LSC) To recap @E

* Control theory builds on differential equations

* The Laplace transform is a tool to facilitate
solving for ODEs.

* No need to do actually do the transform
— Lookup tables

e System G(s) is stable if
— Its response is bounded and finite
— poles must have negative real parts

* Still, how does the cruise control example
work?

Getting there...



n Recall @

What is the transfer function of a system whose
input u and output y are related by the
following differential equation?

d?y _dy du
F3 =42y =u4—
dt? 3 dt Tey=us dt




n Recall @

Given the system’s transfer function

determine the system’s differential equation to
input u(t).



LSC) Recall @E

Determine which of the following transfer functions

represent stable systems and which represent unstable
systems. Use MATLAB’s step to verify your answetr.

a) P(s) = (s+25)2512+4)
b) P(s) = (S+;)_(i+4)
0 P(s) = ZSHL-D
d) P(s) = (Sz+s+f)(s+1)2
o) P(s) = 5 (s+10)

(s2—5s+10)(s+5)



LSC

Another example

A simple mechanical accelerometer
is shown below. The position y is

dy
with respect of the case, the case’s —B PP ky
position is x. What is the transfer 42
function between the input =M —(y—x)

acceleration 4 (a = d%x/dt?) and
the output Y?

y

’5k55‘ M —
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LSC)

Control Theory 2

The response of a stable system G(s) is
characterized by its

Amplitude and Phase shift

to a sinusoidal excitation



LSC

Frequency response

It can be shown that if i
x(t) = X sin(wt) %

.

then

y(t) =16(s)| - X - sin(wt + ¢(s)) %%
where e,

* |G(s)| is the amplitude response and
* @(s) is the phase shift

X6 3
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LSC), @E

Frequency response

1. The dynamic behavior of a physical system
can be determined by measuring its transfer
function with a sinusoidal excitation

2. Magnitude and phase response are a
function of frequency (s = jw)

3. Frequency-response helps to understand the
stability criteria



=2Graphical analysis tool: Bode Plot @

« Common graphical representation of transfer
function G(s)
* G(s)is complex
— plot of magnitude |G(jw)| and phase 2G(jw)
* Convention
— Log-log scale for magnitude vs. frequency (Hz)
— Semi-log scale for phase (deg) vs. frequency (Hz)
* Other conventions

— Magnitude in dB (X(dB) = 20 log,,X) vs. angular
frequency (rad/s)



G(s)

1
S

1
G 1 —_— — T —
(jw) o j

IG(jw)| = GG* =

2G(jw) = tan™?! (

1

GUw)| =—

w

Im(G)

1
w
1
w

Re(G)

Bode plot: G(s) = 1/;

=

2G(Jw) = _Z
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Bode plot: G(s) = 1/5
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Bod
e plot: G(s)
) —
y, 6B

1
1

G(s) =
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(w
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w2

G
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= GG
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I
m(G))
= —T

2G(j
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Re
(G)
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— 2G(j
) =
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Bode plot: G(s) = 1/52

num =[1], den=[1 0 0]
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>
' Bode plot: G(s) = s @

G(s)=s > G(jw) = jw

IGw)| =GG" = w
Im(G)) A

2G(jw) = tan™?! (Re(G) =5

Gl =0  «G(o) =7
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Bode plot: G(s) = s? @

G(s) =s? > GC(w) = (jw)? = —w?
1G(jw)| = GG* = w?

Im(G)
Re(G)) = 4m

2G(jw) = tan~?! (

IG(jw)| = w?* 2G(jw) = +m



Magnitude

Fhase (deg)

Bode plot: G(s) = s°

num=[1 O 0], den=[1]
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Bode plot: G(s) = %/(s+q) @

Z(S)a GUw) =507,
s+a
6G0)| = 66" = ———
P S
G(w)| = q 2G(jw) =
" VwZtqz =-—tan’ (%)
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=Bode plot: G(s) = a/(S + a)

num = [6. 2832] den = [’I 62832]
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=Bode plot: G(S) — a/(S + a)

um = [6. 2832] den [’I 6. 2832]
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Bode plot: SHO

B (wo)?
G(s) = (SZ + 20wy - s + ((Uo)z)
2
G(jw)| = =
J(@o)? = 02)* + @2baqo
AG(]'(U) _ —tan_l( 20w )
(wo)?* — w?



