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General Relativity and Gravitational 
Waves

• Einstein Equation 

• In the weak field limit 

• Einstein equation becomes a wave equation 
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Propagation of Gravitational Waves and 
and their effects

• Plane wave solution 

• In Transverse Traceless (TT) gauge, GW propagating along z-direction 

• Propagation speed = c, two independent constants h+ and hx  

• Proper distance between two freely-falling particles at coordinate 
distance L0 
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Gravitational Radiation from 
slowly moving object

• Gravitational waves are radiated by accelerated mass. 
• Unlike electromagnetic wave radiation, dipole radiation is 

forbidden 
• In a typical case that the motion within the source is non-

relativistic, GW is contributed by the time variation of the 
quadrupole moment
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• Quadrupole Kinetic Energy 

¥ Strain amplitude of an object at distance r, with mass M 
becomes 

¥ In most cases ! << 1, but there are some cases where !   
becomes ~0.1 !i.e., just before the Þnal merger of black hole/
NS binaries"

Estimation of GW Amplitude
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Confirmation of GW 
with Binary Pulsar

• Orbit of binary neutron stars shrinks 
slowly 

• Hulse & Taylor received Nobel Prize in 
1993 for the discovery of a binary pulsar �8�F�J�T�C�F�S�H�������5�B�Z�M�P�S������������

P=7.75 hrs 
a=1.6 x 106 km 
M1=1.4 Msun 
M2=1.35 Msun 
Time to merge=3x108 yrs
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Comparison of waveforms between NS and BH mergers: 
Note differences in frequencies and shape .

����

Waveform tells many things
Neutron star binary

Black hole binary

high f

low f



GW Detectors
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 Laser Interferometer with Fabry-Perot 
Cavity and Power  Recycling: LIGO

�,�����5�I�P�S�O�F�
���3�����8�F�J�T�T�
���3�����%�S�F�W�F�S

! 2002-2010  Initial LIGO 
! 2015.9 ~ Advanced LIGO (10times better sensitivity)  
! Virgo also has similar structure



Simple Estimates of Sensitivity of 
Interferometers

• If the length resolution is 𝛌laser, detectable strain is 

• However, due to quantum nature of the photons, the length resolution 
coud be as small as N -1/2

photons𝛌laser. Thus sentivity could reach

h !
! l
l

=
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l
=

10! 6m
103m

= 10! 9

• Optical path length can be significantly increased by adopting optical 
cavity, but should be smaller than  GW wavelength (~1000 km for 300 Hz)
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Shot Noise
• Collect photons for a time of the order of the period of GW 

wave

Nphotons =
Plaser

hc/ ! laser
" !

Plaser

hc/ ! laser

1

f GW

⌧ ! 1/fGW

• For 1W laser with ! laser=1 µm, fGW=300Hz,  Nphotons=1016

• By adopting high power laser (20W for O1) and power 
recycling, we can reach ‘astrophysical sensitivity’ of ~10-22.
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Other Noises
• Radiation pressure noise 

• Make mirrors heavier 
• Suspension thermal noise/ mirror coating 

brownian noise 
• Increase beam size, monolithic 

suspension structure 
• Seismic noise 

• Multi-stage suspension, underground 
• Newtonian Noise 

• So far difficult to avoid.  
• Seismic and wind measurement and 

careful modeling
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KAS 2016 Spring

Network of Gravitational Wave Detectors

LIGO GEO  600 (UK
+Germany) Virgo

KAGRA (Japan, To 
be operational in 

2018 )

LIGO-India 
(Just approved, To be 
operational in 2022 )
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On September  14, 2015, the Earth was shaken by the 
gravitational waves for about 0.25 seconds.  
(actual change was ~10-5 nm)

Image credit: LIGO/R. Hurt



Detection of 
Gravitational 

Waves



GW150914
Observation of Gravitational Waves from a Binary Black Hole Merger

B. P. Abbottet al.*

(LIGO Scientific Collaboration and Virgo Collaboration)
(Received 21 January 2016; published 11 February 2016)

On September 14, 2015 at 09:50:45 UTC the two detectors of the Laser Interferometer Gravitational-Wave
Observatory simultaneously observed a transient gravitational-wave signal. The signal sweeps upwards in
frequency from 35 to 250 Hz with a peak gravitational-wave strain of1.0× 10! 21. It matches the waveform
predicted by general relativity for the inspiral and merger of a pair of black holes and the ringdown of the
resulting single black hole. The signal was observed with a matched-filter signal-to-noise ratio of 24 and a
false alarm rate estimated to be less than 1 event per 203 000 years, equivalent to a significance greater
than5.1! . The source lies at a luminosity distance of410þ160

! 180 Mpc corresponding to a redshiftz ¼ 0.09þ0.03
! 0.04.

