lock-in "*plifi*rr," itricU do this. Two
references dealing with this were passed out in class:

GG. Jobn H. Moore, Chrietopher C. Davis, and Michael A. Coplan, Buitding Scien-
tific Apporchs: A Practicol Guide to Design and Corctntctron (Addisonlwesley,
1983)' Sec. 6.8.3 uThe lock-in :*nplifier and gated integrator or boxcar," (pp.
43H37).

HH. Paul Horowitz and Winfield HilI, The Arr of Electronics (Ca,mbridge University
Press, Carn-bridge, 1980), Sec. 14.15 ul,ock-in detection"'(pp. 628-68l) and an
earlier section to which it refers, Sec. 9.29 "PLL.o*poo"ots, Phase ietector"
(pp. a2e-430).

A Few Suggested Proble'ns: See the next page.
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1. In this problem we will calculate rhe shot noise limited sensitiviry of an
ideal Michelson interferometer which is modulatcd around the dark fringe by
dithering one of the mirron with dsinrur. we modcl the demodulat* * u
dcvice which multiplies its input by sinart and the low-pass filter as a device
which averages over an interval T:

t

vo(t)=+ 
lv^(t)dt,

t-T
and fq conveniencc we choosc ? to be an inrcgnl numbcr of moduladon
periods T = T. Assume that thc inrcrferomerer is small enough thu we can
neglect thc light tavel time from the dithered mirror to the photodctector,
and that 6 is very small 6 < l.

Fid the derivative of the low-pass filcr ouput with rcspect to displacc-
ment of the miror which is not being dithcred- It should be a function
of the amplitudc 6 of the d.ithering.

,ol
t



b. Find the shot noisc in u-(f ) at the demodulator ouput (assuming that the
ouput is at a dark fringe except fo the dither):

Use the time averaged photocurrcnr ro calculatc rhe shot noisc S;"(-f).

Assume that the shot noisc at the mixcr ourput is rclated to 5;,(l)
by the tinne average of the square of the mixer gain, i.c.:

^9,-(/) = S;"(/)(tinz ut)

= j*"ur

It should also be a function of rhc dithering amplirudc. Finally Sr"(.f) =
Sr^(f) since the low-pass filar passes noisc in the signal band virnratly
unanenuatcd

Take the ratio of the above rwo quantities to find thc shot noisc limired
displacement sensitiviry

STU) = ,ffi
T

6t

It should bc a function of the optical power and wavelength, and indc-
pendent of thc dithering amplitudc.

2. Considcr the extcrnally modulatcd Michelson intetfcromcrcr shown in Figrrrc
2. Fid the dcrivative of thc low-pass filer ouput with rcspect to displaccment
of onc of the Michclson end mirron, assuming a pick-offwhich divcra l0% of
the power from the main beam, a 50/50 beam splittcr, a 50/50 beam combircr,
a dcmodulator modcled as in quesdon l, thc input to which is thc differcnce in
the photaurrents, and a low-pass filtcr modcled as above. Wria your answer
in rcrms of thc optical power and Bcsscl functions of the modulation index.

t
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Mirror Orientation Noise in a Fabry'Perot
Interferometer Gravitational Wave Detector

Seiji Kawamura and Michael E. Zucker

UGO Proiect
Califurnia Institute of Techrclogy

Pasaderu, Califurnia 91125 U.SA.

ABSTRACT

The influence of angular mirror orientation errors on the length of a Fabry-

Perot resonator is analyzed, geometrically. - Under conditions where dominant

errors iu:e static or vary slowly over time, the analysis allows a simple prcdiction

of rhe spectrum of short-term cavity length fluctuations resulting from mirror

orientation noise. The resulting model is applicable to the design of mirror control

systems for LIGO (the Laser Interferometer Gravitational-wave Observatory),

which will monitor separations between mirrored sudaces of suspended inenial

test bdies to measure astrophysical gravitational radiation. The analysis was

verified by measuring rhe response of the LIGO 40 mcter interferometer Estbed

to rotation of its mirrors.

Key words: Fabry-Perot, cavity, gravitational wave, interferometer, alignment.



1. Introduction

LIGO (the l-aser Interferrometer Gravitational-wave Observarory) will employ

Fabry-Perot optical cavities to detect and measurc small changes in separation,

having characteristic durations of a few milliseconds and magnitudes of order

10-18 meter, between inenial gravitational test bodies separated by orthogonal

4 kilometer baselinesl'2. The four test bodies, made of fused quarrz, will be

polished and coated to forrn two resonant Fabry-Perot optical cavities. I-a.ser

light will be split by a beamsplitter and made to resonate in each of the two

orthogonal cavities; the resonant fields are extracted and interfered to measure

the difference between their phases, which depend sensitively on the miror

separations. To isolate the test bodies from external forces, they will be suspended

as pendula whose natural perids, of order one second, are significantly longer

than characteristic signal timescales. Band-limited control systems will damp

their rotational rigid-body normal modes, which also have periods of order one

second, to maintain optical alignment of the resonato$. The required displacement

sensitivity places a direct limit on the allowable linear momentum imparted to

test M.ies by seismic noise, thermal fluctuations, and side effecs of the control

systems.

Excess noise fiom angular fluctuations of each mirror, arising from external

torques, also influences optical cavity length. A simple geomeuic model predict-
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ing the apparent cavity length change due to test body rotation was developcd

and evaluated on the LIGO 40 m interferometer testbed. The model accurately

predicts the interferometer's r:sponse to experimental probe prques applied to is

test bodies. Applying the model to predict the effect of residual torques from the

interferometer's mirror angle control systems indicated such noise limited the in-

terferometer's sensitivity at frequencies below 700 Ha New lower-noise conrol

systems were developed and implemented, rcsulting in a substantial improvement

in displacement sensitivity.

2. Optical Cavity Length

The round trip optical phase fo'r the resonaror's TEMoo mode, which is

measured and interpreted as apparent mirror displacement, depends on the optical

length l, the length of the line segment which lies perpendicular to both mirror

surfaces (i.e. the optic axis). Our objective is to quantify the relationship between

the measured quantity / and the desired inertial length.L, the separation between

the test bodies' centers of mass, as each body rotates in response to external

torques. We will employ the orthogonality of small rotations about the two

relevant mutually perpendicular axes ("altitude" and "azimuth") to Eeat their

influences on I independently; thus, in what follows, the normals to borh mirrors

and the line joining the test bodies can be assumed to lie in a common plane. We

will also zrssume that no net forces are applied (i.e., L is constant).



The optical length of a Fabry-Perot cavity depends on the deviation angles

01 and dz, defined as shown in Figure 1. These angles are both equal to zero

when the optical axis coincides with the line joining the centers of mass of the

test bd.ies. To second order in 01 and d2, which are presumed to be small; the

optical length of the cavity is given bt'

l = t o + a | l + p 0 3 * 9 1 0 2 (1 )

where, for the half-symmetric cavity geometry illusuateda,

I
a  - ; ( R +  a 2 -  L )  a n d

B  :  - 1  :  ! ( n +  @ ' )' 2 2 " '

Here B is the radius of curvature of the concave mirror M2 and lo: L - ar - a2

is the optical length when h = 0z = 0. The time evolution I(t) can be computed

from (1) for arbitrary d1(t) and 0z$\.

For qpical cases of experimental interest, d1 and 0z will be random processes,

whose properties are summarizrdby measured power spectral density functions.

We are interested in estimating the power spectrum of the resulting random process

/ for comparison with expected signals and other noise. Since the power spectrum

is the expectation value of the squared modulus of a random process' Fourier

transforms, we begin by transforming (l) into the frequency domain. By the

convolution theotem, the transform of (l) can be written

i ( /) :  /06(f) * a61odr (/) + g ezs6zU) + t 6ra 6zU) (3)



where 5(/) is the Dirac deln function and the operator I denotes convolution;

asb u) "(f') b(f - f') d,f't: J (4)

We will subsequently replace each angle fluctuation's Fourier transform with the

square rmt of the spectrat density of the corresponding random process, and take

the result to be the square root of the spectral density of t. Foi this substitution

to be justified the phases of the Fourier components must truly be random, that

is, components at different frequencies must not on average be corrclated. True

random noise processes like those considered here will satisfy this criterion 6.

While (3) applies ro any Fabry-Perot cavity, the application to gravitational

wave detection permits an intuitively appealing simplification. Terrestrial gravi-

tational wave detecrors will monitor /(f) only at frequencies above a few tens of

Hertz, while the alignment elrors dr and 02 arc dominated by static ("D.C.") or

slowly varying components (at frequcncies below 10 Hz). Faster angle fluctua-

tions, at frequencies within the observation band, wilt be considerably smaller.

This spectral character arises from long-term thermal drift and the increase of

seismic vibration with decreasing frequency, combined with the low-pass filter-

ing action of the suspension. In such a situation we may write

0,( t )  :T + e,( t ) (5)



where lr,(t)l < IA,I,

., '/rt
0,= i  

J  
0 , ( t )d t

-T/2

is the average taken over some long interval T, and u = | or 2 for mirror M1 or

M2, resp€ctively. To leading order in erf6, we find

t ( t1 -h+;7,  [6+2e1(t) ]**6 14,+2e2(t)1 ,  (7)

where the quantities

d1 :2afi - 2p02 and

dz = zg(oz - or) 
(8)

arc the moment arms separating the pernrrbed optic axis (i.e. the posirion of the

resonadng beam on each mirror) from each test body's center of rotarion (Figure

l). The Fourier transform of (7) is then simply

i(t) =6 er7) +6 .2U) U f o) ,

agreeing with the intuitive nodon that the apparent displacement of the portion

of the mirror at the beam locarion is given by the angle fluctuation multiplied

by the moment atm.

Equation 9 can be generalized if we let 7', be a large (in the mean-square sense)

slowly varying, rather than static, misalignment. If the dominant misalignment is

confined to a small reglon of the spectrum l/l < lrl, we can write

6,U)=ey( f  <?r )  +  E , ( f  >w)

(e)

(10)



where

( l  l )

(i.e. the low-frequency porrion carries substantially more spectral power than the

high-frequency portion). We then find the analogous exprcssion to (9), again to

leading order, is

U U" r
i ( f )=  Jr 'U)h( f  

- f ' ) , t f '+  
Jdr ( f ' )z ' ( f  

- f ' )a f '  u>2 ' ) .  ( t2)

w €
f  r -  2  |  . q , -

l l |y(f)l df
J I I J

-u  -€

-u -It,

This result can also be derived by restricting the range of the convolution integrals

in (3) to frequencies where ar least one parent spectrum carries significant power.

For a static misalignment, ir(fl -Tr 6(/), we recover Equation 9 and a

mirror angle fluctuation at frequency /s lineady induces a Fourier component of

optical length at the same frequency. This can be shown to give an adequate

prediction of the optical length spectrum, without resorting to the more general

form (12), if E > dr ', where

T u

@tr\z =: I la,@-2,]2 at = [ l l , tnl ' t t  - 6(f)]df (r3)
t to !. 

| |

is the mean-squarc deviation of the optic axis (excluding the static offse$.

On the other hand, itT = 2 d;^'s the optical path length spectrum will not be

linearly related to the angle specrra and will contain frequency-shifted sideband

products. Nevertheless, in situations of interest the high-frequency mirror angle

spectra Er(/) are often smooth and nearly constant over a band of frequencies



Lf = 2tp. Such sPectra arise from electronic noise in the mirror conrrol system

or thermal fluctuations in the suspension, fsr example. We can then derive the

approximation

t -  t 2  r  o

Iitt\" = LA'+(zq*')2]ta,t1t, *16' + (24*')'flertflr' (f > z.).

(14)

Under thc above conditions, we rnay replace the sqnrared Fourier uansfonns with

the power specrral densities srr(f) ud srr(f) of random pnocesses e1 artd. e2

to obtain

^sr(/) = la| + eq*\'f&,(/) + lT: + eq ,)21+,r, u > 2,), (rs)

where sr(/) = rim zf rly 
\' tr is the power spectral density of induced cavity

length fluctuation.

In the above we treat static and RMS errors as sepalate coupling parameters for

purely practical reasons, related to our intended application. The specialization of

d'r*" to specifically exclude "D.C." is motivated by the quatitative differcnce in the

origins and methods for dealing with fluctuations which occur on timescales much

longer than gravitational wave measurements, as opposed to those which occur on

comparable or shorter timescales. long-term misalignments in gravitational wave

interferometers result from thermal, tidal or rela,xation effects, and can be reduced

to an acceptable level by periodic readjustment. Shorter-term misalignmens,

generally driven by seismic noise, are only reduced to a finite extent by action of
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the mirror control system; the residual RMS seismic excitation thus constirutes a

practical lower limit to the coupling benveen angle and length.

3. Experimental Tests

This model was tested on the LIGO 40 meter interferomete/. Briefly, this

instnrment comprises two onhogonal40 m cavities whose 1.5 kilogram test bd.ies

are suspended by wires so they are essentially ftee to translate in a horizontal plane

and to rotate about iu(es perpendicular to the laser beam (Figure 2). Referring to

Figure l, the geometrical parameters of each cavity are ̂ R : 62 m, Z = 40 m,

a n d a l  -  a 2 : 6 c m .

The pendulum mode and both rotational normal modes of the suspended

bodies have eigenfrequencies near I Hz. Each is connolled in azimuth (d) and

elevation (0) bV a control system which derives appropriate feedback signals from

an optical lever sensor and applies magnetic corective torques to the suspension.

Manual offsets can be intnoduced and trimmed to adjust and optimiz-e (or degrade)

the alignment of the two cavities.

The connol electronics are provided with summing nodes through which probe

signals are intrroduced to measure the transfer characteristics for various degrees

of freedom. The induced rotations are calibrated by measuring the motion of the

optical lever reflections. The interferomerer's differential d.isplacement ourput

signal, which represents the differencc between the caviry optical lengths, is



monitored and itself periodically calibrated against a known test force applied

electromagnetically to one test bdy. The differential displacemenr induced by

the probe signal reflects the change in the length t(t) of the probed cavity. This

length signal is Fourier analyzet with a digrtat specrrum analyznr to pick out

the components resulting from the probes (while discriminating against other

components) and to measure their power specra.

In the prcsence of a large static D.c. misalignmefiE between the cavity

axis and one mirror's center of mass, Equation 9 implies that the coupling of

that miror's angle to apparent cavity length will be i(f)/zr(f) =T. To test

this prediction, a small sinusoidal probe torque resulting in a vertical oscillation

e2(t) : c cos (ztrfst) with a : 3.5 x 10-e radian was applied to one mirror

(M2 in Figure 1) at /o = 250 Hz. The probe amplitude was calibrated by

observing the deflection of an oprical lever beam reflected from that mirror.

The interferometer cavity length signal was recotded as the vertical distance fi'

between the caviry axis and the center of that minor was varied by adjusting the

alignment controls for both mirrors and the d.irection of the incident laser beam.

The true position of the cavity axis was monitored by photographing scanered light

from the resonating caviry mode against rhe outline of the mirror. Figure 3 shows

the Fourier comPonent of the measured cavity lengrh at /s divided by the induced

mirror angle probe amplitude,T1U.o\lzt(,fo), vs. [. since the exacr position of

the test body's center of mass was not accurately known, we have chosen the

I O



reference potnt 6 : 0; the measured slope agrees, within experimental elrors,

with that predicted by Equation 9.

In more realistic situations, the mirror angle spectra will consist of many

uncorrelated components, so the cross prducts of many differcnt frequency pairs

will generally be superimposed at each firequency in the convolved result. To

investigate this case, a band-limited random noise test signal was generated to

induce random angle fluctuations of Mz.principally between 200 and 315 Hz ,

f 0 ,  f = z O 0 U z
le r ( / ) l  =  {  / r ,  200H2 =f  =3 l5Hz

I o, f =tts ttz
'  (16)

where /( is a constanL The cavity length's spectral density was monitored in

this frequcncy band as a function of Z-2. As shown in Figurc 4, the magnitude of

the effective transfer function for this random noise probe signal is approximately

proportional to the magninrde of Tz at large offsets, as in Figure 3, but remains

essentially constant for very small ['. To investigate this behavior, the light trans-

mined through M2 was analyzed with a position-sensing quadrant photodetector

to measure low-frequency fluctuation of the cavity axis position ir(f < /o). In-

tegrating this position spectrum over frequency (and excluding D.C. as in Equation

13) gave 4*' = (0.2 + 0.1) mm. From Equation 15 we expect the linear pro-

ponionality approximation to fail for 16l = zdru.s = (0.4 f 0.2) mm, essentially

the region in which the data shown in Figure 4 deviate from the linear prcdiction.

While the method used to obtain the data in Figures 3 and 4 can be used for

l l



each mirror to empirically adjust aJlT, prcisely to zero, the average coupling

coefficient will generally reach a nonzero minimum of order 2{r*'.

To quantitatively tesr (12) a rwrfrequency probe signal

6zu) * 0i 6(f,) + e2 6(f5)

was imposed on M2 with a large low-frequency componenr (dt : 1.6 x

10-6 rad"- s, fa = 10 Hz ) and a small high-frequency component ( e2 =

5.0 x 10-e rad"-r, /6 = 250 Hz). The natural 6zU) spectrum was small

enough to be completely dominated by these probe components in their respec-

tive frequency regimes. The cavity lengrh signal displayed the expected pair of

equal-amplitude Fourier components at 260 Hz and 240 Hz, with measured am-

plinrdes of (3.9 t 1.0) x 10-13 rnrmsi direct substitution of the probe spectrum

(17) into Equation 12 would predict

(17)

(18)l(f) :3.4 x l0-r3 m"-" X [6(fa + f,) * 6(ft - f")] ,

agreeing within measurement errors.

The "f" = l0 Hz component of the probe roation was then removed and the

ZlAHztest signal was reduced in amplitude ro €2 = 1.5 x lO-eradr-". Analysis of

the cavity length specmrm then revealed natural sidebands, symmetric around rhe

25AHz Probe. The vertical position of the cavity axis at M2 wss simultaneously

measured by the transmitted-beam quadrant photoderector. The detailed specrral

t2
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shape found for the cavity length signal matches the spectnrm of cavity axis

position, upshifted by 250 Hz and with an amplitude close to that predicted by

Equation 12 (Figure 5). In effect, the monochromatic 250H2 probe has acted as a

virnral delta function in the convolution integral, "picking out" of the convolution

an upshifted replica of the residual low-frequency beam off r, spectrum.

4. Application examples

The following examples illustrate the use of Equation 15 to understand the

effect of orientation fluctuations, in the first instance to improve an existing

interferometer and in the second to develop specifications for a future instnrment.

40 meter interferometer: Our analysis was applied to the 40 meter interfer-

ometer in l99l to analyze its noise spectrum and achieve a significant improve-

ment in its sensitivity. The transfer functions from mirror torque control signals

to mirror angles and the residual noise in these control signals were measured, and

combined with estimates of the displacement btween each cavity mirror's center

of mass and the optical a:ris of that cavity, to form an estimated noise contribu-

tion from each angular degree of frcedom to the total displacement noise. These

estimates indicated that mirror orientation noise was a significant component of

the observed displacement specuum8. The conclusion was confirmed by demon-

strating that improved coincidence between optical and inertial axes (achieved by

iterative realignment) or reduced high-frequency angle noise (achieved by reduc-

l 3



ing control system gain) could reduce interferometer noise over a broad spectral

band, principally between 50 and 7W Elz.

Although high-frequency angle fluctuations can arise from many phenomena,

the dominant source in this case was found to be excess noise in the mirror

orientation control systems, resuhing from a combination of direction and intensity

fluctuation in the optical lever laser beams, electronic noise in control electronics,

and inadequate filtering outside the control band. Improved feedback elecnonics

were developed with lower unity gain frequency, increased filter attenuation and

lower intrinsic electronic noise. At frequencies near 100 Hz, the improved

controllers would contribute a factor of ld less noise than rhe systems they

replaced for a given offset between cavity optical and inenial axes. This change

reduced the interferometer displacement noise by a significant facror at frequencies

between 50 and 700H2,leaving the sensitiviry limited by other noise mechanisms

except at narow mechanical resonances (Figure 6).

LIGO interferometer: Specifications for LIGO test body orientation con-

trrols can also be derived by applicarion of the model. Inirial LIGO interferom-

eters are expected to achieve total displacement noise spectral densities below

10-re ml\ffi, at frequencies near r00 Hzl. To meet this goal Equation 15

permits angular fluctuations no larger than

s)!'tns 1o-r7rad

{ H z
( le)

t4



for each angular degree of freedom of the four cavity mirrors at frcquencies

"f - 100 Hz, assuming the projecnd rys - 0.5 mm is achieved at remote LIGO

sites9. Here we have omitted the additional linear contribution due to nonzero f-

since it can be empirically nimmed to zero by monitoring the response of cach

mirror to probe to4lues; see Figures 3 and 4 and discussion.

The improved 40 m interferometer mirror control systems described above

induce approximately 5 x 10-16 .,�rd,l1M,angle fluctuations near 100 Hz, prin-

cipally due to electronic noise in their active filten. Substitution of passive or

lower-noise active filtering would give a reduction in noise by a factor of order 30

ot more at 100 Hz. In addition, the rernote LIGO sites arc seismically quieter than

the campus laboratory by approximately an order of magnitude at relevant fre-

quencies. The dynamic reserve of the controllers can be correspondingly reduced,

reducing the torque induced by a given amount of electronic noise in the circuiry.

5. Conclusions

Simple geometric considerations can accurately model the sensitivity of

Fabry-Perot cavities to high-frequency angular rotations of their mirron, allowing

straighdorward analysis of torque-induced noise. In addition to guiding the de-

sign of improved mirror control systems for the LIGO 40 m interferometer, which

greatly enhanced the performance of that instnument, application of the model to

planned full-scale observatory interferometers indicates that with available conrrol

l 5



technology, angular rotations need not compromise LIGO performance at target

sensitivity levels.
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Figure Captions

Figure l. Geometry of a half-symmetric Fabry-Perot cavity consisting of flat (Mr) and concave

(Mz) test body/mirron.

Figure 2. Suspended test body and orientation control systern used in the LIGO 40 meter

interfenometer. The quadrant photodetector and elecEonic processor ddtermine angular enor

signals from the position of an auxiliary laser beam reflected from the minored surface of the

rest body. These signals are filered and amplified and applied to pairs of electromagnetic coils

near the suspension poinr The coils interact with permanent magrets (poled oppositely toinduce

torque) on an intermediate platrorm which is suspended by a single wire so that it is free to rotate.

The torque developed on tlris ptatform is transmitted to the test body below by the suspension

wires, inducing roation of the minor and closing tlre feedback loop. Probe ttrques are introduced

by adding currents to the feedback signals driving the coils.

Figrrre 3. Linear minor angle.--cavity length coupling coefficient l(fil/7zjo) as a function of

beam axis position 4. m" dashed line is rhe cnnel111o1172(/o) = fr'predicted by Equation 9.

The zero for the 6 axis has been chosen for best fit.

Figrrre 4. Interfemmeter displrcement due to bandlimited random mirror angle noise as a function

of FFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFn The coupling magniurde appears proportional !o l6l down o l6l= O.e mm, below which

it is approximately constanl By integrating the spectrum of position fluctuations in the transmiued

cavity mode, it was found that d5-' = 0.2 mm * 0.1 mm during this experiment, in agreement

with the transition ftom linear behavior predicted by Eqution 15.
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Figure 5. Spectrum of low-ftequency beam axis position fluctrrations (heavy line, upper frequency

scale and right-hand magniarde scale) is replicated as upper and lower sidebancls of ur artificially

induced 250 Hz probe angle fluctuation in the interferometcr displacement specrrum (thinner line,

lower and left scales). The rclative scales are chosen in accord with Equation 12 using the tnown

1.5 x 10-s rad,-, ampliurde of tte 250 Hz probe.

Figure 6. Spectral density of apparent cavity minor displacement in the 40m interferomerer with

the original orientation control system (upper curve, heavy line) and after installing the new

orientation feedback electronics (middle curve, heavy line). The lower, thin curve depics the

estimated displacement noise induced by residrul elecronic noise in the new controller for one

axis of one test body, using Equation 15 and an assumed 6 x L mm. The peak at 212 Hz is

a resonance of the wire suspension system, where the coupling of external brque to the minor

is laally enhanced.
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4 double pendulum vibration isolation system for a laser interferometric
gravitational wave anten na

M. Stephens, P. Saulson,a) and J. Kovalik
Massachuserts tnstitute ol Technology. 20F-001. 77 Mossachusetts Aue.. Cambridge, Masmchusens 02i.3g

(Received 14 August 1990: accepred for publicarion 3 December 1990)

We have developed a nested double pendulum suspension system for the test masses of a
laser interferometric gravitational wave antenna. The system consists of a mass hung as a
pendulum inside a shell mass that is also hung as a pendulum. A set of
two-degree-ol'-freedom reffective "shadow detectors" senses motion of the shell relative to
ground. Identical sensors measure motion of the mass relative to rhe shell. The equations
of rnotion wcre solved to find the resonances and mode shapes for all of rhe rigid body
degrees of freedom. The predicted resonant frequencies agree well with rhe measured
frequencies. A damping system has been rmplementcd that damps the resonances by applying
forces to the shell mass alone. The vibration transfer function along the optic axis was
measured. It shows the steep / 

- r dectine expected of a double p€ndulum. WC have also
measured the vertical vibration transfer function and the cross coupling due to misalignment.
A set ol plates on the inner surface of rhe shell allou's the application of low noise
electrostatic lbrces directl) ' to the test mass for high-bandwidth control such as interferometer
fringe lock. We have measured the response of the system to this input. and compared it
to that predicted by our model equations of motion. We have derermined that there exist
stable feedback loops that can maintain fringe lock. The posslbilities of active isolation are
discussed.

I.INTRODUCTION

Interferometric gravitational wave detectors measure
extremely small relarive displacements between the mir-
rored faces of several "test masses" irrranged in the
L-shaped configuration of a lvtichelson inrerferometer. I

The design of the test mass suspensions nrust satisfy several
demands srmultanettusly. First, th€ tesl masses must be
approximately tiee in a l iequency rangc ol' interest so thar
rhey can respond to the wcak gravitatronal forces in a grav-
itational wave. Second, they must be free from mechanical
noise that might mask the tiny motions expected from a
gravitational wave. Finally, they must be conrrolled so rhe
inrerferometric read-our system can be aligned and held
locked to a fringe.

Thc first requirement, dynamical response approxi-
mately that of a free mass, can be satisfied by supporting
the test masses with some form of compliant connection to
the outside world. At low frequencies, the response of the
test mass is dominared by the spring consrant of its mount-
ing. Bur abovc the resonant frequency of the oscil lator, the
response approaches that of a free mass.

The compliant mounting of the resr mass is a srarr
tor.r'ard satisfying the second requiremenr as well. One of
thc largest sources of mechanical noise is the ubiquitous
background of seismic noise communicated ro the test
masses through thcir supports. The compliant suspension
llnctions as a vibrarion isolator. attenuaring lhe external
vibrations at t iequencies high comparecl ttt the resonancc.
I[ the isolaticlrr providcd b_v- onc oscrllaror [prclportional tcr

U/fd2, where fo is the resonant freguency of the oscilla-
tor] is insufficient, it can be supplemenred by additional
mass-spnng stages.

Noise can also be generated within the structure itself.
The most fundamental mechanism of this type is thermal
noise, the analog of Brownian motion in the macroscopic
suspension. The amplitude of this noise is minimized by
arranging lbr the lowest possible level of mechanical losses
in the final stage of the suspension. A pendulum is almost
always used for the suspension of the mass itself, because of
its low losses.

There are several different control functions to be per-
lormed. The low mechanical losses used to reduce thermal
rroise have as their side effect high-Q resonances. Servo
damping is used to reduce rhe mechanical excitation of
these modes. In addition, control forces must be applied to
the compliantly mounted test mass to keep it aligned with
the rest ofthe optical sysrem, and to adjust the optical path
length to fi.x the reladve phase of the interfering light
beams in rhe interferometer. All of these functions must be
pcrformed withour short circuiting the vibration isolation
ol the system. and without introducing significant amounts
of mechanical noise.

A number of approaches to meeting these demands
have been taken by workers in the field.2* In this anicle,
rve describe a suspension system that we designed with the
goal of meering rhe stringeut specifications necessary to
dctect 4nd study gravitational waves from expccted astro-
physical sources wrth a detector such as the long-baseline

"'Also at Joint Instrtute for Laboratory Astrophysrcs. Unilersiry ofColorado at Boulder, Campus Bo:r 440, Boulder, aO 36399-0a4O. Presenr address:
Depurtment of Physics, Syracuse Univenirry. Syracuse. NY 13244-l 1.10.

924 Rev. Sci.  Instrum. 62 (4), Aprl l  r991 0034-67 48 I I 1 / 030924.09S02.00 G: 1991 American lnstitute of Physics



interferometers being developed by the Caltech./MIT
LIGO projict and several groups around the world.

In the next section, we explain the specific design re.
quirements we ser for the suspension, showing how this led
ro a system with the features rhar we adopted. The suc-
ceeding sections describe an extensive series ofrests that we
performed to try to determine horv well the suspension
performed. Finally, we describe whar aspects of the perfor-
mance still need verification.

II. DESIGN PRINCIPLES

A central theme of the design was ro keep the structure
of the test mass itself as simple as possible. This was done
in an attempt to maintain the high mechanical p of the test
mass and thus minimize the thermal excitation of the in-
ternal resonances of the test mass. We strove to find alter-
natives to control mechanisms that involve attachment of
magnets for actuators or shadow tabs for position sensors.
This is the reason for the choice of electrostaric actuators
for the forces thar need ro be applied to the test mass itself.
The pendulum is hung by a single loop of wire around irs
middle, as done by the Max Planck group.s For applica-
rions that require direct sensing of the position of the test
riiass, we made provision for reffective optical sensors.

Another theme of the design was to attempt to achieve
sufficient isolation so that gravitational wave interferome-
ters could be limited by the fundamental measurement
noise, photon shot noise, down to a freguency of 100 Hz.
We wanted to do this without the use of elastomer-based
isolation stacksT't or air-spring sysrems,e believing rhat a
simpler system would suffice. This does not preclude the
use of other isolators with this system.

The solution we adopted to meet these requirements is
the nested double pendulum. The vibration transfer func-
tion should be that of two low-frequency oscillators in se-
nes, f\rfi./f in rhe limit of high frequencies whcre/e, and

/s, are'th-e resonant frequencies of the two-oscillator sys-
tem. By nesting the test mass inside the closety fitted shell
mass, we provided a platform from which to apply the
control forces. This platform is itself vibration-isolated by
virtue of its placement on the upper mass of the double
pendulum, although it is not as quiet as the test mass itself.
(An alternative design based on similar ideas has been
pursued by Cantley and co-workersa).

This design offers the additional benefit rhar measure-
ment of the relative displacement of the test mass with
respect to the shell mass gives an error signal that can be
nulled by a servosystem thar applies appropriare forces to
the shell. This is the classic configuration for active vibra-
tion isolation, which effectively reduces the frequency of
one of the normal modes of the isolation system (see the
reference section). Akhough we did not test the system in
this style of operation, we studied some of the relevant
transfer functions ro learn its possibilities and limitations.

As a final design principle. we artempred to minimize
the use of materials whose ourgassing could interfere with
the need to achieve a good vacuum in the gravitational
wave interferometer.

III. SYSTEM DESCBIPTION

The nested double pendulum consists of a shell * i
surrounding a l0 kg mirror mass. The mirror r.r, ,]
20.32-cm-diam- lO-lGcm-lons cvlinder Thi. o.*^, 't

\
20.32-cm-diam, l0.lGcm-long cylinder. This aspecr j.!
waq r.hosen cn thar thc frenrrenciec nf tha la-*t ^.r- 

'[.was chosen so that the frequencies of the lowest ordcif

lT: ;:R'":"8 iL:.:lln:J'�:*:-":: ltql 1 p\'
:*i::,: H: ::"::::::::l'i:::i :"r :i: r.ilaluminum. For an actual test mass in a full scale graqd
tional wave detector it most likely would Ue a quanz 

fi

The mirror mass is held about the middle by a sinor.
O.2-mm-diam tungsten wire. The wire is close to breakil
thus, the violin mode of the wire is at the highest possiht
frequency. Two O.32-cm-diam cylinders at ten dqrol'
above the midline increase the normal force of the wilsr'l
the mirror mass at the point where the wire leavs 1fri
mirror mass ro prevent slippage. The cylinders are helC iplace by friction.

The mirror mass has four polished ffats on it that 4i
used in conjunction with the reflective position sensors6
measure motion of the mirror mass relative to the sheil.'

The l0 kg aluminum shell has a 25.4 cm o.d. and is 11
cm long. The mirror mass hangs centered within the shl
with a I mm gap on all sides between the inner edge of th
shell and the mirror mass. Clamps on the top of rhe sh61
hold the two ends of the tungsten wire that suspends ttr
mfrror mass.

To allow for the electrostatic actuators mentioned 6;
thi previous discussion, annuli at the front and back oft6!
shelloverlap the front and back of the mirror mass by l.2ti
cm. The shell is cut into sections that are insulated fro6i
each other by thin teffon sheets. Thus a voltage applied 6'
the front and back plates can produce a force on the ele..
trically grounded mirror mass. Both the front and the badi
overlapping sections of the shell are cut into four qua6.i
rants, allowing an axial force and two torques to be appliedl
to the mirror mass from the shell. I

The shell also has four holes drilled in it that allorl
mounting of reflective position sensors. Ttese 

1n::n 
an!

ror.

attached to the shell and, by using the reflective surfaces on
the mirror mass, they measure motion of the mirror mas
relative to the shell. Four position sensors attached to the
ground use four reflective surfaces on the shell to measurc
motion of the shell relative to the ground.

The sensors consist of shadow detectors, which use a!
small infrared LED shining through a hole in the center of i
a guadrant photodiode. The tight shines through the holc i
onto a polished flat on the shell mass that has a small dark i
patch in the center. The difference in the photocurrents I
fr6m two 'opposite quadrants indicates the relative dis. i
plaiement of the sensor and the shell mass (Fig. l). The :
sensitivity is limited by shot noise down to frequencis
below 5 Hz, at a levet of 4x l0- to m/ @. ttris signat is
l inear over approximately 2 mm.

Attached to the shell are six magnets that are used by
mignetic actuators. A 750 turn coil wound on a reflon core
is attached to the ground near each magner, allowing ad.
justment of the position of the shell relarive to the ground
(a variant on a design developed by the Max Planck

Rev. Sci. lnstrum., Vol. 62, No. a, Aprll 1991 Vibration isolation
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FIG. l. (a) An aligncd shadow detector. Thc size ofrhe absorbing parch
is choscn so that no light falls on quadranr I or guadranr 2. (b) The
rcffoctive surfacc has movcd. Now morc light falls on quadrant t than
quadrant 2 so that the diffcrence bcrwcen thc signals from rhe two quad.
rants ts nonzcro.

groups;. The magnets are placcd so that all six degrees of
freedom of the shell can be controlled. The actuators pro-
duce a maximum force of about 0.03 N over a range of I
mm.

The shell itself is hung as a pendulum. Four tungsrerr
wires (also 0.2 mm in diameter), each in .series rvith a coil
spring, hold the shell and mirror mass. The wires are
clamped to the shell at ten degrees above the midline.

Figure 2 shows a diagram of the suspension and defines
the coordinate system that will be used throughout this
article.

The linearized equalions of motion for the double pen-
dulum suspension can be derived by finding rhe Lagrang-
ian for the coupled sysrem and then writing down the
Euler-Lagrange equations in the small angle approxima-
tion. This is simplified by recognizing that for a system
with no misalignment. the motion can be described by four
combinations of coupled motion. These are translation
along the optic axis and rotation about the y axis, transla-
tion along the y axis atrd rotation abour the optic axrs.
translation along the vertical axis, and rotation about the
vertical axis.

FlG. 2. Nested douhlc pendulum suspensrort rlrtem. Thc mrrror nrnrs has
been drasn out of the shell to allorr a better rrc* of rhc hangrng nrcrhtrd
used.

equations of motion can be solved numerically. and the
resonant frequencies and the eigenvectors of rhe rigid bodl
nornral rnodes are easily computed. A computer model was
used to predict rcsonant frequencies and transfer functions
between pairs of drive and sensor signals. Table I presents
a comparison of the rigid body resonant frequencies pre-
dicted by the model and the corresponding measured,fre-
quencies. The predicted frequencies agree closely with the
measured frequencies. The largest error is in the prediction
of the trvo highest frequencies, which are primarily due to
the stretching ol the tungsten wire that holds the mrrror
mass and is probably due to an error in the estimate of the
spring constant of the tungsten wire.

TABLE I. Predicted and ntc'arured rigi<! body res()nrncc\ 
'l 

hc thrrrl uol-
umn briefl-r descrthcr tlrr' crnrplcd motron f<rr cach rcrorrlrrcc.

