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FIG. 1. GW shift due to BH kicks (artificially exaggerated to demonstrate the key features). As the kick velocity builds up
during the last few orbits and merger, the emitted GWs are progressively redshifted (left) or blueshifted (right), depending
on the sign of the projection of the kick velocity vk onto the line of sight n̂. This is equivalent to di↵erentially rescaling the
binary’s total mass in the phase evolution from M to M(1+vk · n̂). These figures have been produced by artificially imparting
kicks of vk · n̂ = ±0.5c to nonspinning equal-mass binaries, assuming a Gaussian kick model with � = 60M [see Eqs. (4) and
(5) with ↵n = 0 for n � 1].

Doppler mass shift. – In the absence of a mass or
length scale in vacuum GR, the GW frequency f en-
ters the binary dynamics exclusively in the dimension-
less form fM , where M is the total mass of the binary
(hereafter G = c = 1). This scale invariance implies
a complete degeneracy between a frequency shift and a
rescaling of the total mass of the system. For example,
the cosmological redshift z of a BH binary merely en-
ters in the predicted GW emission through a rescaling
of the total mass by a factor (1 + z) and, hence, GW
observation of the binary only measures the combination
M(1+z)[30]. BH kicks produce a similar e↵ect: at linear
order, the motion of the center of mass shifts the emitted
GW frequency by a factor 1 + vk · n̂ while leaving the
amplitude una↵ected (vk is the kick velocity with mag-
nitude vk and the unit vector n̂ denotes the direction of
the line of sight from observer to source). There is, how-
ever, one crucial di↵erence: while cosmological redshift
homogeneously a↵ects the entire signal, a frequency shift
due to BH kicks gradually accumulates during the last
orbits and merger. This point is illustrated in Fig. 1: as
a kick is imparted to the merging BHs, the emitted GWs
are progressively blue- or redshifted. The frequency of
the signal changes as if the mass of the system was var-
ied from M in the early inspiral to M(1 + vk · n̂) by the
end of the ringdown.

The detectability of this e↵ect can be estimated us-
ing the following back-of-the-envelope argument. Imag-
ine breaking a BH binary waveform into two parts: in-
spiral and ringdown, h(t) = hi(t) + hr(t). For simplic-
ity, assume that the kick is imparted instantaneously at
merger so that only hr is a↵ected. Let Mi and Mr, re-
spectively, denote the total binary mass as measured from
hi and hr alone. Neglecting the energy radiated in GWs

–this e↵ect is not negligible in magnitude, resulting in a
reduction of the mass by ⇠ 5 %, but can be estimated ac-
curately from the waveform and thus be accounted for–,
the e↵ect of a kick is to Doppler shift the final mass ac-
cording to Mr = Mi(1 + vk · n̂). The inspiral part hi

of the GW signal generally contains a larger fraction of
the signal-to-noise ratio (SNR) than the ringdown part
hr, so the detectability of the kick will be limited by the
measurement of Mr: kicks of magnitude vk can be de-
tected if Mr is measured with a fractional accuracy of
. vk/c (⇠ 1% for a superkick along the line of sight).
The ringdown waveform can be modeled using the least
damped quasinormal mode for a Schwarzschild BH [31]
hr(t) ' A exp(�0.089t/Mr) sin(0.37t/Mr) which gives a
squared SNR
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This back-of-the-envelope argument suggests that kicks
along the line of sight with magnitude vk ⇠ 0.003c '
900 km s�1 can be measured with GW observations if
the SNR in the ringdown is ⇢r ⇠ 100. Direct detec-
tion of BH kicks will be very challenging, if not impossi-
ble, with current ground-based detectors. For instance,
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FIG. 1. GW shift due to BH kicks (artificially exaggerated to demonstrate the key features). As the kick velocity builds up
during the last few orbits and merger, the emitted GWs are progressively redshifted (left) or blueshifted (right), depending
on the sign of the projection of the kick velocity vk onto the line of sight n̂. This is equivalent to di↵erentially rescaling the
binary’s total mass in the phase evolution from M to M(1+vk · n̂). These figures have been produced by artificially imparting
kicks of vk · n̂ = ±0.5c to nonspinning equal-mass binaries, assuming a Gaussian kick model with � = 60M [see Eqs. (4) and
(5) with ↵n = 0 for n � 1].

