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DRAFT
March 3, 1994

BASIS OF THE'OP’I“[CAL WAVEFRONT SPECIFICATIONS
INTRODUCTION AND OVERVIEW

This document is intended to accpmpany Surface Specifications for the LIGO Arm Cavity
Mirrors November 1, 1993.

Basic Assumptions: The large|aperture optics (the recycling mirror, beam splitter and
arm cavity mirrors) constitute the major untested extrapolation we are making from the
laboratory scale interferometers to the LIGO. These optics will not be integrated into
a gravitational wave interferometer until the initial LIGO interferometer 1s assembled in
the LIGO facilities. The strategy we have adopted to minimize the risk of failure is to
couple metrology of the optics to physical optical models of the interferometer and stray
light models of the LIGO beam tubes. A variety of analytic and computer models of the
interferometer have been developed for this purpose as well as analytic and computational
stray light propagation models of the LIGO beam tubes.

Although it may be uncomfortable to rely so on models, no compelling arguments have
been presented for intermediate length tests of the full scale optics in either the current
prototypes or in ancillary intermediate baseline facilities such as the X-ray collimation tube
at NASA, Huntsville, Alabama. The metrology is expected to be good enough to predict
the optical performance on the spa.tﬁal and angular scales relevant to the LIGO.

Basis of the specifications: The specifications for the large aperture optics of the initial
LIGO interferometer are based on a ¢combination of technical and scientific criteria strongly
weighted by our expectations of the|near term capabilities of the optics industry.

The goal for the initial interferometer is to achieve an rms strain sensitivity of 107 in a
band of a few hundred Hz near a hundred Hz. We have chosen to use existing ion lasers
with single mode output power of a few watts. Having set this goal and made the choice
of the laser source, the interferometer must be a recycled system and the mirror properties
become derived requirements.

The interferometer phase sensitivity is determined by the interferometer transfer function
relating optical phase, ¢(f), at the a.nt:symmetnc port to the gravitational wave strain,
h(f), incident on the interferometer.

¢(f) _ drrse
h(f) Topt \/(1 + (47"Tstf)2)
. 2L

c (Ta.rm.input + LsinglePus)

The optical loss in an arm cavity is
4 Lsinglepa.ss
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Tarminpnt
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more complete expression including the RF modula-

The phase noise due to quantum ﬂ:fuations in the light and photodetection with power
(

tion is given in Analysis of an Exte
and R. Weiss):

hVL:o:a.l

lly Modulated Recycled Interferometer D. Shoemaker

Ltotal = Lum T chyl +(1_C)

2
¢a(f) = Pl =

where C is the fringe contrast at the

The equivalent gravitational wave st

Lafm)

antisymmetric port.

rain noise becpmes

h(f) ,
ho(f) = h ¢a(f) ;
Saanle Parameters ’
Tarminput 3 x 10_2 { ,‘
Tst 9 x 107* sec
Tops = Afc 1.7 x 10713 gec |
Larm < 3x107? |
Lainglepass < 21x10™t E
Liota = Tr;y! < 4x%10°2
1-C < 3x1073
NPapat | 2 watts
on(f) 9 x 10~!! radians/vHz
h(100Hz) 2 x 10781/VHz

The arm cavity geometric parameiey

Guqy phase and with the wavelengt]

whérc L 1s the cavity length and R

Thé Gaussian beam size on the flat

Wo

a.nd‘ on the curved mirroxT by

i
i

LA 1 1/4
“T \/—;[9(1 - 9))

s are set by the cavity g factors which determme the
0 determine the Gaussian spot radii.

s the radius of curvature of the curved mirror.

mirror of the flat/spherical cavity is given by

- L) g 1/4
Rk

2
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|

In the spherical/spherical cavity the spot size at either mirror is

LA 1
w = LA (-_——2.__)1 /4
m i (1-g¢%)

The Gaussian spot radii for the LIGO cavities are shown in figure 1 as a function of the
curved mirror g factor. The diffraction power loss of the lower order Laguerre-Gauss cavity
modes as a function of the ratio of aperture radius, r, to Gaussian spot size, w, is shown
in figure 2. The power excitation of higher order Laguerre-Gauss modes by the diffraction
of a finite aperture illurninated by a T'Eg ¢ mode is shown in figure 3.