Prcdrcted Mcururcd
(H2 )  (H2 ) Coupled motrons

(bl

In
he
z7

{ r n
to
c-
:k
i-
d

iv
c
n
s

I

I
:

0.71 I

0.t00

0.91  8
1.07

1.22

L66

t o s
-r .  t5

-r.5 7
rt.75

3 1.0
1 t  t

0.690 Translation along the y axis lnd rolatron .rlx)ut
thc optrc.axis

0.811 Translation along the optrc ilrl\ und rolrtron
atlrut thc / aris

0.92C Rotunon ab()ut  thc rcr l rcal  i r r r \
1.05 .  Translat ion along t l tc  ontc . r \ r \  i t r td t r ' t . r r t , ' t t

about the y a.rr.
Trans la t ton  a long thc  ( lp l i c  i l \ r \  J t ld  r . , t . r t r r t t l

about the / axis

Trans la t ion  akrng  the . t '  a t t \  r ! r ( l  r . ! r . r t r . "

ah,rut the optic aris

Rotat ion about thc \ ' ! . r t rc l l  . r \ , .
Trat ts l . r t i t tn r long t l rc  optr(  . r \ , \
rtxrut the y :nrs

-1.6.1 Trunslat ion along thc \cr t l ! . r l  . , \ r \
4.8.1 Translatron along the .y a. t rs . r r \ l  r { r t r r r , . ' l

about the optic aris
:7.0 Translat ion along the \enrcr l  . r \ r \
37.0 Translat ion alor tg thc -r  l t r \  Jr , l  ! r r tJrr . , ,  , r i ' !u l

the opt ic  axis

Relleclrve surlaco

to hold
mtfrcr n€ss

Hole lof
DO9!On Sensor

lsolialed olale tot
€bclfoslatrc lo|gng

RetLdivc sutts

Once the Euler-Lagrange equations have been derived,
the dynamics of the system are completely described. The
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FlG. 3. (a) A rypical ollen loop rransfer funcrion for damping. This is the
ratio ofthc voltage applied to the driver for the magnctic actuarors to the
volrage received from the approprilrc position scnsor. (b) Thc same
transfcr functton predicted by the conrputcr model.

IV. DAMPING

. Because the suspension has low losses, the scismically
driven motion of the mirror mass at the resonant frequen-
cies is too large to allow a suspended optical caviiy to
remain in resonance. Therefore the rigid body morion ar
the resonant frequencies musr be arrificially damped. A
damping system has been implemented in which a sensor
detects motion of the shell mass at a position on the shell
very close to the point at which the damping force is ap
plied. Because the phase ofthe transfer function never goes
through a phase shift greater than 1g0., independent ofthe
number of resonances in the signal, the sensor signal is
easily used as an error signal in a feedback toop. Figure 3
shows a typical open loop rransfer funcrion. The lhasecharacteristics are similar for all of the loops.

For the double pendulum suspension, damping of the
ten lowest resonant frequencies in vacuum has been
achieved with four independenr damping loops. Two loops
are needed to damp rhe four resonances that couple trans-
lation along the optrc axis wirh rotarion about the y axis.
Two more loops are needed to darnp the six other reso-
nances. Figure 4 compares the power spectrum measured
with the damping loops opcn and closed as measured by a

927 Rev. Scl. Instrum., Vol. 52, No. 4, Aprtt t99r

FIG. 4. Powcr spcctra of the output of 8 position scnsor not uscd in o..
damping loop. Thc finr spectrum was takcn with alt toop, oo.n- lil
sccond *.ith thcm closcd. The scnsiriviry of rhis posirion *nroi *r. ilV,/cm. The suspension is drivcn by rhc ambicnr scisrnic vibration iilf
laboratory.

position sensor that was not used in any of thc dampilg
loops.

By damping the motion of the suspension using forcq
applied onty to the first pendulum stage, one can take 4.
vantage of the filtering of electronic noise by the second
pendulum stage. The position sensors sensc motion of th;
outer shell relative to thc ground, and the magnetic push.
ers push on the shell from the ground. pushing on theshelt
alone damps the motion of both the shell and the minoi
mass because the motions of both mass6 at the resonant
frequencies are strongly coupled. With noise from the coii
driver electronics ar l.2Xl0-ro N,zJTu a low closcd-
loop gain results in a controller induced position noise at
the inner mass of 3X l0-re m/ Jffi, at t00 Hz The noise
due to damping the mirror mass directly would h
(f/.foz) larger, or 2 X l0 - ls m/ EE at 100 Hz. Any noisc
on the magnetic actuators due to fluctuating magnetic
fields in the area is also filteredbV Uo/fz).

V. ISOLATION AND CROSS COUPLING

Isolation transfer functions along the optic aris and in
the vertical direction were mcasurcd. Cross coupling h-
tween vertical motion and optic axis motion and between
motion along the y axis and motion along the optic axis
were also measured. All measurements were made in vac.
uum to prevent acoustic excitation of the mirror mass.

To measure the isolation transfer function along the
optic axis in vacuum an electromagnctic shaker was at-
tached to the suspension point ofthe double pendulum via
a bellows feedthrough. Accelerometerc were placed along
the oprrc axis of the mirror mass, the shelt. and the sus.
penston point. The shaker was used to shake the suspen.
sron polnr. and transfer functions between the shelt and the
suspension point and between the mirror mass and the
suspension point were mcasured. To measure the cros.
coupling berween motion along the y axis and thc optic

Vibration isolation 921
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FIG. 6. Opric aris isolarton of mirror mass rclative to the sus;rnsion
point.

t 0  20  50  r00
Log Hz

FIG. 7.  Vertrc l l  rsolatron of  lhe mrrror  mass rc lur t rc to thc \uspcnsion
nornt .

FlG. 5. Optic aris isolation ofshctl rclativc ro rhe suspension poinr.

axis, the same shaker configuration was used but the sus-
pension was turned 90'in the vacuum tank.

The shell transfer function along the opric axis follows
the l/f2 behavior expected for a single pendulum up to t I 3
Hz, where the internal resonances of the four coil springs
dominate the transfer function (one could reduce the p of
the internal resonances with a passive magnetic damping
scheme). The shcll continues to isolate bcyond these reso-
nances, but the harmonics of the spring resonances at 339
Hz and the violin modes of the four wires holding the shel
mass (at 430 Hz) begin to compromise the isolation (Fig.
5). In addition, the inner mass transfer function follows
the l/f behavior cxpected for a double pendulum up to
ll3 Hz. [t continues to isolate as l/f2 with respect tothe
shell despite the internal spring resonances that compro-
mise the shell's isolation. At 250 Hz an isolarion of 160 dB
was measured (Fig. 6). The violin mode of the rwo inner
wires is expected at 1200 Hz: however, measurements of
the isolation of the inner mass could not be made beyond
250 Hz because the suspension isolation was so effective
that thc measurements werc dominated by electronic noise
in the acceletometens.

The vcrtical isolation of the suspension and the
vertical-to-optic-axis cross coupting were also measured.
There arc two vertical resonancis, one at 3.6 Hz due to the
coil springs, and one at 26 Hz due to the stretching of the
wire holding the mirror mass. The expccted l/ isolarion
of the mirror mass before the 26 Hz vertical resonance, and
the l/f isolation after this resonance was confirmed ( Fig.
7 ) .

Figures 8 and 9 show the cross-coupling of y-axis mo-
tion to optic axis motion and the cross-counlins of vertical

I  ^ -  U -
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FIG. E. l'axis to opric aris cross ioupling.

motion to optic axis motion. Figure l0 shows a composite
of Figures 6,7,8, and 9 to demonsrrate the actual optic
axis isolation of the suspension sysrem. It also includes the
vertical isolation reduced by 65 dB, showing the contribu-

50 100
Log Hz

FlG. 10. Composirc optic aris isolation. The ground noisc is assume6 6be isotropic.

tion of venical motion to the interferometer noise if thc
anns are t mrad away from level. (Arms that are 4 [11t
long, if level at their midpoinrs, will depart from level at
their ends by about i mrad because ofthi curvature ofthc
earth.) It is apparent that for these tests the isolation ofthe
suspension below 80 Hz is dominated by the venical b
horizontal cross coupling. Above 80 Hz the cross coupling
is comparable to the optic axis isolation and does nor serii
ously compromisc the isolation.

An investigation into the cause of the cross coupling
indicates that the main contribution to the cross.couplini
is misalignment at the takeotrpoint of the singte wlre aboui
the mirror mass. For example, if the loop of wire leaves the
mirror mass at different points relative to the center of
mass on each side the mirror mass will hang ar a slight
angld. tf in addition the wire leaves the mirror mass ar a
slightly higher point on one side relative to rhe other, a
vertical drive will cause a nonzero torque abour the center
of mass. This in turn will cause a rotation abour rhe y axis.
Because the rotation point is by design above rhe center of
mass, this rotation will cause a first-order translarron of the
center of mass. The actual motions of the mtrror mass
caused by cross coupling were more complicared than rhiq
involving rotations about the venicat axis and rhe y axis
and translations along the optic axis and rhe y arrs.

These cross-coupling ms$urements should bc rakcn to
be "worst case" measurements since no special ahgnmenl
tools were made to minimize misalignmenr durrng hang.
ing.

-20 t---:

?0  30  50  70  . Ju
Log Hz

FlG. 9. Vertical axis to opric aris cross coupling.

929 Rev. Sct. tn3trurn., Vol. 62, No. 4, Aprll t99t Vlbrutlon lrohtlon 929
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mirror mass is necessary to keep
the interferometer fringe locked. This double pendulum
suspension was designed so that the fine control could be
done with high voltage actuators. By pushing on the mir:
ror mass from the shell one can take advantage of the ,f2
isolation of the shell to push from a quiet platform. thus
reducing the amount of seismic noise transmitted to the
mirror mass through the actuators. By having high voltage
plates on both the front and back of the electrically
grounded mirror mass, an efective restoring force that is
much smaller than any of the pendulum restoring forces
can be obtained. This provides a forcer that does not in-
terfere with the suspension isolation in addition to provid-
ing a force that is linear with respect to applied voltage.

The efective restoring force for small displacements of
the mirror mass is calculated as:

i r e q u c i c s  i h 2 )

FtG. I I. (a) Measurcd open loop transfer function for marimum trans-
lation drive. This is thc ratio ofthc voltage receivcd from the capacitancc
tranduccr to the voltagc applicd to thc drivc circuitry. (b) Corrcspond'
ing transfcr function prcdictcd by thc computcr model.

in spacing betrveen the front and back plates were compen'

sated for by adjusting 206. on one of the plates.

Figure t I compares the measured and predicted trans-
fer functions for the drive designed to optimize translation
of the ccnter of mass of the mirror mass while minimizing
the coupling to rotation about the y axis. Figure t 2 com-
pares the measured and predicted transfer function for the
drive designed to optimize rotation about the y axis while
minimizing the coupling to the translation of the center of
mass of the mirror mass. These transfer functions have the
proper phase characteristics needed for use in a stable feed'
back loop.

A servo system with both the translation loop and the
y-axis rotation loop closed simultaneously was simulated
on the computer. Stable operation is allowed. The point of
this simulation was to demonstrate that both loops could
be closed simultaneously while retaining stability; all of the
detection circuitry was assumed to have an infinite band'
width and the closed loop gain in this simulation could be
chosen arbitrarily high.

VI!. ACTIVE TSOLATION

As mentioned in the Introduction, we explored the
possibilities of active isolation with this suspension. (For

dFl Apn Yli,"

El,o:-"T' ( t )

In this prototype suspension, the gap size xs : d. I cm, the
bias voltage Ybi,*'= 1.33 statvolS, is applied to both the
front and the back plate, each plate section has an area
A6.rc: 19 cm2 and the mass m : lOa grn. The effective
resonant frequency due to this restoring is/o = 0.165 Hz.
This effective frequency is much lower than any of the
pendulum resonant frequencies, thus it has a negiigible ef-
fect on the dynamics and isolation of the suspension.

With an input noise to the high voltage amplifiers of 2
nY / Jffi. and a gain of 5O the position noise at the mirror
mass from the amplifier noise is 2x lO- le m/ GI at 100
Hz. This noise will be reduced by the loop gain in the
interferometer locking seros.

Implementation of the fine control requires three ser-
voloops, one to control translation of the mirror mass
along the optic axis, one to control rotation about the y
axis, and one to control rotation about the vertical axis.
There must therefore be three stable loops. Not only must
each individual loop be stable when closed, but all three
loops must be closed at once without losing stability.

The first two of these loops interact because of the way
the mirror mass is hung, with a single wire about the cen-
ter. A force that translates the mirror mass along the optic
axis couples to a rotation about they axis, and a force that
rotates the mirror about the y axis couples to a translation
along the optic axis. By using normal coordinate transfor-
mationsl2 the drives for these two coupled loops were op-
timized so that at frequencies much higher than the reso-
nant frequencies this coupling was minirnized. The Bode
plots for each particular drive were calculated with the
computer model. The two drives were then implemented
on the prototype iuspension. Each drive consisted of a
combination of forces on the shell from the magnetic push-
ers and forces on the mirror mass from the high voltage
pushers.

The rotation about the y axis was measured with an
optical lever, and the translation along the optic axis was
measured with a capacitance transducer. Small differ"ences

930 Fcv. Sct. lnrtrum., Vol. 62, No.4, Aprll 1991 Vlbr.tlon lrolltion 930
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FlC. 12. (u) Measurcd tlpcrr loop lmrrrtr.r lurrclrrrn for maxrmum tih
dnve. This is rhe rarro of rhe uohagc reccir.ed from rhe ooticat lcvcr ro thc
voltagc applied ro rhc drive circuirry. (b) Corresponding transfcr func-
tion prcdicred by rhc conrpurer modcl.

previous dissussions of the topic, see Refs. 2 and lJ.) The
basic idea is to apply tbrces to the shell mass to nul an
error signal representing the relative displacement of the
shell and the mirror mass. trVhen the shell is accurately
following the mirror mass (serving as an inenial proof
mass), then it is transmirting less vibrarion than it would in
the open-loop state. In the process, the servo loop has re-
duced the frequency ofthe gravesr pendulation mode ofthe
system.

Several aspecrs ol the design will make ir difficult to
achieve much improvemenl in the seismic isotarion-from
this suspension fronn active techniques. One problem is the
coupling between rotation of the shell and translation of
the mirror mass. This is of a fundamentally diferent char-
acter rhan the coupling of the displacements of the centers
of mass of the shell and rhe mirror. The relarive displace-
ment due ro shell mass displacement vanishes in the l imit
of zero frequency, but a rotation of the shelt causes a rel-
ative displacement of the centers of mass at zero frequency.
This means that, unless the forces from the upper and
lower actuarors on the sheil rvere precisely balanced, the
low-frequency performance of an acrive rsolation loop rvill
always be l imited by the rotations caused by rhe mismarch.
This requiremenr could be alleyrared if rhe suspension were

931 R€y. Sci. Instrum., Vol. 62, No. a, Aprll t99t

. 5  . a  . r . a - ! l

13. Prcdicted trsnsfcr fu[ction indicadng a stablc acrivc isotatioll

redesigned so that the wire for the mirror mass left the
shell at the point about which the shell rotat6. Figure 13
demonstrares rhar there is a conditionally stable active iso
lation loop ifone can perfectly balance the driving forces.

A second problem is perhaps more serious. As we have
shown, the asymmetry in the isolation of the suspcnsion is
great enough that venical vibration of the mirror is ctose to
dominating the interferometer's response to seismic noise.
This means that if we want to use active isolation to rcduce
the amount of seismic noise, we wiil need to improve the
vertical isolation almost as much as the horizontal isola-
tion. But the fact thar the suspcnsion is much stiffer in the
venical direcrion will substantially complicate implemen.
tation of a venical active isolation loop. In particular, the
signal-to-noise ratio for sensing venical motion is grearty
reduced because the relative motion between the shell and
the miiror mass is small. The replacement of the relarivcly
stiff tungsren wire holding the mirror mass with a softer
vertical isolator would improve the vertical isolation of the
system and make it easier to actively isolate in the vertical
direction if necessary.

For these reasons, we are not hopeful that this suspen-
sion's vibration isolation can be much improved by active
isolation techniques although a few design changes could
once again make this a candidate for active isolation. An-
other possibility for active isolation can be found in spe-
cially designed pre-filters from which the high-p pendulum
suspensions ara hung. la

vil. DrscusstoN
The results of our series of tests show this nested dou-

ble pendulum to be a credible design for a rest mass sus-
pension rn a high performance gravitational wave interfer-
ometer. The vibration isolation is consistent with the
model. The damping servos perform welt. The transfer
functions for the fine control loops appear to have the re-
quired form. Active isolarion remains a possibiliry, but
would requrre some changes in the design.

Sorne aspects of the performance can only be fully
tested when the suspension has been incorporated inro a

Frequcncy (Hz)

a l i

, l
FIG.
loop.

, * i

",1

tbt

o

- taa

'a
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working interferometer. For example. tests with a sensitive
interferometer would vcrify that the isolation wq measured
at large noise levels is obtained at ambient noise levels. and
that there is no unexpected additive noise componenr.vv...try..su.. dcr. co. lggg.
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Frequency Response Methods
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Preview

we have examined rhe use of rcFt input sig;nars such as a srep and a ramp sig-
Yl- In this chapter, we will use a steady-state sinusoidal inpur signal "nd.oi-
sider the response of the system as the frequency of the sinlsoidls varied. Thus
we will look ar the response of the system to a changing frequency, or.

we will examine the response of Qs) when s :7<.r and oerretlp several
forms of plotring the complex number for G(jo) when, is varied. These plots
provide insight regarding the performance ofa system. we are able to develop
several performance measures for the frequency response ofa system: The mia-
sures ern be used as system specifications and we can adjust parameters in
order to meet the specifications.

263



264 Chapter 7 Freguency Response Methods

We will cousider the graphical development of one or more forrrs for the
frequenry response plot we can then proceed to use compurcr-generated data
to readily obt"in these plots.

7 .1
Introduction

In the precedtng chapters tbe response and perfornrance ofa system has been
described in terms of the complex frequeacy variable s, and the location of the
poles and zeros otr the's-plane. A very practical and importanr alternative
approach to the analpis and design ofa system isthefreqttenq, rsporlsemerbod-
The frequency rgwnse of a system is delned as the neadystate rgponse of the
system to a sintsoidal inpu sigzal. The sinusoid is a unique input signal, and the
resulting output signal for a linear systetrL as well as signals throughour the sys-
tem, is sinusoidal in the sready srate; it diFers from the inpur waveform only in
amplitude and phase onEle.

One advantage of the frequeucy response method is the ready availability of
sinusoid test signals for various raDges of frequencies and amplitudes. Thus the
experimental deterrrination of the frequency response of a system is easily
accomplished and is the mosr reliable and uncomplicated method for the exper-
imenal analysis of a sysrcm. often, as we shall find in Sestion 7.4,the unknown
transfer fuuaion ofa system ca" be deduced from the experimenrally determined
frcquency response of a system [e4. Furthermor€, the design ofa system in the
frcquency domain provides the designer with control of the baudwidth of a sys-
tem and some measure of the response of the system to undesired noise and
disrurinnces

A second adnaaage of the &quency response metbod is that the transfer
funstion describing the sinusoidal steady-state behavior of a system can be
obained by replacing s withTb in the system transfer function I(s). The transfer
function reprcsenting the sinusoidal steady-state behavior of a system is tben a
firnction of tbe complex variable;r.r and is iself a complex function l(7ro) which
possesses a magnitude and pbase angle. The magnitude and pbase angle of 1n(fo)
are read.ily represeated by graphical plots that provide a significant insight for ibe
analysis and design of control systems.

The basic disadrrantage of the frequenry response method for a"alysis and
design is the indirect link between the frequency and the time domain. Direct
correlations between the frequency response aud rhe corresponding transient
response charaaeristics are somewhat tenuous, and in practice tbe frequenry
response charaaeristic is adjusted by usiug various desrgn criteria whicb will nor-
mdly result in a satisfactory transient response.

The Laplace transforrr pair was given io Section 2.4 znd, is written as:

IF(s) - -C.{Jlt1y = f(t)e-" dt (7- l )



7.1 Introduction

and

f(t) = -c-r{F(s)} f(s)e" ds, (7.2)

where the.complex variable s : 6 * ./<.r. similarly, &e Fourier transformpair iswritten as

1jd.,4 = sv(t)l = 
[_nn"-tu dt

and

f(r) = 7-'17(iot)l = 
* Il_ *rr d@.

The Fourier uansform exisrs forJ(r) when

l a

J --Vult dt < o'

The Fourier and taplace trarrsforsrs are closely relate4 as we can see bvexamining Eqs- (z-l) and (7.3). when the tunctionlrl i, olnlJ;;t],;;; ;;,as is often the case, the loq/er limia on the integnli i* ,rr.-*"re. Then, we norcthat the two equadons difer only in the complex variable. Thus, ir tt " rrpi"""transform ofa functionJ(l) is known to be ̂ F,(sJ, one .,m obrain the Fourierrans-form of this same dme function F,Cr?o) by setting s -_ join ^F,(s). -
. 1g"i1 one migfir ask, becausJ rhe Fourier-*a LpL.. transficrms are soglosell reliated, why not always use rhe l-aplace t"ansrormi why use rhe Fouriertransform ar all? The Iaplace transform pernria * rc io"i igate thes_plane loca-tion of rhe potes and zeros of a transfer i'(s) as in claprer; H;J;;;;-quency response method allona us to consider the transfer funcrion iori ioconcern ounelves with the amplitude and phass charaaeristics of ttre-systern.This abiliry to investigare and represenr ttre ctraraaei "i" ,r"*m by ampritudeand phase equations and cunres is an advantage for ne "ninis and d&gr---_;icontrol systems

If we consider the frequengr response of the closed-loop sysrem, we mighthave an input (r) that has a Fouriir transform, in tre freluency domein, asfollows:

I ro*F
2rj J "-1-

(7.3)

(7.4)

(7.s)

G(i,)

a €
R(/i'r)= I ,Q\e--dt.

J - -

{he1 the outpur frequency response of a single-loop control system can beobtained by subsrituti'g s = 7ro in the closedlip rytt.r ,"t"tionship, c(g =
?'(s)R(s), so thar we have

CQc't) = T(jo)RQco) =
| + G{jco)H$al

R(i'). (7.6)



(7.7)

However, it is usually quite difrsutt to enaluate this ioverse transform integral
for aoy but the simplest systerns, and a Faphicat integration may be used- Alter-
natively, as we will note in succeeding sections, seraeral measures of the transient
response can be related to the frequency characteristics and utilized for design
purposes.

7.2
Frequency Response Plots

The transfer function of a system (s) can be described in the frequency domain
by the relarion

G{ito)= Qs)!,-i, = R(ico)+ jX(ju), (7.8)

where

and

RQr.,; : Re(G(it))

XQ<o) -- In((7t)).

266 Chapter 7 Frequency Respoase Methods

Utiliziag tbe inverse Fourier transform, the ouput transient response would be

(7.e)
where

and

4t) = v-,lceot)l = 
* I:-cUd{ tu.

Alternatively, the trausfer funstion can be represented by a magnitude I G (idl
andapbase Q(jt)t

G(io) -- lG(rb)l*t = lG{')l/6{d,

dr) = tan-r X(<o)/R(c.r)

| G(r)|, = (R(<.r))2 + (X(<.r)r.

The graphical representation of the frequency rcsponse of the sysrem G(jco) an
utilize either Eq. (7.81 or Eq. (19). rn" polar prot representation 

-of 
the rt q"*.v

response is obrained by using Eq. (7.8). The coordinates of the polar plot are tL
t?l?"d imaginary pans of G(lr.r) as shown in Fig ?.1. An examlle of i polar plor
will illustrate rhis approach.



lm(6) =,T(<^r)

?.2 Frequency Response plots

Re(6) - R(o)

Figure 7.1. The polar ptane,

I  E x a m p l e  7 . 1
A simple RC filter is shown in Fig 7.2.ftetraqsfer funcrion of this fi.lter is

6 1 s ) = Y z G ) =  I
Y r (s )  .RCs+ l '

and the sinuoidal steady-state transfer firaction is
t 1Gi*t=mdTI=ff i ,

where

or = I/RC.
Then the polar plot is obtained from the rclation

(7.r0)

(7.1 t)

G(ico)=R(ro)+iX(r)

| - ik'lo)
(ole4f * | (7.t2)

= I 
_ 

j(t/t,)

| * Q,t/co1f | * (co/o)2'

The locus of the real and i-,agtn"t! pafis is shonm ia Fig j.3 andis easiJy sbown
to be a circle with the ceurcr at (yr,0). TVhen @ = ut, tnJrear and imaginary paru
ge equal' and the angle o(<.r) = 45". The polar plot can atso be readily outi""a
from Eq. (7.9) as

G{jco) = lG(r)l/6@\, (7.13)

Figure 7 2. I\D,.RC filrer.
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where

Cbapter 7 Frequency Response Methods

x@)

trigure 7J. Polar plot for RC6lrcr.

lff')l = 
(t +diq,J6? and c(r): -tzrt-t(co/o,)-

Clearly,whenr.r = ar,,m,aEnitudeis lflr,)l = Ulfrandphased(r,) = -45".
Also, when or approaches +co, we have l(r)l - 0 and e{.) = -90". Similarly,
when r.r = 0, we have l4r)l = I and @(ar) = Q.

I  Example 72

Tbe polar plot of a transfer function will be useful for invesrigating system sra-
bility and will be utilized ia Chapter 8. Tbereforc, it is worthwhile to complete
another example at this poinl Consider a transfer funsrion

l ( s ) | , - , ,  =G{ i ,o )=+ : .  K
y,t(ju * L) jo - 3t'

Then the magnitude and phase angle are wrinen as

l(",)l =
(r'r' + toS\'n

(7.15)

and

6{t) = -?on-r f-t-')
\- . t 'a /

The pbase angle aad the magnitude are rreadily calculated at the &equencies o, =
0, <,r = r /r, and ar : * @. The values of I (or) I and d(ro) are given in Tabre z. I,
and the polar plot of G{jo) is shown in Fig" 7.4.

There are several possibiiities for coordinates ofa graph portraying the fre-

(7.r4)

K

\

Positivc q,
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7.2 Frequency Response Plots

Table 7.1

18,)l aKtltf5 Krlfr
C(.) -900 - 135" - 180'

quency respoDse ofa system' As we bave see4 one Eray choose to utilize a polar
plot to represent the Aequetrsy respolse (Eq. 7-8) of a system. However, the lim-
itations of polar plos are rcadily appareDt The addition of poles or zeros to aD
existing system requires the recalcrrlatiou of the fuquency response as outlined
in Exanples 7.1 aod 7.2. (See Table Zl.) Furthermore, the calsulatioa of the fre-
quen€y respoa!rc iD this manaer is tedious and does aor indicate the efect of the
individual poles or zeros.

Tberefore, rhe iatrodudon of logartthmic plots, often called Bode plots, snm,-
plifies the determinatiou of the graphical portra),al ofthe Aequency rcsponse. The
logarithmic plots are caltd Bode plots in honor of H. W. Bode, who used them
extensively iD bis sudies of Hback amplifiers [a,5J. Tbe transfer fuaction in tbe
frequency dgmzin !g

1ltYr"

G(jr) = l(r)le"td.

The natural logarfthm of F4. (7.16) is

lD COb) - ln l(o,)l + jdko),

RctGl

(7.16)

(7.r7\

ln{61

Figure 7.4. Polar plot for G(j.) - KD4jq + l).
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I
j F r ,

( b )

Figure75. BodediagrarD of e1ir.,) = llUq * t).

where h lGl is the magnitude in Depers. Tbe logarithm of the magnitude is nor_
mally expressed in terms ofthe iogarithm to tbe-base 10, so rhat we use

Loearithmic garn = 20log1ef G{r)|,

where the units are decibels (db). A decibel conversion able isgiven in Appendix
E The logarithmic gain in db and the angle {c.r) can L pioo.a versus the fu-ql_"n.y ar by utiliing several difereat anangements. Fora iode diagram, the plot
of logarithmic gaiD in db versus, is noruraliy ploned oo * set ofaxes and thepbase {(r.r) versus co on ?nother set ofaxes as inl*n on Fig 7.5. For ,-*pr., tu.Bode diagram ofrhe transfer funstion of Example 7.t can-be read,ily oUtaineC" aswe will find in the following exampie.

I  E x a m p l e  Z - 3

The transfer function of Example 7.I is

Go,) =r.,(R#- r = (7-18)
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where

the time consranr of the aetwork ;;ff"mic sain is

20log lGl =20log(d')'o = -t0toe(r + (rgr)). (7.re)
For small frequencieq that is to 1( l/t,the logarithmic gain is

20lig lGl = -i0 t"g (l) = 0 db, o <. tft.
For large Aequencies, that is os )) l/a,the logarirhrnic gain is

20log lGl = -21logw toD l/r,
and at a = l/t, we have

20log f Gl = -l0log2 = -3.01 db.
.The magnirude plot fsl this network is shown in Fig 2.5(a). The phase angie ofthis network is

6Ur) = -tan-t r*. e.n)
The phase plot is shown in-Frg zs(b). The frequen c! c,t = l/r is oftencalled thebreak frequenq, or corner fre {uenc1r.'

Examidng the Bode diagram of Fig 7.5, we find rhat a linear scale of fre-quencY is not the most convenieot otiirdi"io* choice -c *" should considert!1use ofa logarithmic scale offuquency. The convenierrce ora logari&mic scaleof frequency co'r be seen by considering'Eq. (7-zr)"it*;Fequencies ot )) r/t,as follows:

20 log f Gf = .-20 loe c,n = -20log z - 20 log or. (723)

(7-20)

(7.2r)

TheD, on a set of axes where the horizontal axis is lng r, &e agmptotic crrrve for
? > | /, is a straigbt line, as shown a Fig. 7.G. The iope or tue stnigar fine canbe ascertained from Ee. e.2r).en intervi of nro fr.d;; with a rado eq'ar

0

j

E - to
=
a t

:OL
I

t w
t 0
7

I
-t

aa

Figure 7.6. Asf'raprctic curve fot eu * I;-r
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to ten is called a decade, so that the range of frequencies from o1 to o[ where
11 = l0c.r1, is called a decade. Then, the diference benveen the logarithmi; g.r"q
for <.r >> Lft, over a decade of frequency is

201og f (r,)l - 20log l("r:)l = -2}logcos - (-2}logrrr)

= -20loe%
Q)27

(7-24)

= -2O log(X.) = *20db.
That is, the slope of the asymptotic line fbr this first-order trausfer funstion is-20 db/decade, aad the slope is shown for this transfer funaion in rig z.e
Instead of using a horizontal axis oflog ar and linear rectangutar coorcinarci, it is
simpler to use semilog paper with a linear restaDgular cooodinate for db *a "
logarithmic coordinate for ar. Alteraatively, oDe coutO use a logarithmic coord!
la-te fo1&s rnagniBrde as well as for frequency and avoid tne necessity of calsg-
Iating the logarirhm of the magnitude.

The aequeucy iuterval oz = 2or is often used and is called an octave of fre-quencies The difereuce between the logarithmic gains for o )) llr,for an octave.
is

20log l(r,)l - 20log l( 'Jl : -20tog9{
'D"r 

e.zs)= -Z0loe(Y) = 6.02db.
Therefore the slope of tbe asyrrptoric tine is -6 db/octave or -20 db/decade.

. The primaryadvantage ofthe logarithmic plot is the cooversion oimunijn
cative factors such as (itn * r) inro additive aaon 20 log (l,n * l) by vinui of
the definitioa of logarithmic gaiD- This can be readily ascerained Ui "6"ti-o"ri"i
a generalized transfer funstion as

Gti')
KrW-,e + jq)

= . (726)

This transfer firnction includes Qzsros,nrpobs at the origin,.l/poles on the real
axig and R pairs of complex gonjugate poles. Clearly, obtaining'tle potari"r;
such a function would be a formidabie task indeed. However, the-logarithmic
m2gnitude of (,ltr) is

20log l((r)l = 20los Kt * 20i ",
, - t

l l  + 7lr, l

-20log l0,r)"1 - 20 I Iog ll * j,n.l (7-27)

- ' * roe l r. (*,)''. (fr)'l ,
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and the Bode diaeram can be obtaiaed by adding the plor due to each individ,'alfactor- FurthermJre, trr"."p"*ir pr"r.Lg. prot is obrained as
a

6{rl = + I tap-r or, - /f(90) -

- i t""-'f 2'r*'e-)'
Ei;  \ r1,-  r=) '

*Fgh is simply the summation of the phase angles due to each individrul &ctorof the trausfer function.

- Therefore, the four di:ferent kinds offactors tbat may occur in a transfer firnc-tion are

l. constant gzu- K,
2. poles (or zeros) ar the origin (lr.r),

'3. poles or zeros on the real axis (i<,n * l),
4. complex conjugate poles (or zeros) U + (2!/ct)ju * (io/o")zl.

We cart deterrrine the logarithnis megnitude plot aad phaqe angte for these fourfastors and then utilize them to obain a Bode-di+ramhiLvg"oenal form ofatransfer function- Tpically, the curves for each-factor * obrained and &en
gdt-d rogethergraphically to obain the curves forthe "orpt"* trarsfer funaion.
Furtherrrore, this procedure can be simplified by using if,.rry*protic approxi-
mations to these curves 3ad 6ltainiqg &i actual cur"esinty at specifrc important
frequencies.

Constant Gain K, The logarirhmic gain is

20log Kr = constaut in db,

13d the phase angle is zero. The gain curve is simply a horizonral line on the Bodedia$ao.

Pols (or Zoos) at the Ortgin (jco). A pole at the origin has a logarithmic
megnitude

- 2o"r 
L*l 

= -2olog c., db

t4
rr

L,^'�'' ,-^
a - l (7.28)

T9-" phase ange 6@) = -90o. The slope of the magninrde curve is -20
db/decade fora pole. Similarty for a multipt pole ar th;;En, we have

2o rog l#l = -2o.rrtog o,,

(7.2e)

(7.30)

and $e phase is d(o,) = -90'iy'. ra this case tle slope due to the mulriple pole is
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r80 Uco)z

(it r)

(r-)o

rl(r,t '

( io)-2

(7.31)

(7.32)

e

0-t 0. t

Figrre 7.7. Me diagram for Qo)!r.

-20N db/decade. For a zero at rhe origq we have a logarithmic magnitude

20log ljrl = *20log <.r,
where the slope is +20 db/decade and the phase angle is + 90". fire Bode diagram
of the magnitude and phase angle of (i.).* is shown in Fig 7-7 for N = iand
N = L

Pols or Zeros on the Real Axis. The pole factor e + ju)-t haq been con-
sidered prcviously and we found tbat

2orog l#l : -lotog(r + &,1).
The asgnptotic curve for sr << l/r is 2o log I = 0 db, and tbe asymptotic curve
for o >> l/t is -20log r* which has a slope of -20 db/decade. The intersecdon
of the two aslmptotes ocsurs when

2 0 l o g l = 0 d b = - 2 0 l o g c m

or when c't = lfr, the break frequenq. T\e astual logarithrnic gain when <o =
l/r is -3 db for this frctor. The phase angle is 6{r) = -ran-t iforthe denom_
inator factor. The Bode diagraro 9f a pole frctor (l * jon)'t is shoqa in Fie; z.g.

The Bode diag"rn of azsro factor (L + jcm)is obtained in the same mlooe,
as that of the pole. However, the slope is positive at +20 db/decade, and the
phase angle is 6(a,) = *tan-' <ur.

A linear approximation to the phase angle orrve cr't be obtained as shown in
Fig 7-8. This linear approximation, which passes through the correct phase ar the
break frequency, is within 6" of the actual phase curri for all frequencies Tb.is
approximation will provide a useful meaps for readily deterurinini the form of
the phase angle curves of a transfer function es). However, often the accurzrte
phase angle curves are required and tbe actual phase curve for rhe first-order fac-
tor must be drawn. Therefore it is often worthwhile to prepare a card.board (or
plasdc) templare which can be utilized repeatedly to draw the phase .uru"s io,
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Figure73. Bodediagram of(t + j,-)-,.

Ir +t2tu - dl-,, (7.33)

db
- t0

-20

Q

= -45

e

-€oL
0.1
? I

7
t 0
I

the individual factors. The exact rralues of rhe frequency response for the pole(l + jcn)-t as well as the'alues obtained by usiag the aiproximarion for com-parison are given in Table 7.2.

- coyotex coniugate poles or zzros u + (2voiljco + (jco/o,lz!. The q'adradcfactor for a pair of complex conjugate poto oo be wrinJn in normalized form as

Table7.2

Exact
cuwe

-\: Asynrptotic

s
s\

\ ".1I \
(a)

0.r0 0.s0 0.76 l .3r r0
20loe l(I  +
7'cr)-rl, db -0.04 - t.0 -3.0 -4-3 -7.0 -t4.2 -20-cp.
AslDptotic
approximatiorg
db -6.0 - 14.0 -20.0

approximation
degrees 0 -31.5 -39.5 -45.0 _50.3 _S8.5 _76.5 _90.0
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where u = co/tts* Then, &e logarithmic magnitude is

20log IG(r)| = -l0log((t - tl)'+ 4f.;l),

and the phase angle is

(7.34'�)

Wben u 11 L, the magnitude is

d b =  - l 0 l o g l

aud the phase angle approaches 0. When
approaches

(7.35)

= 0db,

u ) l, the logarithmic magnitude

. /  2 l u  \o(r) = -tan-: 
tftl

db = -l0log t l  = -40log q

which resuls in a curve with a slope of -40 db/decade. The phase angle, when
u >> l, approaches - 180". The magnitude asymptores meer at the Gdb line when
u, = to/ton = l. However, the differcnce between the aetual magnitude curve and
the asymptotic approximation is a function of the damping rario and mu$ be
accountd for when I <.0.707- The Bode diaeram of a quadraric Astor due to a
pair of complex conjugate poles is shown in Fig 7.9. The maximum value of the
frequenca response, M*, occlrr at the rgorcnrfreqtmq, co. WheD rhe dampiug
natio approaches zero, then ar, appmaches oro, the natural frequency. The resonant
frequency is determind by taking the derivative of the naFitude of Eq. (7.33)
with respect to the normalized frequency, 4 and sening it equal to zeno. The res-
onant frequency is represented by the reliation

/

-/ , ,=to\ff i f ,  l<ozo7, (7.35)

yr#t ^r^um value of the 6agnitude l(r)l is

M*= lQrJl = (291ffiy-t, I < 0.707, (7-37)

for i pair of complex poles. The maximum value of the frequency response M-,
and the resonant frequency <,l, are shown as a function of the damping ratio f for
a pair of complex poles in Fig 7.10. Assuming the dominance of a pair of com-
plex conjugate closed-loop poles, we find that these curves are useful for estimat-
ing the damping ratio of a system from an experimentally determined frequency
rcsponse.

