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1 INTRODUCTION

This document presents an analysis of the propagation of noise on the input light to the LIGO
interferometer to the output gravity wave port. The general approach is to describe the noise as
audio sidebands about the light carrier, append RF sidebands to the carrier and its audio side band
frequencies through phase modulation and then propagate the resultant set of (9) frequencies
through the interferometer, taking into account the lengths traversed, and the imperfections of
mismatched arm storage times and arm cavity deviations from resonance. Finally, the fields are
added at the photodetector and demodulated at the mixer output to give the resultant signal, which
is then compared to an actual signal produced by a shaking of an arm cauvity.

2 PHASE MODULATION

The laser electric field of amplitude i phase modulated to produces RF sidebands:

il cosQt

E=F e

=F [1+ '—ZE(eiQt + e_iQt)} forl <<'1

3 AUDIO SIDEBANDS ON LIGHT

In each case the laser E-field (which includes the audio sidebands from the considered noise
source) is phase modulated.

3.1. Laser frequency noise

writing frequency noise as: v =vg +dv coswt

The field phase variation igp(t) = 2mut + sinwt

21100
w
and we have E= E,

|:eioo0t + Eﬁ_u(ei(ooo+ w)t 3 ei(ooo—oo)t )}

thus E, the electric field incident on the IFO,

I% [eiwot_'_J_T_(i_u(ei(wo+w)t_ei(wo—w)t)} |:1+I_£(eiQt+e—iQt)}

2

=B (€ TNty D o
w 2

* in26(3r(ei(w°+m+9)t—ei(mo_mg)t +ei(‘*’o+w—9)t_ei(wo—w—Q)t)]
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3.2. Laser intensity noise

writing intensity noise as: E =B 0E coswt

we have E = [ei%t 255( (W, + W)t +ei(ooo—oo)t)i|
ity I(w°+w)t (@~ )t iF i(wp+Q)t | i(ep—Q)t
+ —
E= B % 2EO té ) 2(6 +e )
ILSE( i(0y+ w+ Q)t N ei(coo—co+ ot N ei(w0+w—Q)t _I_ei(wo—w—Q)t)]
0

3.3. Oscillator phase noise
we write Aysc=T cos (Qt + a, cos wt)
=T [cosQt - &, SinQt coswt]
=T [cosQt - (8y/2) [ sin Q+w)t + sin Q-w)t] ]

ir[coth —%O(sin((Q + @)t +sin(Q —w)t))]
Thus E=Ee

— E() %imot_i_ %(ei(w(ﬁQ)t +ei(oo0—Q)t)

ir4ao(ei(wo+w+Q)t . ei(wo—oo+Q)t_ei(w0+oo—Q)t_ei(ooo—oo—Q)t}

3.4. Oscillator amplitude noise
we write Aosc 9 (1 + @A/A)coswt) cosQt

iI'COS%’)HS—':(cos(Q+w)t+cos(Q—oo)t)E
Thus E=Fke

- E() %lwot+%(e|(wo+§2)t+e|(w0—Q)t)

A (€

|F6A |(ooo+w+Q)t + ei((»o—u)+ o)t + ei(oo0+c»—Q)t +ei(w0—w—Q)t)}
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3.5. Summary of sidebands

These sets of sidebands, RF and Audio, may be summarized with the following diagram and
table.

L(—n»< ! > 2 ><(—D>‘
b oo

In this notation, g, refers to the electric field component of RF indgwhere 0 connotes the
carrier) and audio inddx In the following table, all amplitudes are multiplied by the factpr E

Table 1: Audio sidebands on light

E11 Eio | E11 Eo.1 | Eoo | Eo1 E11 Eio | Enn
La_serv —irmv | il irmduv | —mov |1 TIdU —irmov | il i TIdL
noise 20 2 2w w w 20 2 2w
Laser iFrdE | ir |ifdE | dE |1 | 8E |ilBdE |il |il3E
amp 4E, |2 |4, |2E, 2E, | 4E, |2 | 4g,
noise
Osc.v ra, ir Fa, 1 -Ta, ir —Ta,
noise v > v 7 5 7
Osc. irsA | ir | irsA 1 irsA | ir | irsA
amp. 4A 2 4A 4A 2 4A
noise
Signal ir kX 1 ikgX ir

2 2
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4 PROPAGATION OF LIGHT TO DARK PORT

In this section we calculate the transfer function of the E-field components from the IFO input to
the dark port.