The Guoy phase for the T'Ep ¢ mode is

oo = cos™ (\/9192)

and the difference beﬁ‘\:r the Guoy phase of any other Laguerre-Gauss modg with r | dial
index p and angular index m and the TEg g mode is ?

Atpm = (20 + m)f‘!/’o.o

The cavity g factors gre chosen so that the Guoy phas;e difference of modes with lowivalues
of p and m, modes that have small diffraction loss in the cavities, will not be rnulnples of )
n27 and therefore re(I:n t in the cavity simultaneously with the TEyy modg. .

The requirement on the contrast defect is not only based on the shot noise estimate for the
signal to noise which [varies slowly with the contrast defect, as shown in figure ¢ (the figure
includes the optimizi}tion of the modulation index to maintain the shot noise minmum),
but is also determined by the allowed power on the photo detector at the antisymmetric
port assumed to be less than 300 milliwatts, a qualitative estimate for the effecton the
wavefront alignment |system and a hedge against extrinsic amplitude noise of th laser.
The minimum coating digmeter is chosen to maintain the allowed contrast defect apd arm
cavity loss.

2

C1Y

The adopted cavity rnd interferometer parameters are summarized in Table 1 and Table

The wavefront distortion speciﬁc?tions assume that the initial interferometer will pot yse
an output mode filter and that the spatial mode degeneracy of the recyling cavity composed
of the recycling and two front cavity mirrors does not make a serious contributiog to the
loss of the RF sidebands in the recycling cavity. ‘

The use of an cutput mode filter is a backup in the event that we have difficulty in aghieving
the wavefront speciﬁca}ions. The deleterious effects of the recycling cavity degeneracy are
currently under investigation. Should further optical modeling indicate that the w.-;?.vefront
distortion of the RF sidebands is significant and plays an important role in compromising
the wavefront sensing alignment system, the preference is not to increase demandg on the
mirror specifications. Rather, to|remove the degeneracy by figured optics in the recycling
cavity or to abandon the asymmetric interferometer configuration. 1

3
|

i
1
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The requirements for cavity loss, congrast defect and phase noise due to scattering, are in
many regards satisfied by optics usefl in small space based low scatter optical telescopes
and microelectronics optical masking machines. The primary differences arise from the
need to control wavefront 'stort:;ior on passing through thick substrates and from the
transmission and reflection kfy large pperture multilayer dielectric coatings.
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TABLE 1
OVERALL INITIAL (?PTICAL PARAMETERS

Optical wavelength: A
Cavity geometric parameters:

Arm cavity length: L.,

Recycling cavity lengt

3 57T45 Y 10‘5 cm

= 4 x10° cm
Liecyt = 1.2x10° em
nt rqirror: Riont arm = Ri = oo (Hat)
Radius of arm cavity bick mirror: Rback arm = Rz = 6 x 10° cm
Arm cavity g factor 1. @ = 1.0
2 = 0.333 4
Gaussian spot radius af front: wg = w; = 2.15cm k

Radius of arm cavity

Arm Cavity g factor 2:

Gaussian spot radius at ba

Gouy phase of TEy p mode in arm cavity: $o,0 = 9.56 x 107! yadians

Closest mode p < 5, m €53 Aths 3 = —0.14 radians

Rayleigh range: = = 2.83 x 10° em

Radius of recycling mirror: Ryeyqg = 6.64 x 107 cm (flat)

Recycling cavity g factor: ¢ = 1 — 1.8 x 107° (almost unstable cavity)
Optical properties (scattering and losses):

Scattering and absorption loss of surfaces: A < 1.0 x 10~*

i wyg = 3.73 cm

BRDF of surfaces: gl < 1X07° o=1, g < 6x 107 radians

(Value used in tube scattering model)
Loss coefficient §of bulk material: @ < 5x 107¢ cm™!
Approximate rms surface error : 2@ < &
Optical Properties (reﬂec?:ivity and transmission): i
Reflectivity of Lfecycling mirror: Rreeyt = 0.96 — 4 |
Reflectivity of front arm cavity mirror: Riront arm = 0.97 — 4
Transmission of back arm cavity mirror: Thack arm = 1 X 107°
Reflectivity of vack arm cavity mirror: Rback arm = 1.0 — A — Thacibarm
Reflectivity of l?ea.m splitter: Rpheam split = 0.5 — A4/2
Transmission of beam splitter: Theam spiiv = 0.5 — A/2
Cavity and Interferometer Performance Parameters