2
qode plot: G(s) = (o)
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qode plot: G(s) = (wo)” @

(s24+28wg's+(wg)?)

num = [39.4784], den = [1 1.25664  39.4784]
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qode plot: G(s) = (wo)” @

(s24+28wg's+(wg)?)

num =[39.4784], den=[1 1.25664  39.4784]
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P Bode plots for more complicated @E
TFs? Break it into simpler parts

In general a transfer function G(s) can be re-written
in terms of simpler ones (of 2" order at most)

G(s) = G1(s) " G2 (5) - G (S)
then

GUw)| =G (Jw)| - [G(w)| -+ |G ()]

2G6(jw) = 2G,(jw) + 2G,(jw) + -+ 2G,,(jw)



LSC),

Example

Let’s draw the bode plot for

G(s) = k (s + wyp)

(s +w)(s+ wy)

where
k =500
wo = 21+ 0.1 Hz
w1 = 2m+1Hz
wo, = 21+ 10 Hz




Example @

(s + wyp)

GS) =k T oG + @)
(Go(s) = s + wg
— k- Go(s) G1(s) Go(s) {1 TS5t
1
(28 =

IG(w)| = |Go(w)| - |GL(w)| - |G (w)]
2G(jw) = 2Gy(jw) + 2G;(jw) + 2G5, (jw)



6Gw) iGo(s) =s+ 2m 0.1Hz
A i 1
s+ 2m1Hz
>
Log(f)
zG(ja))A
s i e 1
Tf2 —
: : s+ 2m 10HZz
. | >
0.1;Hz 1Hz 1QHz Log(f)
I N
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G (jw)|

0.1Hz 1Hz 1@QHz Log(f)
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k = 500, Z = 0.1 HZ, p =1Hz,10Hz
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—-500, z=01Hz  p=1Hz 10Hz @

num =[39.4784], den=[1 125664 39.4784]
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C)

Exercise

Sketch bode plot for the following TF

G()—1005+50
> = NS 100

What is the DC gain (gain for w — 0)? What is
the gain for w — o0? Confirm results with
MATLAB




LSC)

Exercise

Sketch bode plot for the following TF

(s+1)
(s+10)(s+ 20)(s + 30)

G(s) =100

What is the DC gain (gain for w — 0)? What is

the gain for w — o0? Confirm results with
MATLAB




C)

Exercise
Sketch bode plot for the following TF

s + 30
s2 4+ 2s 440

G(s) =30

What is the DC gain (gain for w — 0)? What is
the gain for w — o0? Confirm results with
MATLAB




LSC) So far... @

* A system’s TF is a complex function
— Can be represented in terms of its magnitude and phase

* Bode plots
— Help visualize the TF
— Plot of magnitude vs. frequency and phase vs. frequency.
— Different conventions

* We have explored Bode plots of basic TFs

1 1

a
- -,=,s,5%,— and SHO
S S S+a

* Bode plot of more complex TFs can be expressed in
terms of simpler terms

GGw)| = |GL(w)| - |G Gw)| - -+ |Gr(w)
2G(jw) = 2G{(jw) + 2G,(Jw) + -+ + 2G,,(jw)



BB General Stability "=
Criterion  —

X

The feedback control system is oo™
stable if and only if all the poles
of the closed loop transfer

x —_— y
function G.; have a negative
. Time
real part. Otherwise the system (®) Positive real roo
is unstable. T
_— y

Time
Stable (¢) Complex roots (negative real parts)
region ///A

Unstable region” pag)
0 part

Stable
region X

— y
%
Time
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In general @

e 1
r 1+(GH
r+ e
—><g>—> G(s) >
C
Open loop gain Gy; H(s) |<
Stability: the poles’ ¢ GH
r A1+ GH

real part of G-; must

be negative
Closed loop gain G;

