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The gravitational waveform from a compact inspiraling binary, such as a binary black hole (BBH),
can indicate the presence of a nearby massive body, such as a supermassive black hole (SMBH). The
waveform is modulated by de Sitter precession of the BBH’s inner angular momentum and by the
time-dependent Doppler phase shift of the BBH in its orbit. The future generation of space-based
GW observatories, focused on the millihertz and decihertz band, is uniquely poised to observe these
waveform modulations, as the GW frequency from stellar-mass BBHs remains in this band for the
months or years over which these modulation effects accumulate. In this work, we apply the Fisher
information matrix to estimate how well low-frequency GW detectors can measure properties of
BBH+SMBH hierarchical triples. We consider an eccentric orbit of the BBH about the SMBH,
extending previous studies which were limited to circular orbits. We find that the uncertainties
in measurements of the SMBH mass and semimajor axis can be improved by a factor of a few
when the BBH takes a non-circular orbit and that decihertz detector concepts like TianGO enable
better sensitivity than proposed detectors at even lower frequencies, like LISA. Furthermore, the
eccentricity, outer orbital angular frequency, and outer orbit initial phase and argument of pericenter
are very well measured.

I. BACKGROUND AND OBJECTIVES

Since the first detection of gravitational waves (GWs)
by LIGO in 2015, GW astronomy has cemented itself as a
legitimate and advantageous method for observing binary
systems of compact objects, the majority of which are
binary black holes (BBHs) [1–3]. Currently, the ground
detectors in LIGO/Virgo/KAGRA are most sensitive be-
tween 10 Hz to a few kHz, which describes the final mo-
ments before merger. In order for a GW detector to be
sensitive to frequencies below 1 Hz, it must be built in
space, where forming an interferometer with arm lengths
much greater than LIGO’s is feasible. LISA is a planned
space based detector which would specialize in the milli-
hertz band ∼ 10−3 − 10−1 Hz [4].
There are detector concepts which lie in the decihertz

range – between LISA and ground-based detectors – such
as B-DECIGO [5] and TianGO [6, 7], which may expand
the range of astrophysical systems we can observe via
GWs. These space-borne GW observatories could mon-
itor inspiraling compact binary systems at times long
before their orbital frequencies climb into the frequency
bands of active ground-based detectors. Furthermore,
since the instantaneous orbital decay timescale due to

GW emission scales as τGW ∝ ω
−8/3
orb [8], a stellar-mass

BBH system will remain in the frequency band of these
low-frequency observatories much longer than in the fre-
quency band of ground-based experiments. This will al-
low space-based observatories to monitor properties of a
BBH system which may change over time scales on the
order of years.

Consider a stellar-mass BBH orbiting around a super-
massive black hole (SMBH), as depicted in Figure 1 along
with the orientation of a hypothetical space-based GW
detector orbiting the Sun. It is well known that the pres-
ence of the SMBH induces coupling between the outer
orbit (the BBH orbiting the SMBH) and the inner orbit

(the two stellar-mass BHs in the binary) which modulates
the gravitational waves emitted by the inspiraling BBH.
For example, the orbital angular momentum of the inner
binary L̂i experiences de Sitter precession about the or-
bital angular momentum of the outer binary L̂o, and the
progression of the BBH in its orbit about the SMBH pro-
duces a Doppler shift in the GWs it radiates [9] (see Sec-
tion II for explicit expressions). The Lidov-Kozai effect
also plays a role in the evolution of hierarchical triples,
though in this work, its effect on the waveform is ne-
glected (see Section IIC for discussion).

We can measure triple system properties such as
SMBH mass, semimajor axis of the outer orbit, and other
geometrical angles from the effects of de Sitter precession
and of Doppler shifts on the waveform. In a recent work
by Yu and Chen, it is shown that this probe can feasibly
measure properties of interest to the few percent level
over a wide range of possible BBH+SMBH systems [10].
Current observational methods for measuring properties
of SMBHs and their local environments include tracking
the orbital dynamics of nearby test masses, like stars, and
reverberation mapping of the emission line fluxes from
the accretion disk, if the SMBH is active [11]. Adding
this technique to such a toolkit could expand the set
of observable SMBHs with well-constrained properties
to those which may have few electromagnetic radiation
sources nearby [10].

