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Abstract

The Laser Interferometer Gravitational-wave Observatory detects gravitational waves and uses them
to test the theory that predicts their existence: Einstein’s theory of general relativity. Testing general
relativity using gravitational waves can be done at the individual event level and the population level.
Most current tests of general relativity are not inferred jointly with a population model to describe the
astrophysical distribution of the sources. The omission of a population model describing the astrophysical
population of binary black hole mergers inscribes an implied population model that may be inaccurate.
This inaccurate population model could lead to biases in supposed deviations from general relativity.
This investigation uses injected signals of simulated binary black hole systems to infer the probability
distributions for population model parameters while simultaneously fitting the GR deviation population.
These probability distributions are constructed using Markov Chain Monte Carlo analysis. A family of
mass population models is injected and recovered using each of the different models as the population
distribution to determine whether biases in deviations from general relativity and population misspeci-
fication can be observed. It is found that using a misspecified astrophysical population model leads to
inaccurate recoveries of GR deviation parameters. Further research is needed as more gravitational wave
events are detected and our understanding of the mass population distribution evolves.

1 Background

In the early 20th century, Albert Einstein put forward the theory of general relativity (GR), and summarized
his theory mathematically through the Einstein field equations. Part of GR theorized the concept of space-
time, which spatially distorts in the vicinity of massive astrophysical objects. Building off of this work, two
years later Einstein posited the existence of gravitational waves (GW) — spatial distortions as transverse
waves that originate from non-spherically symmetric energy density distributions, before traveling away at
the speed of light [2, 12]. Because GR theorizes the existence of GWs, it is possible to use GWs as a method
to test GR.

Different tests of GR interrogate the theory to different levels, as summarized by Fig. 1. While all
astrophysical objects have gravitational potential and cause spacetime curvature — a key insight of GR —
the most extreme tests of GR exist in the strong-field regime. The gravitational potential is proportional to
M/R3, and the curvature is proportional to M/R. The perihelion procession of Mercury probes GR, but not
strenuously, since it has potential between 10~7 and 10~%, and curvature between 10732 and 10733 cm—2
[18]. Due to the Schwarzschild radius, the event horizon of a black hole yields potential approximately 0.5,
and is the most extreme possible potential. While black holes Sagittarius A* and M87 both have potential
near 0.5, their curvature is orders of magnitude lower than the spacetime curvature near merging stellar
mass black hole binaries [9]. Curvatures between 10714 and 107!° cm~2 are the most extreme for realistic
astrophysical sources [9]. Probing GR in this region requires the detection of GWs from black hole and
neutron star mergers. Thus, GW tests probe GR at the most extreme curvatures and potentials, and as
such are the best tests of GR.

The Laser Interferometer Gravitational-wave Observatory (LIGO) — a joint project between the Califor-
nia Institute of Technology, the Massachusetts Institute of Technology, and the National Science Foundation
— was built to detect these GWs and aims to further our understanding of GWs and test GR [1, 6]. LIGO
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Figure 1: Plot of gravitational potential vs. curvature for various tests of GR from Ref. [18]. The theoretical
limit for the gravitational potential exists between 0.5 and 1.
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Figure 2: From Ref. [2]. This figure shows the sensitivity curve of LIGO, at different frequencies from the
first observing run. LIGO is most sensitive to frequencies between 20 Hz and 1 kHz.

has perpendicular arms that detect compact binary mergers using the interference of light due to the differ-
ence in length of the arms that a passing GW causes. This change in length is directly proportional to GW
strength [1, 6]. The compact binary mergers, mostly binary black hole mergers, are then analyzed to check
for consistency with GR. LIGO is sensitive to GW frequencies between 20 and 1000 Hz, so black holes of
stellar mass are easiest to detect [13]. Fig. 2 shows the sensitivity at each frequency; the lower strain noise in
frequencies associated with orbital velocities near the merger of binary stellar mass black holes corresponds
to better sensitivities at these frequencies.