LIGO-G1100863 Matone: An Overview of Control Theory and Digital Signal Processing (2) 38



LSC

Loop stability and design

* If the system is unstable,
* We can’t change G(s) but

 We can design a different controller H so as to make the
system stable

* But how should we change H? Let’s look closely at
the root of the problem

_r;@; G(s) >

C

H(s) |€

LIGO-G1100863 Matone: An Overview of Control Theory and Digital Signal Processing (2) 39



The problem @

e 1 B 1 -
r 14+GH (14 Gy

H(s) |€

C . GH - GOL
r 14+GH (14 Gy,

= Ger

If Gp; ever becomes —1 then system is unstable

LIGO-G1100863 Matone: An Overview of Control Theory and Digital Signal Processing (2) 40



The general shape of Gy;
o 1 I +g e G(S) S
r 1+ Gop j '

C
th: H(s) €

Gy has a limited bandwi

Within bandwidth: Outside bandwidth:
GOL o> 1 GOL <KL 1
e l e ‘
— =0 — =
r r

LIGO-G1100863 Matone: An Overview of Control Theory and Digital Signal Processing (2) 41



The general shape of GoL @

Gowl

—

109 .

Unity gain \og(f)

Gy, Unity Gain Frequency
(UGF) GOL =1

Log(f)
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Stability Criteria @

Goy | A closed loop system is
stable if the unity gain
frequency is lower than

\ the —180° crossing.

UGF \Og“)
«+9TABLE
—180° crossing
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Stability Criteria: @

Rule of Thumb

The system is (almost always)
stable if |Gy, | < % at the unity

\gain frequency.

10° e
Slope at UGF — Log(f)

-~ STAB LE

Gow|

Log(f)
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Nyquist stability criterion @

The closed loop system is stable if the polar plot of the

open loop transfer function(Im(GOL) VS Re(GOL)) does
not encircle the —1 point.

Nyquist plot of 100/ (s + 10)

w-Ta|dwexa 1sinbAu

Imaginary Axis

107




Nyquist stability criterion @

The closed loop system is stable if the polar plot of the

open loop transfer function(Im(GOL) VS Re(GOL)) does
not encircle the —1 point.

1

0.9

Checking the step
response of 1/(1+Gol)

0.8

0.7 -

w-Ta|dwexa 1sinbAu

06

Amplitude

0.5

04

0.3

0.2

0.1

0

| | | |
0 0.01 0.02 0.03 0.04 0.05 0.06



il Back to cruise control @E

Let’s inspect the system’s
loop stability. Recall

+ H=1000"/,. ) 1 K-G

— 0
i+ A" " 1x¢H

. G = 1/m
Ss+b/m

* Mass m =1000 kg

e Coefficient for air
friction b = 50 kg/s

G —
0.(5) s+ 27 -8 mHz
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mrwse control: Bode plot of GOL

num = [0 1], den =1 0.05]
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muise control: Nyquist plot of Gofg

Nyquist Diagram

10

w-ulewopbaliy asinio

Imaginary Axis

|
10 15 20

Real Axis
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Ger ¢l

With a little algebra:

1
Goo  Js+a) 1

- - _
1+Gor 1+ /(S+a) s+a+1
B 1 B 1
s+ 2m8mHz+1 s+ 27 170mHz

Gep, =

1
s+ 2m 170 mHz

Gep(s) =



LSC

Let’s check step response of GC?E

Step Response ¢

1

ool A . 1 ________________________ I .

N - GCL( _______ ________ OHZ)_ZTE _______ 170mHZ_095

OFF .............................. .............................. .............................. ............................ —

w-ulewopbaliy asinio

06 .............................. .............................. .............................. ........................... 4

o051k

Amplitude

o4l f U ............................. .............................. ............................ _

03l fo..] S __________________ GCL _____ S ) —S+2n __________ 1 7OrnHZ

021 f

014

0 T = : — =0.95s
0 1 2 A I/Umrbz :

Time (sec)
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LSC),
- Example @

Is the system with open loop transfer function
G stable?