The initial work of Yu and Chen assumes a perfectly
circular outer orbit in the BBH+SMBH triple system;
however, it is expected that formation channels for these
systems, especially those which are dynamical in nature,
should produce a sizeable population of triples with ec-
centric outer orbits [12]. As demonstrated in Section II,
a nonzero eccentricity of the outer orbit leads to wave-
form modulation effects with larger magnitudes or time
variance in comparison to the circular outer orbit sce-
nario. In this work, we examine how the eccentricity of
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θa Definition

logMz Detector Frame Chirp Mass: µ3/5(m1 +m2)
2/5

q Mass Ratio m2/m1

logDL Luminosity Distance
tc Coalescence Time
ϕc Coalescence Phase

θS ,ϕS Line of Sight of BBH+SMBH Triple

θJ ,ϕJ Orientation of Total Angular Momentum J
λL Angle Between Li and Lo

α0 Initial Phase of Li Around Lo

logM3 SMBH Mass
log ao Outer Orbit Semimajor Axis
γo Outer Orbit Argument of pericenter
eo Outer Orbit Eccentricity
ϕo Outer Orbit Initial Phase

TABLE I. Relevant parameters in BBH+SMBH triple system
for GW observed by detectors. Bars over angles indicate the
Solar System coordinate frame.

the outer orbit affects parameter measurement uncertain-
ties. In order to estimate such uncertainties, we rely on
the Fisher information matrix, a method which has been
frequently used in the past to gauge the measurability of
compact binary parameters by ground-based GW obser-
vatories [13].

In Section II, we outline the mathematical description
of the gravitational waveform emitted from a BBH in
a hierarchical triple and detected by a space-borne ob-
servatory. In Section III, we outline the Fisher matrix
calculation as applied to parameter estimation and ex-
plain some simplifications we make to the computation.
In Section IV, we present the results of our Fisher matrix
computations, and in Section V, we offer conclusions and
possible directions for this work to proceed in the future.
In this work, we use geometrized units G = c = 1.

II. MATHEMATICAL DESCRIPTION OF THE
SMBH+BBH TRIPLE SYSTEM

A. Geometry

We first describe the full geometry of the SMBH+BBH
triple system with an eccentric outer orbit. Table I below
outlines the set of relevant parameters used in calculating
the waveform measured by a space-borne GW observa-
tory. In Figure 1, the barred coordinates demarcate a
Solar System centered coordinate system, while the un-
barred coordinates demarcate a coordinate system based
on the orientation of the observatory.

In order to compute the antenna response, we need to
be able to convert from the unbarred coordinates to the

FIG. 1. Top: Geometry of the SMBH+BBH triple system.
Bottom, inset: View of the triple system normal to the plane
of the outer orbit. See the discussion below and Table I for
definition of all parameters. Figure dimensions do not give
any indication of true scale. In this work, we neglect the
precession of γo as the BBH orbits the SMBH.

barred coordinates, which is as follows:
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ŷ =
−3 + cos(2ϕd)

4
x̂+

1

4
sin(2ϕd)ŷ −
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2
ẑ. (3)

The sky location of the hierarchical triple is (θS , ϕS),

which points along the vector N̂ , and has a luminosity
distance of dL. The triple itself consists of a BBH with
black holes of massesM1 andM2, or equivalently, a chirp

mass of M = (M1M2)
3/5

(M1+M2)1/5
and mass ratio of q =M2/M1,

and an SMBH of massM3. The shape of the BBH’s orbit
around the SMBH can be determined entirely (at least
to a sufficiently close approximation) by the semimajor
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axis ao and the eccentricity eo.
The unit vector of the angular momentum of the two

lighter black holes in the binary system is L̂i, and the unit
vector of the angular momentum of the binary’s orbit
about the SMBH is L̂o. The opening angle λL is defined
by

cosλL = L̂o · L̂i. (4)

The opening angle stays constant in time, but the ori-
entation of L̂i traces a cone around L̂o due to de Sitter
precession, with

dL̂i

dt
= ΩdSL̂o × L̂i. (5)

Using Eq. 9.200 of [14], we find the de Sitter precession
frequency

ΩdS(t) =
3

2
Ωo

M3

ao(1− e2o)

[(1 + eo cos(φ(t))
)3

(1− e2o)
3/2

]
, (6)

where Ωo =
√
M3/a3o and φ(t) is the true orbital

anomaly, the angle measured around the elliptical orbital
path as centered on the focus of the ellipse occupied by
the SMBH (as shown in the inset of Figure 1). The secu-
lar precession rate agrees with that in the introduction of
[10]: that is, when integrated over one full orbital period
of the BBH around the SMBH, the orbit-averaged de Sit-
ter precession frequency that matches Eq. 1 of [10]. The

phase of L̂i in this cone, as shown in the inset of Figure 1,
can be found by integrating the time-dependent de Sitter
precession rate:

α(t) = α0 +

∫ tc

t

ΩdS(t
′)dt′, (7)

where α0 is the phase at the time of the binary coales-
cence tc.
Finally, to quantify the Doppler shift, we need to find

a few additional parameters. First, the inclination of the
outer orbit angular momentum follows

cos ιJ = N̂ · L̂o. (8)

Next, the argument of pericenter, γo, is defined as the
angle between the major axis of the elliptical orbit and
the line in space which is parallel to both the plane of
the orbit and the x̂ − ŷ plane. It is well known that an
elliptical orbit does not admit an analytical solution for
the position in the orbit as a function of time. However,
there are some well-established numerical methods for
solving this problem. The distance of the BBH from the
SMBH is given by

r(t) =
ao(1− e2o)

1 + eo cos(φ(t))
, (9)

with φ(t) once again being the true orbital anomaly as
in Figure 1. To find the true orbital anomaly, we must

first find the eccentric anomaly, which is similar to the
true orbital anomaly except that the origin used for this
quantity is the center of the ellipse rather than the focus
where the SMBH is located. Kepler’s equation gives the
relation between the eccentric anomaly u and time:

u(t)− eo sin(u(t)) =
[√M3

a3o
t+ ϕo

]
mod 2π

=
[
2π

t

Po
+ ϕo

]
mod 2π, (10)

where ϕo is the phase of the outer orbit when t = 0.
We then apply Newton’s method to find u(t), as this
equation does not have an analytical solution. Explicitly,
we conduct an iterative process, where u1 = 2π t

Po
+ ϕo

and

un+1 = un +
u1 − (un − eo sinun)

1− eo cosun
. (11)

Usually, only roughly five iterations are needed to obtain
high accuracy in u(t). The eccentric anomaly can be
converted to the orbital anomaly using

tan(
1

2
φ(t)) =

√
1 + eo
1− eo

tan(
1

2
u(t)). (12)

B. Waveform

We can now proceed to calculate the strain detected
by the space-based observatory, using the results of [9].
The overall measured signal is

hmeas = hC
√

(A+F+)2 + (A×F×)2

× exp{−i[ΦP + 2ΦT +ΦD]}, (13)

where hC is the carrier waveform of the BBH, A and
F are the polarization-dependent amplitude modulation
and antenna response, respectively, and ΦP , ΦD, and
ΦT are the polarization, Thomas, and Doppler phases.
It is this signal that we use to calculate elements of the
Fisher information matrix. Post-Newtonian expansion
gives a carrier waveform, in the frequency domain (and
geometrized units G = c = 1), of

h̃C(fGW ) =
( 5

96

)1/2 M5/6

π2/3dL
f
−7/6
GW

× exp{i[2πfGW tc − ϕc −
π

4
+

3

4
(8πMfGW )−5/3]},

(14)

where tc and ϕc are the time and phase at coalescence.
Roughly, the time corresponding to a given GW fre-
quency follows:

t(fGW ) ≈ tc −
5

256π8/3

1

M5/3f
8/3
GW

. (15)
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The stationary phase approximation allows us to easily
convert time-dependent waveform components, such as
the evolution of the outer orbit, into frequency-dependent
components that are applicable to the Fisher matrix for-
malism [15].

The two polarizations of the strain, h+ and h×, are
modified by the amplitude factors

A+ = 1 + (L̂i · N̂)2 (16)

A× = −2L̂i · N̂ , (17)

and furthermore, the detector response F for a 90-degree
detector to incoming waves of each polarization varies,
as

F+(θS , ϕS , ψS) =
1

2
(1 + cos2 θS) cos 2ϕS cos 2ψS

− cos θS sin 2ϕS sin 2ψS (18)

F×(θS , ϕS , ψS) =
1

2
(1 + cos2 θS) cos 2ϕS sin 2ψS

+ cos θS sin 2ϕS cos 2ψS , (19)

where

tanψS(t) =
L̂i · ẑ − (L̂i · N̂)(ẑ · N̂)

N̂ · (L̂i × ẑ)
. (20)

Note the use of the detector-frame coordinates in Eq. 20.
This detector response applied to a 60-degree detector
such as LISA has a different form, and further still, the
response F varies for each pair of arms in the triangular
detector.