4.1. Carrier
SN
rp I : complex arm reflectivities (appendix I)
I'g : recycling mirror reflectivity — Ty
Eag : carrier field at dark port * Ep
Eic ET
> | > /
(@), Ip(@pQ) : round-trip E_ 4&
length (phase) in recyc cavity T I
for carrier R r
Eas=Ey-
_ ET _I(pPC —iQc
we have Er = 5 (rpe "7 +rie )
_I(pPC '(Plc
and Er = B trt D 5 %R( p€ rne )
E..t
so that Er = e R _
1+ —(rPe I(pPC+ rle—'(ﬁc)
now Ppc=2kb

ZEMUD:’T\_M _90
O ¢ [z 20
(whereAy, is the modulation wavelength, adds the asymmetry)

_ 2we 3
c o 20
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likewise, Gc = 2?(‘) EZ]% + g%
We write: G p = WE p

_ ET —iQpc —iQc
Then Eas > (rpe ""—re )

S tR(rp(1-igpw) — 1 (1-ig )

1+ rER(rF,(l—ieF,oo) +1,(1-gw))

EEt A i WA
> r(Ar— iwAg)

rgzr
1+ —(1-iEw)
2
whereAr =r1p-1, Zr=rp+n, Ae~ep-¢, €~ (1/2) €p+¢)

The expression for the arm reflectivity is (see appendix I):

. -1W .
wC

1+@
wC

where g is the arm reflectivity on resonance, is the cavity poletis the front mirror reflectiv-

ity, andx expresses the rms offset from fringe center. The expressioisdodzr may be
obtained from the following table, which assumes input mirror energy transmission of 3% and a
100 ppm difference in loss in the mirrors between the inline and perpendicular cavities:

Table 2: Typical LIGO arm cavity parameters

cavity mirror loss | E te s o We
1(1) 100 ppm .98484 1731 .9999 -.9870 580.7
2(P) 200 ppm .98478 1731 .9998 -.9806 584.5

We can then obtain:

Ar ~

2r=2r

—2 . {LED .
10 %0+|erCD+|x

1+
wC
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1

Thus the denominator term: T
1+ RT(l +igw)

)

1+i—

— C
2

-1 -
We

. W -1. W - -
1+ ey +rRlo+IRME bry +IRX—IEWr gl +Ergr
c c

)
1+i1—
C

O N
(1+rRr0)[1+-'9—+£D
0 e Wec

1+rgr
wherew,, = ——=2
l+rgre

w. and small terms have been neglected.

now the numerator term:(Ar +r,iwAEg)

2
Aew

—2 10T
10 [r0+|rF —}+|x+|r|u)As—rI
('OC C

14+

W

10 Z[r + |rF1 w} +iX
wC

1+
wC

Thus Eyg = (numerator/denominator)

tR%O [ +|r,: (J +ix%
0 jw &0
0 W WO

which is the carrier field at audio sidebanet the dark port.
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4.2. RF Sidebands

Ve

p
Es | Er
—» —»
- / -
ET’ El
S
Eas=Ep- B

We consider the sidebands to be antiresonant in the arm cavities, so that the reflectivity of the

(compound) arm mirrors is +1.