(s + 2m 10)

Gor(s) =k 7 (s + 2w 100)(s + 27 500)

k =3.8x 108



O
=
=
=
c
=)
©
=

Phase (deq)

-135

<180

-225

-270

num =[], den =[]

10

0

f [Hz]

-100

10?

-500] H

z, k=3.845¢

+008

2=[-10] Hz, p=[0

w-yajdwexa oeqpas)

10

f [HZz]

10°

10

3




s 1 (s + 21 10) @E
~ " s2 (s+2m 100)(s 427 500) :

num =[], den = []

... 5
b
E
= Q
O
L
Y, 3
~
I
)
>
)
3
j=2
)
B
3
S
g
= H
@ H
L} ] -
: /2

f[Hz
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LSC),
n Problem @

If a system has an open loop transfer function

k
~ (s +10)(s + 100)

GoL

what values of k make it stable? Use MATLAB to
confirm this.



LSC), Relative stability @

* Gain and phase margin

— Measure of “relative” stability

— The larger they are - the “safer we are”
* Gain margin

— By how much can the gain increase until the system
becomes unstable?

— Defined as GM =

1
|Gor(wr)l

* Phase margin

— By how much can the system tolerate a phase change
at UGF?

— Defined as PM = 2Gy; (wyer) + 180
— Rule of thumb: keep the phase margin above 40°



1 (s + 2w 10) @E
52 (s + 2@ 100)(5 + 21 500) ;

: num =[], den =]
SEERERRERS SR 9q . ] IR

Gam margln 20

Magnitude

wyajdwexa oeqpas)

-135

-180

Phase (deq)

-225

-270




LSC Jup (s + 2m 10) @

52 (s + 27 100)(s + 27 500)

Step Response

14 | ! _ . ! ! ! ! !

1.2

—"
D
D
(oR
O
1+ Q
(@]
|7T
)
S

o 08
g 3
2 =3
£ D
< B
0.6 3

I/ T N O O O O O
Step response of GCL =
1+G0L

02 .............. D .................. R o R e L S
. i i | | | i i | |
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05

Time (sec)
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LSC Jup (s + 2m 10) @E

52 (s + 27 100)(s + 27 500)

Pole-Zero Map

100

80

60 -

40 -

20

Imaginary Axis

=20+

40 -

-60 |-

-80 |-

1
1+Gop1

Pole-zero map of G} =

w pyajdwexa oeqpasy

-100
-3500

LIGO-G1100863
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LSC SR
Performance to noise input d: @

with no feedback
d

r +-€ + '
2 S—{e 1>
Noise contribution

c = (G1G,)r + (G,)d  tosignal c
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LSC SR
Performance to noise input d: @

with feedback Noise contribution
d to signal c

Controlled signal ¢ = 1+G0_L] r+ 1+G,, d

/\ GG, ) G,

e =

( 1 N HG, Suppression factor
r
1+ Gpy 1+ Goy

|
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Setting the parameters @

(1 = zeros at 1, 10Hz; poles at 0, 100 Hz, k = 300

W o B
G, = 2 080 12 with w = 27 1Hz,0 = 0.1

H=1
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GOL:Gl.GZIH

Open loop transfer function Gol

w-gajdwexa »oeqpas)




Gop = Gy -Gy " H

Open loop transfer function Gol

o
@
=

| kHz

............................................