The first of the three additional phases is the polariza-
tion phase, which allows us to rewrite the signal strain
in terms of a single amplitude and a modifying phase,
seen in Eq. 13 (as opposed to h(t) = h+(t)F+(t) +
h×(t)F×(t)). It is given by

tanΦP (t) = −A×(t)F×(t)

A+(t)F+(t)
. (21)

The second is the Thomas phase, which can be under-
stood as the change in signal phase which results from
ensuring that the orbital separation vector remains or-
thogonal to the angular momentum as the angular mo-
mentum precesses. It is given by

ΦT (t) = −
∫ tc

t

dt
[ L̂i · N̂
1− (L̂i · N̂)2

]
(L̂i × N̂) · dL̂i

dt
, (22)

The final phase term is the Doppler phase shift, the phase
shift induced by the evolving distance between the detec-
tor and the GW source. There are two contributions to
this phase. The first is the contribution from the detec-
tor, given at a particular time t by

ΦD,det(fGW ) = 2πfGW (1 AU) sin θS cos(ϕdet − ϕS),
(23)

The other is from the source, which is modulated by the
changing orbital radius as well as the inclination of the
outer orbit and the position of the BBH in that orbit:

ΦD,src(fGW ) = 2πfGW
ao(1− e2o) sin ιJ
1 + eo cos(φ(t))

sin(φ(t) + γo)

(24)
.

C. Neglected Orbital Dynamics

We consider the implications of non-zero BH spins on
the orbital dynamics. The precession of L̂o around the
spin of the SMBH Ŝ3 with S3 = χ3M

2
3 has characteristic

frequency [16]

ΩLo,S3
=
S3(4 + 3(M1 +M2)/M3)

2a3o(1− e2o)
3/2

. (25)

With M3 = 108M⊙ ≫ M1 + M2, ao/M3 = 100 (or
ao ∼ 100 AU), and eo = 0.3, the characteristic time scale
for this precession is tLo,S3

= 1/ΩLo,S3
∼ 7/χ3 years.

Even for rapidly spinning SMBHs, this effect is about one
order of magnitude slower than de Sitter precession, so
for now, we neglect it. It is worth noting that each succes-
sive effect included in the waveform modulation generally
increases the magnitude of Fisher matrix terms. As such,
we expect that future inclusion of this effect will lead to
further improved parameter estimation uncertainties.
Lense-Thirring precession of L̂i around Ŝ3 also con-

tributes to the orbital dynamics, with

ΩLi,S3 =
S3

2a3o(1− e2o)
3/2

. (26)

This precession frequency is one-quarter of ΩLo,S3
, and

thus, since we treat ΩLo,S3
as small in this work, we do

the same for ΩLi,S3
.

We also consider Lidov-Kozai oscillations, the ex-
change between outer orbit eccentricity and inclination
between L̂o and L̂i. These oscillations have a character-
istic frequency of [16]

ΩLK = Ωi
M3

M1 +M2

( ai

ao
√
1− e2o

)3
, (27)

where Ωi =
√
(M1 +M2)/a3i . Noting that fGW =

ωGW /2π = Ωi/π, we find that for M3 = 108M⊙ ≫
M1 + M2, ao/M3 = 100, and eo = 0.3, tLK ∼ 2.2 ×
104f2GW years. In our frequency band of interest, this
effect occurs over much longer time scales than the de
Sitter precession, and since both de Sitter precession
and Lidov-Kozai oscillations modulate Li, we neglect the
slower of the two processes.
We furthermore assume that the eccentricity of the in-

ner binary ei is zero. As explained in [10], the inner
eccentricity does not affect any component of the mea-
sured strain outside of the carrier waveform h̃C(fGW ),
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and thus should influence parameter estimation uncer-
tainties primarily through the SNR. A higher ei leads
to faster merger times; however, high eccentricity BBHs
can still remain in the millihertz and decihertz frequency
bands throughout the entire observation period with just
a larger initial separation between the two stellar mass
BHs. So, it is expected that even as ei approaches 1, such
BBHs will offer long enough integration times to gener-
ate a moderate SNR, and therefore the inner eccentricity
should not significantly alter the results of the simpli-
fied Fisher matrix analysis (see [10] for a more detailed
discussion).

At this time, we neglect the effect of the precession of
the outer orbit pericenter on the waveform. However, we
can expect that such precession has a significant effect on
the Doppler phase shift during the observation window,
as the secular precession frequency is twice that of de
Sitter precession [17]. A future work will explore the ef-
fect of pericenter precession on the parameter estimation
uncertainties.

