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THE PROBLEM
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Distances between tilted mirr ors depend on
beam position:

δ1 � δ2
� ∆

�
Θ1 � Θ2 �

Beam pointing in a misaligned
IFO generates noise .

Definitions: Diff erential tilt: δ1
� � δ2

Common Tilt: δ1
� δ2

Involved Frequencies:� (mis-) alignement of mirr ors is static� Pointing of laser happens at GW-frequencies
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TILTED MIRROR IN THE MODAL MODEL
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It can be described with a 2x2 matrix
acting on û0 and û1:

Er � M̂r � Ein

M̂r � ���
1 � 4θ2 � 2iθ� 2iθ

�
1 � 4θ2 � with θ � πw � z�

λ
Θ

Et � M̂t � Ein

M̂t � � �
1 � x2 x� x

�
1 � x2 � with x � d

w
n � 1

n
Θ

In interf erometric GW-detector s (Θ � � 10� 8 � ):
πw � z�

λ � 105 � d
w

n � 1
n � 1



TILTED MIRRORS IN A CAVITY
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Roundtrip Propagator:

P̂RT � r1r2M̂1L̂M̂2L̂ L̂ � �
eiωL

c 0
0 eiωL

c � iφg �
matrices do NOT comm ute !

Be careful with the sequence .

Ec � it1  Û � P̂RT ! � 1
Ein

Et � � t1t2L̂  Û � P̂RT ! � 1
Ein

Er � " r1M̂ � 1
1 � t2

1r2L̂M̂2L̂  Û � P̂RT ! � 1 #
Ein



TILTED MIRRORS IN A CAVITY

We need to kno w:
How much of the 1-mode will sho w up

as a 0-mode at the detector (dark por t)?

10$ 0 10$ 1 10$ 2 10$ 3 10$ 4

f [Hz]

10−5

10−4

10−3

10−2

10−1

T1−>0 (f) Reflectivity%
ETM (+f)
ETM (−f)
ITM (+f)
ITM (−f)

� ETM tilt rolls off with cavity pol� peak when 1-mode on resonance (Gouy phase)� ITM tilt: E � rEr & tEc ' Interf erence

– overcoupled cavity: f ( Pol: tEc ) rEr

– f ) Pol: rEr ) tEc

– f � Pol: constructive or destructive Interf erence



CAVITY ENHANCED MICHELSON (D)

E r

ITM

ITM ETM

ETM

E in
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Diff erential Tilt:

10* 0 10* 1 10* 2 10* 3 10* 4

f [Hz]+
10−4

10−3

10−2

10−1

T1−>0
Cavity Enhanced Michelson,

Differential tilt

ETM (+f)
-
ETM (−f)
-
ITM (+f)
.
ITM (−f)
.

similar to cavity in reflection



CAVITY ENHANCED MICHELSON (C)

Common Tilt:

Diff erence between RF-loc king and DC-loc king:

1. RF-loc king� LO at dark por t is RF-sideband� carrier completelydark

2. DC-loc king� small diff erential offset in arm cavities ( / 10� 11m)� carrier is its own LO� no RF-sideband necessar y

RF-loc king:

100 0 100 1 100 2 100 3 100 4

f [Hz]1
10−8

10−7

10−6

10−5

10−4

10−3

T1−>0
Cavity Enhanced Michelson2

RF−locking3
ETM (+f)
ETM (−f)
ITM (+f)
ITM (−f)

100 0 100 1 100 2 100 3 100 4

f [Hz]1
10−8

10−7

10−6

10−5

10−4

10−3

T1−>0
Cavity Enhanced Michelson2

DC−locking3

ETM (+f)
ETM (−f)
ITM (+f)
ITM (−f)

TComm � TDi f f 4 Asymm.
here: Schnupp

f ( fc TDC � 200 4 TRF
f ) fc TDC � TRF



LIGO-I CONFIGURATION (D)

Cavity enhanced Michelson interf erometer
with power recycling.