2 Introduction to methods for testing GR

2.1 Modeling modifications to GR with individual observations

There are many different ways of modeling GR deviations by modeling the GW signal. One of these tests is
inferring deviations from the post-Newtonian (PN) approximation. The post-Newtonian approximation at
the lowest order is the quadrupole formula, which estimates the emitted radiation from a quadrupolar mass



distribution [17]. The PN expansion for gravitational-wave emission is an expansion in the dimensionless
parameter v/c, where v is the orbital velocity of the binary [20, 10]. PN tests are run by first constructing
a post-Newtonian description of the GW inspiral in the frequency domain, before making modifications to
individual parameters in the phase evolution [8, 19]. This is done with the phase, not the amplitude, because
LIGO is more sensitive to phase deviations than those of amplitudes; over the course of an inspiral, phase
shifts accumulate, while amplitude differences do not.
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In this equation, ®(f) is the frequency domain GW phase under the stationary phase approximation f =
M{/]?, where M is the red-shifted chirp-mass multiplied. Additionally, t. and ¢, are the coalescence time
and phase respectively, 77 is the symmetric mass ratio, and ¢y, ¢k, are PN coefficients for the k/2 PN order
[8, 19].

After running these PN tests, a posterior is obtained by running Bayesian inference. Bayesian inference
makes statements about the Universe from data by inferring the probable distribution for parameters of each
event analyzed, known as the posterior distribution [22]. Calculating this posterior distribution requires a
likelihood, to describe the measurement, and a prior, to encode prior beliefs about each event’s parameters
6. Bayesian inference uses Bayes’ Theorem,

_ p(d|f)=(6)
p(0ld) = =2~ (2)

In this equation, p(f|d) is the posterior, p(d|@) is the likelihood, and 7 () is the prior, and the evidence,
which normalizes the distribution, is denoted as Z [22]. This same formalism can be used to study multiple
events, with a modified version of the likelihood function.

2.2 Testing GR with many observations

Hierarchical inference is a method that uses posterior distributions from individual events to model the
overall population of the astrophysical distribution from which the events originated. The analysis returns
a distribution for the hyper-parameters of the population model, which is called the hyper-posterior [7, 22].
In this hyper-posterior, the astrophysical population has been inferred under the assumption of the choice of
population model. A population model is important because otherwise an incorrect astrophysical population
may be implicitly assumed, which in turn leads to bias in supposed measured deviations from GR [16].

To look at the population properties of a collection of events, the prior for the parameters € is made
conditional on hyper-parameters A, which encodes the astrophysical distribution from which the s are drawn
[22]. These hyper-parameters are crucial because they parameterize the shape of the inferred astrophysical
population, and one goal of population inference is estimating the posterior of these hyper-parameters. One
key piece of estimating the hyper-posterior is the population likelihood [16, 15].

1 N
p({d}|A) ﬂMNH/‘p<|><|> (3)

Here, {d} is the collection of N observations, £(A) accounts for selection biases and is the detectable fraction
of observations given the population hyper-parameters, p(d;|6;) is the likelihood for each individual event, and
m(0;|A) are the population distributions evaluated at each event [22]. Thus, 7(6;|A) is where the population
distribution is encoded.

This equation shows how individual observations are put together for hierarchical inference. As stated
earlier, this hierarchical approach requires a population model, so we therefore must choose one population
model to use. Currently, we are not sure in what manner the different choices of population model impact
GR tests. This leads to my project.
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Figure 3: Visual representation of the POWER LAW and POWER LAW + PEAK population distributions.
Both are truncated, and thus do not have a smooth turn-on.

3 Project motivation

Population distributions depend in part on the choice of population model, thus the choice of population
model must be carefully considered. So far, this approach of joint inference has, at the population level,
yielded GR deviations more consistent with GR by about 0.40, when using a POWER LAW + PEAK popu-
lation distribution for the mass of a black hole [16, 3]. However, it is possible that deviation from general
relativity could be absorbed or hidden by an incorrect, assumed astrophysical population, so it is important
to study the impact of different astrophysical population models on inferred GR. deviation constraints. It
is true that at some point that the incorrect choice will also lead to biases, the question is when, and how
badly. Testing this using different population models is what I am working on.