In the source frame, the initial black hole masses are36þ5
! 4M! and29þ4

! 4M! , and the final black hole mass is
62þ4

! 4M! , with 3.0þ0.5
! 0.5M! c2 radiated in gravitational waves. All uncertainties define 90% credible intervals.

These observations demonstrate the existence of binary stellar-mass black hole systems. This is the first direct
detection of gravitational waves and the first observation of a binary black hole merger.

DOI: 10.1103/PhysRevLett.116.061102

I. INTRODUCTION

In 1916, the year after the final formulation of the field
equations of general relativity, Albert Einstein predicted
the existence of gravitational waves. He found that
the linearized weak-field equations had wave solutions:
transverse waves of spatial strain that travel at the speed of
light, generated by time variations of the mass quadrupole
moment of the source[1,2]. Einstein understood that
gravitational-wave amplitudes would be remarkably
small; moreover, until the Chapel Hill conference in
1957 there was significant debate about the physical
reality of gravitational waves[3].

Also in 1916, Schwarzschild published a solution for the
field equations[4] that was later understood to describe a
black hole[5,6], and in 1963 Kerr generalized the solution
to rotating black holes[7]. Starting in the 1970s theoretical
work led to the understanding of black hole quasinormal
modes [8Ð10], and in the 1990s higher-order post-
Newtonian calculations[11] preceded extensive analytical
studies of relativistic two-body dynamics[12,13]. These
advances, together with numerical relativity breakthroughs
in the past decade[14Ð16], have enabled modeling of
binary black hole mergers and accurate predictions of
their gravitational waveforms. While numerous black hole
candidates have now been identified through electromag-
netic observations[17Ð19], black hole mergers have not
previously been observed.

The discovery of the binary pulsar system PSR B1913þ16
by Hulse and Taylor[20] and subsequent observations of
its energy loss by Taylor and Weisberg[21] demonstrated
the existence of gravitational waves. This discovery,
along with emerging astrophysical understanding[22],
led to the recognition that direct observations of the
amplitude and phase of gravitational waves would enable
studies of additional relativistic systems and provide new
tests of general relativity, especially in the dynamic
strong-field regime.

Experiments to detect gravitational waves began with
Weber and his resonant mass detectors in the 1960s[23],
followed by an international network of cryogenic reso-
nant detectors[24]. Interferometric detectors were first
suggested in the early 1960s[25] and the 1970s[26]. A
study of the noise and performance of such detectors[27],
and further concepts to improve them[28], led to
proposals for long-baseline broadband laser interferome-
ters with the potential for significantly increased sensi-
tivity [29Ð32]. By the early 2000s, a set of initial detectors
was completed, including TAMA 300 in Japan, GEO 600
in Germany, the Laser Interferometer Gravitational-Wave
Observatory (LIGO) in the United States, and Virgo in
Italy. Combinations of these detectors made joint obser-
vations from 2002 through 2011, setting upper limits on a
variety of gravitational-wave sources while evolving into
a global network. In 2015, Advanced LIGO became the
first of a significantly more sensitive network of advanced
detectors to begin observations[33Ð36].

A century after the fundamental predictions of Einstein
and Schwarzschild, we report the first direct detection of
gravitational waves and the first direct observation of a
binary black hole system merging to form a single black
hole. Our observations provide unique access to the

*Full author list given at the end of the article.

Published by the American Physical Society under the terms of
the Creative Commons Attribution 3.0 License. Further distri-
bution of this work must maintain attribution to the author(s) and
the published articleÕs title, journal citation, and DOI.
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For robustness and validation, we also use other generic
transient search algorithms [41]. A different search [73] and
a parameter estimation follow-up [74] detected GW150914
with consistent significance and signal parameters.

B. Binary coalescence search

This search targets gravitational-wave emission from
binary systems with individual masses from 1 to 99M! ,
total mass less than 100M! , and dimensionless spins up to
0.99 [44]. To model systems with total mass larger than
4M! , we use the effective-one-body formalism [75], which
combines results from the post-Newtonian approach
[11,76] with results from black hole perturbation theory
and numerical relativity. The waveform model [77,78]
assumes that the spins of the merging objects are aligned
with the orbital angular momentum, but the resulting
templates can, nonetheless, effectively recover systems
with misaligned spins in the parameter region of
GW150914 [44]. Approximately 250 000 template wave-
forms are used to cover this parameter space.
The search calculates the matched-filter signal-to-noise

ratio ρ! t" for each template in each detector and identifies
maxima of ρ! t" with respect to the time of arrival of the signal
[79Ð81]. For each maximum we calculate a chi-squared
statistic χ2