Doppler mass shift. – In the absence of a mass or
length scale in vacuum GR, the GW frequency f en-
ters the binary dynamics exclusively in the dimension-
less form fM , where M is the total mass of the binary
(hereafter G = c = 1). This scale invariance implies
a complete degeneracy between a frequency shift and a
rescaling of the total mass of the system. For example,
the cosmological redshift z of a BH binary merely en-
ters in the predicted GW emission through a rescaling
of the total mass by a factor (1 + z) and, hence, GW
observation of the binary only measures the combination
M(1+z)[30]. BH kicks produce a similar e↵ect: at linear
order, the motion of the center of mass shifts the emitted
GW frequency by a factor 1 + vk · n̂ while leaving the
amplitude una↵ected (vk is the kick velocity with mag-
nitude vk and the unit vector n̂ denotes the direction of
the line of sight from observer to source). There is, how-
ever, one crucial di↵erence: while cosmological redshift
homogeneously a↵ects the entire signal, a frequency shift
due to BH kicks gradually accumulates during the last
orbits and merger. This point is illustrated in Fig. 1: as
a kick is imparted to the merging BHs, the emitted GWs
are progressively blue- or redshifted. The frequency of
the signal changes as if the mass of the system was var-
ied from M in the early inspiral to M(1 + vk · n̂) by the
end of the ringdown.

The detectability of this e↵ect can be estimated us-
ing the following back-of-the-envelope argument. Imag-
ine breaking a BH binary waveform into two parts: in-
spiral and ringdown, h(t) = hi(t) + hr(t). For simplic-
ity, assume that the kick is imparted instantaneously at
merger so that only hr is a↵ected. Let Mi and Mr, re-
spectively, denote the total binary mass as measured from
hi and hr alone. Neglecting the energy radiated in GWs

–this e↵ect is not negligible in magnitude, resulting in a
reduction of the mass by ⇠ 5 %, but can be estimated ac-
curately from the waveform and thus be accounted for–,
the e↵ect of a kick is to Doppler shift the final mass ac-
cording to Mr = Mi(1 + vk · n̂). The inspiral part hi

of the GW signal generally contains a larger fraction of
the signal-to-noise ratio (SNR) than the ringdown part
hr, so the detectability of the kick will be limited by the
measurement of Mr: kicks of magnitude vk can be de-
tected if Mr is measured with a fractional accuracy of
. vk/c (⇠ 1% for a superkick along the line of sight).
The ringdown waveform can be modeled using the least
damped quasinormal mode for a Schwarzschild BH [31]
hr(t) ' A exp(�0.089t/Mr) sin(0.37t/Mr) which gives a
squared SNR

⇢2r =
1

Sn

Z 1

0

hr(t)
2 dt ' 2.66MrA

2

Sn
, (1)

assuming white noise in a detector with power spectral
density (PSD) Sn(f) = Sn = const. The error on the
measurement of Mr can be estimated using the linear
signal approximation,
✓

1

�Mr

◆
2

=
1

Sn

Z 1

0

✓
@

@M
hr(t)

◆
2

dt ' 25.6A2

MrSn
, (2)

Therefore, the fractional error on Mr is given by

�Mr

Mr
' 0.322

⇢r
. (3)

This back-of-the-envelope argument suggests that kicks
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900 km s�1 can be measured with GW observations if
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tion of BH kicks will be very challenging, if not impossi-
ble, with current ground-based detectors. For instance,
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FIG. 1. GW shift due to BH kicks (artificially exaggerated to demonstrate the key features). As the kick velocity builds up
during the last few orbits and merger, the emitted GWs are progressively redshifted (left) or blueshifted (right), depending
on the sign of the projection of the kick velocity vk onto the line of sight n̂. This is equivalent to di↵erentially rescaling the
binary’s total mass in the phase evolution from M to M(1+vk · n̂). These figures have been produced by artificially imparting
kicks of vk · n̂ = ±0.5c to nonspinning equal-mass binaries, assuming a Gaussian kick model with � = 60M [see Eqs. (4) and
(5) with ↵n = 0 for n � 1].