The frequency response curves can be evaluated graphically on the s-plane
by determining the vector lengths and angles at various frequencies ar along the
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FieureTJ. Bodediagram of G(jco) = [l {- (21/o)jo * eo/co,)2]-].

(s = *-llrFaxis- For example, considering the second-order factor with complexconjugate poles, we have

(s/ r ,Y*2 ls /o4* l . t ' +2 f r " s * r i ' (7.38)
,a1(s)
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0.70
I

Figure 7.10. The maximum of the ftequency reqpoDse, Mr_, and the rcsonant fi',equency,
@a v€tsuS f for a pir of compiex conjugate poles.

The poles lie on a circle of radius o, and are shown for a particuiar I in Fig
7. 1 I (a). Tbe transfer function evaluated for real frequency s = j@ is wrinen as

(7.3e)

where s, and s? are the complex conjugate poles. The veetors (r, - s,) and (7i.r -
sf) are the vectors from tbe poles to the frequency j,o, as shown in Fig 7.1l(a).

''? 
| ,=nF r -  \  _  

v a  |  _  
tvvst - 

C - sJ(s - st)l,-* 
= 

0;;1il0il8'
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Figure 7.1I. Vedor enaluation of the frequeucy response.

T?ren &e magnitude aod phase may be evaluated forvarious specific frequencies.
The magnitude is

(7.4O)

and the phase is

e(t) = -/U, - s,,) - /(i, - fi).
The magnitude and phase may be evaluated for three specifc frequencies:

< . 1  = 0 ,  @ = @ n  @ = e d ,

j t i l_,j i I- I

i l i  l ' ' :V i  i
i I i I t i \

" _ :  i  i  i  i  I t N
r i i : i l f l \

i i i / 0 i  i
; i l I 7 i i

/ t
,/ar, t

l l ' r t -  
i l

G)
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Figure 7.12. Bode diagram for complex conjugare poles

as showa in Figs. ?.1l(b), 7.1l(c), and 7-l l(d), respecrively. Ttre mrgnimde and
phase corresponrling to these frequencies are shown in Fig 7.lZ

I  Exam ple 7.4

As an exanple of the determination of the frequency response using the pole-
zero diagram and the vectors to jc,s, consider the nvin-T network shown in rig
7.13 [13]. The transfer function of rhis network is

(srf + t
( s t ' ) ' * 4 s r * l ' (7.4r)

where r = RC. The zeros are at +,11 and the poles a.re at -2 + V3 i" the sz-
plane as shown in Fig 7Ja@)- Clearty, ?t ro = 0, we have lGl = I and dr) =
0'- At e,t : lfr, lGl = 0 and the phase angle of the vector from the zero at'.s, :
7l passes througb a transitioa of 180". When <,l approaches co, lGl = I and

c(s)=#=

Figpre 7.13. Twin-T network



6("') = Q agzin' Evaluating several intermediate frequencies, one c:rn readilyobtln the frequency response as shown in Fie z.ra@l]--- 
.l

In the previous examples the poles and zeros of Qs) have been restricted tothe left-hand prane.-Ho*et er, . tytt - may have r."o. root d in the rigbr_hands-plane and may still be suble. T;nsfer funaions "'itl i"Js i" the rigbt-hand s-plane are classified as nonminimum phase-shifiu.orre, zurraions. If the zeros ofa transfer funcdon are all reflected iuool,hi';;;;;;il; ffi;'io�h;ma8"litude of &e traDsfer function" and the oiiv oferen* is in the phase-shiftcharaaeristics- If the phace craraaeriGcs of tbl *J-J** funstions.re com-pare4 it can be readily shorra that &e net phase shift over the frequency n,ogeftora zero 1e ia'nisv ti q" fo.' *q rr,"- ffi-d t";;;, in &e reft-hand s_plane. Thus, the transfer funetion G,til, *itl all it,;s;;.Ieft-hand s-planeis called a minimum phase hnsf;;;ction. rne traosrei funstion Gds), wirhl!{i<')l = lG,(j')l and alr the zeros oic,(r) on""t"a "uolr thejcraxis into theright-band s-plane, ir-orl.d a non^tii^um phase'ansfer funcrion- Reflectionol-y zero^orpairof zeros into tl. igl"urrplane results in a nonminirnsslphase transfer funetron.
The two pole-zero paner's shown in Fig- 7-ril(a)and 7.r5@) have tbe sameamplinrde cbaracteristics as qra ue aeouceafrom the vector lengrhs. However,&e phase chanacteristics are diFereat ioing. 7.ril(a)aad Fig 7.15(b). The mini_mum phase charactenstic of Fig. T.r5(a) and ue nonminim-um phase characrer-istic of Fig zl5(b) are shown ii ni i.io. cl*td th" ph"*-shift of

7.2 F:eguency Response piots

(a) 
G)

Figure zl4' Twin-T nerworrc (a) pote-zero panern. @) Frcquency response.

c . !  t

G;(s) = '  :  
'

s + p
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(b)

Figgle ?.15. Pole-zero patreras gviDg the same anplitude response and diferenr Phase
ciraraoerisrics

ranges over less than 80", wbereas the phase shift of

G ( s ) = s - zs + p

ranges over 180". Tbe meaning of the term rninimum phase is illustrarcd by Fig
7.16. The naage of phase shift of a minimum phase transfer function is the least
possible or minimum corresponding to a given amplitude surve, wbereas the
range of the nonminimum pbase curve is greater tban the minimsgl possible for
rhe given amplitude curve.

A partisularty interesting nouminimum phase network is the all-pass net'
work, which can be reaiized witb a symmetrical lanice network t4. A s,'mmet-
rical panern of poles and zeros is obtained as shown in Fig 7-17(a). Agaiu, the
magnitude l6l rcmains constatrt; in this casg it is egual to unity. However, tbe
angle varies from 0" to -350". Because dz = 180" - d' and 6 = 180" - 0i,
the ptrase is given by Q@) = -2(4 + d?). The magninrde and phase charasteristic
of tbe all-pass network is shown in Fig 7.17(b). { aenminimum phase lattice
netrrork is shoqm in Frg 7.17(c).

(

Figure 7.16. The phase charasteristics for the rninimum phase and nonminimum phase
transfer funaion.



(c )

Figure 7.t7.

73 Erample of DrawiD.E 0ia Borte Diagno

- a  C i _

The all-pass network pole-zero paltern and frcquency response.

The Bode diagxam of a transfer function es), which ss11r:ins severar zeros andpoles, is obraiaed by-addirog the plot cue rc each individual pole and zero. Thesimpliciry ofthis metnoa *iir u" iu"rt*i"c by considering a trans r function thatpossesses all the factors considered in the preceaing seai; rtre transrer functionof intercst is

7.3
Example of Drawing th. fod;b@-

G{id = j,',(l +jO.5co)(l + JO.56MM'
The facton, in order of their occurreace as frequency increases, are

l. aconstantgainK= 5,
2. a pole at rhe origin,

(7.42)
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Introduction

iVlapping of Contours in the s-Phne
The Nyquist Criterion
Relative Sabitity and the Nyquist Criterion
The Ctosed-Loop Frequmcry Response
The Sability of Con&ol Systems with Time Detays
Sunnary

heview

As we noted in earlier chapterl it is important to derermine whether a system is
sable. If it is stable, then rhe degree of stability is important to determiae We
m:ry use &e frequeucy r€sponse of a transfer firnaioa around a feedback loop
GH(ico) to provide answen to our inquiry about the qrstem's relative stabiliry.

lVe will ule soloe concepts developed in the theory of conplex variables to
obain a stability critcrion in the frequency domain- J[sa this cdterion can be
exEnded to indicate re}ative stability by indicating how close we come to oper-
ating at the edge of instability.

We will then demonstrate how one caD examine the frequenry response of
the closed-loop transfer funstion, TUt), as well as the loop transfer firnction
GH(jo).

&r
82
t3
t.4
85
8.6
t.7
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310 Chapter 8 Sbbility in the Frequeocy Domain

Finally, we will use these methods to anallze the response aad performance
of a system with a pure t'me delay, witbout anenuatio!, located within &e
feedback loop of a closed-loop contol systern.

8 .1
Intoducton

For a control system, it is necessary to determine wbether the system is stable.
Furthermore, if the systen is stable, it is oftea ne€ssary to iavestigre the relative
sability. In Cbapter 5, we rlisarssed the coDcept of stability and several methods
of determining the absoiute and relative srabitry of a qrsten- The Routh-Hur-
wiu method discussed in Chapter 5 is a useful metbod forinvestigatiag the char-
acteristic equatioa expressed ia terms of the complex variable s = r *.;'or. Then
in Chapter 6, we investigated the relative stability of a systen utilizing tbe root
locus method, which is also in terms of the complex variable s. In this chapter,
we al€ concemed with investigating the stability ofa systeo iu the real frequeacy
dstr1ain, tbat is, in terms of the frequenry response discussed in Chapter 7.

The fr,equency respoBse of a system represeats tbe sinusoidal steady-state
rcsPoDse of a system and provides sufrcient informatioa for tbe determination
of the relative stabiiity of the sysren- The fr,equenc? response of a system can
readily be obtained experimentally by excitirg the systen with sinusoi&I input
sisnals; therefore it can be utilized to investigarc the relative stability ofa s,ystem
whm the system paraneter values have not been determiaed Furtheraore, a
frequencydomain stability critcrion would be useftl for detrmining suitable
approaches to alrcring a systen in order to increase its reliative stabitity.

A frequency domain stability criteriou was developed by H. Nyquist itr 1932
aud remains a firndarnenal approach to the investigation ofthe stability oflinear
control systeEos |l,zl.7\e Nyqtdst stabilQ qitqiin is basd upon a theorem ia
thetbeory ofthe funaion ofa complex rariabledue to Cauchy. Caucht'stheorem
is concerned with the ntapptng of contours ia the complex s-plane, and fornr-
Dately tbe theorem can be uaderstood without a formal proof which uses con-
plex variable theory.

In order to determine the relative stability of a closedloop system, we must
investigarc the cbaracteristic equation of the systeu

f ( s ) = l * . ( s ) = Q .  ( 8 . 1 )

For a multiloop system, we found in Sectioa 2.7 that in terms of signal-flow
graphs, the characteristic equation is

F(s) - A(s) - | - ZL, + tLJe - - .,

where A(s) is the graph determiaanr Therefore we c:ln represent tbe cbaracteristic
equation of single-loop or multiple-loop systems by Eq. (8.1), where.(s) is a rdtio-
nal funstion of s. In order to assure stability, we must ascertain tbat all the zeros
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of F(s) lie in the left-band s-plane. Nyquist propose4 in order to investigare this,
a mapping of the rigbt-hand s-plane into the F(s)-plane. Therefore, to utilize and
understand Nyquist s criterion, we shall frrst consider brieffy the mapping of con-
tours in tbe complex plane.

8.2
IVfupping of Coutours in the s-Plane

We are concerued with the mapping of contours in the s-plane by a ftaction f(s).
A contour map is a contour or tftljestory in one plane map,ped or translated iDto
another plane by a reliation F(s). Since s is a complex rariable s = d * jr,r, the
function I(s) is itself complex and can be defiled as F(s) = n * jt: and can be
rcprcseoted on a complex F(slplane witb coordinates u aad u. As an examplg
let us consider a funstion F(s) = 2s + I and a oontour in the s-plane as shown
in Fig 8.1(a). The urapping of the s-plane unit square contour to the F(s) plane
is accomplished througb rhe relation fls), and so

u*iu = F(s) = 2s* | = 2(a +.lto) + 1. (8.2)

Therefore, ia this case, we have

u = 2 o + l (8.3)

and

u = ?*s. (8.4)

Thus the contour has beea mapped by F(s) into a contour of an identicrl form, a

(a) (b)

Figue 8.f. Mapping of a squarc contour by F(s) = 2s + 1 = 2(s + Y).



-square, with tbe center shifted by one unit and the magnitude of a side multiplied
by 2. This t5pe ofmappiag which retains the angles oftur s-plane contogr o" u.
Jt(slplane, is called a conformal mapping. we also Dote rh2t a closed contour in
the s-plane results in a closed @ntour in-the F(sFplaae.

The points a, B, c and D, as showu in the i-piane contour, map into thepoints a, B, c, and D shoum in the.F(slplane. Furthermore, a directioo of tra_versal of the s-plane cotrtour can be iudicated by the direction ABCD and the
arrows shown on the @ntour. Then a sirnilar traversal occurs os the F(sFplane
contour as we pass ABCD in order, as sbown by the amows. By conventi;;,tlr;
apa \rdthin a contour to the rig[t of the traversal of the contour is considered tobe the area enclosed bythe contour. Therefore we will ottr-. cloctcu,tse trayerci
of a contour to be positive and the area enclosed n'ithin the contour to be on therighr This convention is opposire to tbat usually emptoyea in complex rariable
$.oty but is equally applicable and is generally ot"a io control system tneory.
The reader might consider the area on .he right as be watks aloog the.oo.o* ii
a clockwise direction and call this nrle..docFnise ana eyes rigbt-

Tpicatly, we are conceraed with an F(s) that ir i ntio"af function of s.Therefore it will be worthwhile to consider another .*dl. of a raapping;?;
contour. Let us again consider tbe unit square contour for-the funstion 

- -

3L2

Table 8.1

Chapter 8 Stability in the Frequency Donain

r(s)=*,

F(s) - I *.(s),

several vdues of .F(s) ,rs .s tnaverses the sguare contour arre given in Table g.l,
3nd the resulting conrpur in_&e f(slplaneis shorm in Fig g.zol. the "onto*in the F(slplane encloses-tle origi!-of the f(slplane utu* the origin lieswithin the enclosed area of the contour in the fi"lbf""..

cauchy's theorem is concerued witb the Eappl"g of a funaion F(s), whichhac a fini1s number of poles and zeros wirhin tle ctatlour * tl"r o" -ryl"pro,F(s) as

(8.5)

where s, are the zeros of the funstion .F(s) and sesr. the pores of.F(s). The funstionF(s) is the characteristic equation, aoa io

(8.5)

(8.7)

poirtA poinrB poinrC poiarD
_r, :i-:i., _r _r +rr jl

F ( s ) = a * j v  o ! _ 2 j  I  , - r i  l _ -
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Figure 8J. Mapping for.F(s) = s/(s + 2).

where

Therefore, we have

rf[l-, (s + s)

TIIJr+r,.) 
' (8'8)

and rhe poles of .P(s) are rhe poles ofF(s). However, it is tbe zeros of F(s) tbat are
the characteristic roots of&e system and that indicate the response ofthe sysrem.
This is clear if we rccall that tbe output of tbe system is

f ( s ) = t * # =

z.r = ff(l)- \-/ D(s)'

D(s) + nr(s)-Eir=

(8.e)

where Ptatd A"are tbe path frcton and cofacrors as defined in Section 2.7.
Noq reexamiaing the example whea F(s) = 2(s + 16), c/e have one zero of

F(s) at s = -Y, as shown in Fig 8.1. The contourrhat we chose (that is, the unit
square) enclosed and encircled once tbe zero within the area of rhe contour. Sim-
ilarty, for the funstion f(s) = s/(s + 2), t!.e uait square encircled the zero at the
orign but did aot eucircle the pole at s = -Z The encirclement ofthe poles and
zeros of.F(s) can be related to the encirclemeot of the orig! in the F(slplane by
a theorem of cauchy, cornrnonly known as the principle of the argumerzt, which
s8tes [3, 7]:

If a contour r, in &e s-plaae eucircles z zaos md p poles of F(s) and does not
pass throug! any poles or zeros ofF(s) as the traversai is in the clockrvise direction

c(s) = (s)R(s) = #R(s) = fif ",r,,
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along the coDtour, the corrcspondiag contour fp in tbe f(s) - plane encircles the
origin of the F(s!'plane N = Z - P times io tbe clochvise dircaion-

Thus for the examples shown in Figs. 8.1 and 8.2, the contour in thb ^F(sF
plane encircles tbe origin oae, because N = Z - p = 1, as we expecl As anotbs
example, consider the funaion F(s) = s/(s * h). For the unir square contour
shown in Fig 8-3(a), the resulting contour in the.F(s) plane is showu ia Fig; 8.3O)-
1a -his case, JV = / - P = 0 as is the case in Fig 8.3(b), since the.contour I,
does not encircle the origin

Cauchy's tbeorem can be best comprehended by considering F(s) in rerms of
&s engls due to each pole and zero as the contour I" is traversed in a clockrpise
direction Thus let us consider the firnction

E / c \ = ( s * e r X s * z z )- \-/ (s * prXs * p)'
(8.r0)

where 4 is a zero of f(s) ard ptis a pole of l'(s). Equation (8.10) can be \rdnen
as

F(s) = lr(s)f/F(s)

-  l s * z r l  l s *  z : l  
u s +  4 *  l s *  z z -  l s *  p , -  l s *  p )  ( g . l l )

f S . ' r . P r l  l s ?  p z l - -  s

= f F(s)l(d,, * Or- eo, - 6).

I I t t
I

I

I '

a l  !
0 I

I l l

I I

r l

(a)

Figore 83. Mapping for F(s) = s/(s + fi).
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(b)

Figure 8.4. Evaluation of the aet anEle ofl6.

Noq considering the vestors as shown for a specific coatour r" CFig g.4a), we
can determine the aagles as s travErses the contour. Oearly, tle nei "igl" rh;"g.
as .r traverses along I" a full rotation of 350" for gru O. id d., is zer6 Oegreei.
Ifoyev.ea for 4' as s tnrvenes 360" around r,, the 

-.odi 
o=,tr:rveres a firll 360.

cloclcwise- Thus, as t, is-comptetely uarrersed, the nel ,"ge of F(s) is equal io
350'since only one zero is enclosed- If Zzsos were encloJed within r, then thi
net angle would be eqral to S- = 2"{Z) rad- Fofiowing rhis reasoniog if Z r;;'1os
and P poles are encircled as r, is traversed, then 2r(z) - z"(plis tue net resultar;
angle of F(s). Thus the net ""gle of rp of rhe conrour in rbe F(slplane, dr, i
simpiy

or
Qr: 6z -  Qp

2rN=2rZ-2rp , (E.12)
and the net aurnber of encirclements of tbe orign of the F(slpiane is N = z -
P. Thus forthe contour shown in Fig g.4(a), which encircles'one zero, the coDtour
rpshowu in Fig 8.4(b) encircles the origia once in tbe clockrrise direction.
_ As an exanple ofthense of Cauchy's theoren, consider the pole-zero pattern

shorrn iu Fig 8.5(a) with the contour I, to be considered- The contour encloses
aad encircles tbree zeros and one pole Therefore we obtain

. l f = 3 - l - - * 2 ,

Td fr completes npo clockrndse encirclements of the orign in rhe .F(slplane as
shown in Fig 8.5(b).



316 Chapter 8 Stability in the Frequency Domain

iI

Figure t5. Example of Cauchy's theorcm-

For the pole and zero pattera shown and the contour I, as shown in Fig
8.6(a), oue pole is encircled and no zeros ar€ encircled- Therefore we have

N = Z - P = - t ,

and we e:tpect oue encirclemetrt of tbe orign by the contour Isin the f(s}'plane.
However, since the sign of JVis Degative, we find tbat the encirclement moves in
the counterclockrrise direction as shown in Fig 8.6(b).

Now that we bave developed and illustrated the concept of mapping of con-
tours tbroug[ a fungtiou F(s), we are ready to consider the stability criterioa pro
posed by Nyquisr

(a)

Fignre 8.6. Example of C-auchy's theorem.
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&3 The_Nyquist Criterion

8.3
The Nyquist Criterion

In order to iuvestigate the stability of a control system, we cousider the cbarac-
teristic equation, which is F(s) = Q so tbat

rfl;-, (s + sJ
F ( s ) = l * } { s ) =

f[i-, {s + s.)
= 0 . (8'13)

For a system to be stable; all the zeros of F(s) must lie in the left;hand s-plane.
Thus we find tbat the roots of a stable systen [the zeros of ^F(s)J Eust lie to the
left of the.,rbaxis in the s-plane. Thercfore we chos€ a coDtour I, in the s-plane
whicb encloses the entire rigbt-band s-plane, and we determine c&ether any zeros
of .F(s) lie within I, by utiliziag Cauch/s theoreDr- That iq vle plot Iein the F(s!
plane and deterrriae the number ofencirclements ofthe orign lY. Then the uum-'ber 

of zeros of F(s) sithin the F, contour [and thercforc uustable zeros of f(s)] is

Z = N * P . (8.14)

Thus if P = 0, as is usually the case, we find that the number of unstable roots of
the sysrem is equal to .lf, tbe number of encirclemens of tbe origin of the .F(s)
plane.

The Nyquist contour tbat encloses the entire right-hand s-plane is shocm in
Fig 8-7. The contour f" passes along thejr*axis from -7oo to +iioo, asd rhis p311
of the contour provides the ftrniliar F(jt)- The contour is completed by a semi-
circular parh of radius rwhere rapproaches infiaity.

317

Figue 8.7. The Nyquist contour.
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Now, tle Nyquist criterion is conceraed with the mapping of the character-
istic equation

F ( s ) : l + . ( s ) (8.15)

and the nunrber of encirclemenr of the orign ofthe F(s!'plane. Alteraatively, we
may define the firnction P(s) so 'hlt

F ( s ) = F ( s ) - l = & s ) . (8.16)

The change of functioas rcpreseDted by Eq. (8.15) is very convenient because
.(s) is rypically available in factot?d fotm, while I + {s) is not Then the map
piue of f" in the r-plane wil be through the function P(s) = Its) into tbe .(sF
plane. In this case tbe number of clocl:rpise encirclements of tbe origin of the
F(slpiane becomes the uumber of clockwise encirclemeots of tbe - I point in the
F(s) = .(s) plane because P(s) = .F(s) - 1. Thercfore,the Nyquist stabilW cri'
tqion can be stated as follont:

A fcedback system is sable ifand oaly if the conrour l, ia the flsFplane does not
encircle the (-1, 0) point when the number of poles of .(s) in the rigbt-hand s-
plane is zero (P = 0).

When the number of poles of .(s) in the riebt-haad s-plane is other tban zero,
tbe Nyquist crireriou is:

A feedback control sy$em is srable if aad only i4 for the ooilour I, the number
of couaterclockrrise encirclements of the (- l, 0) point is equal to tbe number of
poles of .(s) witb posirive real parts.

The basis for the two statements is the fact that for the P(s) : .P(s) mapping
the number of roots (or zeros) of I + ffs) in the right-hand s-plane is represented
by tbe expression

Z = N * P .

Clearty, if the number of poles of .P(s) in the right-hand s-plane is zero (P = 0),
we require for a stable systeu that.lf = 0 and the contour l, must not encircle
tbe - I point AIsq ifP is other than zero and we require for a stable system that
Z = 0, then we Eust have N = -P, or P counterclockwise encirclements.

It is best to illustrate the use of &e Nyquist criterion by completing several
examples.

I  Exa rnp le  8 .1

A singie-loop conrol system is sbown in Fig 8.8, where

GH(s)=#. (e.17)

In this single-loop case, fls) = Gi{s) and we determine the contour f, = 16lr in
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(.'

f

fiCore S.8. SingleJoop feed-back control sjrsJen.

the Gr{s}plane. The conrour Il in the s-plane is shown in Fig g.9(a), where an
infiniEsimal detour around the pole at tbe origD is effested by a smali semicircle
ofradius c, where e - 0. This detouris a consequence ofthe condition of Cauchy's
theorcm which requires tliat the contour curnot pass &rowh the pole of tle oc-
gin. A sketch of the contour rc is shown in Frg- 8.9(b). clearly,-the portion of
the contour 16l' from r.r = 0* to or = *o is sinply GH(ju), the real frequency
polar plor Let us consider each portion of the Nyquist contour I, in detail ani
determine the correspss.fing portioas of the Gfr(slplane contour ro..

(a) The Origin of the s-Plane. The small semicirctlar detour around the pole
at the orign caa be rcpresented by setting s = eeb and allowiag d to vary from
-90' at ar = 0- to +9cr ?t o = 0*. Because c approaches zero, the mapping
GI{s) is

(8.18)

Therefore, the angle of the contour in the Gr{sFplane changes from 9Cl" ?t co =
0- to -90" dt co = 0*, passiag tbrougb 0" at ro = 0. The radius of the contour in

(a) (b)

frgute t9. Nyquist contourand oapping for GH(s) = K/s(rs * I).

rm cao) = g (#) = TT (f).,

;
f.

!: '
t . - :
! " '

I

F.
L

c j '
E:
F'

E:l

E

l - '' a

( . )  =  4 . '

- = o * l
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the Gfl(sFpla^se for this ponion of the contogr is infinitg and this portion of the

contour is shonm in Fig 8-9(b).

(b) The Ponion from ot = 0* to -, 
= +o. The portion of the contour f,

from <., : 0* to o = *a is mapped by the firnction GI{s) as tbe reai frrequeary

polar plot because 5 = 7t'r and

GII(s)I"-,, = GH(io) (8.1e)

for rhis part of the contour. This resulrs in the real frequency polar piot shown in

Fig; 8.9(b). When @ approaches -l-@, we have

tim GIIO'&,) = lim ,,K =,
r+6 **- *jco(iu '* l)

I  r l
= Iim l4l t-totl - tan-'<.lr

' * t  lT { ; , | . t l

Therefore the magnitude approaches zero at an angle of - 180"'

(c) The Portion from o: = *o to cD = -@. The ponion of f' from r., :

+- io 6j = -@ is mapped into the point zero at the orign of tbe Gl{s}plane

by tbe function GH(s). The mapping is reprcsented by

rin Gn(s)l "-,{ =g l5l .*

(8.20)

(8.2r)

as {changes f ro rad :  *90 '? l t o  =  +co to0  =  -90 "  ? t to  = -o .Thus the

*oto* -=o.r"t from an angle of -180" Ttco = +oo to an angle of +180" atal =

--. rn. maEFinrde of the GfI(s) contour when 7 i5 infinite is always zero or a

constant

(d) The Portion from ,o = -@ to o = 0-. The portion of tbe contour I'

from c,r = -@ to <,r = 0- is mapped by the function GI{s) as

GI{s)1"--- = GH(-ioi- (8'22)

Thus we obtain the complex conjugte of GH(ico), and the plot for the ponion of

in-. pof"t pfot from e = -@ to r.r = 0- is symmetrical to the polar plot lo-.'
= i- to o, = 0". This symmetrical polar plot is shown on the GI{s}plane in

Fis.8.9(b).- - 
No*,'in order to investigate the stability 6f this second-order systeql, we^first

note thattbe number of po[s P within the rigbt-haad s-plane is zero- Therefore,

fottlit system to be stable, we requitre N = Z = 0, andthe cotrtourlcrmust not

.o.iofr ihr - t point in tbe Gtl-plaae. fxamining Fig 8.9(b), we find that i'1e-

tp"Oi"t of the value of the gain Kand tbe time constant z, the contour does not

encircle the - I poinq an{ the system is always stable' As in Chapter 5, we are

considering positirre vJ"es of gain K. If negtive values of gain ate to be consid-

ered" one should use -K, where K > 0.
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we may draw two geueral conclusions frs6 rhis exampre." folto..o,

1. The plot of the contour len for the range -co ( to 1 0- wiII be tbe complex
cgljggate of the plot for the range 0* ( <o < +oo and &e polar plot of Ga(s)
will be spametrical in the Gfr(slplane about the z-axis. Therefore it is njfi-
cimt to constL'uct the contour te* for the frequmq, range 0* 1 co < +a in
order to invatigae the stability.

2. The magnitude of Gfr(s) as s = r* and | - @ will normalry approach zero
or a constaol

I  E x a m p l e  8 . 2

kt us aEain consider tbe singleloop sysrem shourn in Fi& 8.8 when

GH(s) =
s{r1s* l )(r2s* 1) '

(8.23)

The Nyquist contourt,is shown in Fig s.9(a). Again this mappingis qrnmetrical
. for GHQco) and GH(-ju) so that it is sufrcient to investigarc tni crOr)-tocus.

The origin of the s-plane maps into a semicircls sf infinite radius as in
tle tast example. Also, the semicircle reb in the s-plane maps into the point
GH(s) = 0 as we expesl Thercfore, iu order to investigate tbe sabitity of tU"
s]4steta, it is sufrcient to plot tbe ponion of the contour 16 which is the real
frequenry polar plot Gfi(ic,i for 0* 1 u 10* +o. Thereforc, whea s = *jo,
we have

GH(jor) jd.i-, + lXrL,?3 + l)

_ -K(r, * tJ - jK(l/c't)(l - ozr,t)
l + r o t r i + d + r o ; f r

= K
(8.24)

foa(q * r)z + u\l - o2r6)zJttr

X l-ljln't un, ' tzn-t t" - (o/2r.

When co = 0*, &s magnitudg of the locrrs is infinite at an "qgie of -90" in the
GfI(slplaae. When o approaches ao, we have

I r  I
lim GH(io)) = g l=l t-k/Z\ - tzn'' ,-, - tan-, *,

/  r r r \  
-  ( 8 ' 2 5 )

= 
[g l;U /-Gr/Z)'

Thseforc GH(ju) approaches 2 rnagnituds ofzero 4133 engls of -270.In order
for the loqrs to approach at an angle of -270, the locus must cross the z-axis in
the Gfl(slplane as shorxm in Fig; 8. I O Thus it is possible to encircle the - 1 point
as is shown io Fig 8.10. The number of encirclements, when the -l point lies
within tbe locus as shown in Fig E.10, is equal to nro and the sysrem is unstable

K

K
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Ftgure&f0. NyquistdiagramforGll(s) = Kll/ttf + l[t2s+ l).

witb two roors in the rigbt-hand s-plane. Tbe point where the Gf(sHocus inter-
sects the real axis can be for"'d by sening 1fos imaginary partof GH(ico) = u * ju
equai to zero. Then we have from Eq. (g-24)

0. (8:6)

Thus u = 0 when | - c,frg2= 0 ora, = UGz.6e mag,nitude ofthe real part"
a of GHQo) at this frequency is

-Kk, * t,l I
| * s;z(i + rt + o'fifi1,,r-11,,,,

_ -K(t: * 2htz = 
-Krfz

t f 2 * G + S S * t s 2  r 1 * 1 2

Thercfore, the system is stable whea
-Kr,t,
- - - ->  - l
7 1 * t 2 -

-  J , -

l ( a U
.  1 , 2

or

(8.27)

(8.28)

I  E x a m p l e  8 3

Again let us determine the sability of the single-loop sysrem shown in Fig; g.g
when

(8.2e)
K

-Kt.1t1 at

t 1 + t .  /

I  *co' �(r !+r i+ to;fr

GH(s) =
.t'(rs + l)'
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8.3 ?he Nyquist Criteriou

The real frequency polar plot !5 6ltainsd when s = 7'c.r, and we have

K
Gfi(iot) =*-

-c,t'Qw * l)

(8.3r)

(8.32)

= eeb, we

(8-33)

K
: .-- ,-t - -azI! 

crlr.
[. '= rc61tn

we norc ftat the angle of GH(ic'i is arways - rg0" or grsrter, and the roc's ofGH(ja) is above the z-axis for alr values oi<.,. es , "ppr[""n6 0*, we ha.re 
-- -'

rim GHeo:) = [ri. l{l) ,-".
c-0* \FOFf t&r-l 

| 
-

As c.r approaches *oo, we bave

hm GH(jc) : (riln {) /-3rt2.
F+€ 

\e+e

At the small semicircular detour at the origtr of the s-plane where s
have

rumGfrG)=E?"-n,

where -zr/2 = 6 = r/2. Thus the contour r6s ranges from an angle of *zr at o= 0* to -rr 3t ar = 0'and passes througb inu circte of 2z,raJas, changes
from <,r = 0- to ro = 0*. The comprete contour plot of r6s is shown in Fig E.it.
Because the contour encircles the - l poiat nrnicc, tb# are two roots of the
closed.loop system in the rigbt-hand plaoe and &e systen, irrespective ofthe gaia
.6 is unstable.

- - - -___-- . f<a=-

Figue 8.11. Nyqui$ contour plot for GI4s; = Klf(ts + t).
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I  E x a m p l e  8 . 4

I-et us consider the conrrol system shown in Fig; 8.12 and derermiae the stability
ofthe system. First,Iet us considerthe system without derinative feedback so ura.-t
Kz = 0. Then wehave the open-loop rransferfunction

Thus the open-loop traasfer funstiou has one pole in the right-hand irlane, and
thercfore P = l. In order fqs this s]6tem to be stable, we require ,lv : -p =
-1, one counterclockrrise encirclement of the -l point At the semicirculax
detour at the orign of the s-plane, we let s = eeb when -T/2 = d s r/2. 'I]nen
we have, when S = e€F,

GH(s)=6{5.

rim GH(s) = rirzr += /* l5l) /-r1o' - 6.
" - O  e 9 - e € F  \ - O l r r / -

(8.34)

(8.35)

Therefore this ponion of the contour lar is a semicircle of infinire magnitude in
the left-hand Gfl-plane, as shown in Fig 8.13. When s = jr,we have

GH(io) = K' K',ffi=GrfrT@ 
(8.36)

Finally, for the semicircle of radius r as r approaches infrnity, we have

rm Gno)ts-ar = (rS lf l) nn, (8.37)

where 6 varies fromz./2to -r/2 in a clochrise directioD- Therefore the contour
T66, ?t the origin of the Gil-plarre, raries 2r rzd.in a counterclockndse directioD,
as shown in Fig 8.13. Several imporant values of the Gf{spocts are given in
Table 8.2. The contour rcr in the Gfi(sFplane encircles the - I point on& in the
clochrise direstion and i/ = * 1. Therefore

Z = N * P = 2 . (8.38)

Figule 8.12. Second-order feedback coatrol sysrem.
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8.3 Tbe N:quist Criterion

Figure 8.13. Nyquist diagram for GH(s) = J(,/s(s _ t).

and the s'4stem is unsable because two zeros of the cbaractEfistic equation, irre-
spective of the nalue of the gain K,lie in the rigbt barof the s-plane-

Iet us Bow rcconsider the system wbea rbi derivative feedback is included
in the s],srem sbown in Fig 8.I2. Then the open-loop transfer function is

GH.. , t_K,( l+r ro
s(s - l)

The portion of the contour ro" when s : eer is the sa'e as the system without
derivative feedback, as is showu in Fig g.l4 However, when s : r* as r
approaches infinity, we have

rin cIt(s)t s-,* =g lffl "-, (8.40)

and &e l66pontourat the origtr of &e GF-planenaries zr rad in a counterclock-wise direction, as shown in Fig 8.14. The aiq,reory ron, crtlrl cnrsses the z-axis and is determined by considcriog the real-frequ.o.v toorr", funstion

GHQco) -K{ r !Kz io )-u- - Jo)

_ -K,kf + ozK) + j(o - K*f)K,
coz + ,oo

(8.3e)

(8.41)

Table 8J

-p*,o- jl +j@ -l@

lGE16, V\n

a
E.
Es-

IGH -90" +90 +135" +180' - 180"
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Fi$re 8.I4. Nyquist diagran for GH(s) = ,K,(l + Krs)/s{s _ I).

The GHQopocus iaterses-ts the u-axis at a point where the in'aginary part of
GHQo) is zero. Therefore,

o - K s f = Q

at his point, or to2 = UKr.Thevalue ofthe real part of GH(jor)ar the interiestion
is then

ul a-vxz= ff I r-,n, 
-- - K,Kr.

z = N * P = _ t + I = o
Thus the sysrem is stable when KrKz > l. ofteq it may be useful to
computer or calculator program to calculate the Nyquist diagran t5l.

(8.42)

Thereforc, wheu -KrKz < -l or KrK, ) r, the conto'r f6s encircles the -I
poinr once in a counterclockrpise directioa aod therefore JV = - l. Tben z, tbe
number of zeros of the system in the right-hand plane, is

(8.43)

utilize a

8.4
Relative Stability and the Nyquist Criterion

We discussed tbe reliative stability of a system in terms of tbe s-plane in Section
5-3. For the s-plaae, r*e defined the relative- stability of a systern as the property
measured by the reiative settling time of each root orpair oiroots. We woUa Uf!
to deteroine a similar measure of relative sability useftI for the fi=q;;".y_
respoase method- The Nyquist criterion provides us witb suitable Aformation



concerning rhe absolute stability and, furthermorg c:rn be utilized to d,efrne and
ascertain the relative stability of a system.