Iowpassfllteratj

W/O LP fiter
LP filter

10" 10" 10° 10° 10

wgajdwexa oeqpad)

-100

-200
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10
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LSC) Suppressmn factor 1/1+G0L @E

LIGO-G1100863

Suppressmn factor 1 [{1+Gol)

WlOLPflIter

LP fllter

C gam |s mcreased
isthe suppression

) 10" 10° 103 10

Bandwidth Hinzl

200

150

! 10" 10" 10° 10° 10

f[Hz
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G
Ger = OL/1+G

Closed loop transfer function Gel =

Gol /( 1+GOI

10

10"
[}
®
=
10° s
W/O LP filter
LP filter
10-10 [T | | ]
10 10"
200
0
S
L
e
o -200
(73]
121
£
o
400
10 10 10

LIGO-G1100863

f[Hz
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=P How can we correct an unstable
loop? Typical compensators

* Integral controller

1
G(s) = -
S
The output is proportional to the time integral of the

input
e Derivative controller
G(s)=s

The output is proportional to the time derivative of
the input



—
[=)}
[}
=)
—
1B
W
o
o
o

-45

Phase-lag compensator

Phase-lag compensator; z=[-1000] Hz, p=[-1] Hz, k=0.001

G

w-3ejaseyd Jojesuadwod



Phase-lead compensator @E

Phase-lead compensator z=[- 1] Hz, p [ 1000] Hz, k=1000

w-peajaseyd Jolesuadwod

Phase (deg)




“Boost”

"Boost" : z=[-100] Hz, p=[0] Hz, k=1

Phase (deg)

f [Hz]

dwod

w'3}sooq Jolesus




LSC)

Problem

If a system has an open loop transfer function

. 103
OL ™ (s + 10)3

design a compensator that would make the
system stable with an UGF at 100 Hz. Use
MATLAB to confirm this.



mExample: locking one LIGO arm

Reference sighal v;,, cpy-:
Noise term n.: Mirror

the cavity “locks” to the / motion due to seismic

laser frequency. For
simplicity, units of length. noise, units of length

\

V + +
laser S C >

72
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MXample: locking one LIGO arm

Ligo arm cavity C: a cavity
length change is converted
to eIectronlc sighal e

V +
laser a@ a% a‘ I S >

Suspension S:
receives the
signal from H
and drives the

mirror, units of

length
Noise term n.: Noise
from coil drivers

Controller H: designed in the
>N, control room, processes signal
e and sends commands to the
suspension S
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Example: no lock

ng
V +8 +£ E
laser S > C S >
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MXample: locking one LIGO arm @

1
e=( )-(C-nS+C-vlaser—S-C-nc)

1+ CHS

Suppression factor :

nS 1+CHS

Open Loop gain: CHS

+ + e
C >

B Note on noise
term n.: Noise
term appears only
when mirrors are
driven = limited
bandwidth desired

LIGO-G1100863 Matone: An Overview of g)ntrol Theory and Digital Signal Processing (2) 75



7

Example: locking one LIGO arm

* Need to design H so as to have
— Enough suppression of noise terms
— Stable
— “Small” bandwidth




MXample: locking one LIGO arm

e Cavity transfer
function C: ST T T T
— Pole at 100 Hz T~

<
* Suspension g <
: 8
transfer function S S
_ Slmple harmonic 10" T H“1io” T im1|01 — Hii1||02 — ‘m1‘03 Ii i..i1;04|",’¢
. D
oscillator (SHO) X
with fo = 1Hz and 3
quality factor 45 >
-7 g %o 3
Q . %’-135
* ShownisC*S & 150
=225

-270

* What controllerH | . .
can we use? ’ e




MXample: locking one LIGO arm

* Set UGF at 100 Hz

* Need H with a zero aftef |
1 Hz and before 100 Hz T T~

]
3110 -

* Try phase lead :
S+ w
H(s) =k- !

al

eqpasjAlined

with k = 1500 and
w1 = 2m 10Hz.