Doppler mass shift. – In the absence of a mass or
length scale in vacuum GR, the GW frequency f en-
ters the binary dynamics exclusively in the dimension-
less form fM , where M is the total mass of the binary
(hereafter G = c = 1). This scale invariance implies
a complete degeneracy between a frequency shift and a
rescaling of the total mass of the system. For example,
the cosmological redshift z of a BH binary merely en-
ters in the predicted GW emission through a rescaling
of the total mass by a factor (1 + z) and, hence, GW
observation of the binary only measures the combination
M(1+z)[30]. BH kicks produce a similar e↵ect: at linear
order, the motion of the center of mass shifts the emitted
GW frequency by a factor 1 + vk · n̂ while leaving the
amplitude una↵ected (vk is the kick velocity with mag-
nitude vk and the unit vector n̂ denotes the direction of
the line of sight from observer to source). There is, how-
ever, one crucial di↵erence: while cosmological redshift
homogeneously a↵ects the entire signal, a frequency shift
due to BH kicks gradually accumulates during the last
orbits and merger. This point is illustrated in Fig. 1: as
a kick is imparted to the merging BHs, the emitted GWs
are progressively blue- or redshifted. The frequency of
the signal changes as if the mass of the system was var-
ied from M in the early inspiral to M(1 + vk · n̂) by the
end of the ringdown.

The detectability of this e↵ect can be estimated us-
ing the following back-of-the-envelope argument. Imag-
ine breaking a BH binary waveform into two parts: in-
spiral and ringdown, h(t) = hi(t) + hr(t). For simplic-
ity, assume that the kick is imparted instantaneously at
merger so that only hr is a↵ected. Let Mi and Mr, re-
spectively, denote the total binary mass as measured from
hi and hr alone. Neglecting the energy radiated in GWs

–this e↵ect is not negligible in magnitude, resulting in a
reduction of the mass by ⇠ 5 %, but can be estimated ac-
curately from the waveform and thus be accounted for–,
the e↵ect of a kick is to Doppler shift the final mass ac-
cording to Mr = Mi(1 + vk · n̂). The inspiral part hi

of the GW signal generally contains a larger fraction of
the signal-to-noise ratio (SNR) than the ringdown part
hr, so the detectability of the kick will be limited by the
measurement of Mr: kicks of magnitude vk can be de-
tected if Mr is measured with a fractional accuracy of
. vk/c (⇠ 1% for a superkick along the line of sight).
The ringdown waveform can be modeled using the least
damped quasinormal mode for a Schwarzschild BH [31]
hr(t) ' A exp(�0.089t/Mr) sin(0.37t/Mr) which gives a
squared SNR
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FIG. 1. GW shift due to BH kicks (artificially exaggerated to demonstrate the key features). As the kick velocity builds up
during the last few orbits and merger, the emitted GWs are progressively redshifted (left) or blueshifted (right), depending
on the sign of the projection of the kick velocity vk onto the line of sight n̂. This is equivalent to di↵erentially rescaling the
binary’s total mass in the phase evolution from M to M(1+vk · n̂). These figures have been produced by artificially imparting
kicks of vk · n̂ = ±0.5c to nonspinning equal-mass binaries, assuming a Gaussian kick model with � = 60M [see Eqs. (4) and
(5) with ↵n = 0 for n � 1].

Doppler mass shift. – In the absence of a mass or
length scale in vacuum GR, the GW frequency f en-
ters the binary dynamics exclusively in the dimension-
less form fM , where M is the total mass of the binary
(hereafter G = c = 1). This scale invariance implies
a complete degeneracy between a frequency shift and a
rescaling of the total mass of the system. For example,
the cosmological redshift z of a BH binary merely en-
ters in the predicted GW emission through a rescaling
of the total mass by a factor (1 + z) and, hence, GW
observation of the binary only measures the combination
M(1+z)[30]. BH kicks produce a similar e↵ect: at linear
order, the motion of the center of mass shifts the emitted
GW frequency by a factor 1 + vk · n̂ while leaving the
amplitude una↵ected (vk is the kick velocity with mag-
nitude vk and the unit vector n̂ denotes the direction of
the line of sight from observer to source). There is, how-
ever, one crucial di↵erence: while cosmological redshift
homogeneously a↵ects the entire signal, a frequency shift
due to BH kicks gradually accumulates during the last
orbits and merger. This point is illustrated in Fig. 1: as
a kick is imparted to the merging BHs, the emitted GWs
are progressively blue- or redshifted. The frequency of
the signal changes as if the mass of the system was var-
ied from M in the early inspiral to M(1 + vk · n̂) by the
end of the ringdown.