The Nyquist stabiliry criterion is defined in terms of the (- l, 0) point on tbepolar plot or the 0 db, 180'point on ee-!$. diagram or log-magnitude-phase
diagram. clearly, tbe proximity of the Gfr(/?rHocus to rhis 

-stabiiity 
poid is ;measure of the reliative stability of a system. The polar plot for en7q for serrerJ

values of Kand

8.4 Rehaive Stabitity and the Nyquist Criterion

GH(iat) =
j t ( i - ,+ lQc i r , 2+ l )

-Krfi,
l = -  

-

r 1 * 1 2

is shorvn in Fig 8.l5.As Kincreases, the polar plot approaches tbe - I point aaa
eventually encircles tbe - I poiat for a gurn K = Ko We deterrrined in Section
8.3 that the locus intersects the z-axis at a point

(8.44)

(8.4s)

Therefore ihe system has roots on the jr.>axis when

u = - t  o r  f = f ' , + ' , )  .
\ trtz /

As K is decreased below this margiDal valug the stabitity is increased and themargin between the gain K : (t, * t)ftp2aad a gao- K = .r(, is a measure ofrhe relative srabiliry. This me"sure of relative sabif,ty is cailed tbe gain margii
and is defined as the reciprocal of the gain IGH(ic,il i tn"friq"mcy at which thephase angle reaches IE|" (tbzt rs, u = 0).'The-gain *rrg"i" a me"sure of the

K3 )K' ) K1

Figure 8.15. The polar plot for GH(jo) for tbrce values of gain-



factor by which the system gain would have to be increased forthe GI{/o) loors

ropass*,roughtbe z = -l poinr Thus,foraeain K = 
lz_inFig 8.15'9"eig

margin is eqgal to the reciprocal of GH(jo) when u = 0- Because c's = lf\/rp,

when the phase shift is 180", we have a gain ma€in equal to

I  = f  K r r , r r l - ' =  1 . .
IGH(ist)l lt1 * 12) d
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(8.46)

The gain margin can be defined in tersas of a logaritbnnic (decibel) measure as

= -20log d db. (8.47)

Therefore, forexanple, when rt = t2 = l, the system is stable when K < 2' Thus
when K - K2 = 0.5, the gah narEin is equal to

, "'(1,)

(8.48)I- =
d let+1-' - o,

171 +  72J

or, in logarithmic rneasure!

2 0 l o g 4 = 1 2 d b . (8.4e)

Therefore the g2in margrin indicates that the system gain can be increased by a

factor of four (12 db) before the stability boundary is reached'
An alterddve measut€ of relative sability caa be defined in tero's of tbe

phase angte urarEin between a specific system and a system that is marginatlv

stable. Se-veral roots of the characteristic equation lie on the.|i.'axis when the

Gf{l'coFlocgs intersects tbe z = - 1, u = 0 point in the Gfl-plane- Therefore, a

-"asut" of relative stability, tbe phase margin, is defined as the pltase angle

through which the GHQat) loans must be rotated in ordq that the unity tl&grutude

tcil(i,")l : I poitxpasses thrwgh the (-1,0) point in tle.GH(io) plana ftis

measure of rclative stability is called the phase nargin aad is equal to the add'i-

tional phase lag requircd before the rystem becomes u$table. This information
can be-deteroined from tbe Nyquist diagarn as shown in Fig 8-15- For a eain
K = Kz, an additional phase angle, h, may be added to the system before the

systen beconaes unstable. Furthernaore, forthe gair Kbthe phase nargin is equal

to Cr, as showa in Fig 8.15.
The gain and phase Dargins are easily enaluated from the Bode diagram" and

because it is preferabte to draw the Bode diagram in contrast to the polar ploq it

is worthwhile to illustrate tbe relative stability measures for the Bode diagran.
The critical poiat for stability is z = - 1, D = 0 in the GH(jot) plane which is

equivalent to a logarithmic magnitude of 0 db and a phase angle of 180" in the

Bode diagram.
The eaig margin and phase nargi! can be readily calculated by utiiizing a

"o.pntri p-grr- t6l. A computer program for accomplishing tbis calculiation is

dve; in fiUte A-S ii ihe computer tangrrage BASIC t5l- ry: program caa readilv

6e converted to otber langgges. Thelymbols used are: W = c4G2 = l61s)11
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Jalte 83. A Compurcr proeran in BASIC Computer l:,nguage for
lalcularing rhe Gain Margin aad phase Margrn for the rnitirae,
Syl"t GE(jo) = l/ja(i' + IX0.2io + l)

I 0LETW =  0 .1
20 GOSUB 100
30 IFG2<  = lTHEN60
35 IF G2 < = I00 THEN 50
40LETW = 2tW
45 cO TO 20
50LETW = l.02rW
5s co To 20
60IF P> = t80 THEN I40
65 PRINT *IINTTY GAIIf', -'W =- W,..p=- p
70 LETW= l.02rW
75 GOSUB 100
80tFP> =t80THEN90
8 5 @ T O 7 0

?g lRII\rf 
-\il'=- W, -GAINI4ARGIN -- 4.H3*LOG(1/G2)

95 GO TO 200
100 !-!T P = 57.3{ATN0ID * ATN(0.2ew) + l.s7r)
I I0LETX - WrW
r20 LET G2 = l/((l + xHr
I3O RETURN

+ 0.04.XFX)

140 PRINT*'W' =- W, "SYSTEM UNSTABLE'

l-:-rF* of (s); PM = phase nargin. The program is shown fortbe case wbere
GH(it) is as given in Eq. (s.50). The catculations commence 3r <o = 0.1 andincrease by 2% at each iteration at line 50.

The Bode diagram of

GH(je,t) = j uQo* tX0.2 j r . ,+ l ) (8.50)

is shown in Fig 8.I6-. Th9 phase angte when &e logarirhmic Eagnitude is 0 db is
n*:Il3::9:^lg" 3.rq" is.t80" - Fr = 43";as suoq,n in Fis 8.16.
forerhe gain Bargin is equal to 15 db, as shofr i" fr* A.f i

. -The aequency response of a system canbe sapbi-callt portrayea on the log-arithmic-magainrde-phase-angle diagan. roi G r"g-L-"pin a._phase dia-
t,hrdib*ffi

a ^ , 1  - L ^ - ^  - - i -  - - -  r

ndl5:_i1?:_q be easitv determined aad indicatea "iiu.iGffii
log-magninrde-phase locts of

GHrQ,'t) = (8.51)j coQot*1X0.2"1?,r+ l )
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20 loel6rtl. db

I
(r)

Figuret.l6. Bodediagam forGHrUo:) = lj4iut + lX0-2.lr.r + I).

is shown in Fig 8.17. The indicated pbase margin is 43'and the gain maryin is
15 db. For comparisoq tbe losus for

0-t

GH2Q,):# (8.52)

is also shown in Fig. 8.lz rbe gain margin for GHz is equal to 5.7 db, and rbe
phase margin for GH2 is equal to 20". cleariy, the feedback system GH2(io) is
relatively less stable than the systen GH{io). However, the question still
lgmain5; How much less stable is rhe qrstem GH dici in comparison to the qrtem
GH1(jeo)? Ia the following paragraph we shall answer this question for a second-
order systeul and &e usefirlness ofthe reliation that we develop will depend upon
the presence sf dominant roots.

kt us now determine the phase margin of a second-order s,ystem and relate
the phase margin to the danrping ratio f ofan underdamped system. Consider rhe
loop.transfer function

GH(io'S =
jt(j, + 2{r,)'

(8.53)

The characteristic equation for this second-order system is

,ti,

. f + 2 f o r , s * c . r l : 9 .
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Therefore the closed-loop roots are

J= -fcoo ! jco,tpy.

The rraE-itude of tbe frequency response is equal to I at a frequency <.r,, :tnd thus

@ = r '
Rearraogiag Eq, (g,54), we obtain

(r!), + afrr{r!) _ <ol = 0.
Solving for or., we find that

Itl|-

; = ( 4 r + l ) t n - 2 f l

(8.54)

30 lo96//1.
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Figure t.f7. Iog-nagninrde-phase crrne for GHt zad GEz.
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The phase Eargin {ior this systedl is

S r ^ : 1 8 0 ' - 9 0 ' - t - - t ( # )

= eoo - tatr-, (*na * l;rn - 2r,1,") G.s7)

,  . /  |  t  I ' o \:ta.n-ilzrl-6;fuJ )
Equation (S.57) is the relationship betweeu the damping ratio I aud the pbase
margin q- that provides a correlation btrn'eeD tbe frequency response and the
dme response, A plot off versus 6-b shown in Fig 8.18. The actual curve of I
versus 6-anbe approximarcd by the dashed line showu in Fig 8.18. The slope
of the linear approximation is equal to 0.01, and therefore an approximate linear
reiationship benpeen 16s drmftrng ratio aod tbe phase margin is

| = 0.016p (8-s8)

where the phase margin is measured in degrees. This approximation is reasonably
accurate for f < 0.7, aad is a useful iadex firr correlating the fiequency rcspogse
with the transient performance of a system. Equation (8.58) is a suitable approx-
imation for a second-order system and may be used for bigber-order systems if
one can assume tbat the transient response of the s)6tern is primarily due to a

Phasc margin. desrees

Figure 8.f8. Damping ratio t's pbase margin for a seccud'order systeE!.
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pair of dominant underdamped roots. The approximation of a higher-order sys-
tem by 2 dsminant second-order systE6 is a usefuI approxination indeed!
dftfuortgh it must be used with care, coDtrol engineers fiad this approach to be a
simple, yet frirly accurate, technique of sening the speci0cations of a control
system.

Therefore, for the system with a looptransfer firnaion

GHQ<'I) = jtU,o+ 1X0.2j<.r+ l)'

we found that the pbase maryin was 43", as showa in Fig 8.16. Thus rhe d"ynping
ratio is approximately

{-0-014- = 0.43. (E.60)

Then the peak response to a step input for this systen is approximately

Md = 1.22 (8.51)

.as obrained from Fig 4.8 for I = 0.43.
The pbase nargin ofa system is a quite suitable frequency rcsponse measurc

for indicating tbe expected transient performance of a system. Another useful
iadex of perforrrance in the frequency domain k MF-, the maximum magnitude
of rhe closed-loop frequency response, aad we sball now consider this practical
index.

8.5
The Closed-Inop Frequency Response

The transient performance ofa feedback rystem can be estinatd from the closed-
loop frrequeBcy respoDse. fte closed-loop freryency rnponse is the frequency
respoDse of tbe closed-loop transfer firncrion T(ir). The open- a.ud closed-loop
frequency responses for a st'tgle-loop s)4stem are related as follows:

(8.62)

The Nyquist criterion and the phase Eargin index are defined for the open-loop
transfer firnetion GH(jo)- Ilowever, as we found in Section 7.2" the maximum
Eagniude of the closed-loop Aequency response can be retated to the d2'nping
ratio of a second-order sysam of

M*= l(r.,)l = , r < 0.707. (8.63)

This reliation is graphically portrayed in Fig; 7.10. Because trris rcLationsbip
ben*'een the closed-loop frequency rcsponse and the transient response is a useful
relationship, we would like to be able to determine M*from. the plots completed

c(i,.,\ G(ir)
: :  

_ rv . t
^v@) t + GHQc't)'
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FigUre 12.10 A mode-locked pulse uain as a ftrnction ofcoordinare e, observed ar a 6xed
insunt of time.

! Ttre fact that the pulses of a mode-locked train are separated in time by the
i round-trip cavity traniit rime 2L / c suggests a "bouncing-64fr picrure of a mode-
; locked lasec we can rcgard the mode locking as generating a pulse of duration
i1, Zt /cN, and this pulse keeps bouncing back and forth beween the cavity mirrors.
! Focusing our aneffion on a particular plane of codstant z in the resonator, we" 

observe a train of identical pulses moving in either dircction.
In most lasers the phases do of the different modes will undergo nandom and

. uncorrelated variations in time. In this case the total intensity is the sum of the
individual mode intensities. In mode-locked lasers, however, the mode phases are

, correlated and the total inrcnsity is not simply the sum of tbe individual mode
intensities. In fact the individual pulses in the mode-locked train have an intensiry
IVtirnes largerthan the sum of the individual mode intensities. The average power,
however, is essentially rrnaltelEd by mode-locking the laser @roblem 12.6).

o Beforc disctssing how mode locking can be accomplished. it is wonh noring that "phase
Iocking" or "synchronization" phenomena occur in many nonlinear oscillarory sysrens
besides lasers. and indeed these phenomena have been known for a vcry long rime. c.
Huygeus (1629-1695), for instaace, observed tbar rwo pendulum clocks hung a few feet
apart oo a thin urall tend to have thcir periods synchronized as a rcsulr of tbeir small coupling
via the vibntions of the urall. Near the end of the nineteenth cenilry lord Rayleigh found
that two organ pipes of sligbtly difercnt resonance frequencies will vibrate at the same
ficquency whea they arc suffcienrly close togerher.

The contractive pulsations of the hean's muscle cells become phase-locked during the
development of the fears. Fibrillation of the hean occun rrhen rhey get out of phase for
some rcason, and rcsuls in death unless the hean can be shocked back into the normal
condition of cell synchronization. Therc arc other biological examples of phase locking,
but detailed theorctical analyses arc obviously enrcmely difficult or impossible for such
complex sysrenx. Modern applicadons of syochrooization principles arc made in high-pre-
cision moton and control systems. .

I2.g AI\{ MODE LOCKING

The process by which phase or mode locking is forced upon a laser is fundamen-
tally a noniinear one, and a rigorous analysis of it is complicated. We will therefore
rcly largely on semiquantitative explanarions.

-'.'-#



associaLedwith a longirudinal mode. suppose thar the amplitude 6. is not con$ant
but rather is modulated periodically in time according ro the formula

3t6 MT'LTIMODE AND TRANSIENT OSCILI3TION

Consider again the scalar electric field

E^(2, t) - 6- sin &-z sin (o4t + g^) (  i2 .e.1)

t - = E e ( l + e c o s 0 r ) (tz:.g.2)

wherc g is the modulation freguency and Ee and 6 are constans. Thus we have an
amplitude-modulated fi eld

E^(2, t) = 6o(l + € cos Ol) sin (a^t + d_) sin &.e (U.9.3)

Since

cos gr sin (c.;r + 6^) = j sin (u^t + O_ + gt)

+ ] sin (o^t * 6^ - et) (tZ.g.q)

we can write the field (12.9.3) as a sum of harmonically varying parts:

E-(2, t) = 6s{sin (co^t + 6^) +jsin [(r.  + O)r + 6^l
L

+ 
f sin [(r, - 0)r + S^]] sn r^7 (12.e.5)

The frrequenry spec.'rm of the 6eld (12.9.5) is shown in Figurc r2.rr. 'Ibe:
amplinrde modulation of the field (lz.g.l) of frrequency ,. h"r'g"n"tated side- ;
bands of frrequency o. * O. These sidebands are displaced frrom the ii"rlrn .
?uaq t^ by precisely the modulation frequency o. Sideband generatidn is a welF il
known conseguence of arnplinrde modularion. i

In a laserthe mode amplinrdes 6- arc detemrined by the condition tnat ttre gin,i
equals the loss. If the loss (or gain) is periodically modulated at a frequenci 0, ;we expect the fields E^(2, t) associated with the various modes to be amptirude- J
modulated (AM) with this frequenry. In other words, we expecr sidebanis to be i
generated about each mode freque'cy qra, as in (12.9.5). In panicular, if the mod- j
ulation frequency O is equal to the mode frequency spacing j

A = ,^*,  -  , , t^ = rc/L (12.9.6) i l
;1
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12.9 AM MODE LOCKING 3I7

Figure 12.11 Frequency specmrm of tbe ampli-
nrde modulated field (12.9.5). The sidebands at
@o t 0 bave amplinrdes e /2 times as large as the
carrier amplinrde at.r.r,. In this case e /2 < l.

the sidebands associated with each mode match exactly the frequencies of the two

adjacent modes (Figurc 12.12).In this case each mode becomes strongly coupled

19 its nearest-neighbor modes, and it nrrns out that ttrere is a tendenry for the

modes to lock together in phase. Loss or gain modulation at the mode separation

frequency A is therefore one way of mode locking. Boriowing terrrinology from

radio engineering, we call this AM rnode locking.
The dimensionless factor e appearing in (L2 .9 .2) is called the modulation index .

It is usually small, but it must be large enough to couple the difiercnt modes suf-

ficiently strongly. This is analogous to the synchronization phenomenon obsewed

in tbe 17th century by Huygens with pendulum clocla. Their freguencies were

locked together when the clocla werc mounted just a meter or so aPart, but larger

separations weakened their coupling and destroyed the locking efiect. If e is too

large, on the o&er hand, the locking efect is also weakened. This is analogous to

, the distonion arising in AM radio electronic systems when the carrier wave is

:' "ovetmodulated," i.e., when e > 1. (See aiso Problem 12.7.)
, A heuristic way ro understand why Alvt mode locking occuts in lasers is first
: to suppose that lasing c:n occur only in brief intervals when the periodicdly mod-
:: ulated loss is at a minimum. Tbese minirna occur in rime intervais of T : 2r / A

= ZL/c if the modulation frequency 0 = A. Between these times of minimum
loss the loss is too large for laser oscillation- Thus we can have laser oscillation
only if it is possible to genenlte a train of short pulses separarcd in time by T. This
is possible if the modes lock together and act in unison, for then we generate a
mode-locked train of pulses separated by time L Thus mode locking has been
described as a kind of "survival of the fiuest" phenomenoa.

L
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FiSure 12.U L,onginrdinal modes amplinrde-modulated at the ftequency A equal to their
gacing. For clarity the AM sidebands arc indicaed as dashed lines slightly dispaced from
the mode frcquencies <,r..
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12.10 FIU MODE LOCKING

We will now consider the case where thepluse of the field (12.9.1) is periodically
modulated rather than the amphnrde:

E^(2, t): 6- sin *-e sin (o4t * 6^ * 6 cos Or) (12.10.1)

The dimensionless constant d gives tire ampiinrde of the modulation of frequency
0. As in the case of amplimde modulation, this phase modulation gives rise to
sideband frequencies about the carrier ftrequency ol-. As we will now see, how-
ever, the phase modulation produces a whole series of sidebands.

The time-dependent pan of (12.10.1) may be written as

sin (r,r-r + 6^ * 6 cos Or) : sin (<,r.t + O^) cos (6 cos Or)

* cos (c,:-r + 6^) sin (6 cos Or) (12.10-2)

Now we make use of two mathematical identities:z

cos (.r cos d) = Je(.r) + t 
^?, 

(-t)t.lro1.r; cos (2,t0) (tZ.tO.fa)

s i n ( r c o s  0 ) = Z - | t - l ) o J r o * , ( . r ) c o s  [ Q f  +  t ) e ]  ( 1 2 . 1 0 . 3 b )

where d(.r) is the Bessel function of the first kind of orderz. The 6rst few lowest-
order Bessel functions arc ploned in Figure 12.13. These plots arc all we will need:

and

2. Sec, forexamplc M. Abramorr"ie and I. A. Stegn, Han&ook of Mathanatical FaictiorLs (Dova,
New York, l9?l), formulas 9.1.& ztd9.l-45.

og
C,
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Figure 12.[] The first few lowest-order Bessel funaions of the first kind, J,(6).
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i to kno* about them. The functions (12.10.3) appear in (12.10.2) with :r : 6 and
l d = 0 r . T h u s

:. sin (<o-r + 6^ + 6 cos Or)

. /  . .  :  \
i  = srn (onr + C.)( . to(O) + Z > (- l )*Jz*(6) cos (2,t0r)  )
i  \  t = l  /

+ 2 cos (o;^ t  *  d- )  A 
( - l ) *Jz** , (6)  cos [ (zk + l )  or ]

: sin (ar-t + d-)[/0(6) - 2Jz(6) cos 2gr

+ J4(6) cos 4Or - 2J6G) cos 6Or + . .  -J

+ 2 cos (o4t * 6^)[Jr(6) cos Or - J3(6) cos 3gr

J 5 ( 6 ) c o s 5 o r - . . . ]

Using the identities

sin.r cos , : I [sin (r + y) + sin (.r - y)]

cosx cosf : j [cos (r + y) + cos (:r - y)]

therefore, we have

sin (<o.r * Q^ * 6 cos Or)

= .Io(6) sin (co-r + 6^)

( 12.10.4)

+ Jr(6){cos [(r- + 0) I + d-] + cos [( '-  - O) r * O-J]
- Jz(6){sin [(o- + 20) t + 6^] + sin [(<.r- - zf), * O^)l
- J:(6){cos [(r- + 30) t + S^f + cos [(co- - 30), * O.J]

+ J4(6){sin [(co- + 4O) r + O^f + sin [(c,r- - 40), * O-]]

+ Js(6){cos [(r- + 50) t + 6.]+ cos [(or- - 50) r * O.J]

(  12 .10 .s  )

after a simple Earangement of terms in (12.10.4).
whereas amplitude modulation produces one sideband on either side of the

carrier frequency qr,, phase modulation in general produces a whole series of pairs
of sidebands. If the "modulation index" 6 is somewhat less than uniry, however,
we observe from (12.10.5) and Figure 12.13 that the first pair of sidebands
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6=5 
i wr, o
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Figure 12.14 Freguency spectrum of the funaion (12.10-5) for the moduladon index (a)
6 = l a n d ( D ) 6 = 5 .

at &r, i! O is strongest. As the strength of the modulation incrcases, i.e., as 6
increases, more sideband pain become inportant. Figure 12.14 shows the frc-
quency spectnrm of the function (12.10.5) for 6 = I and d = 5.

Again borrowing the terminology of radio engineering, we rcfer to this type of
modulation asfrequenq ttpdularion (FM). As in the AM case, frequency modu-
lation at the mode separation frrequency O = A = zrc/L qruses the sidebands
associarcd with each mode to be in rcsonance with the carrier frequencies of other
modes. This results in a strong coupling of these modes and a tendency for them
to lock together and produce a mode-locked train of pulses. This is crtlled FM
mode locking.

r Informadon cannot be transmined with a purely monochromatic wave. The basic idea of
radio commuoication is to modulate a mooochromatic (canier) wave in some way (AM or
FM), traosmit it, then demodulate it at a rcceiver ro rccover the information contained in
the original modulatiou. In the AM case the sidebands imposcd oo the carier wave arr
displaced ftom the canier by an amount egual to the modulation frequency, independently
of the modulatiou index e . In the FM case, on the other hand, &e "width" of the modu-
lation about the carrieris directly proponionat to the corrcsponding index 6, approximarely
independently of the modulation fiequency 0. This rnakes FM transmission less susceptible
to intcrferpace firom extraneous soutEes (ligbtning, electric power gcnentors, etc.) than AM
if its modulation index is large. At rhe same dne, there is a disadvantage o FM ia that the
anplificrs in the transuirer and receivermust bave large baDdwidths in orderto pick up a
good ponion of the sideband spect utr. A large baodwidth is most easily obained at higher
carrierfreguencies; th;q is si2lsto* to tbe hct that &e bandwidth of a lasercavity inq€ascs
with frequency if the cavity Q is held consraot tEq. (11.9.21)1, and explains why FM radio
stations broadcast at bigher fre4uencies ih"n AM statioas (Problem 2.91- c

12.11 METHODS OF MODE LOCKING

I:sers can be mode-locked in a variety of ways. We will focus our aneilion on
three common and illustrative techniques.
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External modulation technique for sensitive interferometric
detection of displacements

C.N. tvfas, D. Shoenakct t, M. PhaE Tu aad D Dewey 2

Ceare Natiotul dc b Rdt rdrc &'rdrrili4ue. Groryc de RMs sw la O& de Goviration
&AL IU, Aaiyrzlsid Patit-Sttd.91105 Orsy Ftaacc

Rccaived 3 Mey l99Q rcceptcd forpublicarioa 2t Mey l99O
Cornsaicercd by J.P. Wicr

We prtrcat ud dcooanrnrc erperincoully I novet modr&rioa rccbaiquc for &c sbor-ooisc liarircd mcarunracar of thc dif-
ferradrt dispbceocor berrcea lfitr of e Miclelsoa irrcrferrornctcr. In tlis schcarc clccrroogtic otodularion is eppticd to I rcf.
creace bcrn cssraal ro tlc Micidsoa sysr€rt. avoidiaj oodutlor-indnccd lccs .!d rrevc ftoat dissonioos, .!d dlowiot effr-

sicat porrtr iorrtrrc ttrou& rcgydeA-U&t opcrzrion

l.lacoduciou

Michelrcn inrerferometer: allows measurcment of
difierearial displacements ro l/t0e and bcnen this
high sensitivity is being exploitcd in gravitational-
wave (GW) deredion sysrens Itl. Typically, elcc-
rro-optic modularors interaalto thc Michelson arms
arc used to move the measuremeat baad to high fre-
quencies, hold the iaterferometer output on a dark
fringe, and yield a shot-ooisc limitcd me:tsuremsnt.
Nexr generratiou long-bascline GW detectors will in-
copor:rte scheures !o acbieve Sreater scasitivity
througb increascd power. A promising metbod is re
cycling in which tbe briglt-frilge output pon is rc-
cycled back bto rbe inrcrfcromercr iaput [2,3 ]; the
resultias Fabry-Perot cavity can produce norcd
powergains in crccss of30 for rcalisric conditioos.

ln the courcxr of &esc retycled Gs/ detecron the
use of intcraal aodulators is undcsirablc for scvcral
rquons. Thcy isEoduce szve &ont disonionswhich
reducc tlc intcrfcronstsr contnst. ln additiou the
( Pockels ccll ) nodulaton may have losscs of scvenl
percent wbicb caa linir thc achievable rcclclins FiD.

I Prtsant addGls RooE 20F{Ol. MIT,77 M.s.cbusnsAv-
erue. Cembridp, MA 02139, USA

r Prcrcar addtrss Rooo 37-562D, MIT,77 Massedtrscra Av-
a:ue, Caebrid3c, MA 02139, USA

Fiually, largc scalc system:l wilt bave large diamcter
aod/or hig! powerdensity beams; fabricating suit-
able modulatons may be difficult.

With the above modvadon we prescnt the extcrnal
modulatioa scheme il and verify is opcrarion in a
(simple prototypc ) rtcycled interferometric sysrem.

2. Simplilied thcory

We dcscribc rhc modularion scheme in an intui'
dve framewort giving sraiglrrforward equations
which will bc applied to our experimenul resulrs We
prescnr a simplificd dcscripdon in which all beams
arc considered to bc in thc TEMo mode, and we
male no anetupt at a global oprimization. e.9, the
cffecrs of refecace bcam intensity and rccycling pa'
r"metccs oa overall perforsrance.

' 2. I. Intenal modulatioa

Fig I shows the anangement of rhe "classical" in-
rcrual nodularion intcrferometric systcm [6,7J. Thc
input lascr ligbt is split by a ( nomisally 5G50 ) beam
spliner aad is iarcrfcrometrically rccombincd afier

il la thc coarcrt of miffo.ravc +cctrr,rcopy, scc e.g. rei I I ; ; ;1
rbc arescar coatcr! 3ci tsf. t5 I,

0375-96All90/t 03.50 O 1990 - Elscvicr Scicace Publisbec 8.v. (Nonb'Holland )
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FiS, l. btaad Eoduhios rclcoa phr* noduhron pM iacr.
lrJ !o tlc brrrfcrwacr rrur provide &iafc iarcrroAcioo

passage throug! &c inrcrfercne&raras; here /r and
{ are thc toral cguirnatear parl hngtis of the tuo arms
wbici raay be naay dncs rbe phy$cal scpararioa
betwec! thc bcam-splincraad mirrors due to usc of
delay lines [ 6 J or Fabry-ftror cavities I t l. The Soal
of tbe daecdon sysr€E is to nrcasure cbaagcs i! the
path lcnFh diferesce, /r-/u. Bccausc of low-fre.
qucrc? (<5 MHz) lascr amplirude ttuctuadons
above those duc to shot [otsc, a modulirtioa scheae
[6J is typicalty enployed to Eove r[c oeasurcnear
to a higlcrfrequcacy (t0 MI{z); rhc (elccucoptic)
phase.nodulating cOatab pM shoqa are nsca for Ois
purpose and arc typically 3iagsoirfrlly modularcd in
antijhasa

The operation of thc htcrsd moduiation sysren
can bc understood rhmu$ thc nsc of simple gbasor
diagrrs in rftich e bcam givea by EF(.s, ,rC.-*
is rcprescatcd by a'regtor of tca$h l tl and ange &a
with,t=2:c/l Theasqraption is 6atin a giwn platc
(of tie phorodetccror say) all bcaas barc rhe sanc
(compter) spacid fo!u, f(.r' l), aad dmc dcpco.
dcocq c-a titrs thc phasorparaaaers can uaiqucly
spcci& the bcan Io frC Z rc show such a phasor
diagra$ reprercatiry thc decrric fielCs ar Ue
Michelson outpuL E aad Ez are phasors rcprescar-
ing the ourpur ficlds froa the tco "t s oi the in-
EtferomeEr, Er*r, Er*,theirvcrtor sun is rer
rescared by E*r, rnatring a! aaglc of OD with respcct
ro tbe average phasc Os=t(h+l)/2. The dosrcd
liae is rhe locrs of E6 es r firactioa of Ue psrb lcogrl

Eg Z Phesor dhfnn for Michckoo inrcrfcronarourpur fidd
E . Tt ls of poian rrcil our by t4 is rborra g e funcrioa
of grtl @rl ditrcreaoc t!&(rr-rr): ric ourpur gb:re O11 ir
tlcrua of r m@ooo nodc phsc Octk(h+h)/2ead &adif.
fcccepberc g,

differcace h=k(h-lz\. Nore rhar the minimum
anplirudc of Ey1 (rhc interferomerer dark fringe)
ocsuni at ft|=r a[d ar rhis point the phase @e
chaages npidly with the parh lengh diffcrence: here
4rr, the interferonercr outpur phasc is clearty tbe
sun of Oc (rhe averiage phasc) and Oe"

Calodariag tbe oupur ficld gives

Ey1 =Ey1dtu,

wherc

Elal=(E2s +EiX | +C6 cos[k(/, -/z) I]

aad

Oal=Os*6oe-k( \+ l ) /2

..*"'(H uaDft(t, - t,t nt) .

The coarrasr 6=2EEz/(81+Eil implies a con-
uasr model ia which non unity conma:,r is due ro
bcam iacasity nisrnarch. tn rcality other defecrs
contribute ro oon-ideal conrast. perhaps rhe laryesr
among thcr:r being wavefront distonion. the effes of
vhich is to add a non-inrcrfering consunr compo-
DeDt ro rhe liglr inrensily. This term is easily added
to our cquations aad is used whea companng ex-
perineud rtsuits"

( 3 )
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(  t 4 )

For near equal intcasiries' E1=Ev ald operatisg
around a dark fringe' Oo=k(h-l)=t*&A/' the

amplirude Er,rr is rosgbly coostaat:

occ of the shot-noise due to Ie6 (cxprrxscd as a lin'

ear spearal dcasity r'*.. in unis of A/",r/Hz) which

is given by

(4) L.'.={'@' (  l 2 )

(s)

|  -Jo(ml
.  t l 3 )

E2"'= (E? +Ei) t I - Co cos(lcA/) I

and sbovs a quadraric'rariadon witb cbanges in Ai'

The pbase

os1=,t({ +t2yz+ffi*utz

wherc the prc-facror of .fr is a resulr of rhe dcmo'

dulrtion Procass. TAis current noisc can be ex'

oresscd as an equivalcor displacdent ooise (in unis

of mt r/fr1 rsiag the scositivity UE' / d&l from eq'
( l l) ,eivi lg

cbanges rapidly witb a/ dg$e unpliffing faaor
(d+ E) | (Et-E2l=J2l( I -Cm) and .lcss rap

idly with the comrnon mode phasc k(tt+fr)'
ivin Ue addirion of anti'phasc groduladon b+

tween tbe two a!ms,
Tbus, thc siglal-ro-aoisc ratio is a function of m: and

in thc casc-of pcrfcst conua:il (Co-l), the opti-

mum tralue of rbc moduladon rcnds roward 0

(nr-O), aad we have a limiling displacemcnt scn-

sitivity of

(6 )

rhe amplinrdc Em is nodularcd (quadndcally);

whcn fe is egual to tq syonetty resuls i:o aa output

sigul (dcteacd power) whicb bas no compooent at

C. Ctraases il rbc path'lengb differcnce A/ result in

an asymurctry and tbus produce a signal componeut

ar O Note that becausc rhe photodcreclion proc€ss

is phasc-inscnsitivg common mode arm leag0

changes (which roarc tbe output freld ia tbis pic-

turc) do not afrec.! or apPcar ia the iutenal modu-

ladoa scbeme gulpul
With the additioa of the relrtive phasc modula-

don of eq. ( 5 ) the outPut power cacbc cxpresscd as

a sum of tetts ar DC aad the harmonics of 4 keep'

ing only the lcadiag &ras' we have

Qo,a=fu*mcos(Cs) ,

Ei11=.Ses*Sosin(Ot) '

with

ses=E! +81+2EtE2Jo(m) cos(fo), (8)

Ss=4E182J1(rlr) sin(ct) . (e)

For the casc wheu E1=82=Eal 2 (C6= I ), and
operadag arouad thc dark friage (fr=&(/r-/z)=
r+kA/), thc detcercd photocurreut is

Nore tbat /s is tbe pbotoctrrcnt equivaler't of the in'

put powerE| rc rbe inrerferomerer' This shot-noise'

iiotii.o scnsitiviry is the srandard for comparison

wirh othcr modularion scbemes.

2.2. Extenal mdulaion

ln exteraal noduladon operalion, tbe MicbSlson

output field is brougbt to inrerference witb a lascr'

derived rtfercoce bcam throug! the Mach-Zchnder

optical an?sgenenr sbonrn in fig 3 resuldng in the

pLtot ai"Sr.to of fig 4- Tbe Michelsoo outpur field'

b*r, it near zcro when oo a dark fringe' For devia'

tiois in the patb lcn$h diffcreocq the amplirude and

phasc ofErrr cbasge. laterfcrence berween rhis non-

icro Micbelson outPut field and rhe rcfercnce bcam

produces a signal scnsirivite to changes in Esl and

Lenca path lengrh diffcreoce. Norc that variations in

tbe coonon-rnodc leagrh of thc Michclson arms ro'

tatc Ero in thc phasordiagam and tbrs must be con-

uoUJ to naiaraia.c consullt oPcraring gtose 0'{z'
whicb is &e difiereace in poase between thc

Michelsoa outPut aad tbe rcfetlace beam at the

Macb-Zchsdcr bcan splitrcr- As in the internal

moduiation qtse , thc reladve phasc'

Q&=OY+ncos(Or), is rrodulated at a high frc'

U.r= *

( 7 )

/ i i i=ilsi l-Js(z)l ,

I'8,=+ hJ,(m)N ,

whert Ie is tbe photocurrenr due to rhe powet

Ef,=(fi+E)2 incidcnt oa the photodcrecror' The

signal ar g is denodulared aad measurcd in the prcs'

r0
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Fu; 3. E*crarl aodullioa rclcoc. Tbc pbrrc aodubron brvt
bcan coowd &od tfc rrns of rhc Micbchoa ilrcrfcronacr:
inrrczd,rrfcn:acc bcrn b pbrrenodulgcdrad ir btrrutitilto
inrcrfcraccrh! thc Miclcboa o*pur bcr^o.

E9 4. Plrsdia1ru forrrr rld Eoduhdon ibdins tlc phtc'
rchrioarhig bcntco 6c Miclcboo outgu rad tbc refettace
bcrrn.

qucncy, 4 aad the photocurreat compouett at 0 is
tbc desired Ecasure of Ey1 aad thrs path leagrh
cbaagcs.

Quaatitatively, the case of exrcraal modulation can
be casily calculatcd uiag the oodul,arion eqs (7)-
(9) witb tbe following idcadfrcarions:

EY=lE,al, Ef =lEsl.

g*zo'a-ou 

E LF-
=o,,1-ft(f, +l)12-ffit UtZ, (15)

whcr: rc harrc assumed that rhe Michelson oPcntrs
arround a darL fringc and tbat all of the Michelson
ouput lieht appcats at the Mach-Zchndcr oupul
The'rcsnltins output at DC aad O art rhen

SEE =Ek+Eh +?E*E.tJo(rz ) cos(C#r),

St=4ErlExrkNilm)sin(o$e). (15)

Oecraring about /le= Q,rk(Ift lr)/2=:r gives
Eaxirnua seosirivity of tbc signal to tbe displace.
ocar tAl Ia aaalogy ro eqs. ( l0),( I I ) the photo
dcrcgor cunesss caa be rrinen as

/fif = I,.4 * Iy1 -?{*I -, J o ( mr,

1+ Et+82 NI?f=;4,/IdIi lJr(m)ffi i

1+
=-f 4tatoJr(mla/,

whcre it is inrcresting to notg that we have uscd

,,8, Gr+ zr)/ (E,-E)=,fii ro eliminate the
apgare[t coatrast dcpcndcnce of ( l7).

