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Overview

This document describes the method used for calculating the shot-noise limited sensitivity of the
four interferometric lengths in the LIGO interferometer. The approach is to use analytical expres-
sions for the signals generated by a length (or phase) change; the effect of mirror distortions is
included by incorporating the results of FFT analysis in a way described below.

Results are given for the current set of optical parameters and required level of optical distortion.
The treatment is made for the single frequency scheme of modulation.

Figure 1 defines the lengths and signals in the interferometer.
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Figure 1. Interferometer configuration

Demodulator signals

The following assumptions/approximations are taken for the calculation of the demodulator sig-
nals (the derivatives of the demodulators with respect to the various lengths):

the rf sidebands are resonant in the recycling cavity, but anti-resonant in the arm cavities
only the beating between the carrier and the first order (upper and lower) sidebands is con-
sidered

only the signals at DC are computed

only the TEM)g components of the carrier and sideband fields - as given by the FFT

results - contribute to the signal

the photocurrents are sine/cosine- demodulated

Units: the power leveld) are to be expressed in units of (# photons/sec); the expressions
which follow then give (# photo-electrons/sec/ phase shift), assuming a quantum effi-
ciency (QE) of one. Less-than-unity-QE is included by multiplying the expressions by the
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QE.
The expressions for the demodulator derivatives are the same as found in M Regehr’s thesis, with

the stipulation that only the TE)j components are considered. Definitions for the various sym-
bols are found in Appendix 1, Table 3.

2.1. Differential degrees of freedom

Signal at s: The signal atsis the gw signal; it is mostly sensitivedo / L_, but is also sensitive
tog /_:
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ds, ds, | sp,
dd_ - a—(a_—drcav
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Signal at s5:The signal ats(quad phase of the recycling cavity signal) is an alternativg to s
is mainly sensitive tq_/ |_:

c sb
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dsg
do_

b b
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2.2. Common degrees of freedom

Signal at §5: Assuming all the light reflected from the interferometer is detected (or if not, the fol-
lowing expressions can be multiplied by the suitable fractional detected power), we have:

ds, = P, [U,(m) [0, (m) D]EErCefDID]?ebeN .rigv'

do 00 S OESTESD O .
cav

sb c c
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c sb
ds _ P, (M) [, (m) D%Eﬁ%%E[NO'—Nl']
do , OES E "0

C

b b
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In the above expression, coandr®.,, are determined from the TERjMpower levels as follows:
_ |sb sb
coxa = I:)symm/prec
c _ C Cc
Fcav = A/Psymm/Prec

Signal at s : This is the signal from the recycling cavity field. In M Regehr’s thesis, this is taken
from the symmetric port of the beamsplitter; in LIGO this beam would be taken from one (or
both) of the beams reflected from the input test mass AR surfaces, which is a sample of the beam
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traveling toward the beamsplitter. This field is normally called the recycling cavity field, and is
only slightly different than the symmetric port field. The following expression are thus slightly
different from those in MR’s thesis:

c sb

22 = Py y(m) (0 (m) R, ST RN T
do .\ 0 -0 1 pDECEDEiSbD 0—R" p|' cav

I30 D]O(m) ElJl(m) ERp Grsebc [G(r:ec |IGgavDTp(rR/tR)

c sb
d% . Po Do(m) 00, (m) D?pDEB—rGCDB—regErRTp[NOrgaV—Nlcosa]
do . OE; E™0

b [c
I:)O [‘UO(m) DJl(m) ERp GfecGrsec DTp(rR/tR)[rc(.?av G?ec_ cosa Grsebc]
In the above, the values of the pick-off and recycling mirror param&erg, rg, tr) are taken

to be their nominal ones (assumed to be lossless).

3  Shot noise

The beating of the carrier with the sidebands produces shot noisd anth@ phases at the mod-

ulation frequency on the photodetectors. The shot noise in these photocurrents after demodulation
(n;) will be expressed in terms of a spectral density measured at the demodulator outputs defined
above §); the units of; are thus (#/se¢Hz). Taking into account the non-stationarity of the pho-
tocurrents being demodulated, the expressions for the shot noise of the five demodulated signals

are:
| 3 |
nl, n2, n3 = PC + éPSbD I‘:]—V
1
Ny Ns = /PC+§Psz/r?—\—}

wheren is the detector’'s quantum efficien&y, is the total carrier power (all modes) dny, is
the total sideband power (all modes, both sidebands). In each case, the power levels at the port in
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question are to be used in the expressions (e.g., to compuke power levels at the anti-sym-
metric port are inserted).

4  Shot noise sensitivities

A Mathematica Notebook has been written to compute the signals, noise, and signal-to-noise
ratios using the above expressions. The notebook is found~pfiifoconfig/shotnoise/
shotnoise_v2.ma

The error signals have frequency dependencies which have not been included here; this means
there is also a frequency dependence to the shot noise sensitivity of each error signal. The
approach of this modeling effort has been to get realistic values for the noise and DC signals by
combining FFT results with analytical expressions. The frequency dependence can then be incor-
porated by using the results of a frequency response model such as Twiddle, which is a plane
wave model (no mirror distortions). It is not expected that the frequency response (i.e., locations
of poles and zeros) is significantly affected by the mirror distortions (this has been verified for the
gw signal).

Some of the signals depend critically on the recycling mirror reflectivity, the asymmetry, and the
losses in the interferometer. In the near future (~1 month), an exploration of the asymmetry-Trec
parameter space will be made using the FFT and a given set of mirror distortions. For the moment,
| present the shot noise sensitivities using the results of a single FFT run.