The detectability of this e↵ect can be estimated us-
ing the following back-of-the-envelope argument. Imag-
ine breaking a BH binary waveform into two parts: in-
spiral and ringdown, h(t) = hi(t) + hr(t). For simplic-
ity, assume that the kick is imparted instantaneously at
merger so that only hr is a↵ected. Let Mi and Mr, re-
spectively, denote the total binary mass as measured from
hi and hr alone. Neglecting the energy radiated in GWs

–this e↵ect is not negligible in magnitude, resulting in a
reduction of the mass by ⇠ 5 %, but can be estimated ac-
curately from the waveform and thus be accounted for–,
the e↵ect of a kick is to Doppler shift the final mass ac-
cording to Mr = Mi(1 + vk · n̂). The inspiral part hi

of the GW signal generally contains a larger fraction of
the signal-to-noise ratio (SNR) than the ringdown part
hr, so the detectability of the kick will be limited by the
measurement of Mr: kicks of magnitude vk can be de-
tected if Mr is measured with a fractional accuracy of
. vk/c (⇠ 1% for a superkick along the line of sight).
The ringdown waveform can be modeled using the least
damped quasinormal mode for a Schwarzschild BH [31]
hr(t) ' A exp(�0.089t/Mr) sin(0.37t/Mr) which gives a
squared SNR
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on the sign of the projection of the kick velocity vk onto the line of sight n̂. This is equivalent to di↵erentially rescaling the
binary’s total mass in the phase evolution from M to M(1+vk · n̂). These figures have been produced by artificially imparting
kicks of vk · n̂ = ±0.5c to nonspinning equal-mass binaries, assuming a Gaussian kick model with � = 60M [see Eqs. (4) and
(5) with ↵n = 0 for n � 1].

Doppler mass shift. – In the absence of a mass or
length scale in vacuum GR, the GW frequency f en-
ters the binary dynamics exclusively in the dimension-
less form fM , where M is the total mass of the binary
(hereafter G = c = 1). This scale invariance implies
a complete degeneracy between a frequency shift and a
rescaling of the total mass of the system. For example,
the cosmological redshift z of a BH binary merely en-
ters in the predicted GW emission through a rescaling
of the total mass by a factor (1 + z) and, hence, GW
observation of the binary only measures the combination
M(1+z)[30]. BH kicks produce a similar e↵ect: at linear
order, the motion of the center of mass shifts the emitted
GW frequency by a factor 1 + vk · n̂ while leaving the
amplitude una↵ected (vk is the kick velocity with mag-
nitude vk and the unit vector n̂ denotes the direction of
the line of sight from observer to source). There is, how-
ever, one crucial di↵erence: while cosmological redshift
homogeneously a↵ects the entire signal, a frequency shift
due to BH kicks gradually accumulates during the last
orbits and merger. This point is illustrated in Fig. 1: as
a kick is imparted to the merging BHs, the emitted GWs
are progressively blue- or redshifted. The frequency of
the signal changes as if the mass of the system was var-
ied from M in the early inspiral to M(1 + vk · n̂) by the
end of the ringdown.

The detectability of this e↵ect can be estimated us-
ing the following back-of-the-envelope argument. Imag-
ine breaking a BH binary waveform into two parts: in-
spiral and ringdown, h(t) = hi(t) + hr(t). For simplic-
ity, assume that the kick is imparted instantaneously at
merger so that only hr is a↵ected. Let Mi and Mr, re-
spectively, denote the total binary mass as measured from
hi and hr alone. Neglecting the energy radiated in GWs