III. SIMPLIFICATIONS TO THE FISHER
MATRIX APPROACH

In this analysis, we implement the Fisher information
matrix method (as done in [10]) as a simple estimator
for how well properties of a BBH+SMBH triple system
can be measured. We make a number of well-supported
assumptions to reduce the complexity of the numerical
methods used to estimate parameter uncertainties.

A. Parameter Uncertainties from the Fisher
Information Matrix

We first outline how the Fisher information matrix (or
Fisher matrix) is used to estimate parameter measure-
ment uncertainties. The elements of the Fisher matrix
are defined as

Γab ≡

(
∂h̃(f)

∂θa

∣∣∣∂h̃(f)
∂θb

)
, (28)

where (
g̃
∣∣h̃) = 4Re

∫ ∞

0

g̃∗(f)h̃(f)

Sn(f)
df , (29)

h̃ is the frequency-domain waveform, Sn(f) is the PSD
of the detector noise, and θa are the various parameters
of the system.

We note that we use a finite difference method to com-
pute ∂h̃/∂θa. To choose a finite parameter difference ∆θa
from which to estimate ∂h̃/∂θa, we minimize the quan-
tity ϵ, analogous to waveform mismatch,

ϵ = 1−
(∂[∆θa]h̃|∂[4∆θa]h̃)√

(∂[∆θa]h̃|∂[∆θa]h̃)(∂[4∆θa]h̃|∂[4∆θa]h̃)
, (30)

where

∂[∆θ]h̃ =
h̃(θ +∆θ)− h̃(θ −∆θ)

2∆θ
. (31)

Minimizing this quantity gives us the best accuracy in
computing the numerical derivative, as ϵ begins to in-
crease once ∆θa becomes so small that the changes in h̃
are smaller than computer precision. The choice of 4∆θa
to compare to ∆θa is arbitrary.
The Fisher information matrix is related to the covari-

ance matrix roughly by

Σab = [Γ−1]ab +O(ρ−4), (32)

where ρ is the signal-to-noise ratio (SNR). So, in the
limit of large SNR, the covariance between two parame-
ters ∆θi∆θ

j is approximately equal to the corresponding
element of the inverse of the Fisher information matrix.
As such, the parameter estimation uncertainty is given
by ∆θi = (Σii)

0.5. If a network of GW detectors were to
observe the same system, the Fisher information matrix
would scale as the sum of the matrix elements for each
detector, or

(Γab)
network

=
∑
det

Γdet
ab . (33)

This also applies to an observatory like LISA, whose three
arms compose two interferometric detectors.

B. Reduced Fisher Matrix Dimensions

We can further reduce the dimensions of the Fisher
matrix by removing certain physical parameters from the
analysis. Doing so reduces the time it takes both to com-
pute the complete Fisher matrix and invert it to find
the covariance matrix and serves to reduce the condition
number, leading to improved numerical accuracy in the
inversion [13]. Since we have chosen to neglect all spin-
precessional effects, the spin magnitudes and directions
for each of the three black holes in the system are re-
moved from the waveform and thus not included in the
Fisher matrix.
Furthermore, we assume that space-based detectors

like LISA or TianGO will act in conjunction with ground-
based observatories, which are far more sensitive to the
chirp mass M, the mass ratio q, and the time and phase
of coalescence tc and ϕc [7]. So, knowing that a network
of ground-based detectors can measure these quantities
with much better precision than space-based observato-
ries, we treat these four parameters as perfectly known
in our analysis.
Finally, computation of the Fisher matrix with the re-

maining 12 parameters shows that for the average sys-
tem in our parameter space of triple system properties,
the uncertainties derived from the covariance matrix for
log dL, θS , ϕS , θJ , ϕJ , λL, α0, and logM3 fall in the

range of ∼ 10−1 − 10−3, while those for Ωo =
√
M3/a3o,
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FIG. 2. An example waveform h̃(fGW ) with M3 = 108M⊙,
ao = 100M3, and eo = 0.3, along with approximate sensitiv-
ity curves for TianGO and LISA used in the Fisher matrix
calculations done in this work.

eo, γo, and ϕo roughly lie between a few ×10−7 and a
few ×10−6. The small uncertainties in these parameters
originate in the large modulation depth of the Doppler
shift With uncertainties approaching three orders of mag-
nitude improved over the other parameters, we can also
treat the four parameters Ωo, eo, γo, and ϕo as perfectly
known when investigating uncertainties in the remaining
eight. Of course, when calculating parameter estimation
uncertainties for any of the excluded parameters, they
must be temporarily reincluded in the Fisher matrix.