Tbc rcsulting shor-noisc limited displacement sen
sitivity of the exrcrnd modulation scheme is thus

A.(o,=

(  l t )

Notc tbat l'gaDd 16 alrove correspond to tbe values

arasutgd� altqthe Macb-Zhndcr bcam splincr. Also
Ie above is eqrul to rhat of eq. (14) for similar
Michebou inrcrfcromacr with the sarne inpur powa

il cach schene (assuming that /6 is negligiblc com'
pared to /o and tbat all of thc light from thc Mich'
clson output is dercaed). Thus. rhe scnsirivides for
thc two rechnigucs can be dirccrly comparcd. Two
€scl:trr of panicular inter6t. ln the firt casc. when
I* is dominarcd by thc rrms of ec. ( l7). the op.
timunr iatensity of thc rcference beam is the
Micfctsoo output inrcnsity (lnl= Irr) and, as in thc

l l
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case of inrcnal modulatioq the opdnum modula-

rion rcuds towards zero (ra-O). This leads to a sco-

sitiviry equal to that of intcrnal modulation; to rc'
alize this experimentally an asyrameuic Mach-
Zcbnder beam gliacr could be uscd (La, 99/ I ) with
rhe output ukea at the high-transElission Pon fortbc
Michetson bcara- Inrbei999!d 9q9 (-rcfe1an1 t9 tbe
experimens carried out herc) IEE is doniaatcd by
I*r, whicb is much l3t!3t rhen lrrr aad othcr tcrag
e.9; Doo-TE}lo light ia tbc beams.In this casc tbe
maximum value ofJr(rz) (=0.582 fot m= l.E0 n-
dians) gives thc cxtctad schene an inettascd noisc
lcvel W a factor of 1.2 over inrernal noduladon.
(This is provided rhar dl tiSlrl out of tbe Michelson
is utilized; is this casc both outPut ports of a 50/50
Mach-Zchtdcr bcan splhtcr cas be uscd")

3. Enerincnal ved6crtioa

In rhis seaion we describc the experimenral sctup
used to verifr cxrcrnal moduladon opeation, the
inirial tess pcrformed to calibrare aad veri& oper-
adon of thc lockhg and demodulatioa elestronics
systems, the measurement procedure for ukiagdata
and our results with a recfcled exreraally modulated
sy$em.

3.1. Experinenul sauP

The expcriment is built oa nro optical tables as
shown in fig 5. A granire able holds tbc laser urd
associarcd optics; the interferoacrer is built up of
srandard nittor mounts on a mechanically isolate4
suspcadcd alumiaum ptiadorn in a nacuum taat
(wbich is closcd bur not etacuatcd for our
measuremeaE).

Thc a8on-ioo lascr (Spectla'Physics l7l ) is su'
bilized in frequcacy by the Pouad-Drwertecbsique

[9J rc a Fabry-Perot rcfeteace cavity FP. Tbe con'
rrcl elemctrts arc fast aod slow piczodearic traas.
ducer: (PZTs) on the two lascrcaviry mirrors I l0]'
giving a uniry4aia frcqucncl of 50 kHa aad a
supprcssion of frequeacy fluctuatious of 40 dB ar l0
kFtz Tbe laser is isolared from rhe rcsr of the ex'
periment by a Faraday isolator FII and a! a@usto'
opric modulator AO. The light is carricd via a single'

L 4

AO

Frg 5. Erpcriracaat artrnlF lcat ro vcri& erternd rnodulation.

mode fibcr (to supprcss bcam pointing fluctuadons)
to thc inrcrferomercr opdcal table.

Thc liglt from tbc fibcr is matched into the optical
sysrem wirh leas Ll (focal length /= 16 mm)' and
oacc agaia isolared frorn tbc laser and fiber by FI2.
The Micbelson interfercmeter MI consists of a 5f
50 beam spliuer BSI and the 7t cm conqlve mirrpn
MII aad Ml2" placed 11=lt cm from BSl. For re'
cycling miror MR ( l0l cm radius concave) is
placed at a di*aace 12 cm from BSl. The output of
the Michelson intctferomerer Ml passcs througlr
Pockeh csll PMl, is rcftccted by mirror MZ0. and is
brought to thc Mach-Zchnder beam splitrer BS2- The

Flt

MI Output
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signal which we wish ro naximize to obrain rhe cor.
rcct operating phase. i.c.. the besr signal to noise n-
tio. Demoduladng rhis signal ar t 3 kHa we obuin
a DC level which can be maximized. througlr changq
in the bias volugc applied ro the pZT on MZ2. ro
sct the correc operadng phase Of;z.

3-2. Interul modutation tats

As a prcliminar? to our errernal moduladon mea.
surctnent$ a simple internal modutadon Michelson
was configurcd allowing us ro optimizc rhe 13 kHz
locLiag sysren. csrablish noise levets in thc l0 MHz
synehronous detegion sysrcm. and calibrate the
phasc.modulari4 Pockels cells. The Michclson in-
terfencmetcrpas configurcd with the pockets cells in
the arms of rhe interfcronerer (sho*'n dashed in fig
5 ) and phorodiode PD4 was placed ar rhe ouFut of
the inrcrferoncrcr. With rhe inrerferometer held on
a dart fringe by rhe tJ tHz synchronous derection
system througlr PZT feedbaclc a compurer con-
u'olled neasuring scguence measurcd the si$at (the
13 kHz calibration pcak) and thc broadband norse
(around 60 kHz) as a funcrion of rhe rnoduladon
depth a for various porrcr levets. These auromated
nreasurcmenE could be uken quickly and wirh g;reat
rcpeaubilitfr some hirheno u nrecognized problcrns
(e.&. npid charyes in the inrcrferomerer contnsl
through Pockels celt heating) were discovcred and
corecrcd. Also. a calibradon of the modulation deprh
rz as a function of our attcnuarorcontrolted RF ( l0
MHz) drive level was obnrncd and vcrified.

The ovenll agreencnt bctween the catculared dis-
placemeal sensitivities A/,,, and the measurcd values
ofA[. forthis inrernal modularion sysrcm werc quire
good: the error was of the order ofa/ilp /A/;;1. = 1.1
Plots of calcutated versus measurcd signal. and cal-
culared vensus measurcd noisa show rhe range of sig
nal leyels for which rhe sysrem remained lincar. and
comparison with the shot noise due to an incandes-
cenr bulb or unmodularcd ilO MHz) laser lighr
show: thar the incrcascd experimenul Arl,., is due to
an exeess of noisc in the inrerferomerer ourput of 1.2
(rather than a lack of ( | 3 kHz ) signal ). This exces
sccns to be elecrrical (e.g. prc.amplifier, mixer) rn
naturc an4 thus, shoutd also be relevanr for the ex.
rnral modula{on technique rcsuls.

refercace beam for rhc Mach-Zchnder inrerfero-
neter is uken from rhe AR.coated face of BSt,
guided by rnirrors MZI and MZ2 rhrough pockels
ccll PM2 to interfercnce with the ourput bcam of the
Michclson inrcrferrmaeron BS2. Nore that rhis diG
fcr: from the rcference sourre iadicared in fig 4,
which is rakcn from &e tascr dirccdy. A porendat
disadnnugc of rhc presclr arrrngsmcnr is rhat rbc
rcfercnce is now ta&en asymmctricaly fron one arm
of the inrcderonercr, but a calcularion of this cffect
shoss rhat it makcs at most a snalt corrcqion to rhc
scnsitivity ( <5%). However rhe advanuge of rhis
rnantenenr is tbe fact that rhe liglrt for the rcfcr.
ence arm ltas travelled dmon the sene path lenglr
as the main Michelson oulpur. giving an inscnsitiv-
ity to frequency aoisc and assuring rnarchcd optical
'rave frons To prescrve rhis advanaga the parh
lengh ftom BSI ro BS2 for rhe Michetson beam. /r,.
and the rcfercncc bearn, I-6 are adjusred for near
equaliry.

The Michelson oueur is hetd on a dark fringe by
a 13 kHz synchrouous derc.crion systcn. The error
signal forilris sysrem is dcrived from phorodiode pD3
which monitors the Michclson oupur inrensity
picked off by rhe ncar-Brcwsrer plare BR: fecdback
isapplied to PZTsmounrcd on minor: Mll and MIZ
Thc deprh of moduladon is sufiicicnrly srnall so rhar
the inrcnsiry on the dark fringe is not significantly
incte:scd over that duc to the finire contrasu ln ad-
dition ro providing the sqvo crtor sigral. rhe known
amplirude of the mirror modon ar l3 kHz also scrves
to producc a calibndon pcal rc dercrmine the sen-
siriviry of thc detcction schema

The lascr intensiry is acrively srabilized (using pD6
and AO) in a band arcund 13 kHz ro inprove the
signal-to.noisc nrio for rhe Michelrcn scwo. An-
othcr scro Jysrem uing a pZT on MR phOrodiode
PD2' ud a t 9 tllz synchr€nous deection holds rhe
recyding cavity on ltsonance.

Pockdscelt PMI imprcsscsa t0 MHz phasc mod-
ularion on Ure Michelsoo ourDur bearn for thc Mactr-
Zchnder syncbronous derecsion: pM2 ensures thar
the oprical palhs lxr and /,*arc rnarched. One of rhe
Mach-&hndcr outpur bcaars falls on phorodiode
PD4; this photoanrrent is dcrnodularcd u l0 MHa
aad this ourput signat is ssnt to a spectrun analyzer
to dercrmine the sigrabto-noisc nrio. This sane
output sigul also contains Oc t3 kHz calibradon
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3. 3 - Ext ernal-modulaion meuturemeil pracedure

Thc Michelson interferometer bcam splittcr BSI
is adjusted for the bcst conrrast (typically 99.5%):
this is done while continuously locked on a dark
fringe to avoid falsc minima while searching in ad-
justmgqt gnaq. I th€ meqsuryqlent is to be 4ade
with rccyelin& thc recycling mirror MR is pur in
placa and it and thc posirion of lens Ll arc adjusted

. to match and align inro the recycting cavity about
9096 of the light can bc coupled into the fundamenul
mode.

Corrcct aligrmcnt of the Mach-&hnder intcrfer-
omerer rcquircs that the TEMo componenr of the
Michelson ouput bcam bc colinear with the
(TEM-1 rcferencc beam on the Mach-Zehnder
beam splitter BS2- However. on the dark fringe of
the Michelson. thc residual output bean is primarily
due to wave front di*onion from the rwo anns of
thc inrcrferomerer. and the power in the TElvf6 mode
is ncgligibly small and thrs diflieult to identify. For
alignment puryosc. the Michelson ourput is delib.
crately held away from thc dark fringe so thal the
TEM6 mode dominates. This allows for a good
alignrncnt criterion: typically 9096 of the possible
contr?st (grven thg two intcrfering beam intensiries)
is achicved. Oncc the system is aligre4 this
Michelson fri4e offsct is rcmoved-

With thc phase difference of thc Mach-Zshnder
held at the corrca valuc for scnsing differcntial
changes a scries of measurcmcnB at narious modu-
lation dcpths a arc made under conguter conrol:
for cach measurlmcnt scvcral experimental panm-
etcns are measurcd. Photodiodc PD6, which is cali-
brated via a wa$meter (Photou Conuol). gives a
mqasule of the incident lascr potrer Pi".. The refer.
ence bean inursiry /,.r is measured at PD4 (by
blocking the Michelson output bcam /r1). For non-
recycled rna$urlrnentc lhe Michetson brighr fringe
inreasiry Is is mearured directly at PDrl by blocking
I,n;and holdiry the Michelson on a bright fringc rhis
allo'rn us to me&surE the (constan!) ratio betwecn
/,r1 and /e which can be uscd to deduce /6 in the casc
of rccycled operarion. The photocurrrnt in PD4 dur-
ing thc specrral (signal and noisc) measur€rncnt. /-o.
also is recorded. Finally, for each measurcmenr thc
level of the 13 kHz calibrarion signal 2o,," and the
aveftU,e noisc spcctral density V*r ia a band from

l /
I r

56 to 65 kHz arc measured and rccorded.

3.4. Evernal modulation results

Tablc I shows a summarJ of mcasurcmenE made
using rhe exrcrnat modularion technique. with and
without recycling and at various modulation dcpths
and powers With the known displacement ampli-
tude of the 13 kHz calibrarion signal (.(cr,o=
l.2x l0-ro h-,.). the eiuivalent disptCccment noisc
lcvcl AL, can bc calculated frorn

AtM-v trcrr i tg€r r  - .  *  y^ r " . ( t 9 )

To obuin the expected signal-to-noise rado for our
qperiment" we use eq. (lt) rnodified to take inro
account the experimenul siruarion:

i r -u  1 j@m
A I = : - =  - - F

ztE Jt(m)JrJf 
(20)

/6 and 16 arc herc neasurcd after the Michelson
beamsplittcr. The currcnt due to light falling on thc
photodcrcctor /6.,. is the sum of thc Mach-Zchnder
interfercnce tcrm /$i plus the cuffcnt due to any
non-TEM6 light from conra$ defects in the
Michclson. Our Michelson output beam consists pri-
marily of powerwhich is not in the TEM66 mode and
docs not interfere with thc exclusively TEMo-mode
rcference bcarn. The electronic noise of the phoro-
diode-amplifier combinarion. which adds in quad-
nrturc to the shot noisc due ro /6.,.. can be charac-
terized as an effcttive curent /6.,. Note that the noise
was oftcn dominated by the PD4 pholodetector-am-
pfifiersptern noisc of *.4 ptlJHz- which is equiv-
alent to the shot noise due to a photocurrent of
16.,=0.062 mA.

The maximum value of ir(ml used herc.0.a6 (for
m=1.06 radians) is 0.t of the naximum possible.
0.5E2 (rz=l.t): we have demonstrated an ra de-
pendence thar agrees '*'ith our theory over a widc
range of modulation depths.

The rccycting faoor (increasc in the circulating
light powcr) for thc cavity can bc dctcrmincd by
looking at the changc in thc rario of /.1 to P,* wirh-
out and with rccyclinS: hcre wc havc a gain of 27.5.
Wit the measurtd transmission of the rccycling mir-
ror of f= 3% this allorra us to calculate the toul losscs
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ao ) thc crpcgod dideeacat sarftivity brt bc.! Frchl'r.il Tlb ir coaprrcd lo Uc rlcag|rl.l rasitiviry derived &on rlc crlibnnoi
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in &e intcrfcmnacr to be of thc order of 3.49L
Thc av-rage ratio of rhe catqdarcd signal ro aoisc

to the ncasurcd signal to noisc is 1.9. Wirb rbe ad-
ditional iafor:nadon gthcted in rbe iatcrnal nod-
utatios esrg the extcrtal nodulatioa resulrs for thc
aoise atd tls cigrrl cal bc inrcrprctcd separarctX
for tbe Dorsc, rc Eea:rutl tle sane excess tlat rns
sc=r for tbe iatcraal aodntation scbeoa Honever,
thc neasttrtd dgul so lcss'hin fhc calcnlarcd sig-
nd fortbe encraal moduhtion &Ecaiou by a factor
of 1.6. A partial explanatioa aay be giveo by rhefinc
coqrnsr of rhc MZ inrcrfcromacr. The sfunal is cx-
pcctcd to bc reduccd by thc coutrasr defccr of0.9,
and with thcsc tro correeioor rbe ratio of tbc nca.
surcd ro tbc cxpecrcd sigsal-to-loisc nrios for the
extanal nodrlrrtioa scbcroc ir 1.4, a rtasoaable
agrccacat for th€r. iEitisl groofof.conccpt
crp€dncosl.

+ Coachrirnr

Extcosl noduhtion ir a tcclaique for the friryc
iaurqatioa in a Michdsoo intcrfercmerer tlar
avoids some of ttc prrcticlt dificultics aslociarcd
wit! tle ctsloEury ilrcr:od oodulatioa Tbe losscs,
bcam dinonioo, aad powrd+cadcar bboudts dug
o elcctrooptic nodrhtols ia thc Micbelson arns
are cliniaatcd. Thcse edvantagcr an partiorlarty
inponanr in rccyded iarcrfcronec:e We bave

dcnonstratcd a rrasonable agrcement bcrweco thc.
ory and expcrincst in the casc where rhe rcfercace
bcam ineosiry dominarcs Futurc expcrirnenr
should cxplorc rhc global opdmizadon of rhe rcfer.
ence bcam inrnsity, mode cleaaing rc eliminatc non-
TElyl@ componcsts in rhc Michelson ourput. me&-
ods to bold thc refcreace phasc to the optimum value.
and the usc of ruo phorodacsors. In additiou a
rnorc deailed rheory incorporating rhesc rcfinc.
mcars aud iodudiag a morc complere description of
tbc contr:ag is desirable.
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g/s rhenlr A- Bri[eq R Schiling and L Schnupp
for naay nluable discussiogs D5. and D.D. rhank
Cl.fRS for Fant suppon.
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SHcrr-NOtSE
SOURCE

IDEAL
€iouRCE

JOHNSON-NOISE
SOURCE DUE TO
RESISTOR R,

figurc 8.l(X Expbcit reprgentation oI noise sourc'es in a
detector.

this case the SNR is optimized by rsing as large a value

oI Rt. I possible and an amplifier with high input

rnpedance and low o, and io. Amplifiers with FET

input stages are most appropriate in this case. Maxirnum

practical vdues of fi, are limited by the capacitance C

ol the input circuit (including cables) and the input

impedance of the amplifier. There is no benefit in

having R" greirter than the input impedance of the

amplifier or so large that the time constant RgC rcquires

ore to work at low frequeocies wtrere l/f noise

dominates. The jrrstification for trsing large values of fl"

comes from the fact that the voltage signal from a

curent source is proportional to R1, while the Johnson
noise is proportional to y'ff'..

An dterna6ve uay of specifying amplifier perfor'

mance is with the equiwlent wise tenryetaturc' Te,
defined as the insrease in temperattrre of the source
resistor necessary to produce the observed noise at the
amplifier ou[tut, the amplifier being considered noise
less for this purpose. We harrc

2 . -T ( lQNFz 'o - ' ) '

where I is the absolute temperatule of the sonrce
resistor. Using the example of the amplifier with an NF
of 3 dB and a soruce resistor at 300 K,

?. : (300 K)(r0or - 1) = 300 K.

ln this case the amplifier introduces an amount of noise
equal to the noise from the source resistor.

6.8.3 The Lock-ln AmPllfler and
Gated Integrator or Boxcar

Th- proifr rnatching of a signal soufte to an amplifier
is the ftust step to be taken in the recpvery of a signal
accompaqied by noise. Once this has been done cor-
rectly, a number of signd-enhancing techniques can be
used to extract the signal.

Becar.se of the difficulty in making d.c. measurements
due to zero drifts, amplilier instabilities' and flicker
noise. the signal of intercst should, if at dl possible, be

at a frequency sufficiently high that the dominant noise
is white noise. Often choppers are tsed to convert a d.c.
or low-frequerrcy signal to a higher-frequelrcy one.
Ctearly it is wise to choose a freguency far from the
power-line frequency and its harmonics, Also to be
avoided are frequencies near known noise frcquencies.

Signd+nhancing techniques are mainly based on
bandwidth reduction. Since the r'v'hitenoise power per

unit bandwidth is constatrt. reducilrg the bandwidth will

reduce the noise power proportiorrally. Of course' in tie

hmit as the bandwidth goes to zero, the noise power
goes to zero and tlre signd Power as well. Common
bandwidth-narrowing circuits are the resonant filter and
low-pass filter. For resonant filten, the sharpness of the
resonance is given in terms of Q, which is approxi'
mately eqtral to fn/!f, where /6 is the frequency to
which the filter is nrned and Af is the bandwidth.
Practicd vdues of Q for electronic rcsonant filten vary

from l0 to 100. A simple detection system might take

the form shown in Figwe 6.105. The recdfier cenverts
t}e a-c. signal back to d.c., so it can be recorded on a

chart recprder or read from a meter. With this :urange
ment the noise passed by the filter is rectified dong
with the signal and adds to the recorded d.c. level.

The effective bandwidth can be substantidly nar-
rowed il in the above atrangement the ordinary rectifier
is rcplaced by a synchrorous rectifier. This kind of

rectifier acts like a switch that is opened and closed in

synchronizaUon with the chopper. Since the phase rela'
tions for each of the noise components are random (a

requirement of white noise), they will tend to cancel
each other when averaged, and a low-pass filter at the
output of the rectifier can be used to do the averaging.
The RC time constant of the filter is related to the
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Figure 6.t05 Simple detection
and signalcnbancEment system.

SIGNAL
SOURCE

FILTER

DETECTOR REs.rtFtER

CHOPPER

effective passband of the system, Lf,by

Io t = f f i

for a singlesection low-pass filter, and

t -  
I

r t = 4

for n concatenated low-pass filten, each with time con-
stant ftC. Quite small vdues of Lf are possible with
such a system, the only limitation being the length of
tirne necessary for the measurement. If Af is thapasr
band, the meesurement time is approximaiely l/Lf, so
that it is necessary for tJre source signal to remain stable
over times comparable to l/Af. Normally the chopping
frequency is chosen to be ten times the highest compo.
nent frequerrcy to be recovered in the sourcp signal.

The system described above is often called a bck-in
amplifier ot pltae-sensitioe Mector. The details of the
operation of nrch devic-es are well docrrmented.e How-
ever, as far as sigrral enhancement is cpncerned, the for_
muJas given above are sufficient for estimaUng the
benefits of such devices. It is weU to remember that
the SNR !s proportionat to l/rf A,-f, so that narrowing
the passband by a factor of 4 increases SNR by a factoi
of 2, but increases the time of measurement by a factor
of 4.

When the signd to be detected has the form of a
repetitive lowduty<ycle train of pulses, the lock_in
amplifier may not be the best method for signal
enlrancement. Here rhe duty cycb is defined as the
fraction of the time during which the signd of intercst is
present. Mth low-duty cycles, sigrral Lnformatjon is
available for only a fraction of the total tirne, while noise

is durays on the line. With timing and gating cirnrits it
is possible to connect the signd liae to an RC integrat-
ing cirurit only during those times when the signal is
present. fne time.constant of the integntor is tien
chosen to be very mudr larger than the period oI the
pube train. The time r€qrrircd for the capacitor to
drarge to 9996 of the find roltage hvel is 4.6RC, so tbet
5 time cpnstants efter thc first gnte opening the capaci.
tor should be chargd to within t% of its final steady"
state value, provided the signal is continuously prcscnt.
If the signal is present for a fraction t of the tirne, the
time custaDt of the integlator mrst be increased to
5RC/7. With this system, knorn u a gated or bxqr
iltegrstot, the SNR is increased only by increasing the
time of the measurement. The effective bandwidth of
the instrurnent is X/4RC. Table 6.35 compares the
impofiant pararneters associated with lock-in amplifien
and gated integrators.

6.8.4 Slgnal Averagtng

With a rcpedtive signal, improvemeot in the SNR caa
be gfflted bf merely averaging the signal over many
cycles. Let SNR' represent the SNR in one cycle, and j\.
the number of cycles over which one averages. The SNR
improvement is proportiorul to ff. If each rycle lasrl
for a time t, the tirne Tnecrssaty to arrive at a specified
SNR is given by

,=(#)".
Lock-in amplifiers and gated integntors are inherentty
superior to simple signal averaging because of the

I
I

RSCC,RDER
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TAbIe 6.35 COMPARISON OF LOCK.IN AMPLIFIER AND GATED INTEGRATOR

htycydeo

Bandwidth

Miaimurn mcssurcment
tiiiie

Hi&est recorcrable
sigrul frcgucncy

Dcsip uotes

l-*kin Amp[fier

> 0.05

r/gRC

snc ' '

l/9olr.RCtor &opping
Irequeocy >lAaRC

l. Detcrrrioe t-, 6o
higbcst frequeacy
componcot oI the sig-
Dal to be recovered.

2. Choose f,, tbe chop-
ptng heguency, uAere
f,-lof*.

3. Choose low-pas filter
coDstsots VnC -
2trf, o rs to pess
fregueocyf^.

4. Tbe bandwidth A/ is
l/8RC, rod a tuncd
empl i f ierwi thapol
l0 is sullicient to pass
all frcgueocy compo-
aeots of tbe signal to
f*.

&ted Integrator

< 0.50

7/aRC

1RC/i
.y,/ %) a RC lor repetition
&eqneacy )l/ZrrftC

f. Requfucd messurement
&ne B 5 rlC,zl.

2. Bandwidth is il4RC.

3. PrcIcred to a lock-in
amplifier for signd rep-
ctitioo rates < l0 Hz
and low duty cyde.

ban4narrowing functions they perform; hopever, the
bandwidth improvement is only an advantage when
the highest component frequency in the sigrral to be
recpvered permits a long integrating time.

6.8.5 Waveform Recovery

The gated integrator can be cronverted to an instrument
for waveform recovery by the indusion of variable delay
and variable gatewidth firncdons. A separate RC net.
work is reguired for eactr delay time in srch a schemg. A
schematic representation of such a system is shown in
Figure 6.106. F.ach separate delay corresponds to a
different part of the waveform. The duty cycle for each
gate opening is r/T :1, so that the effective bandwidth
is y/4RC. An integration time of 1RC/,y is needed for
the charge on each capacitor to reach a steady-state

value. If the waveform has been divided into N parts,
the total time of measurcment is 5NRC/1.

Dgital schemes for recovering waveforms tse ADCs
to eonvert the analog signal level to a digitd number,
whidr is then recurded ia tlre approprjate tirne channel
with the aid of delay and gating sigrrals. With such
instruments, ulJied digiul sigtul arwlyzrq SNfu are
only limited by the length of tirne of tlre mer<r.uement;
however, tie long-term stability of the various comp<>
nents limits the nse ol very long measuring times. If the
absolute value of tle wavelorm is needed, one must
rccprd the number of cycles treated by the instrument,
and &ta rates are limited by the conversion speed of
the ADC that encodes the amplitude information. An
advautage of digital signal analysis is the increased
versatility in data nranipulation and the production of
permanent recprds on paper or magnetic media. Such
data are then available for numerical analysis.
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Corporation. Santa Clara, Cdif.

7. Standard ttt-ucleat Insfiument tldules. adoptcd by AEC
Committee on Nudear Instrument Moclules. U.S. Govern-
ment Publication TID20893 (Rev. 3).

IL. Floating Measrurentnts and Cuoding, Apphcation Note
123. He*,lett-Packard. 1970.
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tronis Book Series. !\lcGraw-Hill, New York. 197: Cir-
cuir Design ldea Hondlnok W. Furlow. &1., Cdrner's
Books. Boston, lg74: Hecttonics Ci'at"l.li.t Desigcr's
Casebak, ElccFonics. Ncw York; Sdgnelics Atlahg Mat
ual, Agplicotiotts, Spcificatiotu, Sigretics Corporation,
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CAMAC and IEEE-488 (cPtB or Hp-tB)

CAMAC: A Modulat Ins/numentation Sgstan for Data ltan-
dling, ESONE Comnriuee. Report EUR 4100. l9ZZ,
Chapters 4-6-

CAMAC Tutorial Issue, IEEE Traru. Nucl. Sci., N920, No. 2,
April 1973'

D, Horelick and R.5. lanen, CAMAC: .'A Modulat
Standard." IEEE Spectrum, April 1976, p. 50.

AD
Am
AY, CIC, GP
c.I
CA.CD,CDP
CA,TDC.MPY,CMP.
DAC.MAT.OP
PM,NEF.SSS
DM.LF,LFT,
LH,LM.NH
F,pA,pLUnr
FSS.ZLD
GEL
HA
HEP.MC.MCC.I
MFC.MM.MWM
ICH.ICLICM.IM
ITT,MIC
LLD
MB
MK
MN.SLSP
N,NE,S.SE.SP
R,&{Y,RC,RM
SN,TMS
ULN,UIJ
wc,wM
508?nnnn

l r -numbcr:n- let tcr .

Somedmes specially selected or matched aomponents
ere nsed. Replac=ment with off-$reshelf units may not
work in this case.
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Figure 14.14
Crab nebula pulsar brighhess versus rime flighr
curve).

own well-defined periodicity may rn fact be
the mosr difficult to work with. since vou
have ro know the periodicity precisely. The
graph of the "light curve" (brightness versus
time) in Figure 14.34 is an examDle. We
made this curve by using an MCS on the
output of a photomultiplier stationed at the
focus of a 6o-inch telescope. run exacrly in
synchronism with the pulsar's rotation. Even
wrth that size telescope ir required an aver-
age of approximately 5 million sweeps to
generate such a clean curve, since the aver_
age number of detected photons for each
entire pulsar pulse was about i. With such a
short penod, that puts enormous accuracy
requrrements on the MCS channel-advance
circuitry. in this case reguiring clocks of
part-per-billaon stabiliry and frequent adjust-
ment of the ciock rate to compensate for the
eanh's motron.

It is worth saying again that the essence
of signal averaging is a reduction in band-
width, gained by running an experiment for a
long period of time. The bottom line here is
the total lengrh of the experiment; the pani-
cular rate of scanning, or modulation, is
usually not rmportant, as long as it takes you
far enough from the 1/f noise present near
dc. You can rhink of the modulation as
srmply shift ing the signal you wish ro
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measure from dc up to the modulating
frequency. The effect of the long dara accu-
mulation is then to center an effective band-
width Af : 1lT at f--. rather than at dc.

14.15 Lock-indetection

This is a method of considerable subtlety. In
order to understand the method, it is neces-
sary to take a shon detour into the phase
detector, a subject we first took up in
Sectron 9.29. - \t_ (At+^.J*eZ)
Phase detectors

In Secrion 9.29 we described phase cietec-
tors that produce an output voltage propor-
tional to the phase difference between two
digital {logic-levell signals. For purposes of
lock-in detection, you need to know about
linear phase detectors. since you are nearly
always dealing with analog voltage levels.

The basic circuit is shown in Figure
14.35. An analog signal passes through a
linear amplifier whose gain is reversed by a
sguare-wave "reference" 

signal controlling a
FET switch. The outpur signal passes
through a low-pass filter. FC. That's all there
is to it. Let's see what you can do with it.

Phase-detector output. To analvze the
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Figurc 14.35
Phase detector for linaat input signals,

phase detector operation, let's assume we
apply a signal

E" cos ltot * 6l

to such a phase detector, whose reference
signal is a square wave with transitions at
the zeros of sin alf, i.e., at t - O, zr/crt,2r/u,
etc. Let us further assume that we average
the output, V*, by passing it through a
low-pass filter whose time constant is longer
than one period:

t - RC>> T - 2zr/o:

Then the low-pass-filtered output is
ttto

(E,cos t rot  + d))  |
o

-  (6" cos (r t  *  dl)  1""
where the brackets represent "rr"."n"", "ii
the minus sign comes from the gain reversal
over alternate half cycles of V,.,. As an
exercise, you can show that
(V*) - -128"/rl sinf

EXERCTSE 14.2
Perform the indicated averages by explicit
integration to obtain the preceding result for
unity gain.

Our result shows that the averaged
output, for an input signal of the same
frequency as the reference signal, is propor-
tional to the amplitude of V, and sinusoidal
in the reletive phase.

We need one more result before going on:

What isthe outpur voltage for an input signal
whose frequency is close to (but not equal
to) the reference signal? This is easy, since
in the preceding equations the quantity d
now varies slowly, at the difference frequen-
cy:

cos (<,r + A<.r)t : cos (alt + d)
with d = rAa

giving an output signal that rs a slow sinu-
soid:

V*, : lLE,/tr) sin (&,r)r

which will pass through the low-pass filter
refatively unscathed if Aro < 1/r = 1/RC
and will be heavily attenuated if 5u > 1lr.

The lock-in method

Now the so-called lock-rn (or phase-sensi-
tive) amplifrer should make sense. First you
make a weak signal perrodic, as we've
discussed, typically at a frequency in the
neighborhood of 1O0Hz. The weak signal,
contaminated by noise, is amplifred and
phase-detected relative to the modulating
signal. Look at Figure 14.36. You need an
experiment with two "knobs" on it, one for
fast modulation in order to do ohase detec-
tion and one for a slow sweep through the
interesting features of the signal (in NMR,
for example. the fast modulation might br a
small IOOHz modulation of the magne ic
field. and the slow modulation might be a
freguency sweep of 10 minutes' duration
through the resonance). The phase shifter rs
adiusred to give maximum ourput signal.
and the low-pass filter is set for a time
constant  long enough to g ive good
signal/noise ratio. The low-pass-fitter rolloff
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sets the bandwidth' so a lHz rolloff ' for

example, gives you sensitivitY to spurious
signals and noise only within 1 Hz of the

destred signal. The bandwidth also deter-

mrnes how fast you can adjust the 
"slow

modulation," slnce now You must nor

sweep through any features of the signal
fasrer than the filter can respond' People use

time constants of fractions of a second up to

tens of seconds and often do the slow
modulation with a geared-down clock motor

turning an actual knob on somethingl
Note that tock-in detection amounts lo

bandwidth narrowing agarn. with the bancl-
wrdth set by the postdetection low-pass
filrer. As with signal averaging, the effect of

the modulation is to center the signal at tne

fast mgdulation frequency, rather than a? clc'

rn order to get away trom 1/f noise (flicker

noise, drifts, and the l ikel.

Two methods of "fast modulation"

There are two ways to do the fast modula-
tion: The modulation waveform can be either

a very srnall sine wave or a very large square
wave compared with the features of the

sought-after signal (l ine shape versus mag-

net i l  f ie td.  for  examPle '  in  NMB) '  as

sketched in Figure 14.37 ' In the firsl case

the output signal from the phase-sensrtrve

detector is proportional to the slope ot the

line shape (i.e., its derivative)' whereas tn

the second case it is proportional to the line

shape rtself {provrding there aren't any other

small srnusoidit l mooutanotr at - 100H2

8 #

large:ouare.wave modulatton at - 100H2: i

g  
* - - ,

; rq r r :e  14 .37

Lock-in modulalion methods. A: Small sinusoid' 8:

Large square wave.

lines out at the other endpoint of the modu-
lation waveform). This is the reason all those

simple NMR resonance lines come out look-

ing like dispersion curves (Fig. 14'38)'
For large-shift square-wave modulatton

1v.. ,
t
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Figure 14.38
Lin€ shape differentiation resulring from lock-in ctetec-
tion.

there's a clever method for suppressing
modulation feedthrough, in cases where that
is a problem. Figure 14.39 shows the modu-
lation waveform. The offsets above anci
below the central value kill the signal, caus-
ing an on/off modulation of the signal at
twice the fundamental of the modulating
waveform. This is a method for use in

p a r a m e r e . f n - -
be,ns 

- -f 
T 
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modulated

QF F srgnat

ON srur |a l
QF F srgnai
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F igure ' l  4.39

Modr:lation scheme for suppressing modutation fe€+

through.

special cases only; don't get carried away by
the beauty of it all!

Large-amplitude square-wave modulation
is a favorite with those dealing in infrared
astronomy, where the telescope secondary
mirrors are rocked to switch the image back
and forth on an infrared source. lt is also
popular in radioastronomy. where it's called
a Dicke switch.

Commercial lock-in amolif iers have a vari-
able-frequency modulating source and track-
ing filter, a switchable time-constant post-
detection filter, a good low-noise wide-
dynamic-range amplifier (you wouldn't be

using lock-in detection if you weren't having
noise problems), and a nice linear phase

detector. They also let you use an external
source of modutation. There's a knob that
adlusts the phase shift. so you can maxtmtze
the detected signal. The whole ttem comes
packed in a handsorne cabinet, wath a meter
to read output signal. Typically these thrngs
cost a few thousand dollars.

ln,order to illustrate the power of lock-tn
detection, we usually set up a small demon-
stration for our students- We use a lock-in to
modulate a smatl LED of the kind used for
panel indicators. with a modulation rate of a
kiloheru or so. The current is very low, and
you can hardly see the LED glowrng in

normal room light. Six feet away a photo-

transistor looks in the general directron of
the LED. with its output fed to the lock-tn'
With the room lights out, there's a trny

siglral from the phototransistor at the modu-
laiing frequency {mixed with plenty of
noise). and the lock-in easily detects it. using
a time constant of a few seconds' Then we
turn the room lights on (fluorescentl, at
which point the signal from the phototran-

srstor becomes iust a huge messy 12OHz
waveform, jumping in amplitude by SOdB or
more. The situation looks hopeless on tne

oscilloscope. but the lock-in iust sits there,
unoerturbed. calmly detecting the same LED
signal at the same level. You can check that
it's really workang by sticking your hand In
between the LED and detector. lt's darned
impressive.

14.16 Pulse-heightanalYsis

A pulse-height analyzer (PHA) is a simple
extension of the multichannel scaler princi-
ple. and it is a very important tnstrument tn
nuclear and radiation physics. The idea is
simplicity itsetf: Pulses with a range of
amolitudes are input to a peak-detec-
torlADC circuit that converts the relatrve
pulse height to a channel adoress. A multi-
channel scaler then increments the selected
address. The resutt ts a graph that is a
histogram of pulse heights. That's all there ts

to it.
The enormous uti l i ty of pulse-height



i conservatrve application, the pLL is as
fple a circuit element as an op-amp or
l.ltop.

frigure 9.S 1 shows the ctassic pt L config-
l,rion. The phase detector is a device thlt
lr,,pates two lnput freguencies, generatingl i l l P - ' - '  

r ' r v  r r . H s .  r . s l a u E r r u r s - ,  g t s I l e r a l l n g

[output that is a measure of their phase
i1lence (if, for example, rhey differ in

vanrshang. And with proper design detector is driven by drgrtal rransitions
(edges). They are typified by the type | 565
(linear) and the type il 4044 iTTL):rhe CMOS
4046 contains both.

The simplest phase detector is the type I
(digit-l), which is simply an exctusive-OR
gate (Fig. 9.52). With low-pass fitterrng. the

, rt glves a periodic output at the
frequency). lf {" doesn't equal

the phase-error signal, after being
and amplified, causes the VCO

to cleviate in the direction of {*. lf
are right (lots more on that soon).