–this e↵ect is not negligible in magnitude, resulting in a
reduction of the mass by ⇠ 5 %, but can be estimated ac-
curately from the waveform and thus be accounted for–,
the e↵ect of a kick is to Doppler shift the final mass ac-
cording to Mr = Mi(1 + vk · n̂). The inspiral part hi

of the GW signal generally contains a larger fraction of
the signal-to-noise ratio (SNR) than the ringdown part
hr, so the detectability of the kick will be limited by the
measurement of Mr: kicks of magnitude vk can be de-
tected if Mr is measured with a fractional accuracy of
. vk/c (⇠ 1% for a superkick along the line of sight).
The ringdown waveform can be modeled using the least
damped quasinormal mode for a Schwarzschild BH [31]
hr(t) ' A exp(�0.089t/Mr) sin(0.37t/Mr) which gives a
squared SNR
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FIG. 1. GW shift due to BH kicks (artificially exaggerated to demonstrate the key features). As the kick velocity builds up
during the last few orbits and merger, the emitted GWs are progressively redshifted (left) or blueshifted (right), depending
on the sign of the projection of the kick velocity vk onto the line of sight n̂. This is equivalent to di↵erentially rescaling the
binary’s total mass in the phase evolution from M to M(1+vk · n̂). These figures have been produced by artificially imparting
kicks of vk · n̂ = ±0.5c to nonspinning equal-mass binaries, assuming a Gaussian kick model with � = 60M [see Eqs. (4) and
(5) with ↵n = 0 for n � 1].

Doppler mass shift. – In the absence of a mass or
length scale in vacuum GR, the GW frequency f en-
ters the binary dynamics exclusively in the dimension-
less form fM , where M is the total mass of the binary
(hereafter G = c = 1). This scale invariance implies
a complete degeneracy between a frequency shift and a
rescaling of the total mass of the system. For example,
the cosmological redshift z of a BH binary merely en-
ters in the predicted GW emission through a rescaling
of the total mass by a factor (1 + z) and, hence, GW
observation of the binary only measures the combination
M(1+z)[30]. BH kicks produce a similar e↵ect: at linear
order, the motion of the center of mass shifts the emitted
GW frequency by a factor 1 + vk · n̂ while leaving the
amplitude una↵ected (vk is the kick velocity with mag-
nitude vk and the unit vector n̂ denotes the direction of
the line of sight from observer to source). There is, how-
ever, one crucial di↵erence: while cosmological redshift
homogeneously a↵ects the entire signal, a frequency shift
due to BH kicks gradually accumulates during the last
orbits and merger. This point is illustrated in Fig. 1: as
a kick is imparted to the merging BHs, the emitted GWs
are progressively blue- or redshifted. The frequency of
the signal changes as if the mass of the system was var-
ied from M in the early inspiral to M(1 + vk · n̂) by the
end of the ringdown.

The detectability of this e↵ect can be estimated us-
ing the following back-of-the-envelope argument. Imag-
ine breaking a BH binary waveform into two parts: in-
spiral and ringdown, h(t) = hi(t) + hr(t). For simplic-
ity, assume that the kick is imparted instantaneously at
merger so that only hr is a↵ected. Let Mi and Mr, re-
spectively, denote the total binary mass as measured from
hi and hr alone. Neglecting the energy radiated in GWs

–this e↵ect is not negligible in magnitude, resulting in a
reduction of the mass by ⇠ 5 %, but can be estimated ac-
curately from the waveform and thus be accounted for–,
the e↵ect of a kick is to Doppler shift the final mass ac-
cording to Mr = Mi(1 + vk · n̂). The inspiral part hi

of the GW signal generally contains a larger fraction of
the signal-to-noise ratio (SNR) than the ringdown part
hr, so the detectability of the kick will be limited by the
measurement of Mr: kicks of magnitude vk can be de-
tected if Mr is measured with a fractional accuracy of
. vk/c (⇠ 1% for a superkick along the line of sight).
The ringdown waveform can be modeled using the least
damped quasinormal mode for a Schwarzschild BH [31]
hr(t) ' A exp(�0.089t/Mr) sin(0.37t/Mr) which gives a
squared SNR
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This back-of-the-envelope argument suggests that kicks
along the line of sight with magnitude vk ⇠ 0.003c '
900 km s�1 can be measured with GW observations if
the SNR in the ringdown is ⇢r ⇠ 100. Direct detec-
tion of BH kicks will be very challenging, if not impossi-
ble, with current ground-based detectors. For instance,
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FIG. 1. GW shift due to BH kicks (artificially exaggerated to demonstrate the key features). As the kick velocity builds up
during the last few orbits and merger, the emitted GWs are progressively redshifted (left) or blueshifted (right), depending
on the sign of the projection of the kick velocity vk onto the line of sight n̂. This is equivalent to di↵erentially rescaling the
binary’s total mass in the phase evolution from M to M(1+vk · n̂). These figures have been produced by artificially imparting
kicks of vk · n̂ = ±0.5c to nonspinning equal-mass binaries, assuming a Gaussian kick model with � = 60M [see Eqs. (4) and
(5) with ↵n = 0 for n � 1].