Diff erential Tilt:

105 0 105 1 105 2 105 3 105 4

f [Hz]6
10−5

10−4

10−3

10−2

T1−>0
LIGO−I Configuration7

Differential tilt

ETM (+f)
8
ETM (−f)
8
ITM (+f)
9
ITM (−f)
9

LIGO-I with LIGO-II parameter:
ITM: T � 0 : 005
PR: TPR � 0 : 08

LIGO-I � Cavity enhanced MI x 2
�

TPR

PR-filter s the pointing



LIGO-I CONFIGURATION (C)

Common Tilt:

100 0 100 1 100 2 100 3 100 4

f [Hz]

10−9

10−8

10−7

10−6

10−5

10−4

10−3

T1−>0
LIGO−I Configuration

RF−locking3
ETM (+f)
ETM (−f)
ITM (+f)
ITM (−f)

100 0 100 1 100 2 100 3 100 4

f [Hz]

10−9

10−8

10−7

10−6

10−5

10−4

10−3

T1−>0
LIGO−I Configuration

DC−locking3

ETM (+f)
;
ETM (−f)
;
ITM (+f)
<
ITM (−f)
<

TComm � TDi f f 4 Asymm.
here: Schnupp

f ( fc TDC � 7000 4 TRF
f ) fc TDC � TRF



LIGO-II CONFIGURATION (D)

Dual Recycled Cavity enhanced
Michelson interf erometer

Diff erential Tilt:

10= 0 10= 1 10= 2 10= 3 10= 4

f [Hz]

10−5

10−4

10−3

10−2

T1−>0
LIGO−II Configuration>

Differential tilt

ETM (+f)
ETM (−f)
ITM (+f)
ITM (−f)

� low frequencies f ( 100Hz: SR-mirr or filter s noise� above 100Hz: SR-cavity amplifies noise

In General:

Like simple Cavity in reflection filtered by PR-mirr or
times Signal Recycling Transf erfunction



LIGO-II CONFIGURATION (C)

Dual Recycled Cavity enhanced
Michelson interf erometer

Common Tilt:

100 0 100 1 100 2 100 3 100 4

f [Hz]1
10−7

10−6

10−5

10−4

T1−>0
LIGO−II Configuration

RF−locking3
ETM (+f)
;
ETM (−f)
;
ITM (+f)
<
ITM (−f)
<

100 0 100 1 100 2 100 3 100 4

f [Hz]1
10−7

10−6

10−5

10−4

T1−>0
LIGO−II Configuration

DC−locking3

ETM (+f)
;
ETM (−f)
;
ITM (+f)
<
ITM (−f)
<

TComm � TDi f f 4 Asymm.
here: Schnupp

f ( fcP TDC � 500 4 TRF
f ) fc TDC � TRF

Common Tilt in DC-loc king:� low frequencies: gain of PR-cavity boosts pointing
signal

Summar y:� Disad vantages for DC-loc king at low frequencies� Still less problematic than diff erential tilt at all fre-
quencies

Remark:
Additional asymmetries will boost Common Signals in
RF-loc king scheme.



RECYCLING MIRRORS

What happens if the
recycling mirr ors are tilted ?

10* 0 10* 1 10* 2 10* 3 10* 4

f [Hz]+
10−7

10−6

10−5

10−4

T1−>0
LIGO−I Configuration?
Common vs. Recycling@

ITM (+f)
ITM (−f)
SR (+f)
SR (−f)
PR (+f)
PR (−f)

PR-tilt:� at low frequencies: factor 1-2 smaller than Common
ITM tilt� str ong roll off to higher frequencies

SR-tilt:� at low frequencies: far belo w Common ITM� reaches Common ITM transf erfunction at peak fre-
quenc y

Comments on this (not backed up by any analysis):� PR-mirr or not a probem� SR-mirr or could be, will be hard to detect SR-tilt



EQUIVALENT SHOT NOISE L IMIT

Detected Pointing Signal:

Sp � f � � E ALO  Ep � & f � ei2π f t & Ep �B� f � e� i2π f t ! & c : c :� ℜ C E ALO  T1 �ED 0 � & f � ei2π f t & T1 �ED 0 �B� f � e� i2π f t ! E1 � f �GF
E1 � f � � a1 � f � � nin H a1 � f � � x � f � & iα � f �

Don’t kno w the phase (?). Assume worst case:

Sp � f �JI KELO KL�MKT1 �ED 0 � & f �NK & KT1 �ED 0 �B� f �OKP�QK a1 � f �OKRKEin K
equiv alent Shot Noise Limit (P=125W, nin S 6 T 3 U 1020 V s)W

a1 X f Y W[Z 1X WT1 \E] 0 X f Y WL^ W
T1 \E] 0 XB_ f Y W Ya` nin

10b 0 10b 1 10b 2 10b 3 10b 4

f [Hz]

10−7

10−6

10−5

10−4

10−3

a1
max�(f)

LIGO−II Configuration
Common Tilt

ETM tilt: 10 −8rad (each)
ITM tilt: 10 −8rad (each)

10b 0 10b 1 10b 2 10b 3 10b 4

f [Hz]

10−9

10−8

10−7

10−6

10−5

ac 1
max�(f)

LIGO−II Configurationd
Differential tilt

ETM tilt: 10 −8rad (each)
ITM tilt: 10 −8rad (each)

sqrt(Hz)e
sqrt(Hz)e



MODE CLEANING

The limit for diff erential ITM (the most crucial) tilt:

W
a1 X 30HzY Wgf 1 T 0 U 10\ 7` Hz h 10\ 8 i

ΘITM
D h 125W i

PinW
a1 X 100HzY Wjf 3 T 4 U 10\ 8` Hz h 10\ 8 i

ΘITM
D h 125W i

PinW
a1 X 300HzY Wjf 5 T 7 U 10\ 9` Hz h 10\ 8 i

ΘITM
D h 125W i

Pin

Both dimensions and PSL specs:

f amax
10k 01 X f Y hHz\ 1k 2i aPSL

10k 01 X f Y hHz\ 1k 2 i amax
1

V aPSL
1

30Hz 5 T 0 U 10\ 8 1 T 3 U 10\ 5 3 T 8 U 10\ 3

100Hz 1 T 7 U 10\ 8 4 U 10\ 6 4 T 3 U 10\ 3

300Hz 2 T 8 U 10\ 9 1 T 3 U 10\ 6 2 T 2 U 10\ 3

Mode cleaner as a passive filter:
Finesse: 2026, g-factor 0.407
Amplitude Transmission TEM10

f
10\ 3l Leaves a safety factor of 2 (compared to 10 requi-

red for LIGO I).l Requires that pointing in the GW-band is domina-
ted by PSL.

Safety factor of 2 is not acceptab le.
Three solutions:l active steering systeml lower offsets in mirr or tiltsl additional (low finesse) mode cleaner



LIGO-PARAMETER/L ITERATURE

Parameter:

Arm Cavities: 4 km
TITM S 0 T 005
Rayleigh Range: 2000 m
inline shor t MI: 3.21 m
PR-arm: 5.34 m
TPR S 0 T 08

DC-detuning: m 10\ 11m
TETM=100ppm
Gouy phase: 0.5 rad
outline shor t MI: 2.79 m
SR-arm: 6.134 m
TSR S 0 T 06

SR-detuning: 87.4deg from SR

beamsiz e: 4 cm
onl y scales the mixing angles of the tilted mirr ors.
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1. A. Rüdig er et.al., A modeselectorto suppressfluctuations
in laser beamgeometry, Optica Acta, 28, pg. 641-658
(1981)

2. P. Fritsc hel Misalignment-BeamJitter Couplingin LIGO,
LIGO-T960120-00-D, June 1996

3. P. Fritsc hel, N. Mavalvala, D. Shoemakher , D. Sigg,
M. Zucker, G. Gonzales Alignmentof an interferome-
tric gravitationalwavedetectoor, Applied Optics, 37(28),
pg. 6734-6747 (1998)

4. D. Sigg Modalmodelupdate1..7(8), LIGO-T***-D (1996-
1997)