As before (but for sideband fields, where the subscripts | and P now refer to the RF sideband

phases):

Now @=2k}

E112T[v0+ Q+ (*)Elﬁ‘M 30
c Mz " 20

'r|.'+T[_(")+£2_6+('*')_5
Q C C

Strisin(a + B)%. me

0y iwQ
1-rpcoso 71—~ 500
—Etri(a +B)

1-rrcosu

Eas =

where we have neglected the recycling cavity pgle= {1-15)(TQ) ~ 60 kHz.
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5 PHOTODETECTOR CURRENTS, MIXER OUTPUTS

5.1. Photodetector current

If E1(0y+wy), B (wotwyy) are two electric fields incident on the photodetector wivgres, and
Wy, Wy << Wy, the optical frequency, we can write:

it it it

E, = Re(Ee

+Ee “)e ]

—i Wyt

= RgAe )

—wy)t

and j, =EE¥ = AA* = [E,E,[ ™ 1 ¢q] = 2R BE,E ™ “"] where },is the photo-
detector current and we have omitted terms which do not mix the two frequencies.

Refering to figure 1 and writing the contributionsféor all the fields separated ¥+ w  which
will give a demodulated in-band output we have:

i =
p

2R B ED ;1@ I+ EgE T, 6@ B EDe @ D 4, EQe @O

i[(Q+w)t i(Q+w)t

i(Q—- o)t i(Q —w)t]

+ 2R E_,E0 e

The #4 terms represent mixing of the carrier with the RF audio sidebands

294 terms “ “ carrier audio sidebands with the RF sidebands

5.2. Demodulation

The dark port mixer output is the product of the photodetector signal with a quadrature phase ref-
erence:

Vout:Ii pSinQtat

(t+T)

1 i(Q+ )t
now T J’ R ae
t

]sinQtdt = —Re( g sinwt —Im(a)coswt (T = modulation period)

t

]

= [Re-d& " Msinatat = —Im[ae?
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Thus we can write:

= —Am(Eoo(E0y_ 1 —ED ) + EQyg(Ey—Eyy)

it
+ Egy(ED10—EDyo) + EDh_ 1(Ejg—E_40))€e”

and therefore |V|=

[Eqo(ELL 3 _1—ED 1) + EN)(Eqy —E_1y) + Eg(EQ 10— EDyg) + EGh_ 1(Eqo—E_y0)|

Carrier x RF audio sidebands Carrier audio sidebands x RF

where the carrier and RF fields were earlier derived:

RF Carrier
Eistrl (0 +B) = E, tr(a +ibw+ix)
= F— =
R 0 jo &w’0
ZFCCD' +——-——0
[l e DOccl
a=20 a=10%r,
C
B = wod b=102 -t
c C
_ _ (*)OAers
R =-(1 - rCcosN) X = Lo,
FCC: l+rRr0
e=4x108

and the field amplitudes incident on the recycling mirrrakd E., are given in table |.
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6 OUTPUT NOISE AND COMPARISON WITH SIG-
NAL

In this section we compare the noise sources with an arm cavity signal.

6.1. Arm Cavity Signal

With the carrier field of appendix Il we can immediately write the mixer output as:

Eotr TV, X
|O= 0 %owga
FrFec L Jow” + 002

2,2

Eotr TV, X
-_O0R 0

F RFcc LA/w +oo

6.2. Laser frequency noise

a

For this and the following noise sources we use the carrier field of section 5.2.

6.2.1. Carrier audio sidebands x RF sidebands

rmdu| Ejta(a+ibw +ix)

we have V=—— " - (—a) —(-a))
W E(O
2FRF D_+———
R CC wCC wCC
rmdvg  Ecta(a+ ibw—ix)
+g— g ——CR (o) = (~(-a)))
] . _ 2
OFgF oo+ 2 _EX
0 e Wcc
_Imdu|  Egtp(a+ ibw) ()
® 0 jw &w’
0 e e

Here the carrier audio sidebands undergo filtering by the coupled (recycling-arm) cavity.
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6.2.2. Carrier X RF audio sidebands

2,2, .
V= d‘néu%EotR(a’f iX)

oo 0 }((—G—B)—(G—B))

+

2.2, .
] Fmdu %EOtR(a_IX)

15002 }((—(ms))—(—(—aw)))

2,2
_mdu EotRa
w FgFee

and we see that the RF audio sidebands do not receive filtering in the recycling cavity.