IV. RESULTS AND DISCUSSION

We examine a BBH+SMBH triple system with fixed
parameters M1 = M2 = 50M⊙, tc = 0, ϕc = 0, DL =
1Gpc, (θS , ϕS) = (33◦, 147◦), (θJ , ϕJ) = (75◦, 150◦),
and λL = 45◦. For both LISA and TianGO, we com-
pute the Fisher matrix where the integration is taken
over a frequency window corresponding to an observation
time of five years and the highest frequency is fmax =
12 Hz – this roughly corresponds to a lowest frequency
of fmin ∼ 12 mHz. In Figure 2, we plot an example
frequency-domain waveform along with the TianGO and
LISA sensitivity curves used in computing Fisher matrix
elements.

The choice to use the same observation frequency band
for both TianGO and LISA, which have sensitivities
targeted towards different GW frequency bands, merits
some explanation. The frequency band chosen roughly
aligns with the most sensitive region of TianGO, but
this is not the case for LISA. Figure ?? below shows
the measurement uncertainty ∆(logM3) = ∆M3/M3, for
M3 = 108M⊙, ao/M3 = 100, and eo = 0.3 as the ending
GW frequency for the five-year LISA observation win-

dow is varied. For frequencies fend above ∼ 10−2 Hz,
the measurement uncertainty stays nearly constant. We
attribute this to the following: since the time-frequency

relation roughly follows t(fGW ) ∝ f
−8/3
GW , increasing fend

adds frequency space for integration over at the up-
per bound and removes much less frequency space at
the lower end. However, the additional frequency space
added at the upper bound suffers from greater Sn(f),
and thus contributes very weakly to the Fisher matrix
integrals. So, the Fisher matrix elements stay nearly
constant. However, when the ending observation fre-
quency is chosen to be significantly lower, the same time-
frequency relation greatly reduces the width of the fre-
quency range encompassed by the five-year observation
window. The Fisher matrix elements thus decrease in
magnitude, leading to poorer measurement uncertain-
ties. We can see that an ending frequency of 12 Hz is
appropriate for estimating the levels of parameter mea-
surement precision that can be obtained by both LISA
and TianGO.
In Figure 3, we plot the fractional uncertainty in the

SMBH mass M3, measured by TianGO, as we vary M3

and ao. At each point, we sample the covariance found
with the Fisher matrix over combinations of the three
geometrical phases – that is, 6 choices of both γo and
ϕo and 12 choices of α0, or 432 sets of (γo, α0, ϕo) – and
find the median. The purple regions denote where the
outer binary merges in less than the proposed observa-
tion length of five years. We expect systems in this region
to be exceedingly rare, as there is only a short window for
such systems to form in order to be detected by TianGO.
The gray region corresponds to where the measurement
uncertainty ∆λL, also determined via the Fisher matrix,
exceeds λL. In other words, the value λL = 0 is not ex-
cluded from the confidence interval, and since de Sitter
precession does not occur when λL = 0, the signal of pre-
cession is not absolutely detectable. We set the criterion
that if two-thirds of the sampled (γo, α0, ϕo) triplets for
a given (M3, ao/M3) result in ∆λL > λL, that particu-
lar (M3, ao/M3) pair is placed in the gray region. Figure
4 gives the same results, but using the LISA detector
response and noise curve instead of that of TianGO.

We note that the fractional uncertainty in the outer
orbit semimajor axis ∆ao/ao should follow a similar pat-
tern. Using the chain rule and a3o = M3/Ω

2
o, we find

3
a3o
M3

∆ao
ao

=
1

Ω2
o

∆M3

M3
− 2

1

Ω2
o

∆Ωo

Ωo
, (34)

and recalling that ∆Ωo/Ωo is very small compared to
∆M3/M3,

∆ao
ao

≈ 1

3

∆M3

M3
. (35)

We observe that TianGO has the potential to realize
fractional uncertainties significantly below the 0.1% level
across a wide range of parameters of the triple system
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and that LISA could possibly reach similar thresholds.
The contour plots also demonstrate the importance of
de Sitter precession in the measurability of M3 and ao.
We see that broadly across the (M3, ao/M3) parameter
space explored, equal fractional uncertainties roughly fol-
low lines of constant PdS . More rapid de Sitter preces-
sion of L̂i leads to greater total modulation of the BBH
waveform over the observation time as the location of a
detector shifts within the the evolving GW antenna pat-
tern. Furthermore, for both LISA and TianGO, we see
that regardless of the value of eo, the boundary where
the region with ∆λL > λL is separated from the region
where precession is detectable roughly along the line of
PdS = 10 years, twice the observation run length.