r to test whether the data in several different
frequency bands are consistent with the matching template
[82]. Values of χ2

r near unity indicate that the signal is
consistent with a coalescence. If χ2

r is greater than unity, ρ! t"
is reweighted as öρ # ρ=f $1 % !χ2

r "3&=2g1=6 [83,84]. The final
step enforces coincidence between detectors by selecting
event pairs that occur within a 15-ms window and come from
the same template. The 15-ms window is determined by the
10-ms intersite propagation time plus 5 ms for uncertainty in
arrival time of weak signals. We rank coincident events based
on the quadrature sum öρc of the öρ from both detectors [45].
To produce background data for this search the SNR

maxima of one detector are time shifted and a new set of
coincident events is computed. Repeating this procedure
! 107 times produces a noise background analysis time
equivalent to 608 000 years.
To account for the search background noise varying across

the target signal space, candidate and background events are
divided into three search classes based on template length.
The right panel of Fig. 4 shows the background for the
search class of GW150914. The GW150914 detection-
statistic value of öρc # 23.6 is larger than any background
event, so only an upper bound can be placed on its false
alarm rate. Across the three search classes this bound is 1 in
203 000 years. This translates to a false alarm probability
< 2 ! 10" 7, corresponding to 5.1σ.
A second, independent matched-filter analysis that uses a

different method for estimating the significance of its
events [85,86], also detected GW150914 with identical
signal parameters and consistent significance.

When an event is confidently identified as a real
gravitational-wave signal, as for GW150914, the back-
ground used to determine the significance of other events is
reestimated without the contribution of this event. This is
the background distribution shown as a purple line in the
right panel of Fig. 4. Based on this, the second most
significant event has a false alarm rate of 1 per 2.3 years and
corresponding Poissonian false alarm probability of 0.02.
Waveform analysis of this event indicates that if it is
astrophysical in origin it is also a binary black hole
merger [44].

VI. SOURCE DISCUSSION

The matched-filter search is optimized for detecting
signals, but it provides only approximate estimates of
the source parameters. To refine them we use general
relativity-based models [77,78,87,88], some of which
include spin precession, and for each model perform a
coherent Bayesian analysis to derive posterior distributions
of the source parameters [89]. The initial and final masses,
final spin, distance, and redshift of the source are shown in
Table I. The spin of the primary black hole is constrained
to be < 0.7 (90% credible interval) indicating it is not
maximally spinning, while the spin of the secondary is only
weakly constrained. These source parameters are discussed
in detail in [39]. The parameter uncertainties include
statistical errors and systematic errors from averaging the
results of different waveform models.
Using the fits to numerical simulations of binary black

hole mergers in [92,93], we provide estimates of the mass
and spin of the final black hole, the total energy radiated
in gravitational waves, and the peak gravitational-wave
luminosity [39]. The estimated total energy radiated in
gravitational waves is 3.0%0.5

" 0.5M! c2. The system reached a
peak gravitational-wave luminosity of 3.6%0.5

" 0.4 ! 1056 erg=s,
equivalent to 200%30

" 20M! c2=s.
Several analyses have been performed to determine

whether or not GW150914 is consistent with a binary

TABLE I. Source parameters for GW150914. We report
median values with 90% credible intervals that include statistical
errors, and systematic errors from averaging the results of
different waveform models. Masses are given in the source
frame; to convert to the detector frame multiply by (1 %z)
[90]. The source redshift assumes standard cosmology [91].

Primary black hole mass 36%5
" 4M!

Secondary black hole mass 29%4
" 4M!

Final black hole mass 62%4
" 4M!

Final black hole spin 0.67%0.05
" 0.07

Luminosity distance 410%160
" 180 Mpc

Source redshift z 0.09%0.03
" 0.04
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Summary of GW150914
• Masses: 36M!  + 29 M!  (Final mass:  62M! ) 

• 3M!  has been radiated as gravitational waves 

• Energy radiated per unit time was about much larger than 
total luminosity of the entire visible universe  

• Distance ~ 400 Mpc, but with considerable uncertainty. 
• Observed frequency range : 30-150 Hz 
• False alarm probability < 2 x 10-7  
• Maximum Amplitude : ~10-21 

����



What we learned from GW150914? 
(Abbott et al., 2016, ApJL, 828, L22)

• Existence of stellar mass black 
holes in binaries 

• Individual mass was higher than 
previously thought 
• Formed in low metallicity 

environment 
• Early Universe? 
• Recently in a low metallicity 

galaxy? 
• How often BH merger takes 

place? 
• 2-400 yr-1 Gpc-1 
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GW background
• Incoherent superposition of merging BH could generate stochastic 