Arm cavity logg: Lam < 2.7x 10~

Contrast defec§ at antisymmetric port: 1 — C £ 3x 1073

Recycling ca“'iﬁy loss (Arecyls AR coatings, bulk loss): Leee < 2 x 1070
Recycling power gain = (Lo + (1 —C)+ Leec)™' 1 230

Power on a.ntisiytnmetric port photodetector: Py < 300 mW |

5
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Optics dimensions:
Arm cavity mirror diagneter: D = 25 cm |
Arm cavity mirror thickness: t = 10 em
Minimum coating diatpeter front cavity mirror: Dy = 12 em
Minimum coating diameter rear cavity mirror: Dz = 20 cm
Minimum coating diameter sph/sph arm cavity: Dy = 14.5 cm
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|

| TABLE 2
OPTICAL POWER AND INTENSITY AT VARIOUS COMPONENTS

|

component w (cm) Power (W) Intensity (W/cm?)
¢ modulator 7x 1072 4 4 x 10%
isolator 5x 1072 4 8 x 102
mode filter (Hat) 1% 10! 4 x 103 2 x 10°
mode filter (curved) | 2/x 107! 4 x 103 6 x 10
telescope out. mir. 21 3 4 x 107!

. recycling mir, 21 8 x 10! 1 x 10}
beam splitter 21 8 x 10 1x 10t
arm cavity input mir. ; 2.1 435x10 6.7 x 10-2
arm cavity far mir. - 38 45x10° 2 x 102

main frame lgser 5x 1072 1x 102 3 x 10* |

=1
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Extension from experience in the prototypes: There are several critical areas in
the specification of the large a e optics for the initial LIGQ interferometer which
change priorities from the experjencg with the current prototypes. The initial LIGO in-
terferameter cavities have much Jowar finesse than those now in the 40 meter system and |
the interferometer will be opticglly fecombined. Even though we intend to power recy-
cle the interferometer, the pl ecycling power gain is modest. These factors taken
together make optical loss from ources of comparable importance to contrast defect
at the antisymmetric port of the intlerferometer and the scattering by the mirror, which
can contribute to phase noise frpm fhe tube walls. The other change is the increase in
Gaussian spot radius from mm fo cpa scales. The new issue affecting the interferometer |
performance becomes the more gifficult to control “figure errors” rather than the small
scale roughness of the surfaces, ubgprates and coatings. The problem is compounded by |
the experience that the spatial poweg spectrum of optical wavefront phase distortions have
a 2= dependence with n|varying[betyeen 1 to 3 depending on the spatial frequency v and

fabrication procedures.
|

Waiyefront characterizations

2 composite hypothetical one dimensional pojrer spec-
keh quality small telescope mirror based on data from
Hughes Danbury at low, spatial [freqgnencies and typical surface roughness measurements
in the literature at high spati 2

Power spectrum: Figyre § sh

frefuencies. The spectrum is given in units of waves®
(5145A) of optical distortion per wgvenumber (cm™*) of spatial frequency. The integral
of the power spectrum over sp frequency gives the mean square fluctuations jof the
wavefront in units of optical wa
above 3 cm™!. The high frequepcy
not superpolished surface: micropoughness of several Angstroms rather than fractions of an
Angstrom. The one dimensiona] poyer spectrum above about 0.3 cm~! varies as ¢. The
two dimensional power spect a¥ies as 2y sp that the differential scattering (BRDF)
would vary as gz where 6 is the i

contrast defect of & 10~* (frontjmiror) and & 107 (back mirror) and equivalent overall
cavity loss when such a mirror §s ppt into a LIGO arm cavity. Over the Gaussian spot
diameter the sample mirror would Have a small spatial frequency rms of & 355- |

i ; L]
The role of the different spatial frequencies of the wavefront perturbations is broadly indi-

cated in the figure. Power at all spatial frequengies contribute to optical loss. The power
at spatial frequencies between (81 to 3 em~ ! is particularly important in establishing the
interferometer contrast defect. ile the power between 3 to 125 cm™! inqurs ﬁcatteting
into angles that encounter the IJIGO beam tube and baffles producing phase noise due to
scattered light. The power in spatial frequencies larger than 126 cm™ is sca.tfiered into
large angles which is strongly aftenuated by the beamtubes and also has a small proba-
bility of recombination with theymain beam. This is the domain of microroug s which
has been a major concern in the prototypes but is less important in the initjal LIGO
interferometer. ‘
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Figure 5 also shows the spatial frequency band and typical sensitivities of the available |
metrological techniques. ' ‘ |