VCO will guickly "lock" to f^,, maintain-
3 fixed phase relationship with the input

Ar that point the filtered output of the
detector is a dc signal, and the control
to the VCO is a measure of the inout

, with obvious applications ro rone
(used in digital transmission over
lines) and FM detection. The VCO

put is a locally generated frequency equal
,lN. thus providing a clean replica of {n,

dich may itself be noisy. Since rhe VCO
/put can be a triangle wave, sine wave, or

, this provides a nice method of
a stne wave, say, locked to a train

input pulses.
In one of the most common applications

d PLLs, a modulo-n counrer is hooked
beween the VCO output and the phase
detector, thus generating a multiple of the
rnput reference frequency {". This is an ideal
method for generating clockihg pulses at a
multiple of the power-line frequency for inre-
gating A/D converters (dual-slope, charqe-

PLL corriponents

oalancing), in order to have infinite reiection
0f interference at the power-line freouencv
and its harmonics. lt also provides the basrc
tchnique of frequency synthesizers.

F  r g u r , .  V  5 . /

Erclusrve-OR-gare phase detectof {tvDe tj.

graph of the output voltage versus phase
difference is as shown, for input seuare
waves of 50% duty cycle. The type | (hnear)
phase detector has simitar output-voltage_
versus-phase characterist lcs. although rts
internal circurtry is actual ly a 

"four-quadrant

m u l t i p l i e r , "  a l s o  k n o w n  a s  a . . b a l a n c e d
mtxer." Highly hnear phase derectors of thrs
type are essential tor lock_in detectton. a
lovely technique we wil l  discuss rn Sectron
1 4 . 1 5 .

The type l l  phase detecror is sensit ive
only to rhe relalive rrming of edges letween
the  s igna l  and VCO Input .  as  shown rn  F ieure
9.53. The phase compararo, c,rcgtry geier_
ates erther lead or /ag output plts"s.
clepending on whether lhe transrlrons of rhe
VCO output occur before or after the transi-
t ions of the reference srgnal, respectrvely.
The width of these pulses ts equat to rhe
trme Detween the respegttve edges. as

,"'J-L_l-l_
','_l-L_[-L

re,--ssiuuul

I
T

! =

c 
Dnase

I Let's begin with a look at the phase detec_
, ta. There are actually twg basic types.
I illii*": referred to as type I and type il.
I 1* typ" I phase detector rs designed io be
I l,:i 

Or analog signals or drgrtat square_
I 

wave signats, whereas rne type il phase
I

r o c k 3  o n  t n r s  S l o r ) e
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l1i]0 Phase.tocked toops
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there is no "ripple" present at the output tg
generate periodic phase modulation in the
loop, as there is with the type I phase
detector.

Here is a comparison of the properries of
the two basic types of phase detector:

71pe ll
cctge-
ttggared
("cnarga

Pump")
rrelevanl

poor
row
full VCO

range
I

t^

' L r o

a,f  vco
l_=

Input duty 6rcle
Lock on harmonic?
ReFction of nose
Resrduaf cippb, ar Zfn
Lock range {Ll

Tvpe I
Excltr
siv*On

5O% optimum
yes
glood
high
full VCO

ran9e
f l - l f  <  1 l

l n
ta g -j l--JI-

,eao n n

Drtase ( ! t tLEtor  -  l - - - - - lg - - - - - - . f f  -  - -  -  l ' , .  -
ou t t ru t

a

Frgure  9 .53

Edge-sensitive tead-lag phase deredor (type lll.

shown. The output circurtry then either sinks
or sources current (respectrvely) during
those pulses and is otherwise open-circuir-
ed. generating an average output voltage
versus phase difference like thar in Figure
9.54. This is completely independent of the

Capture range
Outpur freqrrcncy wh€n f*

out of lock

There is one additional point of difference
between the two kinds of phase detectors.
The qpe I detector is always generating an
output wave, which must then be filtered by
the loop filter (much more on this later).
Thus in a PLL with type I phase detector the
loop filter acts as a low-pass filter, smooth-
ing this full-swing logic-output signal. There
will always be residual ripple, and consc-
quent periodic phase variations, in such a
loop. In circuits where phase'locked loops
are used for frequency multiplicatton or
synthesis, this adds 

"phase-modulation

sidebands" to the output signal (see Section
1 3 . 1  7 ) .

By contrast, the type ll phase detector
generates output pulses only when there is a
phase enor between the reference and VCO
signal. Since the phase detector output
orherwise looks like an open circuit, the loop
filter capacitor then acts as a voltage-
storage device, holding the voltage that
gives the right VCO frequency. lf the refer-
ence signal moves away in frequency, the
phase detector generates a train of short
pulses, charging (or discharging) the capaci-
tor to the new voltage needed to put the
VCO back into lock.

a VCOs

An essentiat component of a phase-locked
loop is an oscillator whose frequency can be
controlled by the phase detector output.
Some PLL lCs include a VCO (e.g.. the l inear

r e ' e l e l 1 : - ' l  
l l l - r

s'qro | l-J l-J t-J l-

. , ^ ^ l - r t -v uv l-J l-l 'J t-J l,-

r o c * 5  f l e r (""'J
0

F'gure  9  53

duty cycle of the input signals, unl ike the
srtuatron wrth the type I phase comparator
discussed earlier. Another nice feature of
this phase detector is the facr that the
output pulses disappear entirely when the
two signals are in lock. This means thar

-__ ln
I J  L

relerence I
snase I



Ee A,E.ilEg
_+=:z I q--=--

#H A EFiH-
L= E- ig€:a A
lsh)P t0

C ortkrll \e?'ms (ae -te6t - mass fusihb'- L \won+a,h;'

STAFT,E
GR-

tryrcER.



{

LECTUR^E 12.

Seismic Isolation

Lechre by Lisa Siever

Assigned Reading:

II. Leonard Meiroviteh, Elernents of Vibration Anolysis (McGraw.Hill,.I986), pp. 48=58.
[Thit reference develops the basic concepts of usi:ng mass-spring-da,mper systems for
vibration isolation; and it discusses the measurement of vibrations, and two g4pea
of damping that can occur in mechanical syetems: viscous da,rrping aud structural
damping. These two tSrpes of damping will play an important role in the lectures on
thermal noise next week.]

JJ. R. del Fabbro, A.di Virgilio, A. Giazotto, H. Kautzky V. Montelatici, and D. Pas-
suello, "Three'dimensional seismic super-attenuator for low frequency gravitational
wave detection," Physics Letters A,, 124,253-257 (1987). [This reference describes
and analyzes an early version of the arnbitious mass.spring-da,mper vibration-isolation
stack that ig being developed by the Pisa, Italy group as their prime contribution to
the VIRGO Project. The analysis of the LIGO isolation stacks is si"'ilar, though their
initial design is less a,mbitious.]

Suggested Supplementary Reading:
II. Leonard Meirovitch, Elements of Vibrotion Anolgsis (McGraw-Hill, 1986), pp. 39-48.

[This is largely foundational material underlying tbe assigned reading (item 1. above);
you may find it helpful.

KK. C. A. CantleS J. Hough, a$d N. A. Roberteon, "Vibration isolation stacks for gravi-
tational wave detectore-Finite element analysis," Rea. Sci. Instrum., 63, 22L0-22I9
(1992). [This paper, by the Glasgow gravity-wave Broup, illuetrates an isolation-stack
analysie that is more sophisticated than the simple models used in class and in refer-
ence 2, and that reveals pitfalls in the design of a stack.]

Lt. M. Stephens, P. Saulson, drd J. Kovalik, "A double pendr.rlum vibration isolation
system for a laser interferometric gravitational wave antenna,' Reu. Sci. Inshttm.,
62,924-932 (1991). lThis paper, passed out for other reasonE in Lecture 10, analyses
the use of compound pendula for vibration isolation.l

MM. L. Ju, D. G. Blair, H. Peng, and F. vErn Kann, "Iligh d5'namic r:urge measurements
of an all metal isolator using a sapphire traasducer,n Mass. Sci. Technol., 3, 463470
(1992). lThis paPer, by the Perth resonant-bar gravitational-wavedetector group,
describ$ a t;pe of all-metal isolator which might be a precursor to an isolation stack
for adva.nced IIGO detectors; see transparenciee 20,21, alord 22 of Sievers' lecture.]

A Few Suggested Problems: See the next page.
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at frequencies werf abovJwoi=krlmr ;;;;i Jesigne, wou[ "."l]:T:i,,ilonsprings are compressed to their maximum tim,t in order to get tne most bang fortheir buck, therefore me strain 
:l".r,gy in each spring strouri oe "r"rr.o eQual(k1/m1 = k2/(m1+me))' show that tt; transmissibirity X1(1ryrgat is maximized

;'"*:"fffiffiR *l f f:,:,".,f il' il;i' poi nt o i ii nii ir is h i ns retu ms is

1 .
2.

3.

L

2' work out the equafions of motion for the 1 and 2 stage pendula shown in Figure 2.compare the amount of isolation achisved at two different frequencies: ar = 2\frdfid u - ,r\fr

A method for mechanicafly damping a higi e mechanical resonance is to use a
"proof mass dampef as s-hown in Figrr"i. it" pri"f mass damper is a dampe6oscillator whose mass is much smaller tnan the ;; to be damped and whoseresonant frequency and damping coefflcient isluni specificaily to damp thesystem in rhe most effective ,i,"y] 

f^r-r.: m1=20m2;i:+ni, ",i,li.<o*Af1'Plot the transmiss_ibirity funaioix, 0&o tor g litr"rrnt damping coe-rrqents,c' [Definition of damping coefficient, c: ji i particre'ot r"r" rn moves uncrer thecombined influence of i linear restoring rord" -ii, ",ii a ,esisting force -ci, theflf:fi,l"fi:1i:l#fryil;; thb monon is -i + ci + k; =o- . c is
c=0
c=infinity

e2m2(%rf)

ffi'il{.'tr7,ffihereyou9etthemaximumattenuationpossible(i.e.

[A proof m€lss damper has been experimenhlly imptemented in Mark l. one of thestacks (i'e' optics plate mounted on rubber), ri"J 5 iign e horfzontar resonancest f1=4[12. In a compact vacuurn seafed ve;;t;; luitt a pendulum whose bobwas 1120 the mass of the ottenoing.optics prate. rne peno,um was partiarysubmerged in motor oit whose J"riirg co*ic,;; *" gir"n in (g). The rength ofthe pendurum bob was tuned to the 
l:so.nant rrequency of f2. The stack resonancewas damped without compromising tn e i"or"tioi'":i r,iln* frequencies.J
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LECTUR^ES 13 & 14

Thermal Noise

Lectura by Aaron Gillupie

Assigned Reading:
NN. Herbert B. Callen and Theodore A. Welton, "lrreversibility and generalized noise,'

Phys. Reu. E3, 34-40 (1951). [This paper derives a generalized veraion of the
fluctuation-dissipation theorem (Nyquist'a theo:em), cf. Lecture 2. The teruiaol-
ory and notation are quite different from what ie now standard. Equations (4.8) in
the qua,ntun regime and (4.11) in the classical limit describe the me^n square rralue
(V2) of. the fluctuating "generalized. force' I/ in terms an integral over the real part
R(c.r) of a complex generalized impedance Z(r). In modern language, one switcheg
from a.r to.f - u/2r and thereby rewrites (4.11) u (V2l:4kT I nf)af , and one
then identifies the contribution at frequency / as the "spectral density" of V:

GvU) = .sv(/) =i'2U) -- +kTR(f); (1 )

and similarly for the quantum-regime formula (4.8).1
OO. Peter R. Saulson, "Therrral noise in mechanical experiments," Phys. Rea. D 42,2437-

2445 (1990). [This paper applies the generalized fluctuation-dissipation theorem of
paper 1. to thermal noise in a mectrenical oscillator. The fluctuation-dissipation theo-
rem is Eq. (5) of this paper; and it implies that the spectral density of the oscillator's
displacement r(t) has the form (16),

c"(fl=iz|)=ffi. (2)

Here lc - muf; is the oacilator'e spring constant with aro its angular eigenfrequency;
u : 2Tf is angular frequency; and k/(r.r) ie .R(ar), the real part of the generalized
impedance. The key issue raised in this paper is "What is the frequency dependence
of $(w)?" For viscous da,mping, 6 x ui for structural damping, @ is independent of
w.)

PP. Aaron Gillespie and Flederick Raab; "Thermal noise in the test mass suspensions of a
laser interferometer gravitational-wave detector prototype r" Phys, Lett. A,178, 357-
363 (1993). [In this paper strong evidence is given that for the flexural motion of the
wire from which a test mass hangs, the damping is etructural, i.e. 6 is independent of
c..r. Note that in this paper the phrase "lineshape" is sometimes used for the spectral
density t2(fl.j

Suggested Supplementary Reading:
e. More on the fluctuation-dissipation theorem:

Herbert B. Callen and Richard F. Greene, *On a theorem of irreversible therrre
dynamics," Fhys. Reu., 86, 702 (i952).



f. Elasticity theory:
L. D. Landau and E. M. Lifshitz, Theory of Elasticity (Pergamon Press, New
York, 1959).

g. Losses in materials:
g1. A.S. Nowick and B.S. Berry, Anelastic Reloxation in Crystolline Solids, (A""-

demic Press, New York, 1972). [A good, general book.]
A.L. Kimball a.nd D.E. Lovell, "Internd frictiou in solids,n Phgs. Rea. 30 948
(L927). [An early reference for losses independent of frequency, i.e. structural
da.rnping, in solid materials.l
Clarence Zener,, "Internal friction in eolids: I. Theory of internal friction in reeds,n
Phys. Rea. 52 23A (1937); "Intemal friction in solids: II. General theory of
thermoelastic internal friction," Phys. Rea. 63,90 (1938). [The original referencee
for thersroelastic damping.]

h. Vibratione of Cylinders:
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pended by an anelastic wire,' J. Acoust. Soc. Am, in press (1994). [See Aaron
Gillespie (x2128) for a copy.]
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tectors,' Phys. Lett. A 161, 101 (1991).
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quality factor measurements of suspended urasseE due to resonurnces in the suE
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A Few Suggested Problems:

L. Relationship between the equipafiition theorem and the fluctuation-dissipation theorem.
consider a pendul'm with mass m = lkg and swiug frequency fo = 2tuo = L Hz,,
and with da'rnping suctr that, when it is driven at angular frequency c,t, ite equation
of motion is

rnt = -k(1 + iQ@\r * Febt; (3)

wh€re k - m/')Z and e is the transverse position of the pendul 'rn mass. Recall from
Gillespie's lecture or the above assigned reading that the pendulum'a position will
exhibit fluctuations with spectral density grven by Eq. (2) above.

a. If the pendulrrm is set swinging freely, what is ite da-ping tinoe, i"e. the tirne r.
for ite energy of swing to be damped by l/e?

b. Tlrke 6(r) = L0-7wf wo, corresponding to weak frictional da,rnping. Integrate
the thermal noise spectrum to find the pendulun'E rms velocity urmr = (i2)U2.
Compare your result with the rms velocity predicted by the equipartition theorem.

c. What is the full width at half marcimun (FWIIM) of the therrral noise spectral
density i2U) in terme of /o and Q@)?

d. What fraction of the pendulum's total nns energlr lies in the frequency band
defined by the FWHM around the resonant frequency? What fraction lies within
10 FWIIM?

e. Take 6@) = 10-7 independent of c.r, corresponding to structural da.mping. No
tice that at c,r ( wo, the pendr:Irtm's motions are characterized by flicker noise,
i2U) x \/f , and that as a result the integral of the spectral density diverges.
Can you explain physically how this comeE about? Take as a lower cutoff fr*
quency the inverse of the lifetime of the universe (1010 years). What then is the
pendulrm's rms velocity?

2' Johnson noise and thertnal noise due to eddy cutrnt damping. In Gilleepie's lecture
the eddy current daurping of a pendulrrrn dss to a simple current loop and a resistor
was found; see his transparency nurnber 20.

a. what is the spectral density of the pendulum's dispracement, i2(f)?
b. An electrical resistor has Johnson noise, i,r(t) = 4ksTR where g is its resis.

tance. Compute the pendulum's spectral density i2U) due to the Johnson noise
associated with the flow of current in the resistor.

c- Is there a difference, physically between the damping processes in parts a. and
b.?

3. Pendulum losses due to flering of the uire rnateriol This problem examines how the
losses in the pendulrrm due to flexing of the wire material and the associated thermal
noise scale with the paranreters of the pendul 'rn.

a. Show that, for a pendulum of fixed mass, the thinner one makes the support wire,
the weaker will be the damping of the pendulun's swing.

For parts b{, assume that the wire is stressed to its maximum safe value, i.e. that
its tension per unit area is held at the maximum (a fixed constant independent
of the pendulum's other parameters).



b' How do the penduh:rn's lossee, i.e. 6(r), scale with ite masE? IIow does theoff-resonance thermal noise scale with tLe rnassz
c' One waf o{ getling high Q pendulrrrnr ie to us€ ribbons with rectang'Iar crosEsections rather than circular wires. IIow do the loss€ in the pendulum-scale witlthe ribbon thickness (its short dimension)? How does the off_rooooce therq4

noise scale?
d' How do the losses and thermal noise in the vertical mode scale with mass? withribbon thicknsssT

4' Effectiae mass coefi,cients in o simple model of a test mu,s. The concept of .effective
mass coefficiente" was introduced in Gillespie's lecture (see his transparency numbers4U4l and also see reference 7.a of the sufplement"rv t""aiog). E:rplicit calculation
of these efective mass coefficiente iE a recent development.i" in" gravitational-wave
field' Previously, experimenters used a model which assuxoed that the laser was anideal one'dimensional bea,rn and the m€rss x'as one dimensional. In thie model, themodee can be found by solving the one-i{imensional acoustic nave equation:

8 u  l 8 u- =
022 C At2 '

where c is the sound velocity and, u(z,t) is the longitudinal displacement of the mass,smaterial.
a' What a're the eigenfirnctions of the modes? (The boundary condition ie no stressat the end faces: 0ul0z = 0 at z = *,hf2 where h is the length of the mass.)
b. What are the effpctiwa '.qcq ^^ofBaianso ^- ^ &.--r:^- -r 1t;;"";;;"ilt",^ f  l L ^  - f r t .  - - . t , o  w  r  . rof the ntth mode? How do these compare to the actual effective mass coefficients

of the 40m prototJpe's test masses for the lowest-frequerr"y *oJu, ,oi i"" rrign*-
frequency modeg?
What is the mode density p(u)?
what is the low-frequency (a 4 ta) thermal noise as a firnction of the highet
frequency mode included in the analysis?
Experimenters knew that thie model was flawed in that the axislmmetric modescomprised a twedimensional system (p(r) ( r), so they used the effective mase
::",T:r:lf ^.:lf" 

one-dimensional modeiu"t "nilged the mode densiry to p(u) x
::^T._r_:]:1l":-Tt"::o rhermal noiee in this * "r "n-"r1"" Jil;;;;
frequency mode included?

(4)

c.
d.

e.
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FORCED VIBRATION OF SINGLBDEGREEOF.
FREEDOM TINEAR SYSTEMS

2.I GENERAL CONSIDERATIONS

A very important subject in vibrations is thc rcsponse of systems to cxternal
excitations. The excitations, for cxample, can be in the form of initial displace-
ments, initial velocities, or both. Following initial cxcitation alonc, the systern
vibraEs frcely, for which reason such motion is rcferrcd to * free oibration, a
subject discusscd in Chap. l. However, the cxcitation can also bc in tbc form of
forccs which persist for aa cxtended period of time. Such vibratiou is called
lorced oibradon and is the subjcct of this chapter. For liuear systems it is possiblc
to obtain the response to initial conditions and exteraal fore scparately, and thco
combinc tbcm to obtain the total response of the sptcm. This is bascd on thc
so-called principlc of superposition.

Thc procedurc for obtaining the rcsponsc of a systcrn to cxtcrnal forces
depends to a hrge cxtent oD rhe typc of cxcit8tion. Iu this cbapter wc follow a
patten of incrcasiug complerity, bcginning tbe disarssion with tbc simple harmonic
excitatioa, extending it to periodic excitation, and culmiaating witb uonpcriodic
excitation. Because of its fundamental natur€ and bccause it hss a muttitude of
practical applications, the casc of harmonic excitation is dircussed in grsat derail.
The principle of superposition teceives spccial aucntion, as it forms the basis for tbe
analysis of linear s5rctenrs. A rigorous discussion of the priaciple is provided. Thc

f
i

t ,
t
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case o[ periodic-elc-italior! cal -E tqduqqd q $3-t -of !41491tc eu4l1iolr, by tggqtd-
ing the periodic forcing function as a superPosition of harmonic functions through

the use of standard Fourier series. To discuss the rcsponse to nonperiodic cxcita'

tion. the impulsive response and_convolution integfal are introduced. Finally, thc

system response by the Fourier transformation and the Laplacc transformation is

introduced, and the many advantages of the lattcr method are pointed out.

2.2 RESPONSE TO HARMONIC
FREQUENCY RESPONSE

Let us consider the damped second'order linear system dcpicted in

differential equation of motion of the system, Eq. (I.8), is

n-t(t) + ci(l) + *x(r) = f1l1

where all the quantities are as defined in Sec. 1.3. The homogeneous solution of

E q . ( 2 ' l ) , o b r a i n e d b y l e t t i n g F ( r ) = 0 , w a s d i s c u s s e d i n C h a p ' l , a n d w i l l n o t b e
repbated here. We shall concentrate our attention on the panicular solution

initead. First we wish to considcr the simplest casc, namely, the rcsponse of the

system to harmonic excitation. To this end, we let tle force have the form

F(t) : kf(r) = kA cos at (2.2)

where the excitation frequency ar is sometimes refctlcd to as tbe driaing frequmcy'
Nore rhat/(l) and l{ have units of displacement. The introduction of the function

fQ) may appear anificial at this point, but it permits the construction of a

nondimensional ratio of response to excigtion, as we shall see liater. Non'

dimensional ratios often enhancr the usefulness ofa particularanalysis bycxtending

its applicability to a larger variety of cases. Insening EC. e.D into (2.1)' and

dividing through by ra, we obtain

L

t(t) + 2lo"*(t) * or,2x(t) = !f() = tt,'A @s to11
m

The solution of the homogencous differtotial cquation (obtained by lening

A = Ol dies ost with drnc for ( > 4 for which rcason it is callcd the transiezt

solurion. On the other hand, tbe particular solution does not vanish for large r and

is known asthe neadynate solwion to thc harmonic excitation in question. By

virrue ofthe fact that the sysrcm is lincar, the principlc ofsupcrpositioa holds (see

Sec. 2.7), so that the Uagsient gnd stcady-statc solutions can be obUined scparatcly

and tbcn combined to obtaiD thc complctc solution.
Bccause thc excitation forcc is har:nonic, it can be vErifid casily tbat thc

steady-sgrte rcsponse x(r) is also harmonic and has the samc frequensy ar. Noting

EXCITATION.

Fig. 1.6. The

(2.t)

(2.3)

I

I
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FIGURE 2.I

that the lefi side of Eq. (2.3) conrains both evcn- and odd-order time derivatives
of x(l), we assume a solution in the form

r ( t ) = X c o s ( o t r - $ ) . (2.4)
where x and f are the arnplitude and phase angte of the response, respectively,
quantities rhar musr yet be derermined. Inserting solurion (2.4) into Eq. (2.3), we
arrive at

Xf(<'t,2 - co2.1 cos (cttt - Q) - 2(aSt sin (arl - d)l = c,t,zA cos at (2.S)
- and, recalling rhc uigonometric relations

cos (art - 6) = cos @t cos C + sin <ot sin {
sin (ort - C) = sin ax cos C - cos all sin {

we can eguatc the coefficienrs of cos ror and sin @l on both sides of Eq. (2.5), witb
the result

Xf(@"' - ar2; cos g + 2(u,a sin gf = s,z1
xf(rp.' - o.r2; sin 0 - 2(@,@ cos {] = o

Solving Eqs. (2.6), we obtain

t -
{[l - (r.,tor")zfz + (Zc@l@,rz]tt2

and

d = tan-t (2.8)

which, when insencd inro Eq. (2.4), completcs the partiorlar solution of Eq. (2.3).
Typical plots of the excitation and responsc are shown in Fig. 2.t.

At this point, ir appear desirable to represcnt the haruronic cxcitation by a
complcx vcrtor, bccause such a representation poss6ses many advanrages ia tbe
derivztion ofthe response. To show this, Ict us recall from scc. 1.5 tbaa

gbt = cos orr + i sin alr Q.e)
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FIGURE 2.2

Equation (2.9) is represented graphically in thc complcx plane of Fig, 2-2, from
which we conclude that et'' can be regarded as a complcx vector of unit magrritude
rotating in the complex plane with angular velocity co. Henccr cos art is simply
the projection of the complex vector et'' oB the rcal axis, i.e., t}e real part of e''t.

Let us consider again the darnped second-order linear systenn dcscribcd by
Eq. (2.1), and represent the excitation by the complcx form'

.f(t) = Ae'' ' (2.r0)

wirh the tacir understanding that the excitation is gnom only by the real part of.f(t).
Then the rcsponsc will also be given only by the real part of x(t), where x(r) is thc
solution of Eq. (2.1) subject to the cxcitation in the form (2.I0). Tbe guautity ,{
is gencrally a complex number.

In view ofthe above discussion, the response will be regarded as thc real part
of x(l), where x(r) is a complex quantity satisfying the difrerential cguation

*(t) + 2(a,*(t) + a,2x(t) = a,zf(t) = or,2Aei'' (2.1r)

Conccntrating on thc steady-state solution, wc can casily show that it has thc forrr

whcrc Re designates the real pan of the expression inside brackcts. We notice from
Eq. (2.12) rhar the tesponsc .t(l) is proponioual to the force f(t) = F(t)/&' thc
proponionalit;- fanor bcing

H(al = (2.13)
l-(ar/q(rr .) :+i l ia i lo,

r-biiiii*, is iErrrt s '!q ;safq!! x rita'ta.c; rcsryrn:te- R'er-lliag that thc force in thc

spnDg rs Frtl) = ii:\l ,, s': cos;lu;: fro;, Eqi' (2'l2t zz'- i2'l3l tLz:

or the complex frequcocy respousc cas bc ideutifrcd as the nondimensional ratio

bdween the forcc io tu. ,p"ig and tbe act.ar cxcitstion forcc F(r). lD deining

(2.14)
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{lr - (ula,)'�Jt + lz(@l@ffu,
(2.rs)

0

FIGURE 2.3

thc for-e in the spring, it is perhaps worth reminding ourservcs thatx(r) is measurcdfrom the static equitibrium position.

. F o.T complex algebra, wc concrude that the absorute varue of r{ar), caledthe magnificationfacror,is equal to the nondimensionat ratio berwecn the amplitudcX of the response x(r) and rhe amplitude I of the excitarion/(r) [see fq. fZ.Zl],namely,

lF(o)l -

Figurc 2'3 shows ptos of lrt(ar)r versus <rr/ar, for narious values of (, which permit
the observation that damping tcnds to aimush ampritudes ano toitrifr the pcaksto the left of thc vcnical through aflo. - l. To fnd the ratucs at which the peaks
ofthe curvcs oocur, we usc t'he itanoaia rcchnique of calculus for findint statioaaryvalucs of a fuaction, namglf, wc difrercrtiate Eq. (2.1D with rcspcct ti c., and serthe result equal rc zcro. Tbisreads us to rhe conctusion that the p."k, oou, "t

q r = @ , ( l  - 2 ( l t r z (2.r6)
indicating that the maxima do not occur at the undampcd aatursr fitquenry al.but for values o/crr, < I, depending on the amount of aanping. Otrly, for

I .0.05

I  -  0 .10

l . 0 . l J

I = 0.25
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?>-ll{2 the response has-no'peaks; and for ( =-0 there is a discoatinuity'at
atlutn = I. The case ( = 0 corresponds to the undamped case in which the

homogeneous differential equation reduces to that of a harmonic oscillator,

leading us to the conclusion that when the driving frequency co approaches the
natural frcquency rrr, the response of the harmonic oscillator tends to incrcase

indefinitely. In such a case the harmonic oscillator is said to approach ̂  rcsonance
condition characterized by violent vibradon. However, solution Q.12) is no longer
val idatresonance;anewsolut ionofEq.(2.3)correspondingtocrr  = <r ln isobta ined

later in this section.
We notice that for light damping, such as when ( < 0.05, the maximum of

lll(a))l occurs in the immediate neighborhood of afla, = l. Introducing the

notation lll(ar)l-., = Q, we obtain for small values of (

(2.r7)

and rhe curves l//(co)l versus otf ron are nearly symmetric with respect to the venical

through tDla, : I in that neighborhood. The symbol p is known as the guality

factor because in many electrical engineering apPlications, such as the tuning

circuir of a radio, the intercst lies in an amplitude at rsonancc that is as large as
possible. The symbol is often rcferred to as the "p" oflhc circuit. The points

P, and P2, where the amplitude of lll(ar)l falls to QlJ2, are cz,lleA half power
points because the power absorbed by the resistor in an electric circuit or by the
damper in a mechanical system responding harmonically at a givcn frequency is
proponional to the square of the amplitude (see Sec. 2.6). Tbe iacremcnt of
frequency associated with the half power points P1 and Pr is referrcd to as thc
bandwidrh of the sysrcm. For light damping, it is not difrcult to show that thc

bandwidth has the value

(2.r8)

(2.1e)

which can bc used as a quick way of estimating Q ot (.

At this point lct us tum our sttention to the phasc anglc. If we recall tbat
eb = cos C + i sin $, we can use cxpressions (2.13) and (2.1D and sbow without

much difficulty that

I
O = -- 1 i

6 @ = 0 ) z - g J 1  = \ u ,

Moreover, comparing Eqs. (2.17) and (2.18), we conclude that

o - ! - - % -= - 2 (  
c ) z - @ r

H1C.)7=|Hl@)le- ' '

n'hcrr

(2.20)

(2.21)d = t:rn-, 
l[ru/to"

I - (arl@,)2



TTORCED VtlrATtON OF St{Gt€.DECpsrcFFhOtrt tic^n gffslEf.s 45

0

FIGURE 2.4

which is the same as Eq. (2.g) obtained prcviousty. In view of Eqs. (2.20) and(2.21), solution (2.12) can be written in the form
x(r) = g. fenkie^,) = xe L,qH@)ldto=o2 e.n)

from which we concrude that { is the phase angtc, namely, the angre betwecn thcexcitation and the response (see sec. 2.3). Figure 2.4 plos { versus alo4 forscfectcd values of (. Wc notice that all curves pas tbrough tie point e = nl2,@/.u, = I. Morcover, for cola, < I thc pbase anglc teodi to zcio, whsrcas forq, l@,> I  i t rendstoa.

. fot 
(_= 0 the plot f versus tolco,has a discontinui ty at olot, = t, jumping

from C 10for @l@n 1I 19 4-= xior otlu, > l. Thiscan bceasilycxptaincdbecause for ( = 0 solution (2.22) rcduces to
l - r - l

x ( r ) = R . l * a r , - f  
e . z 3 )lr - (aflogz J

1o that the response is in phase for ofla, < r aad rg0'out ofpbasc for atrot. > r.Equadon (2.23) also shows crcarry'that thc rcsponse of a baruonic osciilator
1:"Y* 

wirhout bounds a3 ttre driving frequency ar approaches the nanratrrequency @,.
Finally, let us consider the casc ofthe barrronic oscilrator at rcsonaacc. rnthis casc the diffcrendal equadou of motiou, Eg. (2.3), reduccs to
r(l) + @.2*) = err2l sos @rrt e.24)
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x(t) =

RGURE 2'5

Note that, because tbe velocity term is zcro, there is no need to use the complex

vecror form for the excitation and response. It is not difriult to verify by

substitution that the particular solution of Eq. (2.24) is

! 
tJ "in t,t (2.2s)

which rcpresents ossillatory rcsPonse with an amplitude incrcasing linearly witb

time. Ttris implies that the response undergoes wild fluctuatiotls 8s r becomes

large. physicaily, bowever, the response cauot grow indefinitely, as at a ccrtaia

timc the small-motions assumption implicit in linear syst€ms is vioLatcd. Because

the excitation is a cosinc function and the resPonsc is a sine funstion, there is a

90o phase anglc betwan thcm, as can also be concluded from Fig. 2.4. The

response r(r), as given by Eq. (2.25)' is plottcd in Fig. 2.5 as a function of timc'

The completc solurion of Eq. (2.3) is obtained by adding the homogeneous

solution, Eq. (1.28), to the particular solution, F-c. e.22). To avoid confusion, we

shall changi thc aotation of tbe amplitudc in Eq. 028) from I to ClDd of the

phase angli from { to ry'. Moreovcr, we sbatl assume without loss of gcncrality

ihat I in g.4. e.n) is e real quantity, so that thc completc solution becomes

x(t) = AIH(a\l cos (or - $ + Qs-@J cos (s,.t - $ (226'

It is clear that the fint tcrm on the right of Eq. (226) rcPrcscnts the stcady-statc
Solution, whercas thc second term r€Prcscnts the transicnt solution.

Exanptc 2.1 Rotatlug UoU"fro".a Masscs

As an illusrration of a system subjected to baroonic cxcitation, we considcr thc

case of Fig.2.6, in which two ecccntric Eass6 ml2 totzte in oppositc dircstions

with coustist angUlar vclocity al. Tbc tliasoD for having two eqgal masscs rotating



in opposite directions is that the horizontat conponcnts of cxcitation of the twomasses cancel cach orher. on the orher hand, the vcnical componcDts of excitationadd. The venical displaccment of tbe eccentric masscs is .r * r sia ir, wherc xis measured from the equilibrium position. !n view of this, it is noioimcult toshow thar tbe difcrential equation of the systen is

. .  , 1 2 ,  d 2( M  -  m ) ] ,  +  m * < t  *  / s i n u t ) +  " + +  k x  = . 0  @ )d I .  d t , '  '  - d t

which can be rcwritten in the form

Mt:(t) + ci() + /or(l) = mtat2 sin ot = lmQnleozeb) @)
where Im denores the imaginairy pan of the exprcssion within prcnthcscs. FromEq. (2.22) we conclude rhat the response is

x(r) = rr i3 t e\ w1,,71g,t ,-otl
LM \r,/ 

' 
J

=+/(g\ wt l ,s in(ax - {) ,M \r,)

in which the phase angle { is given by Eq. (2.2t).

:(t) : Xsin (arl - fl

we concludc that

x = 4(9\' ,r<,u
M \r.) 

"'
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FIGURE 2.6

Writing tbc rcsponse in the form

(d)

t "  -# (c)

Hencc, in this panicular casc the iadicated aondimensioasl ratio is

lH(oil

(e)

a
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instead of l}r(ar)l alonc, so tbat Fig. 2.3 is not applicable. plots of (arioJrw@)l
versus c/ar" with ( as a parameter arc shown in Fig. 2.7. otthc otier lana, tnc
plot { versus ro/crr" remains as in Fig. 2.4.

We note that for ar - e @lu)2lH(a)f * 0, whcreas for cn - e,
(ulot)2lH(cp)l - l. At rhe same time, irom 

-4. 
e-if), we conclude rher as

s) s @, 0 - t Sincc thc mass M - ra undergoes tbe disptaccncnt Im x,
wbereas thc mass z undergoes the displacemcnt Inir * reb),it follows that for
large driving frequencies ar the masscs M - m and nr now in such a way tbat
the mas crnter of the system tends to rernain statiouary. This is truc Fgardlcss
of the amount of damping. Nore that Im .r - -X si! cttt for latgc ro.