6.2.3.  Frequency noise sum and comparison to signal

we sum the above outputs:

2,2
y = Tou Eotr (a+ ibw)

over most of the frequency range of interest.
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6.3. Laser Intensity noise

6.3.1. Carrier audio sidebands x RF sidebands

2.2 : : 2,2
v = OE Eotr(a+ ibw +ix) Ta) + I 3E Eotra + ibw—ix —a)
2E0 0 . _ 2 2E0 0 . - 2
ZFRFCCD-"'E_& ZFRFCCEL"'E_&
O @ W O @ W
_T3E EotriX Ta
2EO B . - 2
FF ool + 12 8

6.3.2. Carrier X RF audio sidebands

2,2
V= @il(fﬁ iX)[— (- a = B) = (—(a = B))] + (a-ix)[— (o + B) — (—(—a + B))]
4Eq 2FgF o
2.2
_ dE| Eotg .
= 2B, FaF |
6.3.3.  Intensity noise sum and comparison to signal
2,2 3. W ]
Et IX — X—
_|OE OR % wch
V= Hra)
2B, 0 £ 200
1w €W
FRFccd + — ——
O W Wecl

and comparison of the noise to the signal (6.2.1) gives:

V6E - OE AXrmsg
Vv 2E, X

signal
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6.4. Oscillator Phase Noise

6.4.1. Carrier X RF audio sidebands

V= (a+ix) EE (B[ (=) (=a —=B) = (i) (a—P)] + (a-ix) EE (B[ (=) (o +B) = (i) (—a +P)]

Ecz)tsz

= a
O
RFCC

B
6.4.2. Carrier X RF sidebands x demodulation audio sidebands

In the case of oscillator phase noise, the demodulation signal also has audio sidebands, which give
an inband signal when mixed with the carrier and RF sidebands. Since the oscillator audio side-
bands are out of phase with their carrier, the resultant demodulation is In-Phase with the optical
phase modulation.

The oscillator spectrum is :

A =T [coHat - (8/2)(SINQ+w)t + sinQ-w)t)]

The quadrature spectrum is:

A =T [sinQt + (8/2)(cosQ+w)t + cosQ-w)t)]

which shows the audio sidebands In-Phase with the original optical PM.
Then the mixer output is:

V= IRe[( ByoE_10-+ ElOEOOEbeiQt] %O(COS(Q + W)t + cos(Q —w)t)dt

a
=Re( ByoE_jo+ EloEOOEDEOCOSUOt

Now (EgoE 1+ ExgEodd) = (a+ )-8 + (ain 22

= —ixlNa

so that Vut=0 for this path.
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6.4.3. Comparison of Oscillator phase noise with Laser frequency noise

In this case we compare the oscillator phase noise to the laser frequency noise, since the oscillator
noise should be limited to below this level.

\%

a _

Vau  ma10728v

aXpw

_ 102a0xm2
TIQdUL

6.5. Oscillator amplitude noise

A look at Table | shows that oscillator and laser amplitude noise may be handled the same way.
The demodulation signal is also the same because the limiter amplifier removes the AM side-
bands. Thus we can immediately write:

V6A :%Axrms_(_x)_
Vv 2A X W,

signal

6.5.1. Comparison of Oscillator amplitude noise with Laser amplitude noise

We have:
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7 SUMMARY AND CONCLUSIONS

We may summarize the above findings as follows:

» Laser frequency, laser amplitude, oscillator phase and oscillator amplitude noise can be seen
to produce audio sidebands on the laser carrier and its RF sidebands (Table 1).

* The audio sidebands on the carrier are filtered by the coupled cavity of the recycling mirror
and the arm cavity (see pg. 7).

» The audio sidebands on the RF sidebands are not filtered and dominate the noise (pg. 8).

» Laser frequency noise couples to a difference in arm cavity storageMiingh(ile laser
amplitude and oscillator amplitude couple to an arm cavity deviation from exact resonance

(DXm9)-
» Oscillator phase noise couples to an arm cavity deviation from resonance through a detuning
of the audio sidebands from resonance in the recycling cavity.