We conduct an identical analysis for the estimation un-
certainties in eo by both TianGO and LISA, as shown in
Figures 5 and 6. These results suggest that the eccen-
tricity can be constrained to high precision, with TianGO
able to achieve a lower bound of ∆eo ∼ 10−6 − 10−5 and
LISA able to achieve ∆eo ∼ 10−5 − 10−4 across a sub-
stantial portion of the parameter space where precession
is detectable. Once again, we see the importance of de
Sitter precession in the measurability of this parameter,
as across a sizeable portion of the parameter space, equiv-
alent estimation uncertainties match contours of equal de
Sitter precession period. Closer to the ∆λL > λL bound-
ary, lines of equal estimation uncertainty roughly follow
lines of constant M3a

3
o.

An important question is the impact of increasing ec-
centricity on the ability to measure parameters like M3,
ao, and eo itself. In Figures 7 and 8, we study the effect of
increasing eccentricity on the estimation uncertainties in
M3 and eo (recalling again that ∆ao/ao ≈ 1

3∆M3/M3).
We see that as the eccentricity increases, we can attain
marginal improvements in the measurement of M3 and
eo – a factor of ∼ a few – though this improvement is
not universal across (M3, ao/M3) parameter space. We
attribute this improvement to a combination of two fac-
tors.

First, as seen in Equation 6, an increasing eccentricity
leads to faster de Sitter precession. This leads to more
rapid evolution of the orientation of the BBH’s radia-
tion angular pattern relative to GW observatories, and
thus more rapid modulation of the GW signal. Figures
7 and 8 show that improvement in parameter estimation
uncertainties is most pronounced when the de Sitter pre-
cession period is already short compared to the five-year
observation run duration. We conclude that when the
inner angular momentum L̂i completes only a few pre-
cessional cycles during the observation run, a decrease in
the precessional period is rather insignificant in parame-
ter estimation, but as the system completes more cycles
during the five years, a similar decrease in the period
induces a more noticeable change in measurement uncer-
tainties. This may be associated with driving more GW
waveform modulation at frequencies closer to the merger
event, where the signal is typically strongest.

Second, an increasing eccentricity further deforms the

FIG. 3. Fractional uncertainty in M3 as measured by TianGO
for three different eccentricities eo = {0, 0.5, 0.8}. At each
point in the contour plot, we take the median uncertainty
over a set of 432 combinations of (γo, α0, ϕo). The purple
region corresponds to where the outer binary merges in less
time than the observation duration, and the gray region cor-
responds to where precession is not detectable (i.e., λL = 0
cannot be ruled out of the parameter estimation confidence
interval). The dashed line corresponds to PdS = 10 yr, twice
the observation run length.

shape of the outer orbit, extending the range of Doppler
phase shift modulation for certain values of γo. However,
this effect is secondary in nature when averaging over
outer orbit angular parameters, as for some values of γo,
an increased eccentricity actually reduces the Doppler
phase shift range, as the Doppler phase shift depends on
the line of sight distance of the BBH from the SMBH and
certain orientations of the elliptic orbit lead to reduced
line of sight distance variation.



8

FIG. 4. Same as Figure 3, but measured by LISA instead.

We finally consider the relative abilities of TianGO and
LISA in measuring parameters of BBH+SMBH triples.
Figures 9 and 10 give the ratios of measurement un-
certainties attainable by TianGO to those attainable
by LISA as we vary the eccentricity and move through
(M3, ao/M3) parameter space. Across a substantial por-
tion of the parameter space, the measurement uncertain-
ties attainable by the two detectors are quite comparable,
falling within less than a factor of two of one another.
This portion lies closer to the region where tmerge < 5
years, so we expect that triple systems where the per-
formance of LISA will be comparable to TianGO will
generally be more uncommon. However, as we approach
the line of a ten-year de Sitter precession period (roughly
marking where the signal of de Sitter precession becomes
detectable), the advantage of TianGO is apparent, as this
detector can attain uncertainties improved over LISA by

FIG. 5. Uncertainty in eo as measured by TianGO for three
different eccentricities eo = {0, 0.5, 0.8}. The same sampling
procedure as used in Figure 3 and 4 is applied here, as are the
method for excluding regions. Slight changes in the shape of
the region where ∆λL > λL as compared to Figure 3 result
from the reinclusion of eo into the Fisher matrix, which is
necessary to calculate ∆eo.

an order of magnitude or more. This result marks an
important benefit of a dedicated decihertz GW detector:
the properties of BBH+SMBH triple systems which have
only a weak signal of de Sitter precession can be pre-
cisely constrained by a decihertz detector like TianGO
or B-DECIGO, which have frequency bands that are bet-
ter aligned to where the SMBH-induced GW modulation
occurs than those of millihertz GW detector concepts.
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FIG. 6. Same as Figure 5, but measured by LISA instead.