* Bode plot of OL
— UGF at 100 Hz
— PM ~40 deg
_ Stable ol )

f[Hz]

=
2
=
2,
=
o
wexa )2

wy9|d

Phase (deq)




mxample: locking one LIGO arm

Double check stability

Step response of 1/( 1+ C™H'S)

1 P U S __________________ _________________ __________________ _____________________________________ ________________ |

1+ CHS e

w-ya|dwexa yoeqpaajAlined

° Step is driven to 7ero as it § 04 b .................. ................... ................. .................................... ................ _
should (it is a suppression < | | 5 | |
D2F b e IR IRRIE e ..................................... P —
factor) | : :
0
* Inabout 10 ms (~1/UGF) | | |
response iS CIOSe to Zero 02 .................. ................. ....................................................... ................ -
-04 | I | I I | I
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
 Two oscillation cycles — little Time (520

ringing
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* Bode plot of the

MXample: locking one LIGO arm

. Bode plot of 1/( 1 + C*H*S)
suppression factor 10 -
1 B
1 ~+ CHS 10° |
. Suppression of ~1500x at . TRNN T IR N L1 T N
100 mHZ _ Lo RN
N o e N
* No suppression above Or
100 Hz - . o - i
1075 o
* Notice spike at 100 Hz B _ : | :
_ This spike is responsible of P R . | _________________
the ringing in the step 10" 10" 10’ 107 10° 10
f [Hz]

response

— decreased if phase margin
js.increased

yoeqpasajAiined

w ya|dwexa



e Let’sincrease the low

frequency gain witha ¢

“boost”
* TryH

1 s+w
H(s) =k -—- -
S W1

with k = 7000,
w1 = 2m 10Hz and
w, = 2m 1 Hz

* OL bode plot
— UGF at 100 Hz
— PM ~40 deg
— Stable

=)
@
=

Phase (deq)

mxample: locking one LIGO arm

Bode plot of C*H*S

10° |

f[Hz]

wexa )2

al

eqpasjAlined

w-ga|d



mxample: locking one LIGO arm

Double check stability
e Step response plot of Siepresponse of 1/(1+C'H'S)
1+ CHS 718 E B o _________________ __________________ S S— — |

* Very similar response

06 ; 5 5 |

e Stepisdriven to zero as it
should (it is a suppression
factor)

° |n about 10 ms (Nl/UGF) ozl Ao .................. ................. ................... ..................................... ............... i
response is close to zero | | |

04 b b PP ................... ................. .................................... TR _

Amplitude

w-gajdwexa YoeqpasjAlined

* Two oscillation cycles — little | |
ringing P L U S S __________________ _________________ __________________ _____________________________________ ________________ ]

04 \ i I | i \ i
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
Time (sec)
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Bode plot of the

suppression factor
1

1+ CHS

More suppression at low
frequencies: ~10% at
100 mHz

No suppression above
100 Hz

Notice spike at 100 Hz

— Similar ringing

Bode plot of 1/( 1 + C*H*S)

MXample: locking one LIGO arm

1

107 b

w-gajdwexa YoeqpasjAlined



mxample: locking one LIGO arm

Let’s also “cut-off” the
drive to the coils at high
frequency

Introduce a low pass LP 6t

order Butterworth filter

]
3110 :

with cut-off frequency at 2°

kHz.
* TryH
1 s+w s+w
H(s) =k = —— ——
S w1 w»-
- LP

with k = 7000, w; =
2w 10Hz and w, = 27 1 Hz

OL bode plot
— UGF at 100 Hz
— PM ~30deg
— Stable

Phase (deq)

10

Bode plot of C*H*S

w)ajdwexa oeqpaajAlaed



mxample: locking one LIGO arm

Double check stability

) Step response plot Of Step response of 1/( 1+ C*H*S)
1 .

1+ CHS

* Very similar response

e Stepisdriven to zero as it
should (it is a suppression
factor)