Orthogonal cylindrical functions: The spatial power spectrum is a useful quantitative

measure for the differential scattering and the integrated scattering loss when one can |
neglect the spatial coherence of the exciting light and the correlations on the mirror surface:

in our application for spatial frequencies larger than about 3 cm™!. At spatial frequencies 1
below 3 cm™}, to estimate the performance of the cavities and the interferometer, it is more
usefu) to expand the wavefront perturbations in terms of orthogonal cylindrical functions.
We have chosen to express the low spatial frequency part of the mirror specifications in
terms of Zernike and Laguerre - Gauss functions.

Zernike functions: The Zernike functions have become a standard in the optical indus-
try. The lower order radial and angular Zernike functions are directly related to specific
aberrations in the wavefront and optical shops have developed intuition for reducing their
amplitude by adjusting polishing techniques.

There are several difficulties with using the Zernike functions, however. The first, trivial
but confusing, is that the normalization of the functions has not been standardized so
that one has to be careful to know the definitions used in the software associgted with
the wavefront decompositions. More re}evant is that they have a poor weighting for our
application. - :

The scale parameter for the Zernike functions is the aperture radius. The criiical part )
of the wavefront in our application lies within about 3 Gaussian spot radii. A fyll mirror
aperture Zernike decomposition, therefore, places the important terms at high radial order.
This can in part be alleviated by reducing the aperture radius. The cavity opticalimodeling
has shown that even with subaperatures, the dynamic range in radial order required to
properly characterize the interferometer;contrast defect is still larger than that available in
most commercial software packages. In addition, the radial functions themselves, especially
the higher order functions, have large derivatives at the aperture edges so thatTwith a finite
number of pixels in the wavefront map, the orthogonality of the functions is nof maintained
in practice. This results in the large amplitude terms corrupting the estimatesj:)r the small
amplitude ones. Standard computational techniques for orthogonalizing a subsef of the
functions evaluated on a given pixel grid have been developed but are also not|part pf most
of the software packages used in optical shops.

Laguerre- Gauss Functions: The Laguerre - Gauss functions are the cylin!qtic formof ¢
the Cartesian Hermite - Gauss functions. Bath are solutions of the paraxial ray equations

associated with the cavity modes of the interferometer and are thereby a natural pasis to
transform the wavefronts in our application. The key parameter becomes fhe Gaussian
beam spot size and the wavefront distortions of the mirrors, expressed in terms f these
transforms, are optimally weighted. Furthermore, the interferometer performancg can be
easily related analytically to the transform amplitudes when projected onto the input
TEoo mode. The trouble with these functions is that they are not standard in thq optical
mdustry-
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Introduction: Two methods haye
eter performance from the measyre
and an approximate analytic te

The FFT propagation code wa:T::.\{

LIGO team members (P. Saha, Y.
complex optical field wavefronts dire
tion integrals. The current pixe} fo

useful for wavefront distortions gt Ig
to converge on the field solutiongin :

N

in reflection (work is currently unds

guided iteration methods. The apti

field solution is determiged by the g
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% CAVITIES AND THE INTERFEROMETER

een developed to calculate the cavity and interferom-
wavefronts: the FFT paraxial ray propagation code
e that uses the orthogonal function transforms.

eloped by the VIRGO group and then improved by
lefetz and B. Bochner). The program calculates the
r:tly by using the paraxial form of the Kirchoff diffrac-
mat is 128 by 128 so that the program is primarily
w spatial frequencies. Routines have been developed
ingle cavities and a full recycled interferometer using
components are characterized by their phase maps
rway to include transmission phase maps). Once a
hain propagation program, auxiliary programs calcu-
loss and modal decompositions of the fields, ithhese

I
I

late the interferometer contrast T:ld

are desired.