Doppler mass shift. – In the absence of a mass or
length scale in vacuum GR, the GW frequency f en-
ters the binary dynamics exclusively in the dimension-
less form fM , where M is the total mass of the binary
(hereafter G = c = 1). This scale invariance implies
a complete degeneracy between a frequency shift and a
rescaling of the total mass of the system. For example,
the cosmological redshift z of a BH binary merely en-
ters in the predicted GW emission through a rescaling
of the total mass by a factor (1 + z) and, hence, GW
observation of the binary only measures the combination
M(1+z)[30]. BH kicks produce a similar e↵ect: at linear
order, the motion of the center of mass shifts the emitted
GW frequency by a factor 1 + vk · n̂ while leaving the
amplitude una↵ected (vk is the kick velocity with mag-
nitude vk and the unit vector n̂ denotes the direction of
the line of sight from observer to source). There is, how-
ever, one crucial di↵erence: while cosmological redshift
homogeneously a↵ects the entire signal, a frequency shift
due to BH kicks gradually accumulates during the last
orbits and merger. This point is illustrated in Fig. 1: as
a kick is imparted to the merging BHs, the emitted GWs
are progressively blue- or redshifted. The frequency of
the signal changes as if the mass of the system was var-
ied from M in the early inspiral to M(1 + vk · n̂) by the
end of the ringdown.

The detectability of this e↵ect can be estimated us-
ing the following back-of-the-envelope argument. Imag-
ine breaking a BH binary waveform into two parts: in-
spiral and ringdown, h(t) = hi(t) + hr(t). For simplic-
ity, assume that the kick is imparted instantaneously at
merger so that only hr is a↵ected. Let Mi and Mr, re-
spectively, denote the total binary mass as measured from
hi and hr alone. Neglecting the energy radiated in GWs

–this e↵ect is not negligible in magnitude, resulting in a
reduction of the mass by ⇠ 5 %, but can be estimated ac-
curately from the waveform and thus be accounted for–,
the e↵ect of a kick is to Doppler shift the final mass ac-
cording to Mr = Mi(1 + vk · n̂). The inspiral part hi

of the GW signal generally contains a larger fraction of
the signal-to-noise ratio (SNR) than the ringdown part
hr, so the detectability of the kick will be limited by the
measurement of Mr: kicks of magnitude vk can be de-
tected if Mr is measured with a fractional accuracy of
. vk/c (⇠ 1% for a superkick along the line of sight).
The ringdown waveform can be modeled using the least
damped quasinormal mode for a Schwarzschild BH [31]
hr(t) ' A exp(�0.089t/Mr) sin(0.37t/Mr) which gives a
squared SNR
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along the line of sight with magnitude vk ⇠ 0.003c '
900 km s�1 can be measured with GW observations if
the SNR in the ringdown is ⇢r ⇠ 100. Direct detec-
tion of BH kicks will be very challenging, if not impossi-
ble, with current ground-based detectors. For instance,
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FIG. 1. GW shift due to BH kicks (artificially exaggerated to demonstrate the key features). As the kick velocity builds up
during the last few orbits and merger, the emitted GWs are progressively redshifted (left) or blueshifted (right), depending
on the sign of the projection of the kick velocity vk onto the line of sight n̂. This is equivalent to di↵erentially rescaling the
binary’s total mass in the phase evolution from M to M(1+vk · n̂). These figures have been produced by artificially imparting
kicks of vk · n̂ = ±0.5c to nonspinning equal-mass binaries, assuming a Gaussian kick model with � = 60M [see Eqs. (4) and
(5) with ↵n = 0 for n � 1].