* Inabout 10 ms (~1/UGF)
response is close to zero

Amplitude

w)ajdwexa oeqpaajAlaed

 ~Two oscillation cycles

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05
Time (sec)
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* Bode plot of the

suppression factor
1

1+ CHS

« Same suppression: ~10*
at 100 mHz

* No suppression above
100 Hz

* Notice spike at 100 Hz
— A little higher than before
— Similar ringing

MXample: locking one LIGO arm

Bode plot of 1/( 1 + C*H*S)

|10 Y P T BTN T [ L T T | T T LS B S B Y S AP P P S A

w)ajdwexa oeqpaajAlaed



MXample: locking one LIGO arm

* Increasing the gain by

al

2x: k = 14000 W S
* OL bode plot T~ 3
o 10° ~
— UGFat~133 Hz = =
D
* Should have gone %
to 200 Hz but the 10__1 ST R L S IR S R W S NS e
slope is not l/f 10 10 10 10 10 10 IQ
(because of the 3
cavity pole at 100 %
HZ) T -90F 3
— PM ~20 deg § 135
& -180|
— Stable but with 2251

little phase margin 79
left

f[Hz]



mxample: locking one LIGO arm

e Step response plot of

1 Step response of 1/(1+ C"H'S)

1+ CHS

o Ringing has increased R _______________ _______________________________________________ ______________ _______________ __________________________________ i

06t CORTRR ................................................ ISUSUTON SOURURPO .............................. .
04 o .............. ................ ............................. _

AP . e S S F— T S ]

Amplitude

02k ............... .............................................. ............... ............... ................................. -

w-gajdwexa oeqpaasAlaed

04kt b PPN PR ............... T PP u

06 L L T SR e _____________________________ _

.08 I I I | I I I I
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045

Time (sec)
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MXample: locking one LIGO arm

* Bode plot of the

SuppreSSiOn factor 1015 — _— Bodeplotof1:/(1+C*H*S).? |
1 o |

B L TR s P P R e P PR . N S T TF PSP P s n

................ Q)

1 + CHS 1OD B g

oo =t

........ D

D

________ | 5 43

e S ................................ .................... ...... _ U

e Suppression has ol - e BREE

. Eooni ~

increased b o

[ S ISUUUPUORVEISUUNU OO SURIOS U001 NUUUOOVOS UOPOUSOOSSVRINE NEDLE (SSUOVUNS SUPOVE OOt SOV U SO ODUOPUO SOV x

— Gain was increased by = L R e N e %

factor 2 10%F | ©

SR M

S SR 789000 R s 1 1 St o

] ] . ——— N4 N S U T U T A O T 3
* Notice spike at 100 Hz is N
more pronounced o

10-4 1 0 1 IHZ 3 4
10 10 10 10 10 10



LSC) Summary @

* We have explored the stability criteria

— The feedback control system is stable if and only if
all the poles of the closed loop transfer function
G-; have a negative real part. Otherwise the
system is unstable.

e Stability in terms of the open loop gain

— A closed loop system is stable if the unity gain
frequency is lower than the —180° crossing.

— Rule of thumb: the system is (almost always)
stable if |Gy | « % at the unity gain frequency



) Summary @

* Noise suppression

* How close to instability is a system? Gain and
phase margin

— Measure of “relative” stability
— The larger they are = the “safer we are”

— Rule of thumb: keep the phase margin to more
than 40°

* Typical compensators
— Phase-lag
— Phase-lead
— “Boost”

* Cavity lock example




LSC,

=2 Problem for the afternoon @E

|dentify a (single-input-single-output) control
system at LIGO —its plant TF along with its
controller TF (LSC, ASC, SUS, MC, PSL, ...)

1. Sketch the block diagram and model the system
with MATLAB. Generate the corresponding bode
plot.

2. Can you measure its OL TF? Where is the UGF
and how does it compare with the model?

3. For what range of frequencies can the UGF be
placed at by simply adjusting the systems’ gain?
What DC gain does it have, what suppression?




LSC)

opticallever.m

== Problem for the afternoon @

Optical levers are/were used to damp the
fundamental mode of the suspensions. The
controller has no DC gain (check this).

1. Sketch the block diagram and model the system
with MATLAB. Generate the corresponding bode
plot.

2. Can you measure its OL TF? Where is the UGF

and how does it compare with the model?

3. For what range of frequencies can the UGF be

placed at by simply adjusting the systems’ gain?
What DC gain does it have, what suppression?