Example 2J llaruonic Motion of the Suppon

Anotbcr illustration of a system subjccrcd to baruonic excitation is that in which
the support undergocs harmonic motiou. c.oasidcring Fig. 2.g, tbc diffcrcntial
cquation of motion can bc shown to have the foru

z r i + c ( i - r r + k ( x - y ) = e (a)
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_r"'

_r"'
Ieading ro

* + 2(a,i + a42x = 2(o,! + @,2y (b)
Lerting the harmonic disptacement of the support be givcn by
y(t) - Re (Aeb\ 

(c)
the response can be wrirren as

x(r) = nrl - ).1,.'?i4go- ee-] @)lt - (alo4)z + i2(ala4--- J

fo{owjne a procedurc similar ro that uscd prcviousry, the responsc can be wrirtenin tbe form 
---- ---r--v -" i

x(r) = X cos (at - gr) 
(e)

where

x = A {rlqt:,yt'%} 
"' = ̂  f' * ff)'1"' t' r'tt (-r)

and

dr = ran-t 2E(ala")t
1-(@la.)2+(2(o lc t , )z

Hence, in this casc the indicatcd aondimcnsionat ratio is

4-ft *(rc1'-t'''la  L  \ r , /J  
l ' (a) l

G)

(h)

where the r.so x/A is klown as_trutmissibiritr. curvcs xft versus corto.with (as a Par'ameter are protted in Fig. 2.g. Moreover, c'rvcs f1 vcrsus cr/al, forvarious values of ( arc showa in Fig. 2.10. Agnin foi f _ O O"'rcspoit is eitbcrin pbase with thc cxciration fot crtja4 < t oi conpreEry out of pbase with thecxciation for otla4 > l.
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2.3 COMPLEX VECTOR REPRESENTATION OF
HARMONIC MOTION

The representation by complex vectors of the barmonic excitation and the rcsponse
of a dampcd system to thar excitation can bc givcn an interesting geometric
interprctation by means of a diagram in the complex pranc. Indecd, di'ffercutiating
Eq. (2.22) with respcct ro rime, we obnin

i(l) = iotAlH(at)le't-'-ot : iau(t)

i(t) = (i@)2AlH(u)letto,-., - - cozx(t)

(2.27a)

(2.27b)

Because i can be written as i = cos vl2 + i sit nl2 - et't2, we conclude that thev.ellrtv leads the displa*ment by thc phasc ,o,gle zrl2and that it is murtiplied bythefactorar. Morlover, because -l can becxprcssedas -l : cos r + jsin z _ei', it follows that the accrleration lcads the displacement by thc pbasc angle z andthat it is muldplied by the factor ar2.
In view of the above, we can rcprcsetrt Eq. (2.11) in the comprex plane shown

in Fig' 2.1I. There is no ross.of generarity in rcgarding the ampr-itudi r as a rcarnumber, which is the assumption impried in Fig. z.lr. me intcfrctarion ofFig. 2.ll is rhat the sum of thc complex vccton i(t), \ot$(t), anA crl"rx(lj
-balances co,zaeb', which is precisery thi requircncnt tn", gc. tz.fi) oc satisfieo.
Note that the entire diagram rotares in the comptex pranc *io -g,rr", velocig
crr. It is clear that considering gnly the reat part br thi t spoor" is tie eguivalent
of projecting the diagram on'tbi real axis. wc can just as casity rctain tncprojections on thc imaginary axis, or any othcr a;is, witirout arectin! the naturcof thc rcsponse; retaiaing the rcar pan happens to b vcry convcniit. In viewof this, it is also clear tbat tbe assuarption il"t ,l it rcal is immatcrial. choosing
I es a complex quantity, or considering projcctioos on an axis other than tbe rcalaxis,^w-ould. rncrcly imply the additioa or i prasc aryre $ to all tbe rrecton in
.Hg: 2.J-t, without changing rheir rclativc positibn.. Thisis cquirralent to multiptying
both sides of Eq. (2.1 t) by thc constant fac-tor { .

i
I

I
zt
I

u.2 , lg i t t
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2,4 VIBRATION ISOLATION

milv anaiarns of iha tvDe shoim in Fis. I.?'rype I n Fig. I.?; we ere intcrcsted in transmittiug -In many systems

Hence, we havc

(2.28)

(2.2e)

as little vibration at pottibl".io the base. This problem can bccome critical when

the excjtation is harmonic. Clearly, the force transmittcd to tbc basc is through

springs and dampcrs. From Fig.2.11, we conclude that the amplitude of tbat

forcc is

F,, = mL(2(st,*)' + (',t')')t t'

where the amplitude of the velocity is simply arx'

r /riar\21'i,
F , ,  =  k r l l  +  1 =L  \ ' , )  )

But from Eq. (2.22), if we recalt that the phasc angle is of no consequencl' wc

(2.30)

*= [ ' * ( * : ) ' ] " ' t ' ( ' ) l
(2.3r)

Because Ak = Fo is the amplitude of the actual excitation force, the nondimen-

,sional ratio f,r/F; is " .""tui" of the foree transmitted to the basc. Tbe ratio can

be writtcn as

and is recogrized as the rawmissibitity given by Eq' (l) of Exanple.T'2' Hescr,'

the plots F,7Fo vcrsus otlo4 ate tbe samc as the plots Xft vcrsus allal' shown in

Fig. 2.9. It is not difficult to show that when ala" 7 16 Ot full force is traus-

mittcd to the basc, FnlFo = l' For values <rr/crr' t tE tU" forcc transmittcd tcnds

to dccreasc with incrcasing driving frcgueucy al, rcgardlcss of (. IntcrestinSly'

damping does not alleviate the situation, and, in fact' for aila. > V2" tbc larger

ttre iamping, the larger the ransmitted forcc' Recalling bowevcr' that i!

increasini t[" a;"inifrequency wc would havc to go through-a-rcsonauce

condition for rcro dampin!, wc conclude tbat a smsll amount of damping is

desirable. Morcover, the case of zero damping rePrcsents only an idcalization

whicb does not really exist, and in practicc a small atDoult of damping is always

PreseDt.

2.5 VIBRATION MEASURING INSTRUMENTS

There arc basically threc tlpes of vibration measuriag instrumcnts, nancly, tbosc

mcasuriag accclcrations, "ito"ity, and disp}rcencnts. We sball discuss the fint and

O" OiJ-oofy. Many instrumcnts consist of a case containing a spriog'dampcr'
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mass system of the type shown in Fig. 2.12, and a device measuring thc displacc-
ment of the mass relative to the case. The mass is constrained to move along a
given axis. The displacemcnr of the mass relative to thc case is generally measured
electrically. Damping may be providcd by a viscous fluid inside rhe case.

The displacemcnt of the case, the displacement of the mass rclative to the
case, aud the absolutc displacement of the mass are denotcd by Xr), z(l), and
x(r), respectively, so that x(l) = .y(r) + z(r). The rclativc displacemenr z(l) is thc
one measured, and from it we must infer the motion flt) of the case. Althoug!
we wish ultimarely to determine y(r), ir is the response e(r) which is the variabte
of ioterest. Using Ncwton's second law, we can write thc cquatiou of motion

zt(r) + cli(t) -r0)]+ &[x(r) -r(r)] = o (2.32)

which, upon climination of x(r), can bc rcwritten as

na(t) + ci(t) + kz(t) = -nt(t) (2.33)

Assuming harmonic excirariou, {r) = Aeb',H, (2.33) Ieads to

m 2 * c 2 * k z = A m o z e b ' Q.v,
which is similsr iD stnrcurE to E4. (D) of Eumple 2.I. By analogr, the respoasc is

lH(oilCtot-ot (2.3s)

whgre th9 phase rngle { is givcn by Ec. (2.21). Introoucing tbc notarion z(t) =
zoctto'-)t, wc coaclude tbst the plot zolA veturs o/ot, is idcntical to that E"* ia
Fig.2.7, The plot is sbowa apiu ia Fig. 2.13 ou a scale morc suitable for our
purposcs bcrc.

z(t) = ^ (*)
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For smalt values of the ratio alo4 the value of the magnification factor

l//(ar)l is nearly unity and the amplitude zo can be approximatcd by

. l r\' (2.36)
z o =  A l - l

\@"'l
' al to the acceleration of the case' Hence' if the freguency

so that ze is ProPorttonl
ar of the harmonic o,ouoo or rhe case is sufficientry low rerative to the natural

frequency of the system'G, ,t " amplitude rztio zsla can be approximated by thc

o"t"o"irltrjr-ri(sa Fig. 2.13), thi instrument can be used as zt accelerometer'

Because rhe rangc ot rt6,i *i i.t tt. amplitudc ratio can be approximated by

(ala\). is rhe samc "r',il ong. in which-ilt(ar)l is aPProxinately unity, it will

provc advantageous ,o i.fo ,J the plot ll{o)l venus arlo" instead of the plot

l./,1 
-t"rrut 

co]ro,. Figurc 2'14 shows plos III(or)l versus cof@' in tbe range

0 s ala^s l, with (;;;"; "' " p"ottto' .From Fig'2'14' wc conclude tbat

rhe range in which lIt(rtii; ";proiimately unity is very small for light damping'

*t ict iimpties that the o"tuoi i,tqu"n"y 
-of-ligtrtty 

damped accclcrometers must

bc apprcciably larger d;-,h; ft Cucncy of tJnarmonic modon to be mcasured.

To increase the range of utility of the instrumeat, larger damping is necessary' It

is clcar from that figure that the approximation ii valid for a larpr ',,age of colto,

if 0.65 < f < 0.70. lnJia, for ! = 0'? the accclcromercr can bc used in the

range 0 s tolot^-< 0'4 with less than I percent etror' and thc range can bc

extended to olco, s o.z ii prop.i corrections, bascd on the instrument calibration'

are made. Accclcromercis'*iitt " pi.-elcctric crystal scrvin-g both as the spring

and tbc scnsor and witb a frcquency rangp to s,om sps (Hz) are comnercially

available.
AlsofromFig.2.l3,wenoticlthatforverylargevaluesofo/al.,theratio

Ue ='Trti.ltfltilX approaches unitn regardlcss of the amount of damping'

I lcncc. if thc objcct is to mcasurc displacements, then wc should make thc aatural

|requcncyotthesysrcmsvcry|owrclativctotheexcitationfrequency,inwhich
r,"sc thc instrument it Jf.c i vibrometer' For a seimrograph' whicb is an instru'
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ment designed to measure carth displacements such as those caused by carthquakes
or underground nuclcar cxplosions, the requircment for a low natural frequency
dictates that the spring be very soft and the mass relatively heavy, so that, in
essence, the mass remains niarly stationary in inertial spacc whilc the casc, being
attached to the ground, moves relative to thc mass. Displaccment.mcasuring
instruments are generally undamped.

Bccause seismographs require a much larger mass than accelerorneters and
the relativc motion of the mass in a seismograph is nearly equal in magnitude to
the motion to be rncasurcd, seismographs arc considerably larger in sizc than
accelerometers. In view of this, if the interest lies in displacemcnts, it may prov€
rnore desirablc to use an accelerometer to msasure the acceleration of the casc, and
then integrate twice with respect to timc to obtain thc displacement.

2.6 ENERGY DISSIPATION. STRUCTURAL DAMPING

ln Sec. 2.2 we bave shown that the rcsponse of a springdamper-mass systcm
subjected to a harmonic excitation given by the rcal part of

F(t) = Aket'l

is given by the real parr of

r(t) = AIH(s)l{d-., - XCild-.,

wbere

(2.37)

(2.38)

X = AIH(st)l (2.39t

can be interpreted as tbe maximum displaccncnt amplitude. Moreovgr, we bara
showl iD Ss. 2.3 that there is no loss of grocrality by rcp diag ,{ as a rcal
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numbcr' clearly, because of damping, the sysrcm is aot conservative, and indecd
energy is dissipated. sincc tbis cuergy dissipation must bc cqual to thc work done
by tbe cxteraal force, w9 cao writc tbe exprcssion for tbe euergy dissiparcd pcr
cycle of vibratiou in the form..

AE.r. = F* dt

where we rccall that only tbe real pans of F and j must be coasidered. Inscrting
Eqs. (2.27a) and (2.37) into (2.40), we obtain

AErr" =

=

-  i l d t

(2.41)

' Scc L. Mcircvilch,'Anrtnicd Mctlodr in Vibntios,.'0. ro2'Tbc Mrcoiltra Co.,
Ncs YorL.1967.

(2.40)
f f 2 i l @

I  r a ' = ;
J c f E  J 0

- kA2lH(c'))lc') f 
t"' 

"o, col sin (orl
J O

ma,2A21il1a1lz sin d

From Eqs. (2.8) and (2.15), it is not difficult ro show tbat-

sin { = zq, ! gr]rqoq = .-\ Wt(d)l e.42)o ) r  f r@^ -

where it is recalled that ( = cl2na,. lnserting Eqs. (2.39) and (2.42) into (2.41),
we obtain the simple expression

AE.n. = cnaX2 e.43)
from which it follows that the cnergiy dissipatcd pcr cacle is dircctly proponionat
to the damping cocfrcient c, the driving frequeacy ar, and thc squarc of tberesponsc
amplitudc.

Experiencr shows that cnergy is dissipatcd in all reat systems, inctuding those
systems for which the mathematical model mates no spcciEc provision for
damping, bccause arcrgy is dissipated in rcal springs as a rcsult of jnrcrnal fricdoa.
In sontrssr to viscous danpin& damping due to intcrnal frictioa docs not depead
on velocity. Experineos pcrformed on a large va,ricty of matcriats sbow that
energy loss per grclc due to intcraal friction is rougily proportioual to tbc squarc
of tbe displacement amplitude,.

i3'f,rr, - ql2 (2.44)

where a is a constant indepeodent of the frequency of tbe barmonic oscillatiou.
This t12c of damping, c.lledu struawal aatptng, is attdbutcd to tbe tyreres&
phenomenon associatcd with qrclic strcss in clastic matcrials. The cneqgy los per
cycle of stress is equal to thc arca inside the hystcrcsis loop shown irFig. 2.15.
Hence, comparing Eqs. (2.a3) and (2.4), wc coucludc tbat systcms possessiag
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smr$ural damping and subjected to barmonic excitation Eay b trcated as if they
wcre subjectcd to an equivalent viscous damping

c a o = -- 
fia)

. This enablcs us to write Eq. (1.8) in thc forur

nri(r) + 3i(r) + kx(r) = Akf
ftct)

wherc considcration has been given to Eqs. (2.37) snd (2.40.
wc san rewrite Eg. e.a6) in the form

mt(t) + &(l + r?)x(t) - Aket''

wherr
a

' = 
;,, 

(2'48)

is called the strzrctural danping faaor. The quantity &(l + rt) is cslld ompkx
stifness, or occasionatly also complex da npbtg.

The stcady-state solution of Fa. Q.47) is tbe rcal part of

x ( t ) =  '  , A f = '  ( 2 . 4 g )
l - ( a / o J r + i r

and, in cortrsst to viscous damping for ctnrsnral damping tbc marimun
amplitudc is obtaiaed exacrly for o - o'

One word of caution is in ordcr. The aulogu betvecn structual od oiscous
funping is wlid otly tor funnonic cxcitatiot, becausc implied ia the foregoing
developmcnt is &e assuoption of systcm bsrnonic rcspoEse rt tbe driviag
frequeoey al

(2.4s'

(2.45)

Bccausc i = l'ax,

(2.47)
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l. The seismic noise reduction is a crucial problem

in the task of setting up a gtavitational wave antenna

sensitive in the low frequency range, where one hopes

to detect waves emitted by rotating massive srellar
objects like pulsars as well as signds due to coalesc-
ing neutron stars and collapsing bodies.

In this paper we present the results we have
obmined in calculating the attenuation functions of
a passive n-fold pendulum. Such a pendulum is
capable of seismic noise reduction both in horizontal
and vertical direction. These seismic attenuators are
desigped in such a way as to be capable to sustain
heavy test masses for a large base interferometric
gravitational wave antenna and to reach a horizontal
and venical attenuation factor of the order of l0-'r
and l0-e at l0 Hz respectively.

Onedimensional active seismic attenuation sys-
rems have been realized I I -3 ] reaching a horizontal
atlenuation value of about l0-6 at l0 Hz- These sys-
lems are rather difiicult to operate at a high ampli-
hcation level, due to the presence of feedback
instabilities, and furtherrnore it is rather inconceiv-
able to design a multi-stage rhreedimensional (3D)
system capable of sustaining such healry test masses.
For these reasons we were led to study a passive three-

I Fermilab. Bauvia. USA.
r l:borarorio ENEA. Frascari. ltaly.

THREE-DIMENSIONAL SEISMIC SIIPER.ATTENUATOR
FOR LOW FREQUENCy GRA\nTATIONAL WAVE DETECTTON
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INFN Sezione di Pisa and Diparilmeno di Fisica, Universiti di Pba, Pisa' Italy
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We presenr the srudy of a passive n-fold pendulum ro be used as a rhreedimensional seismic noise attenuator. A 7-fold pendu-

lum, under consrruction ar rhe INFN laboratory in Pisa, is expecred ro provide a horizontal and venical attenuation factor of

t 0- rr and t 0- e rcspecrively ar t 0 Hz and is capable ro susuin a 400 kg test mass used in a large basc inlerferornetric gravitarional

wave anlenna.

dimensional attenuator. In particular the attenua-
tion in the vertical direction is exploited by gas

springs, which have the advantage ofnot having hys-
teresis and low frequency normal modes as mechan-
ical springs have. Furthennore a gas spring can lift
very heavy loads and still have a very low stifliress.

2. Fint we present a study devoted to solving the
problem of obtaining a relevant suppression of the
horizontal component of the seismic noise in a fre-
quency range as low as possible. Let us consider a
system composed by a cascade of n masses con-
nected by wires and suspended at a fixed frame- We

call this sy$em an n-fold passive pendulum.
In the small angle approximation the equations of

the horizontal motion can be decoupled, therefore
we limit ourselves to srudy the system in one dimen-
sion. ln our scheme we suppose the wires to be
unstretchable and the pendulum masses concen-
trated in their own CMS. In the study of the n-fold
pendulum we have assumed the following conditions:

(a) the total length l, of the pendulum is a fixed
input parameteg

(b) the pendulum masses have an equal value of
m, with rhe exception of the test mass, which has
mass fm, where / is an input paramerer;

(c) rhe distance between the contiguous masses is
Lln:

253



(d) the relaxation time coeflicient r is equal for
all pendulum stages, z is a fixed input parameter.

For each pendulum mass one can write the equa-
tion of the motion, therefore for an n-fold pendulum
one obtains

t Zt23+2(n+f-kl -3lX* '  = (n*f- k- |)Xo

+(n+f-k-2)Xo-z (k=0,  n-2) ,

QIIIJ|+ DX.=Xn-t, ( l  )

where the last equation cannot be represented in the
sequential form, since it refers to the last mass, and
the other n- 1 are labelled by the index &, where the
value &=0 refers to the suspension point. The quan-
tity X4 represents the horizontal displacement of the
lrh mass. The complex quantity Z and the real one
{fi are defined as follows:

Z- -fJ? *iQlr, S-gnlL,

where J2 is the circular frequency and g is the gravity
acceleration constant. If we define a set of ,r quan-
tities lr.:

A** r :Ao+2(n+f -k )  -3  (&=0,  n -Z) ,

A , = A s * | ,  ( 2 )

where le is defined as Vl2i, then the system of
equations (l ) can be written in the form

A**, Xr* , = (n*f- k- I )&

+ (n+f-k-2)Xr*z (k=0,  n-Z) ,

?8 Sc4ember 198?

.5 t 2. 5. l0 20 50 l@ 20o

Freq.rency ( Hz )

Fig l. Horizonul attenuation function (n=7) versusfrcquenc-v.

From the set (4) we can take the equation for /<=0:

x,lxo-UBr, (6 )

which gives the ratio of the amplitudes of the last
mass over the amplitude of the pendulum suspen-
sion point. Hence the complex function l/Bl
expresses the horizontal transfer funcrion of the n-
fold pendulum. The study of the absolute value of
the transfer function (6) shows three well separated
regions in the frequency parameter:

(a) a flat region at the lowest frequencies, where
the atrenuation is l;

(b) a region where n resonance peaks rise overan
almost flat base, the peak widths depend on the
paftmeter r;

(c) a region where the altenuation function
decreases with the law of v-3".

The third region is suitable in suppressing seismic
noise. Pushing ftis region toward the low frequen-
cies implies keeping the pendulum resonances as low
as possible. In fig. I a typical horizonral ransfer
function in the case of n-7 and,f=4 is shown. The
flat region ranges from 0 to about 0.1 Hz; from 0.1
Hz to about 4 Hz there is rhe peaks region and above
4 Hz the attenuation function begins to decrease. The
last region from 4 Hz to infinity shows an exponen-
tial falling with a power - 14. The noise suppression

Volume t24, number4.5

A , X , = X , - r .

The system of equarions (3) can
lowing way:

X*=B* t rX ,  (k=0,  n -2) ,

X r - t = B n X o ,

(k=0,  n-2) .
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be put in the fol-

( 4 )

where the z+ I quanrides & are defined as follows:

B , *  t  = 1 .  B n = A , ,  - l o  +  t ,

n  A t - , B r - : -  ( n + f -  k - 2 ) B ^ - :
D ^ - t = W

ti

( 5 )
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Horizonlal
Transter
Function

Fig. 2. Horizontal attenuation versus n.

factor is rather impressive: at l0 Hz the transfer
function reaches the value of 1.45x l0-rr. In fig. 2
is shown the attenuation function of a multiple pen-
dulum versus the number of stages (n:6,7, 8, 9) at
three fixed frequencies: 10, 15 and20Hz.

3. Let us present now the study ofan n-fold pen-
dulum having a gas spring at each stage in the ver-
tical direction only. Ir is easy to verify that a venical
cascade of n springs and n masses is capable to sup
press the venical component of the seismic noise. The
choice of gas springs instead of mechanical ones is
due to some merits of the former:

(a ) the capability of bearing heav_v masses with a
rather low stiffness:

(b) the lack of h;"steresis effects:
(c) the ease of operation in adjusting the spring

length.
This last point is rather important if one has to

arrange a long chain of gas springs. The performance
of a gas spring is described elsewhere Ia ]. in this sec-
tion we discuss the attenuation factor af a vertical n-
fold harmonic oscillator. The stiffness K, of each
spring is given by (see ref. [3])

28 September 1987

K, - 7(Ps + Mg/ Sil Si./ V + K^, ( 7 )

where lz is the cylinder volume, .So the piston area,
Pe the external pressure, T the adiabatic constant and
Mg the total weighr supponed by fte nh srage and
K. the total stiffness of mechanical origin (bellows
elc. ) -

The n equations of the n-fold harmonic oscillators
are

ZY1 = Qi (Yt- t - Y) + 9;- r(Yt- r * Y,)

Q = 1 ,  n - l ) ,

ZY"=?2. (Yn- r  -Y^)m/Mr ,  (S)

where 4=K,/m and Z=-jp2+iQ/t and I, is the
venical displacement of rhe lh mass. f2 is the cir-
cular frequency and z the relaxation time, supposed
to be equal for all springs. M. is the lo*'esl mass i-e.
the test mass of the antenna. In expression (8) the
venical displacement Y,_r for .,1r= I represents the
displacement of the suspension point. Let us define
the z* I quantities l,

A , = 1 ,  A , - r  =  ( M / m ) ( Z / q )  +  l ,

A n_ | _t = l(Z+ A) _, + 91* r _1)Au _,

- { 2 ) - t - j A , * r - r l / l J ] " - ,  ( / = l , n - l ) -  ( 9 )

Substituting eqs. (9) inro eqs. (8) we obrain

Y , - 1 - A , - t Y n  ( j - 1 ,  n ) . ( t 0 )

From the first equation of rhe system (10) (y=l),
we get the relarion between the displacement of the
suspension poinr and lhe test mass:

Y,,/Y11- l/.- lo. ( r  I  )
The complex function l/Jo is called the venical
transfer function and its absolute value is plotred in
fig. 3 versus the frequenc;- for n=7. The stiffness
values K, have been deduced b;" firting rhe experi-
menul dara ( see fig. 6 of ref. [ 3 ] ) and exrrapolating
to higher masses. The vertical attenuation function
looks very similar to the horizontal one. and in com-
plete analog;- three different regions can be distin-
guished with the same characterisrics. The venical
atlenuation function is 2.38x l0-e ar l0 Hz. In fig.
4 the atrenuation function is shown ar 10. l5 and 20

PHYSICS LETTERS.4
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.2 .5 | 2. 5. l0 20 so 100 20
Frequency ( Hz)

Fig. 3. Venical altenuation funcrion ( z = 7 ) versus frequency.

Hz as a funct ion of n (n=6,7,8,9).  A cr i ter ium to
equalize the horizontal and venical attenuation, leads
to the choice of n=7, assuming the vertical lo hor-
izontal coupling of the motion to be of the order of
l0 - r .

Verticat
Transfer
Ftrction

28 Seprembcr l9g7

4. Let us evaluate the oscillator resonances coming
from the described attenuator. Both the horizontal
and vertical transfer functions (eqs. (6) and (l l)),
can be represented as a complex polynomial expre5-
sion of the order 2n in the following way:

TF= 1/F.

F= E ai6QY Q--0,2n). (121

Since the al are real it follows that the roots of Fare
conjugate. If we indicate with rd2=irtti-l/2t, the
roots of .F, the TF can be written

PHYSICS LETTERSA

Ttr- TT -Lrr= I I  @myt
CDJ

( , f  :  l ,  n) .
,

( 1 3 )

I
-tlt 01
.l
I

-g l
to-:

The TF absolute value which results is:
1

lrFl=nffi (i=t'n)'
( t 4 )

From expression ( I 4 ) it appeares that the TF behav-
iour in the different frequency regions is:

ReJ2<<a1, Reg-@;, Re Q>>ttti'

as discussed above and gafically shovm in figs. I and
J .

The resonance frequency vr-otrl2tr has been cal-
culated both in the horizontal and vertical case for
l=5 m, ti=lA3 s and { taken by the experimental
data of ref. [3J and extrapolated up to M=t03 kg.
The values obtained are listed in uble l.

Table I

v, (Hz)

horizontal

I
2

5
6
1

0.2440t
0.7583 |
1.35458
t .905 l2
2.37280
7.7E994
i  t s s 7 5

0.39565
1.22524
2.26042
3. r 2087
3.84846
4 .6 r55 l
5.t1409

256

Fig 4. Venical atlenuarion versus n.
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5. The 3D 7-fold pendulum discussed in this paper

5cerns to meet the anenuation factors as required by
2 low frequency interferometric gravitational wave
antenna [5] working down to l0 Hz. The construc-
tion of such a seismic attenuator is under way at the
1NFN l-aboratory in Pisa.

The authors are grateful to Professor A. Stefanini
for valuablC SuggCstions and useful ditcuiSions.
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Seismic isolarion is a necessity for many delicate experimeats such as4hosc designed to

search for gravitationat radiation. One method of providing a siSnificant -t9u:1 of isolation

has beca th. ut of multiple sage sucks of alrernating laycrs of dense marcrial (metal)

andelast icmater ia l { rubi r r ) . tn th isworkf in i teelementanalys is isusodtomodelsrack
systems in a relatively realistic way, allowing the importance of cross coupling of

aegre6 offrccdom to bc evaluated. It becomes clear that carc has to be taken with the

geimctrical consrrucrion in order rc achieve rhe isolation predicted by simple dynamical

andysis. ' '.

r. rlrTRoDucTroN

Gravirational wave detectors currentty being devel'

oped rely on scnsing the extremely small modons whicb

are expected to be produced by a graviational wave pass'

ing througlr a oechanicat s'4$an. The system may be abar

of low lcs neul coolcd toliquid'belium temperatureslor
a series of test masscs whicb are hung as pcadulums at the

ends of two petpcndicular atlrs of a lascr interferometer.z
In both of thesc cases it is esscndal to isolate the mechan'
icai system from the surroundings to reduce spurious noise
introduced by local seismic or mechanical disturbaaccs. In
general the dercctor sysrcns are arranged so that the mo
tions to be monitored lic in the horizonul plane. Tbrs it is
particularly imporrant that the vibration isolation sysrem is
designcd such that it can provide a high degree ofhorizon'
tal isolation. However. since geomerrical efecrs can cross'
couple motion in one direction into motion in another it is
scnsible to aim for isolation factors in the remaining de'
grecs of frcedom (vetrical, tilt, and rotation) shicb are
suiably large. In mct designs of gravitational save detec-
tor, pcrrdulum supcnsions are uscd to provide a significant
degree of isolation but in ganerat funher isolation is re'
quired. This may bc provided by placing vibradon isolation
stacks, consisting of alternating layers of meal and elastic
narerial, betwecn the pendulnn supcnsion poina and the
ground.

Using simple dynamical theory the ransrnissibility of
unidirectional motion at thc basc of a vibration isolation
sack to tbe corresponding displacement at the senter of
mass of the top plate of the stacl, can be rcadily estirnated
as a function of frequcacy. [n such an analysts the stack is
treatcd as a system of point masses connected with spnngs
and dampers. In pracdcc however, cross coupling is liablc
to be an important factor in detertuining ihe effectivcncs
of the isolation stack. It is not straightforward ro develop
an analytical model which includes the efects of distrib'
uted mass€s+and it is preciscly thcsc effccrs shich can
lead ro cross coupling. Orre of our principd objectives in
this w+*has been toguantify thc degree ofcross coupling

Re s-K K

analysis

occurring within a i,anicular dcsigrr of isolation stack. For

this purposc a 6nitc clcnrant model rcprescnting an aluri'

num plarc supporred by four rubber picccs was generated

to represcnt one stage of a stask and the finitc elanrent

irogao MSC/NASTRAN,3J was uscd to carry out vari'

ors analpcs The raodcl dimcssions arc shom in Fig. I

and the rcsutting resonant frcqucncics are tlpical of what

could be applicable to a Protot)?e lascr interferometric
gravitational wave detcctor. Note tbar ro achieve thc best

i.'era!t iso}xion with such a system the rario of the rubber

stifiness to thc mass of the supported plare is choscn to gvc

the sysran a reasonably low rcsonant frequancy in cach

dincnsion.
Investigations wcre conduacd on a 'singlc stagc"

stack modct and alrc on a "double stage" which consisted

of two single suges in series. Thc efects of a stiftrcs im'

balance of the rubber at either end of a given stage of stack

were also investigated. The resuls of these tess sere gen-

cralized to allow an undffstanding of the pcrformancc of a

stack containing four stage. Up to 6ve stagcs bavc bcen

considqed in the pluraing of thc seisnic isolation s]6te!!s

for long bascline detaons'z
The sork discusscd in this anicle is most relevant to

graviational save dctcctors whicb use lascr interferometry

to scnsc relarive motions of scparatcd mass6 suspended as

pcnduluros, bur is also of relevance in any field where

stacks may be usd as Part or all of an isolation systcsl.

II. PERFORUANCE REOUIRED FROT VIBRATION
rsor-ATroN STACKS

The perforrnance requircd frorn a stack system de'

pends on the panicular application, but we assume rhat thc

performance necded is such that an interferometric gravi'

tational wave deteclor of arrn length 3 km may approach-a

sensitivity for mcasuring strains in space of -10- "/

{EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEat l& Hz.2 we also assume that the tGt mas€s are

suspendcd in the srmplcst way, by wires as simpie pcndu'

lums with horizontal and venical rcsonanl frequencic of I

and 20 Ha respectively' In this casc. at IOC Hz, move'

2'it1o Rcv. sct. Instrum.63 (a). A9ril 19e2 N3674tg2toa221o1otozoo c) t992 Am||tc.n lmtltut ol Phytlcr 2210
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m€nts at the top of the sack of lcss than 4X rc-tt m/

vHz in thc venical direction and l.5X l0- " m/,lH;z in
the horizontal direction are rcquired. A frgure of lVo crlu-
pling of venical into horizonnl tnovenrenl in the pcndu'
lum suspension bas been used to cdculate thc vertical limit
as such a figure has been suggested by the experimeatal
measurcmenls of Del Fabbro el a/.5

Obviorsly the isolation required from the stack de-
pends on the magnitude of ground.movemen! in the ap
propriate scasc. A figure of - tQ- rt m/ ,;Hz at 100 Ha
with a spectrum falling at 12 dB pcr ctave, was asssmcd
in thc horizontal and venical directions for the work in tfiis
palnr;z aad ground rilt of -2X l0 

- rr radl.,TiI "t l@ Hz,
as recently measured at a prototype detector site, with a
spcctrum falling somewhcre berween 12 dB per octave and
lE dB per octave, was used.6

III. GENATA?IOI{ OF T}ig FTITITE ELEHENT I.IODEL

It was dccided to represent the threedimensional sys-
tem s'ith what was csscndally a two-dimerrsiond cross-
sectional slice through it in the r-e plane (scc Fig. I ). This
was done so that the cornplexity involved in the generadon
of the model and in the interpreation of the results ob'
tained was kept to a minioum. Note that in modeling the
stack in this way the invetigations involving rotational
motion were rcstrictod to those wherc the arrs of rolation
were parallel to thc y axis (tilting motions).

The stnrcture was modcled by generaring a mesh of
nodes and connecting thcm with plarc elemans having thc
desired physical propenics (see Fig. 2). Noic tbat some of
the physical propenics of the marerials uscd in thc model
had to be scaled so that the tso-dirnensional 6aite elesrent
model exhibitcd bchavior appropriarc ro irs threadimen-
siond counterpan-

Synthctic rubber is exteasively uscd in isolation sracks.
The horizonal and venical rEsonant frequencies U,,ud
,4,) of the plate (mass m: ll.l Kg) on four pieccs of
Neoprenc rubber of the size shown in Fig. I were deter-

(ediEi3|.Uar) FIG. l. Dimcrrsions of thc twGdi-
mcosio:l fiairc clcarcnt rnodel com-
p.rcd ro thc three-dimansronal stack.

mined experimcntally. The value of fiwas used ro calcuiate
the horizontal stifrress (&r) of the loaded rubber using the
equation

ks:  m(2t f  ) \  (  I  )

Since the model uscd hcre was a thin slice througb the real
sysrem, a fictitious dcnsity bad to be assigned to rhe mod-
eled aluminum plate ro givc the corrcct loading conditions
per unit arca of rubbcr supporl The shear modulus (G)
and the Young's modulns (E) of thc aluminum were also
scaled up by the sane factor as the density in order to
haintain the stiffncss propenies of the plate. The damping
of the interaal modes of the plate was modeled using a
"structurat "drn nt damping coeftcient" facility in ihe
NASTRAN package.'For initiat models the damping was
choscn so that thc fs of the internal modes of rhe alumi-
iiua plate were -20, while ior later oncs the modes were
critically danpd 19-0.5).

Furrher, sincr one slice-like rubber suppon in the
nrodct represcnted two block-like supports in the real sys-
tem, the moduli of the rubber were scaled to give the stack
realistic stifness propcnies. Thc shear modulus of the rub'
bcr was dercnnined using the equation

G: khh/A (2)

whcrc i is thc hcight of the rubbcr supporB,.i is the toat
top surface area of tbe rubber, and then scaled to compcn-
sate for the reduction in arca l.

There is approximatcly no volume change when rubber
undergoes tension or compression,t hence Poisson's ratio
u-0.5. The valuc of Young's modulus for the nrbber was
caJcuhtcd by tbe fuiirc clemant progxiarr accordiag to the
rehtionship:

E  = 2 G ( l  +  u )

grving

E-3G.

( 3 )

(4)

A strucgural eletueat damping cocfreient was assigned
to tbe rubber so that tbe internal aodes of tbc rubber
supports were danpcd to give an internal 0 of -5, this
being a tlpical obscrved valuc.t Viscous darnping of the
fundar-ental stsck r€sonanccs was incorporated by con-
necting the nodes at the bascs and tops of the nrbber sup
pora with orthogonally connected damping elements in

REPRESENTATION

z
I

t -t'
a--t

drrfnium
Plgc

trrbE'
$PFN

FIG. 2. Finirc elcrrcnt model of thc onc-strge vlbrsuon Eohtion suct.
Thc syrcrn ts dividcd into r nurnber of elareats rs sho*rr.
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FIG. 3. Damping clcrncnrs rrc conncctcd rcrss cach rubbcr suppon ro
provide viscors drrnpiag of rhc supponcd phrc to rhc groud rn borh th.
norizonrel and verticd direcrions. To sioe tic drarprng eharcar clcrrly,
rhcy arc nor drern er nght .aglcs ro clch othcr. Eech ptir of horizonrd
and venial elalarts rrl csnncdrd onhogondly using r rrsskss "ficti-

rious node." Using "mulripoint consminrs" (Rd. l) rhis node clr bc
rnslructcd to follo* tbc vcnicel rnOion of the horizontrt clemcar and rhe
rorizonal moriotr of the vcnicel clcrncat. ln rhis w:y rhc levcls of d^emp
:ng in rhe rso direcrions c.! bc indspcodatdy dcined. Norc thrt €.cb
rarr of nodes along rhc b|sc &d op of I givan suppon rrc connccrcd in
:hrs vrY.

ihe horizontal and venical dirccrions (sec Fig. 3). Thc sizc
rf the horizonral damping factor bs was esrablishcd using
:he equadon

bt:hrmflQ* (5)

there Qp the corresponding qualiry factor, was choscn to
r - 5 as suggestcd by some eleoentary experimenral tess.
lhesc experinents suggested that thc I of the venical
node of each stage would be sogre-*har higher than of the
rorizontal mode. Thus the sizc of the damping factor for
,enicat motion, b. wzs cdculated to give Qr- 15. Note
hat the venical stifness and viscous danping of the rub
)er supports also dererrnines rhc tilting resonant frequency
.nd conesponding quality factor. Further dgt-itt sf this
rnite eleoent model are grvan in Ref. 6.

Despite the approximare nature of 'his modcl it incor-
orarcs the esscntid fcatures of .ach sragc of tbe stac& and
hould lead to a reasonable underunding of rbe pcrfor-
rance and an iadication of the cross<oupling mechaaisms
rhrch take place in nultistage vibration isolarion sncls.

V. METHOOS OF AIIALYSIg

Eigcnvalue analyscs wctt carried out oD the single and
wo-srage models ilhstratcd ia Fig. 4. The borizonul to
orizontal and venical to venical frcquency responsc anal-
ses for each rnodel *,cre carried out by driving the basc
odes of ttre rubber supporls (sce Fig. ,1 tlo,r5oirtrlty ia
re relevanr direcdon with unit amplitu& disphccocat at
!l frequencies in the range considercd. In cach casc tbc
sulting amplitudcs of motion of the ccnrers of mass of the
:pponcd platcs in rhe appropriarc directions werc ob
:rved to give a value for the transmissibiliry at each fre-
uency. To investigate rhe isolation for rilting motion tbe
ase nodes were drivca with a unit vertical input at the errd
odes of the basc of rhe rubber supporB and with prqgrcs-
vely decreasing displaceocnt towards the ccntcr of the
lare as illustratcd in Fig. 5. Tbe amptitudcs of tilting mo-

OFTE.STAGE STACI( T,IODEL

TWO.STAGE ST^CK MODEL

bal.rEcd tlbE s1rttrragty ir$d,ncrd
rubk

il lOt hss slitr dtrrtl

. rsyffiEirulty
irnblrnccd rubb

FIG. a. Thc nriors srrcl ryrrcnrs nrtstigrrcd-

tion of the platcs about their ccotcrs of mass were analu-
arcd in each casc (at fregueucie belov tbc inrcrnal rcso..
nanccs of tbe platcs) by noting the rclative venical
displacemens of the end and ceotcr nodcs of the plarcs.