4 Methods

Hierarchical inference of astrophysical populations jointly with general relativity deviation parameters relies
in part on the astrophysical population model, and the GR deviation population model. For this project,
the main astrophysical parameter examined (along with GR deviation) was primary mass, along with mass
ratio. There are many ways to model the primary mass distribution, through various parametric models
and other methods [21]. This project chose two relatively simple primary mass models: POWER LAW and
POWER LAW + PEAK, shown in Fig. 3 [3, 4, 5]. The POWER LAW model can be described by the POWER
LAW + PEAK model, with a peak fraction of 0. However, the POWER LAW + PEAK cannot be described by
a POWER LAW. The population of GR deviations were modelled as a GAUSSIAN that approaches a DELTA
function when GR is correct [14].

For each primary mass model, POWER LAW and POWER LAW + PEAK, a catalog of events was generated
following this model. This was accomplished by injecting a value for the POWER LAW index, «. The injected
value was passed into the log-likelihood function, along with the linear space of possible primary mass values
— between 5 and 100 solar masses. The result for each point in space of the primary mass grid was stored,
and then interpolated to create the inverse of the cumulative distribution function (CDF). Finally, random
points along this inverse CDF were selected, and the primary mass associated was added to the event catalog.

We used GWFish to sample from the simulated event catalog in a way that was astrophysically realistic
and waveform-motivated, as well as to correlate the deviation parameter to the primary mass distribution
in a way that imitated post-Newtonian deviation tests [11]. GWFish creates simulated posteriors that are
astrophysically motivated by Fisher matrices of futuristic detectors. The detectors simulated in this project
were the Einstein Telescope and the Cosmic Explorer. It was assumed that Einstein Telescope and Cosmic
Explorer could detect all events. The waveform model used was IMRPhenomD.

GWFish creates a Fisher matrix for a catalog of events. The inverse of that Fisher matrix is the covariance



B
% % % %0 <5

\,

RN I AN PPN S ] S & P A0 A A
ST AT AT 9707 7 AT N /@ SRS RN
a B M o

Figure 4: Corner plot of a MCMC where POWER LAW + PEAK was injected (with TGR mean and standard
deviation of 0), and then both POWER LAW and POWER LAW + PEAK were recovered. In the pink is recovery
with the correct population model (POWER LAW + PEAK) and in the blue is recovery with the misspecified
population model (plain POWER LAW).

matrix. GWFish also calculates the network SNR for each event. In order to correlate the deviation
parameter to the mass, the covariance matrix was expanded from just chirp mass and mass ratio to chirp
mass, mass ratio, and deviation parameter. This was done using the rotation of the covariant matrix and
the network SNR. The deviation parameter variance was assumed to be 10/(network SNR). This covariance
matrix was then used with a multivariate Gaussian that had means at the true value for each chirp mass,
mass ratio, and deviation parameter. The Gaussian took 10,000 samples from each event, and shifted them
so that the true value was one of the observed values. Despite the goal of having more astrophysically
realistic samples with GWFish, the sampling returned some astrophysically impossible values, and had to be
constrained after the fact. Once each event had a posterior with 10,000 astrophysically realistic samples, a
MARKOV CHAIN MONTE CARLO was run. Each model (POWER LAW, POWER LAW + PEAK) was injected,
and then recovered with POWER LAW and POWER LAW + PEAK.

5 Results and Analysis

Unless explicitly mentioned, each event catalog had N = 100 simulated events. This number was chosen
to balance rigor with computational and time limits; further research should incorporate much great Ns, in
additional to more than 10,000 samples per event. Each corner plot displays the 50 percent and 90 percent
confidence intervals.

In each corner plot, a refers to the POWER LAW index for the primary mass, [ refers to the POWER LAW
index for the mass ratio, p refers to the mean for the testing general relativity deviation parameter, and o
refers to the standard deviation for the testing general relativity deviation parameter. In all cases, a was
injected to be 2, 8 was injected to be 0, and p was injected to be 0. There were ¢ injections of 0, 0.25, and
0.5.