Doppler mass shift. – In the absence of a mass or
length scale in vacuum GR, the GW frequency f en-
ters the binary dynamics exclusively in the dimension-
less form fM , where M is the total mass of the binary
(hereafter G = c = 1). This scale invariance implies
a complete degeneracy between a frequency shift and a
rescaling of the total mass of the system. For example,
the cosmological redshift z of a BH binary merely en-
ters in the predicted GW emission through a rescaling
of the total mass by a factor (1 + z) and, hence, GW
observation of the binary only measures the combination
M(1+z)[30]. BH kicks produce a similar e↵ect: at linear
order, the motion of the center of mass shifts the emitted
GW frequency by a factor 1 + vk · n̂ while leaving the
amplitude una↵ected (vk is the kick velocity with mag-
nitude vk and the unit vector n̂ denotes the direction of
the line of sight from observer to source). There is, how-
ever, one crucial di↵erence: while cosmological redshift
homogeneously a↵ects the entire signal, a frequency shift
due to BH kicks gradually accumulates during the last
orbits and merger. This point is illustrated in Fig. 1: as
a kick is imparted to the merging BHs, the emitted GWs
are progressively blue- or redshifted. The frequency of
the signal changes as if the mass of the system was var-
ied from M in the early inspiral to M(1 + vk · n̂) by the
end of the ringdown.

The detectability of this e↵ect can be estimated us-
ing the following back-of-the-envelope argument. Imag-
ine breaking a BH binary waveform into two parts: in-
spiral and ringdown, h(t) = hi(t) + hr(t). For simplic-
ity, assume that the kick is imparted instantaneously at
merger so that only hr is a↵ected. Let Mi and Mr, re-
spectively, denote the total binary mass as measured from
hi and hr alone. Neglecting the energy radiated in GWs

–this e↵ect is not negligible in magnitude, resulting in a
reduction of the mass by ⇠ 5 %, but can be estimated ac-
curately from the waveform and thus be accounted for–,
the e↵ect of a kick is to Doppler shift the final mass ac-
cording to Mr = Mi(1 + vk · n̂). The inspiral part hi

of the GW signal generally contains a larger fraction of
the signal-to-noise ratio (SNR) than the ringdown part
hr, so the detectability of the kick will be limited by the
measurement of Mr: kicks of magnitude vk can be de-
tected if Mr is measured with a fractional accuracy of
. vk/c (⇠ 1% for a superkick along the line of sight).
The ringdown waveform can be modeled using the least
damped quasinormal mode for a Schwarzschild BH [31]
hr(t) ' A exp(�0.089t/Mr) sin(0.37t/Mr) which gives a
squared SNR
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FIG. 1. GW shift due to BH kicks (artificially exaggerated to demonstrate the key features). As the kick velocity builds up
during the last few orbits and merger, the emitted GWs are progressively redshifted (left) or blueshifted (right), depending
on the sign of the projection of the kick velocity vk onto the line of sight n̂. This is equivalent to di↵erentially rescaling the
binary’s total mass in the phase evolution from M to M(1+vk · n̂). These figures have been produced by artificially imparting
kicks of vk · n̂ = ±0.5c to nonspinning equal-mass binaries, assuming a Gaussian kick model with � = 60M [see Eqs. (4) and
(5) with ↵n = 0 for n � 1].

Doppler mass shift. – In the absence of a mass or
length scale in vacuum GR, the GW frequency f en-
ters the binary dynamics exclusively in the dimension-
less form fM , where M is the total mass of the binary
(hereafter G = c = 1). This scale invariance implies
a complete degeneracy between a frequency shift and a
rescaling of the total mass of the system. For example,
the cosmological redshift z of a BH binary merely en-
ters in the predicted GW emission through a rescaling
of the total mass by a factor (1 + z) and, hence, GW
observation of the binary only measures the combination
M(1+z)[30]. BH kicks produce a similar e↵ect: at linear
order, the motion of the center of mass shifts the emitted
GW frequency by a factor 1 + vk · n̂ while leaving the
amplitude una↵ected (vk is the kick velocity with mag-
nitude vk and the unit vector n̂ denotes the direction of
the line of sight from observer to source). There is, how-
ever, one crucial di↵erence: while cosmological redshift
homogeneously a↵ects the entire signal, a frequency shift
due to BH kicks gradually accumulates during the last
orbits and merger. This point is illustrated in Fig. 1: as
a kick is imparted to the merging BHs, the emitted GWs
are progressively blue- or redshifted. The frequency of
the signal changes as if the mass of the system was var-
ied from M in the early inspiral to M(1 + vk · n̂) by the
end of the ringdown.