GW background 

• Consider a BBH of class k with parameters ! k merge at a rate Rm(z; 
! k) per unit comoving volume, then ΩGW can be obtained by 

• E(ΩM,ΩΛ,z) captures the dependence of comoving volume on z. 
• Fiducial model based on GW150914: mass, rates, spin, etc. and 

����

! GW (f ) ⌘ f
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Detectability

Expected sensitivity of LIGO and Virgo detectors to the fiducial 
model; 33% coincidence for O1 and 50% for all other runs

Abbott et al. 2016, PRL, 116, 131102 

1-σ sensitivity



Future DetectorsLISA

Detecting and
observing
gravitational
waves

Cornerstone Study Results

Mission Summary

Science in perspective

eLISA 
(ESA)

Einstein Telescope 
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KAS 2016 Spring

Einstein Telescope

! Undergrouhnd: 150 m below surface of the Earth 

! Sensitive enough to detect almost all GW events coming from BH 
and NS binary mergers in the entire universe



KAS 2016 Spring

eLISA

! Deploy 3 satellites in space woth 1.5x106 km separation 

! Sensitive in low frequency (10-4 -10-1 Hz) 

! Massive Black Hole Binaries, White Dwarfs



Another Concept being consiered in Korea: SOGRO 
(Superconducting Omni-directional GRavitational-wave 
Observatory) 

! Using superconducting devices to 

! Reduce sizes 

! 3-D structure 

! Underground 

! 3-D structure means 

! Determine the direction with 1 detector 

! Mitigate seismic and newtonian noises 

! Frequency range: 0.05 - 1 Hz: sensitive to 
intermediate mass black holes 

! Need more basic research in order to realize
�����������,�$�,�
���%�F�D���������������
���#�F�J�K�J�O�H �)�.�-�F�F

Superconducting tensor GW  
Detector

¥ Superconducting Omni-
directional Gravitational 
Radiation Observatory (SOGRO) 

¥ By detecting all six components 
of Riemann tensor, the source 
direction and the polarization can 
be determined

hii (t) =
1
L

[x+ ii (t) ! x! ii (t)]

hij (t) =
1
L

{ [x+ ij (t) ! x! ij (t)] ! [x! ji (t) ! x+ ji (t)]}
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Major challenges: 
"  Large-scale cryogenics. 
" Mitigation of Newtonian noise.

Sensitivity goals of SOGRO

Paik et al. 2016



Newtonian gravity noise (NN)
" Seismic and atmospheric density modulations cause 

Newtonian gravity gradient noise. 
" GWs are transverse and do not have longitudinal components 

whereas the Newtonian gradient does.
In GW frame,with the wave traveling along the 3rd axis,

GW could be distinguished 
from near-field Newtonian 

gravity.

h0(! ) =

!

"
h+ (! ) + h0

NG, 11(! ) h⇥(! ) + h0
NG, 12(! ) h0

NG, 13(! )
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NG, 22(! ) h0
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#

$

By combining tensor components, we get 

Similar expression can be found for hx(ω).
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Subtraction of Newtonian Noise

Tensor + 8 microphones 100 m 
( 100m, SNR 105)

Harms & Paik, PRD (2015)

Tensor + ver CM (0 noise) 

�î

Meets sensitivity goal of SOGRO 1.

Tensor + ver CM (SNR 106  

+7  seisemometers (5km,  SNR 103)

Tensor + 15 microphones(0, 0.6, 1 km, SNR 104)
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Superconducting tensor GW  
Detector

¥ Superconducting Omni-
directional Gravitational 
Radiation Observatory (SOGRO) 

¥ By detecting all six components 
of Riemann tensor, the source 
direction and the polarization can 
be determined

hii (t) =
1
L

[x+ ii (t) ! x! ii (t)]

hij (t) =
1
L

{ [x+ ij (t) ! x! ij (t)] ! [x! ji (t) ! x+ ji (t)]}
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Summary and Prospects
• First direct detection of gravitational waves after more than 40 years of 

intensive investment 
• Final moment (0.2 s) of black hole merger 
• Observed waveform matches theoretical one very precisely 
• Unambiguous detection of stellar mass black holes and a BH binary 
• Accurate measurement of black hole masses (within ~10%) 

• Higher mass of stellar mass BH than previously thought 
• Reasonable estimate of distance (190~590 Mpc, 90% confidence) 

• Prospects 
• Many detections will follow (up to a few hundreds per year) 
• Statistical studies on black hole masses and distances 
• More constraints on BH spin 
• Equation of state of neutron stars 
• Synergy with electromagnetic astronomy and neutrino astronomy 

• Nature of GRBs 
• New detectors are coming along
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