The FFT propagation code is the
ferometer and cavity performance o
been measured. The program will
the LIGO optics after metrology|of |

The mirror specifications have
niques using single perturbed mi
were later spot checked for consi
for this. The first is historical, the

52el
Lro

ste

st method we have for estimating the overall &intet—
ce the actual phase maps for the LIGO or§ have
the primary tool for making the final leua,t on of

he components.

primarily determined by analytic perturbation’ tech-
s in modal expansions in a single cavity. The results
cy with the FFT program. There are several reasons
analytic techniques were developed Qefore the FFT

code became available. The sedond
methods is much betier than the
takes about 15 minutes while anjen

wavefront distortions significant

is that the computational efficiency of the analytic
T code, a typical Cray run with the FFT program
re phase map can be analysed in a matter of seconds

in influencing the interferometer and cavity performance.

by the analytic methods. Finally, t}e analytic methods give some insight to the types of

The analytic methods,however,
a full recycled interferometer.

1ALV

One of the questions that was
contrast defect and loss with sev
the scaling relations for contrast

not
er
efa

not been developed to determine the performance of

addressed by the analytic methods was the overall
perturbed mirrors in the interferometer. To est.ablish
~t and loss, the FFT program was used with perturbed

but statistically similar mirrors
runs are that the contrast defe

p.t
ct

mirrors in the interferometer. The rila.
the spherical mirror is larger than on the flat. In these

cavities where the beam size on
cavities the spherical mirror is m
since the beam samples lower s
estimates this is partially offset

lore
pat
by

locations in the interferometer. The results of these

id loss grow linearly with the number of perturbed

tion is only approximately true for the flat/spherical

ritical than the flat to establish the overall cavity loss
frequencies on the mirror. For the contrast defect
he spatial filtering of the cavity and the perturbation

of the wavefront from the unfiltgreq

I
|
|
|

reflection at the front flat mirror.

10
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The analytic method and the mirror specification: The basis of the analytic method
is to illuminate an imperfect optjcal component by a TEp ¢ mode field and to decompose
the perturbed transmitted or reflected wave into a sum of Laguerre-Gauss mode fields. The
modal fields are then propaga.tctf through the optical train to calculate the modal optical
transfer function of the system. Tihe calculation is carried out in first order: the modal fields
are not decomposed iteratively after each encounter with a new perturbing component. In
a8 cavity, for example, the perturbations due to the back mirror are calculated once as a
source of the modal fields and then these fields are propagated in the cavity as though
the optics were perfect. The cavijty diffraction loss and Guoy phase for the modal field is
included in the cavity transfer fx}nction for the mode. The method applies only for small
wavefront perturbations. The lgss of the cavity is estimated by calculating the ratio of
the sum of the cavity intensitiesjin the higher order modes to that of the cavity intensity
in the exciting T'Ey ¢ mode. The contrast defect is determined by the ratio of twice the
sum of the intensities in the higher modes to the intensity of the exciting T'Ey o lith in
reflection. ‘ ' | |

| |
The real Laguerre - Ga.u‘,ss functions are ’ ' '

|
M, m V2 myrm 2T2 -7
LGp.m,ﬁ("ae) = 1;; (‘{‘é;:) Lp (;-g-)e fwid cos(mg)
| |
M, R VET mrm 27'2 N T

where wg is the Gaussian waist|radius and L;‘(?J—:) are the Laguerre polynomials. The
Laguerre-Gauss functiorTs are or ho—'normgl

|
|

o0 2.4 !
j f W LG, ,.,i(r,e) 'jLG,-‘qli(r,G) rdrdd = 6, jbm g
0 0 ; !

i

. : |
when the norma.lizq.tion constant 1s :hOSCP as

\ 2p! 1/2
ol e
( 4p1. )1/2
; T{m + PP
The optical phase shift (without the 27) of a perturbed reflecting surface or transmitting
component is characterized by the height distribution in waves

!
Mp.m‘ =

z(r,6)
A

derived from interferometric phase maps of the component. A spatial va.riation; in the
reflection or transmission amplitude is de‘termined from intensity maps |

r(r,0) = V‘R(T,é) t(r,0) = T(r,06)