We restate the noise calculations and draw conclusions on LIGO requirements. The laser fre-
guency and amplitude noise sources (of magnibwdmndoE) are compared to a signal produced
by an arm cavity motion of amplitudé while the oscillator noise (of magnitudganddA) is

compared to the corresponding laser noise.

In the following,L is the arm cavity lengthy,. is the arm cavity pole frequendyx,sis the cav-
ity offset from resonance, and E are the laser frequency and intensity, €nid the oscillator
frequency.

In the expressions below we take:

X (100 Hz) = 1 x 13° m / rHz andX (10 kHz) = 4 x 108 m / rHz
Vo =3x 10t Hz

W = 600 Hz.

Q =2mx 12 x 16 Hz.

L=4x1Gm

7.1. Laser frequency noise

V _
oV 010 2

Vsignal

<|04
o i<
Xl

Thus to suppress frequency noise to 10% of signal level, w ¢&d0 Hz) ~ 1 x 107 / rHz and
3v (10 kHz) ~ 4 x 18/ rHz..
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7.2. Laser amplitude noise

Ve _ oE AXrmsg
V 2E, X g

signal

Here we takedE/E) ~ 2 x 16° / rHz, which is ~20 dB above the shot noise limited amplitude
noise of 100 mW of light. To keep amplitude noise at 10% signal level at 100 Hz (and above), we

needAx,ms ~ 102 m.

7.3. Oscillator phase noise

Va _ 10%a0xw’
Vs TiQdu

\

3 EHOSaOAxrmsw2

ov

Takingdv (100 Hz) = 10 Hz / rHz (see abovelx,ms~ 1012 m, and requiring y~ Vs,, we
have:

3y~ 104 (or -80 dBc / rHz) at 100 Hz. We also fingla(-130 dBc / rHz) at 10 kHz.

7.4. Oscillator amplitude noise

The requirement thaty{ ~ Vs gives PA/A) ~ (-155 dBc / rHz) at f =100 Hz and above.
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APPENDIX 1 ARM CAVITY REFLECTIVITY

-
E. L + AXms
E, '
e = — —
T E ‘ >
=
Bk B
with the usual circulating field analysis we can write:
2 o
terge
re = g+ 3
l1+rgrge
£TVy + W
where ® = 2K(L+AXng) = 2 gL+ Bx)
= 2L, 2KpAX s
C
tF B%‘_l =20 2kOAers%
Thus re = Mg —
—rFrB%.—l g’ZLoo + 2koAers%

-1. W wOAersD
TR T Tl O
C c

WhAX
1+-D(_JO+ 0="*rms[ ]
'Oy, "L O

C

1—rpr
where @, = 29[ D—rF—rEE:E Wy = Cky , andy = re(P= m)

WAX
Also with Ax,me < 10! m and writingx = Ow—ers we have:
C
1w, 0
re= b
=
1+i2

C
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APPENDIX 2 ARM CAVITY SIGNAL AT GW PORT

Xcoswt
>

Eo
—
-

E

(7]

We look at the shaking of a cavity mirror as a phase modulation of the cavity carrier light which
produces audio sidebands on the carrier field:

i (0Wyt—2kX coswt
= £ (@t )

c

(0 + wy)t i(w—wy)t
doragt | i(w-o)

= E e ik X( )]

and again we solve for the circulating field in the recycled IFO, where the audio sidebands are
seen as a source field to be added to the circulating field:

RN

Es

-4

- -4

/ -« —

Er Er

rR r|: rB
Eas
then Ep = Eg+rgEg
—i2kL 2T[VO +W

=E;+rgEje T (-rg)  wherek =
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ES
so that &=

1 0[]

E.t
and E = =F

- iw
C

= Eas

now E = source field of audio sidebands

= E(in arm) ikKX
= g QR m ' HkX
Egm t 2 0 cikX
Thus BEas = é)%ufr % Fr —C ol
R0 FEQLQ)C% _CD

This expression for the carrier field at the gravity wave port contains the arm cavity pole and the
amplification of the field from the recycling cavity.
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