C)

Solutions to problems



What is the transfer function of a system whose input u and
output y are related by the following differential equation?

Sol: Taking the Laplace transform of the equation
s?2Y(s)+3sY(s)+2Y(s)=U(s)+sU(s)
Which can be re-written as

Y(s)  s+1
U(s) s2+3s+2




C)

. 25+1
Given P(s) = T

differential equation to input u(t).

, determine the system’s

Sol:
2D +1
yZ(D2+D+1>u
or
D°y+Dy+y=2Du+u
or
2
4y | dy+y=2d—u+u

dt? dt dt



LSC), @E

Determine which of the following transfer functions

represent stable systems and which represent
unstable systems. Use MATLAB’s step to verify your

danswer.

s—1

a) P(s) = s12)(s21a) unstable

b) P(s) = (S+Z)_é+4), stable

c) P(s) = (SS;(?_(;_ (24), unstable
d) P(s) = (sZ+s+16)(s+1)2’ stable

e) P(s) = > (5+10) unstable

(s2—s+10)(s+5)’



LSC @

A simple mechanical accelerometer
is shown below. The position y is

d
with respect of the case, the case’s —B d_)t/ — ky
position is x. What is the transfer 42
function between the input =M (y —x)
acceleration 4 (a = d%x/dt?) and
the output Y?
Y Sol:
B vy 1
5k” M — A s2+(B/M)s+K/M

LI

(?5—61100863 Matone: An Overview of Control Theory and Digital Signal Processing (2) 98



Magnitude (dB)

Phase (deq)

LIGO-G1100863

(5
-....l

O
O')

O
U‘I

0
=

[
L8

D
[

[
(=)

Y
o

Y
o

Bode plot of H (mag at dc = 34dBE, mag at infinity = 40dB)

Sketch bode plot for the foIIowmg TF

....................................................................................................... B T T S T T I T T I AP P

What |s the gam for a) - oo? Conflr;

Freguency (rad/sec)
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Bode plot of H (mag at dc = -36dB, mag at infinity = -InfdB)

0 SRR o] A

Magnitude (dB)

T G<>—100(+ @10) DT +3@>

70 —What is the DC-gam (gam forw — O)? What_ is the gam ------- ------ —
oo Lfor w = o0? Confirm results with MATLAB . . . . .

Phase (deg)

180 b T OO T R TR VOUTRTNT TOTTO FOUT UE TOrIT I DOUTRUTETE FUVTe TOU 0L T00 N U0 OOt OTOOr OO FOT T IS FOUUURTTRs FOUTUT OO A ot ey

10” 10" 10" 10' 10° 10°

Frequency (radfsec)
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Bode plot of H (mag at dc = 27dB, mag at infinity = -InfdB)

40 ! S R A ! S ! S R A
300 % .......... gu

20

Y
o

Magnitude (dB)
D

L SR SOUUUUUR SOUP SO SO SO S0 S0 PRSP S-|—30 .....
: o G(S)'—30 S

What is the DC gam (gam for w - O)? What |s the gam for
W — 00? Conflrm results with MATLAB = N
-40 . i N . R R R R i A R R

Phase (deq)

-135

4800 o T T D L T I T D L T A
10" 10’ 10° 10°

Frequency (rad/sec)
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- Solution @

If a system has an open loop transfer function
k

G =
OL ™ (s +10)(s + 100)
what values of k make it stable?

Sol: UGF can be set after the pole at 10 and before
pole at 100

|G0L| =k

1

Vw? + 102 Vw? + 1002
Set |Gy | = 1 and w = 10. Find corresponding k.
Set |Gy | = 1 and w = 100. Find corresponding k




> Solution
If a system has an open loop transfer function
B 103
Gor = (s +10)3
design a compensator that would make the

system stable with an UGF at 100 Hz. Use
MATLAB to confirm this.

Sol: two zeros at 10, decreasing the gain by 3x
H=zpk ([], [-10 -10 -10],1e3) * zpk([-10 -10],[1,0.3)