11 *

}
|
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The Gaussian weighted decompositiilin components of the phase map are then defined as

G
bp,m,o.o.:!: = / f
0

with corresponding decompositi‘fs for the reflection and transmission amplitudes,

z(r, 6)

LGpm.2(r,0) LGy o(r,8)rdrdd |

The interpretation of b, 50,0+ requires some care since even a perfect surface of finite |
radius will give non vanishing values due to the diffraction loss by the finite aperture. With |
the parameters of the LIGO cav:Fes and mirror diameters, values of b ., 50+ < 1x107° |
on the spherical mirror and 8 | 0+ < 2x 107 on the flat xmrror for p € 20 are ‘
lmits due to the finite; mmior 31q.e. |

When the phase, transmxsqm or reflection maps are expressed as Zernike functwns over
the measurement aperture, the p ocedure includes the added step of converting the Zernike |
transforms into the Gaussian Weighted Laguerre- Gauss decompositions. |

The Zernike functions are area qorq'ta.lized and real - use sin and cos as the ang;ula,r func- |

tions.

Zn,;‘4.(r, 0) = N, Ra(r) cos(l8) ? |
Zag (r0) = Noy Roi(r) sin(if)
The R, are the radial Zerxj;like f{u.nctions.

The Zernike functions are ojrtho- normal .
%

R r2=w
/ / - Za1,4(r,0) Zjq,+(r,8) rdrdd = b, ;614
¢

where R is the apertur}: rad‘rius. The normalization constant is chosen as

n+1
"

| /2n+1
Nn.l = ('ﬁ’ )

{

The phase surface, z(r,0), is deg omiposedf

‘Nn,O ‘=

z(r,p)

nlt
___):__' | — Z a'?'l'i Z,,‘,'t(r, 0)
0.0
where the amplitude coefficients are deﬁﬂed as

R én ‘m
anie 3 [ [ L5 20 patroyrards
1 a 0

12
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NOTE: The Zernike functions uied in ZYGQ interferometer software are not normalized.
The functions all have N,; = 1] and are given by a numbering scheme from 1 to 36 that
includes the real functions from p p= 0,!l =0ton=17,1=T1.

The Gaussian weighted Zernike decomposition components become
o rIn
bpmn,d0,0,: = /[ / LGy m (1 0)ant,+ 20 1,2(r, 6) LGy o(r, O)rdrdl
o Jo

FOR’I‘RANi Programs Used in Determining the Specification
OPTICS: I |
cavmodes.f
Cavity mode maps ‘l
contloss.f

Cavity loss and interﬁ'etonieter contrast using Zernike transforms and Laguerre-Gauss
transforms as input ‘

overlapzlg.f
Overlap integrals qf Zgrmke funetions with L?.guen‘e—Gaus functions

zerncorr.f
Cross correlation of plia.se mapsqin terms of Zernike functions, comparison of phase maps

2dmap.f
Phase map analysis: rms, pea.lﬁ—peak midpoint gverages, 1d and 2d fourer fransforms,
Zernike transforms, Laguerre-Gguss transforms, phase map cleaning by removal of Zernike
functions removal of Laguerre-Gauss functions

zygoconvg.f F
Manipulation of Zygo phase maps from different instruments into standard form for anal-
ysis stray light maps and path Ristory files.

edgediffioss.f |
Diffraction loss and mode ;mxlqg by finite aperture mirrors.

fakemir.f i

Method of generating diﬁ"e!;ent Fa.k% wavefront surfaces that have the same spatial power
spectrum but different surfaces|

SYSTEM MODELS
gravnoiseplot.f, gnp2.f grav Poxserms 1

Overall detector noise power bidget including: shot noise for a variety of interferometer
configurations, thermal noise frpm substrates, support wires, final stages of isolation sys-
tem, coupling from vertical to horizontal, seismic noise from measured 1solation systems,

13 |
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modeled idealized systems with arbitary number of stages, magnetic controller noise, vac-
uum residual gas fluctuations, radiation pressure noise, frequency and amplitude noise in
unbalanced interferometers naturallyj occurring gravity gradient noise, electronics noise in
photodetector. gnp2 and gravnoiseplot give results in h(f) while gravnoiserms in h(rms).