Parameters of the FFT runthe FFT data used was made using: ‘lambda/400’ surfaces; 50 ppm
loss per optic; 30 cm aperture optics; 1.064 micron light. The recycling mirror transmission was
fixed at 4.0%. This was important to keep the carrier (fgxveflected power from the interfer-
ometer from being too small (the ‘optimized’ transmission was 3.33%). In fact it was found that
the strain sensitivity (sensitivity to.[) was very slightly better with this choice of recycling mir-

ror transmission than for the previously ‘optimized’ case; this is because the sideband transmis-
sion to the dark port becomes more efficient with the lower recycling cavity finesse.

Additional parametersThe following additional parameters were used to obtain the shot noise
sensitivities which follow: R =5 W; PD quantum efficiency = 0.8; pick-off reflectivity for detec-
tion of s2 and s5 signals = 0.001; pick-off reflectivity for detection of s1 and s4 signals = 1.0.

Shot noise sensitivitieFhe shot noise sensitivities of the five error signals to the degree of free-
dom they are intended to control (at DC) are shown in Table 1. The sensitivity number represents
the motion of the d.o.f. under question (inVkMz) required to produce a signal equal to the shot
noise on the error signal under question. For s1 and s2, the shot noise sensitivities to the d.o.f. not
being controlled are also shown. The sensitivities are shown for two cases: where the modulation
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index has been optimized for the gw signal (s3); where the modulation index is optimized for that
particular d.o.f.

Table 1:
Sensitivity when Sens. (m) when
. Degree-of- . I : _—
Signal modulation optimized for| modulation optimized for
freedom _
gw (m=0.47) each case
sl L+ 2.21x 10%° mAHz 2.04x 10%° (m=0.74)
s 5.03x 108 mA/Hz
s2 Ly 1.10x 101% mAHz 6.86x 1017 (m=1.13)
Ly 1.79%x 101° mAHz
s3 L. 5.20% 1029 mAHz
s4 l. 2.48x 10" mANHz 1.96x 1017 (m=0.90)
s5 l. 1.31x 101% miHz 6.84x 1017 (m=1.34)

The strain sensitivity corresponding to the s3 sensitivity@3= 1.30x 1022 /Hz. The sensitiv-
ity to frequency noise at s1 implied by the above val@®(8) = 7.78x 1010 HzNHz.

Table 2 shows the individual signal and noise values for a modulation index of m=0.47. The units
for the signal are (effective watts/ lambda), expressed in dB (effective watts =xwptésrtum
efficiency); the units for noise are (#/sédz).

Table 2:

Detector # Signal Noise

ds1/dL, : 75.2 dB

1
ds1/dl, : 28.0 dB 6.37x 1¢°

ds2/dL, : 58.9 dB

2
ds2/dl. : 3.2dB 7.98x 10°

ds3/dL. : 77.0dB

3
ds3/dl : 34.7 dB 1.86% 10°

ds3/dL. : -30.2dB

4
ds3/dl : 12.2 dB 5.05x 10°
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Table 2:

Detector #

Signal Noise

ds3/dL : -41.0dB

vel-

° ds3/dl : 1.3 dB 7.70x10°
APPENDIX 1 SYMBOLS
Table 3 defines the symbols used in the preceding expressions.
Table 3:
Symbol Definition

EC carrier field incident on the interferometer

EiSb sideband field (upper or lower) incident on the ifo

E Cec car_rier field in the recycling cavity (traveling toward beam
splitter; TEM,o component)

ESbrec _sideband field (uppe_:r or lower) in the recycling cavity (tra
ing toward beamsplitter; TEj4 component)

ESbanti sideband field (upper or lower) at the anti-symmetric port
(TEMpg component)

E Cef carrier field reflected from the ifo (TEj¢§ component)

E Sbref sideband field reflected from the ifo (Ti)component)

GCec recycling cavity power gain for carrier, TElylcomponent

G sbrec recycling cavity power gain for sideband, TgMomponent

GCay arm cavity power gain for carrier, TEfylcomponent

G SbcaV arm cavity power gain for sideband, TgjMomponent

No carrier bounce number in recycling cavity (TgMomp.)

Ny sideband bounce number in recycling cavity (Tfgomp.)
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ip

de-

Table 3:
Symbol Definition
N~ augmented carrier bounce number in recycling cavity
0
(TEMgg comp.)
Nl’ augmented sideband bounce number in recycling cavity
(TEMgg comp.)
Po total input power to ifo
r carrier reflectivity of arm cavity on resonance (magnitude;
cav
TEMgg comp.)
IrC ' | derivative of arm cavity carrier reflectivity w.r.t. round-trip
cav . .
phase shift (on resonance; magnitude; fEbmMp.)
rst__ derivative of arm cavity sideband reflectivity w.r.t. round-tr
cav . . .
phase shift (carrier resonant; magnitude; Tjg®bmp.)
= field reflectivity of recycling mirror
R power reflectivity of the resonant interferometer for the car-
rier, TEMgg component
RS power reflectivity of the resonant interferometer for the si
ifo
band (upper or lower), TEj component
Ry power reflectivity of pick-off for sampling recycling cavity
field
tr field transmission of recycling mirror
to. Tp field and power transmission of recycling cavity pick-off
stanti power transmission of sideband (upper or lower) from ifo

input to anti-symmetric port of BS; TEj¢§ component
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