5.1 Injecting consistency with GR

In Fig. 4, a POWER LAW + PEAK population was injected, and was recovered with the POWER LAW +
PEAK (in pink) and POWER LAW (in blue) models. Thus, the pink is a correctly specified population model,
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Figure 5: Corner plot of a MCMC where POWER LAW 4 PEAK was injected, but this time with TGR mean
of 0 and standard deviation of 0.25. This population was then recovered with both POWER LAW and POWER
LAW + PEAK. In the pink is recovery with the correct population model (POWER LAW + PEAK) and in the
blue is recovery with the misspecified population model (plain POWER LAW)

and the blue is a misspecified population model. It is evident that the misspecified population model does
not recover « correctly — there is an obvious shift between the pink and blue histograms. This makes
sense; when injecting with a POWER LAW 4+ PEAK model, and recovering with just a POWER LAW, «
must then account for the peak as well, and this skews the inferred hyper-posterior. Additionally, 8 mostly
overlaps between correctly and misspecified population models. With the TGR parameters, ; shows a small
but noticeable shift between pink and blue — while p = 0 is in the range of both, it is evident that the
misspecified does not fully recover u correctly. Furthermore, the o value recovered by the misspecified
population model is artificially constrained when compared with the correctly specified (pink) population
model recovery. Therefore, both TGR parameters are not recovered correctly with a misspecified population
model. However, it is important to note that the injected values are still present in the distributions for
both parameters; without additional tests, it would not be possible to identify that the population model
was misspecified.

5.2 Injecting sigma of 0.25 for the deviation parameter distribution

In Fig. 5, again a POWER LAW 4 PEAK population was injected, and was recovered with the correctly
specified POWER LAW + PEAK (in pink) and the incorrectly specified POWER LAW (in blue) models. Here,
unlike above, ¢ is injected to be 0.25 — this corresponds to a measurable GR modification. It is again
evident that the misspecified population model in blue does not recover a correctly — there is an obvious
shift between the pink and blue histograms. Here, there is still mostly an overlap of 8 between correctly and
misspecified population models.

With the TGR parameters, p shows a larger shift between pink and blue than when o = 0. Still, p =0
is in the range of both. However, this larger p shift shows that the misspecified population model does
not recover p correctly. Furthermore, the o value recovered by the misspecified population model (blue)
is now shifted when compared with the correctly specified (pink) population model recovery. Therefore,
when o = 0.25, both TGR parameters are not recovered correctly with a misspecified population model, and
the differences in recovery of these two parameters when comparing population models is more pronounced
than in the 0 = 0 case. However, it is important to note that the injected values are still present in the
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Figure 6: Corner plot of a MCMC where POWER LAW + PEAK was injected, but this time with TGR mean
of 0 and standard deviation of 0.5. This population was then recovered with both POWER LAW and POWER
LAW + PEAK. In the pink is recovery with the correct population model (POWER LAW + PEAK) and in the
blue is recovery with the misspecified population model (plain POWER LAW)

distributions for both parameters in these distributions.

5.3 Injecting sigma of 0.5 for the deviation parameter distribution

In Fig. 6, as above, a POWER LAW 4+ PEAK population was injected, and was recovered with the correctly
specified POWER LAW + PEAK (in pink) and the incorrectly specified POWER LAW (in blue) models. This
time ¢ is was injected to be 0.5 — GR is injected to be modified again. We see similar shifts in « and § as
sigma increases.

With the TGR parameters, p shows a much larger shift between pink and blue than when o = 0 or
0.25. In the p vs. o plot, the point (u,0) = (0,0.5) is not present when recovering with the misspecified
population model (in blue). This time, u = 0 is barely in the range of the misspecified population model;
the misspecified population model is recovering p > 0 even though this was not injected. Furthermore, the o
value recovered by the misspecified population model (blue) is now shifted too low when compared with the
correctly specified (pink) population model recovery. Therefore, when o = 0.5, both TGR parameters are
obviously recovered incorrectly, with o being recovered at lower than 0.5 as the 50 and 90 percent confidence
intervals, and p being recovered at a non-zero value. Unlike the above cases, it is important to note that the
injected values are not present in the distribution for the misspecified population model.