Surface Power Spectra

The power spectra are parametrizefl by the prescription given in Church, Takacs and
Leonard (SPIE Vol 1165 (1989)) for isotropic fractal surfaces. The one dimensional power
spectrum, determined from data taken along a profilometer scan or a line in an interfero-
metric phase map, is represented by

A
S z) =
i (f ) (1 , + (27rlecor)2)C/2

The one dimensional powsr spectrum, Sy, and the coeflicient A are expressed in units
of (waves (5145A))? cm. I is the surface correlation length in cm. f(z) is the spatial
frequency on the surface in cm ~1 also referred to as wavenumbers. The represeniation
of real surfaces will rﬁqun‘e different spectral models for the large, mid and small spatial
scales. | '

! . . ..
The isotropic two dimensional power spectrum associated with 5; is given by
i

o _ T((c+1)/2) Vileor A
5‘?“ T TR @ @rfl R

f is the isotropic spatial frequency f = (/f2 + f2. So(f) is expressed in units of (waves
(5145A)) cm?®
The mirror BRDF depends on the two dimensional power spectrum and optical wavelength

dP scat _ 167"2
dQxPa. = A2 |
The grating relations couple the scattering angle and surface spatial frequency. At angles

where 6 = sin(f), the spatial frequency, optical wavelength and the scattering angle are
related as ,

| Y

so that the BRDF can be expresed in terms of the scattering angle (incident bea.n} assumed
at normal incidence io the surface) by

dPcat(8) 16752 T((c+1)/2) locA i
dQ* Pac =~ A T'(c/2) (1 + (21rolcm/>‘)g)(c+l)/?

The one and two dimensional power spectra are designed to give the same surface variance
. 2 :
n waves :

'BRDF = S2(f)

BRDF =

2 e . ca _ A r((c+1)/‘2)
- = /(; Si(f:)df: = 27/ Sz(f)'fdf © 2yA(e = Dleor  I(c/2)

|

’14
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ANALYTIC PERTURBATION METHOD

Purpose

From measured optical phase
¢ Calculate contr
¢ Calculate cavity |
¢ Calculate optical

Method

1. To interact with optics m
Zernike functions - scaling frxcq

ps of individual components:
t defect, 1 — C, at antisymmetric port
0ss, «

fields in entire interferometer (planned)

lustry, convert phase maps to expansion in
por is aperture radius, R. '

1’%1‘ ,8) = ant ! ﬂ,(1' 6)

2. Choose cavity pa.ra.meters 91, g2,Tm and cavity Laguerre Gau;s eigen-
functions Lpny,(r,6) - sca.hng factor is w.

3. Excitation field is assumed to be Lgg f

4. Project Loo field excited phase map into Laguerre Gauss functions

"/’pm = ?nl

< pm|nl|00 > Lpm

S. Perturbation excitation function; for example, transmission amplitude

components

t?"‘

= (1 + Wpm)

6. Multiply by ca.v1tv tra.ns‘fer function using appropriate Guoy phase for

each cavity eigenfunction

Reflected field
Internal field

l

7. First order estimates of contrast defect and loss: ,
1-C 22 ) Ln(ref)/Ioo & = 3 Ipm(internal)/Ioo

p,yn

Method applies| tol both phase and amplitude perturba.tmns
phase perturbations more unprrta.nt x
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|
|
i

i
i
J
i

The total scattering loss by the surfaxlce is related to the surface variance |

‘i Puftnl scat 167!‘2-0.—2
| Pinc A2

NOTE: The one dimens;iona} POWET :]pectra. in some commercial software is given in units

of microns® and the spafia.l frequencies are given in microns™. The two dimensional power ‘

spectra are given in uni]-ts of micr Pns*. The conversion of the power spectra used in these |

specifications to those ysing imicrons|as the basis are the following: i
\

Fl(#'rl)

%sz(#rl) — 265 x 107 Sp(em™) :

1

2,65 x 10® $;(cm™1)
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SURFACE SPECIFICATI?N FOR THE LIGO ARM CAVITY MIRRORS
3. Weiss November 1, 1993

Introduction : The documcnq presents the surface specifications for the initial LIGO
interferometer arm cavity mirror?. The specifications are divided broadly into three spatial
scales.