V. CONCLUSION AND FUTURE DIRECTIONS

Using the Fisher information matrix, we have shown
that future space-based GW observatories may be able to
precisely constrain the properties of BBH+SMBH triple
systems, like the SMBH mass and outer orbit semimajor
axis and eccentricity, through the GW signal observed
from the BBH. We have demonstrated that the rate of
de Sitter precession is an important determinant in the
measurability of triple system parameters and that an in-
creasing outer orbit eccentricity leads to improved mea-
surement uncertainties through greater Doppler phase
shift modulation and faster de Sitter precession. We have
also shown that the planned LISA detector is capable of
measuring these systems, though decihertz detector con-
cepts such as TianGO or B-DECIGO possess a compet-
itive advantage over LISA in measuring such quantities,

FIG. 7. The fractional uncertainties in M3 obtainable by
TianGO vs LISA for three choices of (M3, ao/M3) as the ec-
centricity is varied. At point where the de Sitter precession
is slower, TianGO can significantly outperform LISA. As the
de Sitter precession becomes faster, the two detectors attain
more comparable performance.

especially in triple systems which have only a weak signal
of de Sitter precession.

There are some important limitations of the Fisher
information method implemented in this work. As de-
scribed in [13], the inverse Fisher matrix gives the co-
variance of the posterior probability distribution for the
true source parameters θ0 for a single experiment under a
few conditions: the noise is Gaussian, the prior probabil-
ity distributions are roughly constant in the local region
of θ0 in parameter space, and the SNR is high. For typi-
cal parameters in the ranges we explore in this work, the
SNR of the waves from the stellar mass binary gener-
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FIG. 8. Same as Figure 7, but estimating the outer eccentric-
ity variance ∆eo. TianGO tends to significantly outperform
LISA across a much wider range of (M3, ao/M3) than in the
∆M3/M3 case.

ally stays near 40 for TianGO, but is only ∼ 4 for LISA.
The lower SNR suggests that the true parameter esti-
mation uncertainties may be significantly different than
those calculated here. However, the inverse Fisher ma-
trix is also equivalent to the Cramér-Rao bound, that is,
the lower bound for the uncertainty of an unbiased esti-
mator of θ0 [13]. So, the Fisher matrix method employed
here essentially offers a best-case scenario for the parame-
ter estimation precision obtainable by future space-based
observatories. A more thorough approach to this analy-
sis will implement a full Bayesian methodology, but this
work still serves as a meaningful stepping stone upon
which future calculations can be built.

We can further develop this work by inclusion of ad-

FIG. 9. The ratio of the fractional uncertainties in M3 ob-
tainable by TianGO as opposed to LISA for three different
choices in eccentricity.

ditional effects into the waveform. One of the next or-
der effects is the precession of the outer orbit pericenter,
which, as a secular average, follows

γ̇o = 3
M3

ao(1− e2o)
Ωo. (36)

[17]. Additionally, for triple systems with lower outer
binary merger times (i.e., with M3 and ao/M3 near the
purple regions shown in Figures 3, 4, 5, and 6), the semi-
major axis and outer eccentricity can evolve significantly
in time due to radiation reaction. These time derivatives
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FIG. 10. The ratio of the uncertainties in eo obtainable by
TianGO as opposed to LISA for three different choices in
eccentricity.

follow

ȧo = −64

5

G3µM2
tot

c5a3o

1

(1− e2o)
7/2

(
1 +

73

24
e2o +

37

96
e4o

)
(37)

ėo = −304

15

G3µM2
tot

c5a4o

eo
(1− eo)5/2

(
1 +

121

304
e2o

)
, (38)

where Mtot = M1 + M2 + M3 and µ = (M1+M2)M3

Mtot

[8]. Furthermore, we can consider including the spin-
precession effects that we chose to neglect in II C due to
their significantly slower time scales.

Finally, in Ref. [18], it is discussed how gravitational
lensing of GWs by the SMBH combined with the de Sit-
ter precession of Li can further constrain the parameters
of a triple system as estimated by a space-based GW

observatory, even in the case of a circular outer orbit.
It would be interesting to examine the combined effects
of an eccentric outer orbit and repeated GW lensing in
parameter estimation problems.
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