Invcstigatioos into thc cross coupling of rilting ground
motion to horizontal and ve-icel ;actioa of :he cent€rs oi
mass of the plates werc carried out using the same progr6.
sive driving mcchanism dcscribd abovc. The amplitudcs
of the horizontal or vcnical motion of the centes of mass
of the plate were corrpared to the angle oftilt at the basc
of the seck to give a value for rhc transmissibility in units
of g,Jnd-

In tbe andysis of the renainiug crcs-coupting efcctg
unit venical or horizontal input at the drivcn base nodcs
was used and tbe onhogonal directionai componens at the
ccnrcr of mass nodes of rhe platcs were nored. The ampli-
tude of tilting motion of thc phtes about thcir centes of
rnass werr also cvaluatcd in cach cssc to give thc transmis-
sibility in units of radlm.

V. EIGESIVALUE AI{ALYSES

The one-stage stack nodel vas constrained to move in
tbe x-: plane. Therefore only tso of thc three possible
transladonal degrees of freedoo rerraincd. Similarly only

FIG 5. Prqrcrsivc drivi4 rncchriisgr for ilvrsugedons ofoouplinp of
dldng mouoor.



FIG.6. Modcs prescnt in thc teorrtte sr&L wirh balanccd nrbber prop
enrcs. Thc rnodcs cur in pdr corcsponding ro rhc ccilhdons in rhd
t*'o s!.!sr beiag ia or out of pluse rish crcb orhcr. Norc rhn rbe hori-
ronsl ud riltiag oodcs ue nor pur! but lle in frcr rcrlly coupkd
togcthcr. rs cra be scen ia tbe fuura Thc srcplike nxure of rbc displ&-
acnts is rn sdbct of rbe plonb3 srdhod urcd

one rotational degrce of frcedoo reoaincd unconstraincd,
this being tilting motion abour the y axis (refer ro Fig. I ).
As a coaseguencc of thesc constraints the nrodeled ssck
had only three fundameoql nodcs of oscitlation, n8.oely,
the horizonal, verlic8l, and tilting modcs. Witb nrbbcr of
idcntical stiffness propenies on each side of the srack the
fundamcnsal frequcncies vere atf^-7 ,Uf"- 13 Ha and

f,-ZZ Hz (Thesc values agrecd reasonably well with thosc
predictcd using simplc &-ry.) The lowei inrcrnal mode
of tbe netal plate was zt -2 kl:lz

Tbc 6rst six norzral mode rssosiatcd wirh the two-
stage stack haring balanccd rubbcrprop*tics arc shown in
.Fig. 6. The dottcd lincs represcor the uadisturbed pcition
of the racsh for referenca Thesc diagrams wcre generated
using the graphics psckage FEMVIEW.e

With a llVo tdncreion in tbe stiftess of the rubber on
one side of the stack thc coaputcd fund"'ncatal sack
fregueacies wcre slfultly lower in nalue,.as one sould ex-
pcct, and the mode sbapcs wercrsynmetrical rbout they.z
plana

A complcte sunmary of tbe fundanenal frequcncics
obt-ined for the various srack nodels anatyzcd is given in
Fig. 7.

VI. TRAI{STISSIBILTTY OF ONE. AXD TWOSTAGE
STACKS

The transmissibility of the one-stage s1a-k sas ana-
lyzed for a number of possibie couplings.

(a) Yenical driae to uenicsl response: HorEontal dnuc
to horEontal rcspue: Tilt drfin to tik respase. Tbcsc are

onc-etrg sEct

MODEL It h It

b.lrE d 5.7 13.. t a t

iEb.lrlccd 6.6 r3. l t r  <

telstrge strc&

MODEL t; t: L ' l,' l , ' l t '

b.h!Cc.l 4.1 r0.t t.3 t r  t r 3.9 35.6

ryrnl*r?iillt
ihbrliicd

4.0 t05 t.t 2r. r 13.6 3..7

rttt|Dctt.rllt
iihdildd

a.0 l0J E.r 2t2 r35 91.7

FIG. 7. Suonrry of thc fnndrncard rconrnr frequcnscs for tbc nrious
sucl syscns ilvcstigrC4 All frcgucacicr:rt givan ia bcCz Supcrcnprs
deaotc $mncub (s) or utisymrerric (a) arodc Subccrrps dcnotc hor.
i:omd (i). vcrticrl (p), or rilr (r). llrb.Lncd igurcs ere fot a llVo
rcductior in thc rubbcr sdfrcrs on onc sidc of cech st4c.

due to direct coupling of tbe displrccocnts througb the
mass/spring (platc/rubber) annangeraent.

(b) Eorimnml driw to tilt resporce: Tilt dnue rc hori
zonul rapas. The first tlpc of coupling is due to rhe
efcctive torques on the supportcd ptrate (Fig. t). One of
the torgucs rrsults fron the tine of action of the horizontal
force cxcned by tbe top of tbe rubbcr on the basc of the
metd ptarc being ofsct vcnically frcm the ccnrer of mass
of the plarc. Tbe other torquc, acting actoss thc top of each
rubbcr support results fron rhe disronion of the rubber.

Thc sccond tnc of couplisg is due to the geometricat
efcct of tbe venical otrset of the scnter of mass of rhe plate
from thc axis of tilr (Fie. 9).

(cl Tilt diw to uenial Fesponse: Yenical driln rc ik
rcsprae Yenicol driw to horizontal rsponsq Horizonnl
drhn rc wnical rupnc. For tbc tinear anatysis uscd in rhis
work thesc occur ouly shen the rubber stifness is imbal.
anced and etrectively arise due ro torguqr erencd on the
supponcd plrtcs by the rubber pads. Thcre are of coursc
tilt to vertical and borizontal to vcrtical cross coupiings
whea the rubber stiftress is balanced; thcsc are sccond-
order cfccts producing responscs at frequeacies other than
the driving frequancy, and sincc seismic noise has a rela-
tively suall a-plinrde thcsc couplings art nor generally

hq!'anlrl drv!

FIG. t. Mcchrnira for thc cras couplhg of bcizoord o dltiag rnotion
in e ooc.str3e srrk. The plrrc ir rub;ccr ro rorqucs rbich forcc ir to rot:re
about iB ccnter of ansr (coa). Oac of the torqucs rcsullr from rhe shc.t
forcc of tbc rubbcr rctiag oa tlc octrl plrrc bcing venicelly ofscr from
rhe cattcr of6.a. oftihc phrc. Thc othcr torqua rcdng rcro5s rhe rop of
crcb rubbcr 3upFG raulg froo tbc disronioa of thc rubbcr.
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FIG. 9. Mcchanisrn for rhc cross coupling of tili ro hoti:ontrl nodon in

a one-st 8e suct. At low frcgueacics lhe sysrcfi is cscnudly ngid utd
rhe ccnter of mrss (corn) of the plate is drival linearly in rha hon:onul
direcdon. The larger the vcnrce.l oftct &e lerycr this cfiect.

significant. The rcsults oftbcsc various analyses are shovn
in Figs. lfl7. In Fig. 10, the transmissibility curve for
venical drive to venical responsc, tbe aluminum plate was
modeled to bave a Q of 2O and the etrect of the lowct plate
resonance qut casily be scan. It should be noted that for the
rhreedirnensiond stack shown in Fig. I the first plate res-
onance will be at a lower frequency than that of the two-
dimensional model presartcd herc. As such plate rtso-
narcqs compromisc thc isolation significantly urd arc liable
to sDpcar at froqueacics of inten:st for graviurional weve
dctestior it is imporant tbat they art qall dampad. In the
remarning two-dimcnsional analyscs, in order to simplify
rhe siruation it was assumed that the plates were critically
dampcd (9:0.5). Thc efect of this damping is also
shown in Fig. 10.

The form of cach transmissibilir,,' curve in Figs. l0-;7
can be understood relatively easity from consideration of
the dynan.ics of the systeo. [n situations whcte a single
resonance of the mass/rubber stage is dominanr the trans-
missibility f:!ls at approximately 12 dB per octave abovc
the resonancc atls up to a frequency Qf, where Q is the
quality factor of the resonancc, and at 5 dB pcr ocrave
above this freouency. Wbere there arc two rcsonanccs in-

.  t o ,

Frcquency (Hz)

FIG. I l. Horizonul drive to horirooul rcrpoare in tbe ore.*rgc rncl.

volvcd and whaa thcse tresonsrcc are effectively in scri6,
e.g., in going frotn tilt drive to horizontal rcsponsc (Fig.
l3), thc transoissibility fslls at tpice this ratc. In some
casca, at higb frequcncy, the transmissibility curve flats€ss
out as a result of compurational rounding ctrccts discusscd
more fulty below.

Ir should be notcd that certain of the couplings bc-
tu,een directions disappcar if &e geornetr-" cari be ananged
to removc the venical ofsets mcrrtioned above. Hos'cvcr
such arraugcoeats are potcntially dificult to rcalizc. The
nag4itudc of coupling in sct (c) dccribcd above dcpcnds
on the magnirudc of tbc imbalancc of the stifness of the
rubbcr pads. For convcaicace a summary table of the
transmissibility valucs obtaincd for the one€t8gc stack at a
frequency of l(X) Hz is given in Frg. lt.

The situatiou witb a tro*tage stack is soaewhat oore
conplicatcd sincc tbere are a hrger number of dcgrccs of
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FIG. 13. Tilt drive ro borizonul rcsponsc in tbc one.snge srecl,.

fieedom and various competing routcs for the transmission
of motions exist Considcr, for exanrple the cesc of hori-
zontal rcsponsc of the sccond platc drivea by horizonal
motioo of tbe basc. Tbe largesr etrect, as one would erpcc!,
is due to the horizontal motion of the base exciting bori-
zontal nodon in the first plate, which in turn cxcires hor-
izontal motion of the sccond plate. There are orher etrecrt
howev6, such as horizontal base motion exciting tilt of the
first platc shich leads to horizontal moric; of rhc sccond
platc.

Smc of the resuls for the anangcmens of two-stage
stacks given in Frg.4are sho*rt in Figs. 19-25, and again
thesc can be understood from the dynaraics of rhe systcm.
In rrost cascs the rsponsc ar tbe fir:t plare is similar to
rhat for thc singlc stage srack and tbe sccond stage provides
cxtra bolatioa as woutd be intuitivcly expectcd. Howcver

.  t o l  t o l

Fcquarcy (Hz)

FIG. 15. Vctic.l dtiye ro rilt rcrpoo* ia tbc oae.r13gc srecl rirh e l07o
stifrarrs inbdroe in 6c nrbbcr spria3r

there are three exceptions to this, and thcsc result frora &e
dynanics involvcd in the transmission routc which domi-
n:lles:

(l) nk to horizonul lrziasmisibility (Fig. 2t): Tilt
drive (base) to horizontal rcsponsc (center of mass 2)
comcs about from tilting motion (base) to tilting modon
(center of mass l) followed by convcrsion to horizontal
motion at thc top of mass t (intr:aplate conversion) anri
tiren :o horizontal ootion (cenrer of nass 2).

(2) Yenical m horisnml tmnsmissibility (Fig. 2a):
Venical drive {basc) ro horizonal response (cenrcr of
mass 2) cones about fron venical notion (base) to rildng
motion (ccntcr of mass l) ro horjzonal modon (top of
mrqs I ) to horizoaal motion (ccoter of mass 2).

(31 Horizonml o wnical trznsmissibility (Fig. 25):
Horizmel drivc (bssc) to venical r€sponse (ccnrer of
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FlG. 15. Vcrricd drit ro horizoitrl Gponsc io the onc.:re3c $r.l wtlh
r l07o rti6rcs i!|b.lr'|e ia tbc rubbcr rPringr.
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oass 2) ariscs frooc horizontal motion (basc) to tilting
raodon (ccntcr of mass l) to venical modon (ccater of
mass 2).

Otbcr intercsting factors cnetge fron thesc analyscs
For cxamplc in the casc of vcrtical drivc (basc) ro hori-
zonal responsc (ccotcr of ness 2) the borizonal motion
at stage I is ssratlcr rhrrr '.tpj at srste Z (Fig. 24). This
ariscs from a balanciag of the re*oring fors acting ::,.
plate I due to the prescncc of stagc 2 above it. In most
cascs for tbe two-stage system it docs nor mansr sbetber
the l0Vo imbalance in rubbcr propenies is symoctrical or
asymarctrical for the rwo surgcs. Aa exceptioa to this is tbe
rcponsc of stage I in the casc of borizontal drive (basc) to
venical responsc (ccnter of mass 2). Figurc 25 shom tbc
sination for s)'nrmetrically imbalanccd rubber wbcre ths:
is fittle dynanicat balancing for stage l. Evcn *,it! the
pres€nce of the overlying sbge therc remgin< a difcrcacc in

,}t HON,TZONT^L VETflCAL TILT

HORNZONTAL -1.5 r toz <{t r tlr <a..1r tO: -/.

I
I

VEXTICAL {.t ' l0' -23 r ld -lJ r tCn '-L

TILT -al rl9': a7- -lJ r lc. -/d {.1 r 19:

:lG. I t. Sunzrrry of rhc vtricur rnnscrissibitiry vrJu6 rt t@ Hz for tbe
rne'sugc s"'r' Fi3rrrtr in bold rre Srra for e togo 3dfn6s iurbdrncc in
hc rubber spnng:-

FIG. 19. Ilciroul &irr to borizonl lEporc in rhc r?o!r$e $rct-

the rqticrl stiftress et cach eod of platc l. Is induccd
tilting motior will therefore aot be about its ccotcr of mass
and will lcad to vertical Eovcn€nt of tbe cenrcr of mass
For asymmctrically imbalrnccd rubbcr tbere is a dynani-
cal balrncing cfect on sagc I wbich roduccs this vcrrical
movencot by a largc facor,

YII. EXTEilSIOiI TO THE UIDERSTAIDITIIG oF A
FOUR.STAGE STACK

It is acarly possible to carry out tbe saoe tlpes of
analyscs for nultiple stage stacls Howcvctr, in tbc wort
dcscribed above we eocouatcttd teo Dunericat problcns
Oue wrs due to thc frct that thc sti&csscs of tbe aluminum
and rubbcr arc vcry dbparata Tbc otbcr problcn was secn
at higb fuqueacie what tbe dcgc of isotation is such
tbat the output is vcry snall cmpared to tbe input. Tbc
first problera rqenifcsts itsctf in crror messages froo
NASTRAN and le.& to potcotiat inaccuracies in the re
sults. At the suggestion of rhe NASTRAN vendon we did
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Tilr drivc to horizontal rcspomc in rhe twostage staclc

nor discard results when error messages occurred, but took
crrc ro examine the results carefully for the kind of inac-
curacies characteristic ofsuch problcrrs. The second prob,
krn manifested itself as a fiatteaing out of transmissibility
!r a r"lue of around l0- 'or lower. This efcct was reduced
rc rhis acceptable level by using the "direct" ratber than
..rrodal" method of calculating transmissibilities.' How-
erer the direct method becomes very demanding in con-
pudng time for models of morc tban two stag6.

Fortunately, from considerations of the mechanisms
inrolved in thc transmissibility of one- and two-stage
'jrcks, it is possible to predict retatively casily the main
fcarurcs of the isolation performance of a stack with morc
rngc. For cxample, the principal transmissioa routcs for
tnh the vertical and horizontal rsponses of a four-stage
<rack are shown in Figs. 25 and27, and the performance at
t00 Hz in each case has been calculated. It is clear from
rhae results that by using four stages of the particular

loo to t
Fnqueocy (llz)

FIG. 23- Vcnical drivc ro tih rcsponsc in tle two-strgc aecl wirh a l0%
stitrncss imbalancc in 6c rutrbcr.springl

desiga considcred bere, suftcient vertical isolation can be
achieved and that the horizontal isolation is much better
than required for our particular purposa (If there werc
mucb lcss cross coupling of vcrtical to horizonal motion
occurring in thc subscquent pendulum suspcnsion, lcss ver.
tical isolation would be rcquired and the number of stages
required in the stack could be reduced.)

Wc assume that the stages have the dimensions uscd
carlier but in order to gcneralize the aaalyses we allow the
possibility of embcdding thc bases of tbc rubber supports
into the underlying aluminum plat6 to control the degrcc
of convcrsion of tilting motion of the centcr of mass of a
plarc to horizontal motion at the base of the rubber (in-
traplate conversion). The relevant variable here is a, the
vertical disancc between the center of mass of a mcat
plate and the level abovc it at shich thc rubbcr conacr
the plate. T/e also allow for the fact that the suspension
point of the pendulum system mounted from the sack may
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l.lG. 21. Tik drive to venical responsc in thc twGsrage srack with a l07o':'fncss rhbalanc€ in the rubbcr springs.
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FlG. 24. Venical drive ro horizontal rcsponsc in the tsestage sack wirh
a l07o stifncss imbalancc in thc rubbcr springs.
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FIG. 25. Horizoaal drive ro vertical rrsponsc in thc two-stagc stacL with
a l07a stifncss inrbalaacc in thc rubber springs

be displaccd a vertical distancez and a horizontal distance
.x from the center of mass of the top plate. It is interesting
to see that for the dimensions chosen the most important
route for the vertical motion is the simplest route, La, by
direct vertical coupling from stage to staga However in the
borizontal case the simplcst tlpe of coupling up the stack is
not the most important mechanism. For the four-stage
stack studied the most imporant mechanisn (route 2)
involves intraplate convcnion, but the ctrect of this Bay be
greatly rcduced by allowing the rubber springs to be cm-
bedded into the undcrlying plates, especiatly ncar the top
of the staclcs. AssuminS rhic is donc, there remains another
important tnansmission route for introducing horizontal
motion to thc pendulum suspension point This is direct
transmission of tilts up the stack and lincar convcrsion to
horizontal movement by the vcrtical ofset of the suspen-
sion poinl Reduetion of this coupling to a level such that
the noise introduced will be less than that introduced by

the simpicst horizontal transmission route wiil requiiC verr
cardul adjustment ofthe suspension point.

It is worth recalling from Fig. 8 that in a single.sne:
the conversion of horizontal movement into tiir coren
about from two apparently separate lorques exefted on thc
plate. Simplc dynamical analysis shows that these are rc.
lated to each other and cancel each otber out to give no lili
if the center of rnass of the plate is arranged to lie on a linr
passing through tbe midpoints of the nrbbcr supporu.:'
Unfotrunately simplicity of design is lost if we nish ro
extend this to a multiple stage stack aFangement and cur -

out horizontally driven tilts, as the ccnter lines ofthe rub
ber supports for each stage would have to be coincidenl
Fonunately it would secm that it is not very imponanr rtr
do this for our panicular application.

vilt. DtscussroN

From thc 6nite clenrent analysis of one- and tsestagt
stack systeras and the cxtension ofthcsc findings to a four.
stage stack it is clear that the simple dynamical modelr
often may not be adequatc as they do not account for sonl
poteatially imponant routcs for noise transmission. Hor'
ever the analyses do suggcst that pcrformance of the ordcr
requircd for gravitational wave detectors should be attain'
able. Particulady high perforrrance is achievable if care ts

taken in the mounting of the rubber at stag6 close to tltc

top of the stack to reduce intraplate convenion, and ifcar
is takcn in reducing the separation in the vertical and hot'

izonal directions of thc suspcnsion point of the pendulutr
from the ccnter of mass of the top plate.

It should be pointed out tbat Favity was not includcd
in this work. Its incftsion rray afiet orcrall static stabilitl
and would probably have some dynamic efects, such rs thc

increased loading on the lower sagcs of the stack csuslnl
changes of stiEness of the rubber and hcnce cbanges in thc

rcsonant frcquencies of the lower stag6. However Pro
vided attention is paid to maintaining static stability' ano

provided any changes in rubber stifness are allorved forJl
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are denotcd by i, a and r. rcspcctivcly. Round bracLas indicate that the motion of rhe pcndulum suspcnsion poinr (sp) is equivalent to thst ttl.:::< r'-rr'

of mass (com) of rhe rop plate of the stack. Square brackcts are uscd wherc cross coupling of morions occurs within a metal plrtc. Hcrc x is tnc ::"'1';.,,."

ofrsct betwecn thc pcndulum suspcnsion poinr and thc cenrcr of raass of thc top plarc of the stack. We havc used an ofsct : of 2 mm "5 ths :c''.'r-.pr

offsei sincc this would be a reasonablc catihate of the accuracy to which thc top plarc ccnter of mass ud suspcnsion point might h .r,1. t''n"-'

The f symbol in rbutc 3 indicates thzt a lVTa stifncss imbalancc er,isrs in the rubbcr springs of srage 4.
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the desip stage. such efects are Bot cxpected to sigrrifi-
cantly altcr the findinp prcscnred above. lt should atso bc
nored tbat this was not a full rhreedinrensional ur..:ysis.
Rotations of the srack about a vcnical axis were no! ac-
countcd for in tbc finite eleoent nodel: yet thcsc could be
imponant for thc coupling of rotationsl ground noisc to
horizonal noisc paniculady if thc suspcnsion point of rhe
penduluo *,as ofsct in the y direcrion from the axis of
synnetry of tbe stact (FiS. I ). AIso sriftress imbalance in
the rubbcr spriqs at eirher side of tbe stack in this situa-
tion could lcad to more complicated transnission routcs
and would justi$ funher analysis.
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Ab.trEct We rcaotl tic pcdormanco and machanical 9rcgcnics ot sn all m€tal
mrss-spring isoletor with cornrr lrcoucncy about 44 l,te NoiEe tloot m€aaurornents
usino E grototyp€ 3spphirc trailrduccf and rcsults of aCthr3 damprng ot llp t91v.
{raquency normal rrodos rre givcn. Our measuremonts covcr a toul dynanric range
of 160d8, a:1d 3how lhat no cxsess noig€ is gen€rat€d aDove th€ thermal noi;a
limit. even in tlro preacnce of high.amplitude excitation.

1. lntrocrucilon

It is of grcat imponance tha! tcrrcstrial gravitational
wavc dctectors of both rcsonant bar and laser rnrerfcr-
omctcr typcs arc isolatcd lrom extcrnal vibrations such
as rhe scismic noise background. Mechanica! suspcnsions
are required to filtcr our the noix.

Traditional isolators usc alternating laycrs of lead
and rubber fl1. They provide good isolation under
normal conditions. Thc disadvantagc of rhcse isolarors
is that they are no! suirable in high vacuum and have
problems of degassing and thermal srabiliry. Another
type of isolator, the gas-spring isolaror [2]. has high
load bearing capacity and low resonaot frequcncy. How-
evcr. gas-spriogs havc stroog tcmpcraturc cocffeienr.
so such isolators cxpericne problems of thermal snbilily
as welt as complexiry. A variety of suspcnsions have
beer, developcd for gnvitetionat wavc dctccrors [3-5].
All are designed to have normal mode rcsonant frequen-
cics well bclow thc antetna frequenry and inrcrnal
modcs of the isolator elcmcnts above rhc frequency
range of intcrcst. In gcncrai the normal modes dcfnc a
set of low-frcquency r*onanccs. Inrcrnal modes of the
mass or spriug elearetrts arc generally at higlr audio
frequencies. Thus, such isolators have good isolarion
above a low-frequcncy corncr (the highcsr of the low-
frequenc-v modes). and below the high-frcquency intemal
resonances. For resonant bar anteanac, the lsoladon
banC reguired is from a few hundrcd Hz to a few kHz
while in interferometcr antcnrrac. lhe corner frequcncy
accds to bc pushcd to a few rens of Hz or lower. The
isolators must also be strong enough to suppon the
weight of up to scvsral tons.

The low-frequency normal modes are a nrajor prob.
lem. however. In the case of the Univcnity of Western

Australia IUWA) parametric transduccr on rhe Nb bar
antenna. low-frcquency modes modulate the cavity res-
onant frequenc.v-, which itself modulates both thc antenna
Q faaor and the antcnna resonant frequency [6. 7]. Thc
opcration of an interferomelcr is identical ro rhat of a
parametric tran;duccr. Thc parametric interaction is
r';eaker drre to the higher phoron frequency. bur rhe
normal modes make it difficult to keep rhe inrerfcrometer
cavity stablc [8]. High damping is rcquired to rnakc rhe
amplitude of rhe low-frcquency.normal modes as low as
possible.

Sincc :he isolator must be dcsigned to achicve very
low vibration lcvcls, ir is difficulr to tssr rhe propenics
of the isolalor by conventional accelerometers. Electrical
pick-up from vibrators is also a problem using convcn-
tional accelerometers.

Wc prcscnt here an all metal multistagc mass-spring
isolator having a corner frequancy abour 44 Hz. Active
damping is used to darep the normal mode amplirudcs
at low fr:quencies. A newly developed sapphirc rrans.
ducer [9, l0] which is not influenced by clenrical pick-
up is used to mcasurc the ooise performancc of thc
isolarion stack. This is achieved r.rsing radiation coupling
to the transducer. which avoids all vibration coupling
aloag cablcs. This allows vibration performanccs to bc
tcstcd down to about l0-ro m Hz-rtz.

The i.qolator dcscribcd herc is suirablc for use both
at low iemperatures and high vacuum. Thc overall
goal of rhis work is to invesrigate isolators ar thc
highesi possible sensitivity. aad to s:arch for non-ideat
behaviour. aontinear noisc generation mccbanisms, etc.
Work tc date has uscd local measursments in a singlc
isolator. We cxtend this to relative measurcments
between :solarors. using the most scnsitivc optical
rcadout possiblc. and under high levcls of acousric
excria!ion.
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2 Hodrlllng of rnulilrtrgc iroirion

A onc-dimcasional numerical comPuler modcl is used
to study rhc wnieal vibratioo Sehaniour of rhc isolator.
Th; displaccmcat of the ith elcmcnt x1 is given by

f. c,t 12 m 1 = k 1 + \ - r + ictt 14 + dr - r )]:cr - (lq * i@, - t 4)x, - r

- (.k1 - 1 = ic:ti.rd,- rlrtr, - F r= .ffi,

whcrc /<s is the spring consalt, d, is thc damping, F1 thc
app!!gd- forcc for thc ith mass-spring clcmest and

Jax\d1 js introduccC to thc ith clcmcot as a Nyquist
forcc. Hcrc r is Boltzsranr,l coustslt m; thc ith mass
aod fi thc rcmperature of thc ith elencflt. The frcqucacy

fr-arlZr=ll2x (kstm1)ttz ald thc Q faaors Qt-a\mJdt
arc insertcd as adjustablc paranelefi. Scismic noise wifi
aa amplitudc (in mctles) and frequcncy dcpeodencc closc
to that obscrvcd in a laboratory cavironmcnl Siven by
ro= l0-6f:, is dso introduccd to the first clerncal.

It is wcll known that at fiequcncics wcll above thc
natural frcqucncy of thc clcmcnts of thc isolaror there
will be an amptituCc altcoualioo about (I,foPi whcrc l{
is thc aumbcr of elcmcnts used in the isolator. and /e is
the natural frcqucncy. But at the normal modc frcquen'
cics thc arnptitudc is cnhanced by the I factor of thc
mode. However. by acdvcly damping thc motion of the
clcmens. one can attmuale thc normal mode amplitude
at low frequencies. Such damping should normally havc
thc charactcristics of cold damping contributing noisc
far tcss thau that cxpetcd for a passively dampcd system.

Usllg thc abovc modcl. we havc expcrim:ntcd with
a range of Q faaors in differcnt elcmcnts. We find that
significantly damping one clcmenl in the stack can givc
good artenuation of thc low-frcquency p:aks without
seriously degrading thc high-frcqucacy pcrformancc,
evcn in the cgse of passive dempiag. Figurc I shows
rssponsc surv:s fiom the cornputcr modcl with damping
applied to difi'crcnt clemcnls in the prescact of f-2
seismic noisc. From this w: car scc that thcre is a iradc'
off'bctwecn dan:pjsg thc iow-frequcncy normal modes
and defading the high-frcquency pcrformao* of the
isolator. To achievc a low ampiitude in thc fint mode
it is esscniial lo have high dampiog io the first spring.
By addine damping to thc founh spriag all thc aormal

Fcirncr llr

Flgur. 1. Ccncutsr moctelting ol damping on dil lorent
ol€mrnls.

moCcs are :fl:ctivcly supprcsscd without incrcasiag the
high-frcqucncy noisc, which is dominarcd by Nyquist
noisc.

Acrive danping should i,lways contributc less high-
frequcncy noise than passivc Camping although this
source of noisc docs not appcar serious for thc Q facton
considered hcrc.

3. Conrtrucilon

3.1. Design of rhe isohtor

Thc main idea of the isolator is that it is composed of
mcul suitahle for both high vacuum and cryogenic
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condirions, is as simplc as possible. and at rhe same rime
strong enough to support tor:s of weight. Thc spriog-
mass clcmclt of the isolator is sbown in figurc 2. Thc
mass of thc elcrncnt is a 45 k3 mild sreel disc. Tlrc spriog
is a 6 mm tbick, sar-shapcd, higir-tcnsile stecl
(ASTMAS14) plare which has rcasile strcngrh of
1260 MPa (125 x lOe N m-:). The shapc of rhc ptarc is
designcd to have approximately uaiform stress ovcr thc
plate aod ro susrain a maximum load of abour 3000 kg
Streogth tests of tbe spriag give a spring coasraat of
&-l.lxldN n-r which agrees reasooably wirh rhe
&eorctical valuc of l.2xlf N m-t. The disc mass is
connec:ed to the spriag with four ll0mm long 6mm
diamcter high-reasilc bohs. These acr as pendulums to
provide fiexibiliry in orthogoual horizontal dircctions.
The natural frcquency of the elenenr is 22 Hz ia the
longituciinal mode, and about l0 Hz horizonrally.

The isolator is suspcnded iu a steel framc ia a vacuum
tank as showo in figure 3. Two mass loaded higlr-power
loudspeakcrs arc mousred venicalty and horizontaliy ro
providc excitation in orthogoaal dirccdons. The driving
forcc is provided by the rcaction force from thc acceler.
ation of the loudspcaker diaphragm. At frcqucncies
below about l5 Hz rhe displacement of rhe loudspcakcr
is domioated by rhe rcsroring forcc of irs spring loadcd
diaphragm. Adding cxrra wcighr to rhe diaphngm
irnproves thc low-frcquency rcsponse for reacdon driving
and increascs the dynamic range. However. reacrion
force driving is inrrinsically limitcd ar low frcqucncies.
becausc of thc finite linear travcl rhat can be achieved:
in pracdce rhis is limired ro abour l0mm of travst.

M€8surem€nE of an all m€tal isgtator

3.2. Acrive demping rrsngemen!

Siocc therc arc large phasc shifrs bctween rhc difi'creot
elcmenls, we havc uscd s single-stage acdvc fecdback
loop as sbown in figure 4. Thc signal from one clemcnt
is dcrccted by a geophone (a velocity scnsor with sensj-
riviry 28 V m 

- : s), arn-olificd, filrcrcd and fcd back
through a seryo-controller to a loudspcaker ailachcd to
the same elemenL Thc forccs are gcnerated entirely by
inertial reaction as dcscrib€d abovc. To increasc the low-

Flgurr 4, Single-stagg 8cliv€ lo€dback Brrsng€ment snd
tha microwavo circuit  of lho sappnlre trsnsdugcr.

t+PE652A
ctut
tcaatd

tov 6ta ar_ tato POrg
cFuncr'- qlolrs m.U!

bv nd$ -. *rit tor.tt
!*p[fr ulls mUa l:pli{ls

,*ro'*,,i-lY?A"r

i

Flgurr 3, lsoialor configuration Bnd i ls test ing ariangem€nt
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fregucncy response thc loudspcalcrs hcrc arc also mass
loaded. Reactioo forcc driviog eadrcly avoids extcrnal
vibrations cntcring tbroryh tbe drivcr. This cannot bc
achicveC by any forcc driwr artached to rhc outsidc
worid. Thjs grerhod docs, however, Jead ro somc srabiijty
dificulrics.

The 6lter in thc fedback toop is cirhcr se! up
as a low-pass 6ltcr, to achievc broad baad vclociry
fccdback. or as a high-Q band-pass fihcr. wirh a tlpical
baadwidth of less rhaq I Hz Gencrally the narrow
band fcedback is applied :o r,be firsr or sccond oormal
modc. while broad baad fcedback lrypical baaciwidrh
0-100 Hz) is used ro damp rhc higjrer modes. Acrivc
damping loops were testcd on various stages of thc
isolator.

4. Rocgltr

.{.1. The rcsporse of rhc isolaror

The rcsponsc of the isolator is in good agr*ment wirh
thc theorctical model. Figurc 5(a) sbows the cxperimenal
rcsponse cunre of a five-sragc isolator undcr v=rtica,l
excitatios drivcn by a whitc noise sourcc. Figure 5(D) is
thc theorcrical rcspoase curve. It can bc scen that they
arc in good agreemcnl h can also bc sc:n that there is
a sharp roll-ofr ar abour 44 Hz. Bccausc of rhc dynamic
raage of thc ampliicr and spccrum analyscr on whjch
thc expcrirncntal rcsults arc shown. thc amptirudc abovc
60 Hz is buricd in the insrrumcot aoisc ffoor. Scoararc
mcasurcmelb of tire amplirude at high=r frcqueacies
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aad low frcquencies must be tsed to achieve grcater
dynamic raagc. Thesc are describcd below.

The borjzootal respoose is more complicarcd, but
the corner frcquency is as expected-a typical rcsult is
shown in figurc 6. The isolator ciearly gives good
attenuation in horizontal dirc*ioas. alrhough thcre is
some mixing of tbe horizootal responsc with the venical
response, causing some additional low-level normal
modes.

4J. Srppbire dhlecric rcsonator trensduccr
megsurcmeots

As mcndoned above elecrrjcal pick-up is a scrious prob-
lem for gcopbone uansduccrs, causiag a sroog reduction
in mcasurcment dynamic range whca the isolator is
driven at high powers. This problcm has beeu overcomc
by usiag thc ucwly devclopcd microwavc sapphirc dielec-
tric rcsooator trassduccr 18, 9], which is morc sensirivc
and is aot aff'ccted by elcctrical pick-up. The transduccr
can also be rsed ia a non.coataaint mode which
eiiminates vibradon coupiing througlr thc microwave
cables. This is achieved by coupiing rhe microwave input
and output signals through a pair of non.contacdng
horns as shown in 6gure 3. Thc sapphirc transducer
utiiizcs tbe strong tuning acbieved whcn the spacing
between two sapphirc diclectris resonalors is altercd.
The runing cocfficienr is typically I MHz gm-t and rhe
resonator Q factor is about lOt. Thc transducer is
purnped by an ultra-low-noise sapphirc loadcd supcrcon-
ducting cavity (st osc ) oscillator. The transducer is
atnchcd to the bottom of the isolator. Thc microwavc
signal from the suosc sourcc is modulared by the sapph.
irc transducer and dcmodulatcd in the mixcr. as shown
in figure 4. The fiaal signal is amplificd and displaycd
on a spestrum analyser. Under ambient seismic drive
on a five-stage isolaror. rhe noisc floor is -143.6d8

V Hz- !j2 which corresponds ro the amplirudc of
1.8 x t0-ro m Hz - t/2. calibratcd by rsing rhe position
baadwidth [9] of thc sapphirc transduccr. Thc pcrform-
ance of the sapphirc ransducer is demonsrrated by a
comparison of thc rcsponse of a geophone and the
sapphirc trausducer in a four-stage isoiator experiment
shown io frgurc 7. It can be seen clearly that the sigaal
detccrcd by the sapphire transducer at 200-300 Hz is
complctely hiddcn in tbe electrical pick-up floor of rhe
teophone. {A narro* pCak at 90 H2 iS duc ro'a'icsonaoce
in the rnicrowavc horn.)

The sapphirc transduccr is designed to havc a mcch-
anical resonant frequeacy of 60 Hz This was chosen to
redue its sensitivity to the low.frequsncy normal modes.
Still. due to the enormous dyaamic range expcctcd over
thc freguency rangc considcrcd hcre we arc faccd with
thc probicm that thc instrumennl dynamic range (of
amplifiers and spcctrum analysers) is insufficicnr. To
solvc this. we apply only higl-frcgucncy noise outpur ro
the driver to pr,evcnt extra exeitadon of thc low-
frequancy modes. In addirior:- il is necessary to use
low-noise ampiifiers with high-pass filrers to prevenr
overloads of thc low-frequcncy normal modes. This
mcthod allowed both high gain and high excinrion ro
be achieved without overloaciing the instrumenrs.

Whsn a five-stagc isolaror is cxcited vertically ro rhe
maximum availablc vibration power. tbcre is no derect-
able signal from the sapphire transduccr abovc 300 Hz
The noise ffoor corresponds to an amplitudc of
1.8 x l0- r'n Hz- r':. The isolation ean be measurcd by
comparing curves (a). (b) and (c) in figure 8. Curvc (a)
shows the measurcd applicd cxcitarion ar geophone I
in figure 3. Curve (b) shows the normal levcl of scismic
noise comparcd with the thcorcdcal curvc l}-t.f ''

(brokcn line). Curvc (c) shows the obsenred noise floor
of the sapphirc transduger. Thc mcasured limit ro the
isoletor is about 100 dB at 300 Ha falling to 80 dB ar
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