20 - 0.3 cm : The spatial scale (large) that primarily determines the cavity field dis-
tribution and thereby the interferometer contrast and one component of the diffractive
cavity losses. Perturbations on scales 2 cm and shorter have diffracted components that
fall outside the mirror radius in the arm cavities.

0.3 - 0.008 cm : The spatial scale (mid) that primanly contributes to the scattered light
in the LIGO beam tubes produ?ing phase noise through modulation by interaction with
the walls and baffles. The mirror perturbation power spectra on these spatial scales are
likely to be the same for all theijrrmrs so that the primary effect in the arm cavities 1s
expected to be cavity loss rathen than interferometer contrast defect.

< .008 cm: The spatial scale (§mall) which in the LIGO contributes primarily diffractive
arm cavity loss and to the interferometer contrast defect if the power spectrum on these
spatial scales is different for the jmirrors in the two arm cavities.

Some of the specifications are inconsistent with each other since they have been arrived at
from different considerations. The specification is then determined by the more rigorous
condition. A specific example {are the allowed higher order Zernike amplitudes, these
are larger than the values jspecified by the surface power spectrum. The inconsistency
comes about because diﬁexfent erformance criteria have been used. In the case of the
Zernike decompositions, the inferferometer contrast defect is the driver, while for the
power spectrum specification, itlis the scattering.
|

NOTE: A separate issue, n;ot cansidered in this specification, is the effect from mid and
small scale perturbations on the small beam tests that may be performed in cavity ring
down or laboratory a.bsorpii‘ion :Feaifurements.
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Rear arm cavity mirror - spherical
Zernike sums over a 10 cm radius aperture
o0
1-0C)
P i) g 10-¢
2 %o S gy S B

n=§

n;i;aai,z < G-(‘I_ﬁ)gl'if 6 x 1078
ﬂ;i;“‘?r S (1(—2;'0)0—) < 1x107°
Z:*aﬁ,e < (_I(E;T)Cl < 2x107°
Zernike sums over a § ¢ ?1 ius aperture
| |
n_8a§ < —(1(2;0)0) < 1x1078 ;
;ﬂan.s%.szx1o-5 | |
n;i;sai,s < Q(].—-(-)(TC) < 3x10°°
Weighted Laguerre - Gauss s;unls
iibi.moo < 120 < 6x107 5, meven

=2 m=0

Sagitta match of spherical miirrors

-—7516\/1—C)<008
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THE SURFACE SPECIFICATIONS

Front arm cavity mirror - flat

Zernike sums over a 10 cm radius aperture

> 1 - C)
2 < ( < 5 -8
Z a"'o s ——(578) ey X 10

> o2 1-0C) ¢ 1xi0-

Gp2 £ ooy =
g (288)

- i (1 -0)
E 2 a-20) < ~8
n s M) = 2x10

n=24

o f
; 1 - 0C) -
at, < a-c0 < 4x107°
nz;i ?Ilb ‘ (72) .

Zernike sums over a 5 cm raﬂius aperture

g 1 - C)
2 k=0 o1y q07
2_cho @) =~ i

n=4'{
= 1-0)

al < 2x10™°

*F om S
|

' (1 - C) -5 i
@ € e € 3x10 |
n=10 F (80) | \
2
n

|
= (1—C)E< -5
Za} 6 < NCORE 5x 10

Weighted Laguerre - Gauss sums

had P . (1 - C) _
Z Z b?’lmlolo S 4970 S 6 X 10 7 p, m even

P=2 m=0

s p
>3 Bmod < Cpppl € 2X107° p, modd

p=1 m=1

St

pP.27
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|
| |
Power ;SpectrunT Parameters for Both Mirrors
Spatial frequency range: 3 - 125 cm™!
Power law exponent: ¢ = 1
Correlation length: I, > 1 x 107! cm

Power spectrum amplitude coefficient: 4 < 2 x 10~° waves(5145A)% em
Surface variance: 9;;- = 3125 Si(f:)df: < 14x1077

Surface roughness rms (in band): ¢ <€ 2 Angstroms

Spatial frequencies f, >125 cm™!

Surface variance: S = [i5 Si(fe)dfs < 1x107°

TOTAL P.28
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