The detectability of this e↵ect can be estimated us-
ing the following back-of-the-envelope argument. Imag-
ine breaking a BH binary waveform into two parts: in-
spiral and ringdown, h(t) = hi(t) + hr(t). For simplic-
ity, assume that the kick is imparted instantaneously at
merger so that only hr is a↵ected. Let Mi and Mr, re-
spectively, denote the total binary mass as measured from
hi and hr alone. Neglecting the energy radiated in GWs

–this e↵ect is not negligible in magnitude, resulting in a
reduction of the mass by ⇠ 5 %, but can be estimated ac-
curately from the waveform and thus be accounted for–,
the e↵ect of a kick is to Doppler shift the final mass ac-
cording to Mr = Mi(1 + vk · n̂). The inspiral part hi

of the GW signal generally contains a larger fraction of
the signal-to-noise ratio (SNR) than the ringdown part
hr, so the detectability of the kick will be limited by the
measurement of Mr: kicks of magnitude vk can be de-
tected if Mr is measured with a fractional accuracy of
. vk/c (⇠ 1% for a superkick along the line of sight).
The ringdown waveform can be modeled using the least
damped quasinormal mode for a Schwarzschild BH [31]
hr(t) ' A exp(�0.089t/Mr) sin(0.37t/Mr) which gives a
squared SNR

⇢2r =
1

Sn

Z 1

0

hr(t)
2 dt ' 2.66MrA

2

Sn
, (1)

assuming white noise in a detector with power spectral
density (PSD) Sn(f) = Sn = const. The error on the
measurement of Mr can be estimated using the linear
signal approximation,
✓

1

�Mr

◆
2

=
1

Sn

Z 1

0

✓
@

@M
hr(t)

◆
2

dt ' 25.6A2

MrSn
, (2)

Therefore, the fractional error on Mr is given by

�Mr

Mr
' 0.322

⇢r
. (3)

This back-of-the-envelope argument suggests that kicks
along the line of sight with magnitude vk ⇠ 0.003c '
900 km s�1 can be measured with GW observations if
the SNR in the ringdown is ⇢r ⇠ 100. Direct detec-
tion of BH kicks will be very challenging, if not impossi-
ble, with current ground-based detectors. For instance,
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moving away from earth
red-shifted waveform 

Time-domain is 
cool. Frequency-
domain is better!

NR simulations imply:  
kicks imparted  
over       10M 
and gaussian!

� ⇠

Warning: 
unphysical kick
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Waveform in Time and Frequency
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Waveform in Time and Frequency
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Inspiral Intermediate Merger Ringdown
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How Do We Find v(f)?
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Calculate  Find 
relationship 

between t and f
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Comparing Numerics and Phenomenology
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Results - Kicked Waveform in Frequency
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Recall:
m ! m0 ⌘ m(1 + v(f))

Warning: 
unphysical kick
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Results - Kicked Waveform in Frequency
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Recall:
m ! m0 ⌘ m(1 + v(f))

velocity > 0 (as directed along line of sight)

10−23

10−22

10−21

10−20

10−19

101 102
10−23

10−22

10−21

10−20

102

√
f
A
(f

)
[H

z−
1
/
2
]

Frequency [f ]

No Kick
v ∼ 0.8c Kick

Redshifted Mass

√
f
A
(f

)
[H

z
−

1

2
]

Frequency [f ]

No Kick
Continuous Kick
Redshifted Mass

p
f
A
(f
)

[H
z�

1
/
2
]

Warning: 
unphysical kick



ChamberlainKicked Waveforms

Future Directions
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• Determine how we can address degeneracies that 
arise from the presence of kicks in the waveform 

• Use our kicked waveform approximant to determine 
constraints that can be placed on kick velocities 

• Understand how 3rd generation detectors can aid in 
black hole kick detection 

• Modify IMRPhenomP to include black hole kicks