5.4 Increasing event population size N and injecting consistency with GR

In Fig. 7 and 8, GR was injected to be True (u and o were both injected to be 0), but the number of events
was N = 250 and N = 500 respectively. Again, while the injected values are present in the correctly and
incorrectly recovered distributions, there is a shift. As IV increases, so too does a shift in recovered u value.
Unlike the case where N = 100, however, o does not seem to be artificially constrained, and seems to be
recovered nearly identically between correctly specified and misspecified population models. Thus, recovery
of p becomes less accurate with an increase in event catalog size. However, much more work is needed with
larger sizes to draw more permanent conclusions.



Figure 7: Corner plot of a MCMC where POWER LAW + PEAK was injected (with TGR mean and standard
deviation of 0), and then both POWER LAW and POWER LAW + PEAK were recovered. However, here the
number of events is increased to N = 250. In the pink is recovery with the correct population model (POWER
LAW + PEAK) and in the blue is recovery with the misspecified population model (plain POWER LAW).
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Figure 8: Corner plot of a MCMC where POWER LAW + PEAK was injected (with TGR mean and standard
deviation of 0), and then both POWER LAW and POWER LAW + PEAK were recovered. However, here the
number of events is increased to N = 500. In the pink is recovery with the correct population model (POWER
LAW + PEAK) and in the blue is recovery with the misspecified population model (plain POWER LAW).
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Figure 9: Corner plot of a MCMC where a GAUSSIAN population was injected (with TGR mean and standard
deviation of 0), and then POWER LAW was recovered with. N = 500

5.5 Injecting extremely misspecified population models

These looked at the implications of using an extremely misspecified population model. First, in Fig. 9 a
Gaussian population was injected and then recovered with a POWER LAW. Next, responding to a question
posed during a presentation of this project, in Fig. 10 a uniform population was injected and then recovered
with a POWER LAW. Since these populations were not recovered using the correct model, major meaningful
conclusions and comparisons are not possible. However, it is noteworthy that in each case, p and o of 0 are
recovered as possible values. This brings up an interesting case where population model does not matter as
much only when GR is correct. Further research into this possibility should be completed.

6 Implications and Conclusions

Based on the results from this project, it is clear that using a misspecified astrophysical population model
leads to inaccurate recoveries of GR deviations. Even in Fig 4, when recovered incorrectly, o is artificially
constrained. When o is injected to be greater than zero, such as 0.5 in Fig. 6, is is obvious that ¢ and u
are recovered incorrectly. As a result of these incorrectly recovered TGR parameters, it could therefore be
plausible that inconsistencies with GR are masked by using a misspecified astrophysical population model.
Even if this is not the case, the TGR parameters are still not being recovered correctly.

In this project, a hierarchical test of general relativity was completed. Hierarchical TGR relies in part
on an astrophysical population model. The model used for GR deviations was GAUSSIAN, which goes to a
DELTA function when GR is true. To achieve this, simulated catalogs of 100 events were created. These event
catalogs followed POWER LAW and POWER LAW + PEAK primary black hole mass population models. The
catalogs were generated by interpolating over a cumulative distribution function for the possible space of
primary masses using the POWER LAW and POWER LAW + PEAK probability density functions. These event
catalogs were then sampled with GWFish. GWFish was then used to manually correlate the primary mass
and GR deviation parameter to simulate PN deviation test. Finally, Markov chain Monte Carlo analysis was
used to recover GR deviation parameters (and population model parameters) using each model.

Further research is necessary into population model choices. This project focused on mass distribution
models, which evolve as more gravitational wave events are detected. However, the properly specified
population distribution for other parameters, such as spin and tilt, should also be investigated. More work
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Figure 10: Corner plot of a MCMC where a UNIFORM population was injected (with TGR mean and standard
deviation of 0), and then POWER LAW was recovered with. N = 100

also must be done to check for model misspecification using multiple techniques in conjunction, including
posterior predictive checks. Finally, other models need to be used for similar simultaneous inference of TGR
and astrophysical population distribution.
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