Optical torques in the folding Fabry—Perot cavity
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Abstract

Folding the Fabry-Perto cavity allows gravitational wave detectors to enhance their effective arm lengths. However, a different
number of mirrors and geometry of the folded cavity will complicate the dynamics of the mirrors under the exertion of radiation
pressure forces and torques. This paper gives the framework for analysing the stability of folded cavities in the angular degrees of
freedom. In particular, we analyse the optical torques and mirror dynamics of the trifold 12 km cavity, which can serve as a potential
upgrade of aLIGO for the kilo-Hertz sensitivity boosting. We explore feasible geometric configurations supporting the target arm
cavity power of 1.5 MW and the resulting coating thermal noise. Our analysis suggests that the cavity remains stable by replicating
the current arm cavity geometry three times and increasing all mirror masses to 200 kg. It gives thermal noise, 2.94 x 1072* / VHz

at 100 Hz, 8.5% higher than the aLLIGO design.
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1. Introduction

Since the first gravitational-wave (GW) was detected in 2015,
the network of advanced LIGO[1, 2, 3, 4, 5, 6], advanced
Virgo [7, 8], and KAGRAT[9, 10, 11] have already detected
about one hundred of events [12]. These events primarily in-
clude coalescences of binary black holes and neutron stars. To
explore further into the universe, a series of future detector
plans aiming to improve the sensitivity are put into discussion,
featuring arm cavity lengths up to tens of kilometres and cav-
ity power at megawatts, such as Einstein Telescope and Cosmic
Explorer [13, 14]. There are also discussions to increase the
effective arm length by folding the cavities in LIGO detectors
for future upgrade [15, 16, 17]. In the LIGO configuration, the
trifold arm cavity which gives 12km effective length and the
signal recycling cavity which is around 50 m can shape a cou-
pled cavity resonance around 3 kHz. Therefore, the shot noise
limited sensitivity gets largely improved at corresponding fre-
quencies, benefiting from both longer arm length and the cou-
pled cavity resonance. In comparison to the advanced LIGO
plus, such a configuration can improve the signal-to-noise ratio
of the binary neutron star postmerger signals by a factor of 5
and still provide better performance on the reach of binary neu-
tron star insprials. However, the modification to the geometry
of arm cavities will introduce new challenges on the technical
side. For example, the wander of the optical axis in the folded
cavities due to mirror angular motions would be more complex
than that in the linear Fabry—Perot cavity, after involving the
radiation pressure force induced torques.

Solimeno et al. first realized the existence and significance
of optically generated torques in the Fabry—Perot cavity in 1991
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[18]. Their investigation was developed on a complex modal
formalism. Subsequently, Sidles et al. [19] introduced an alter-
native analytical framework based on the principles of virtual
work and geometry. The geometric analysis clearly reveals that
the optically induced torsional stiffness can substantially exceed
that of the mirror suspension system in high-power interferom-
eters. However, the results are limited to scenarios where the
optical cavity is in linear geometry, and the mirrors’ inertia and
restoring force are identical. In this paper, based on the geo-
metric method developed by Sidles et al, we establish a frame-
work to analyse the angular stability of the folded cavities by
establishing the equation of motion using Lagrangian mechan-
ics, where the mirror masses and suspensions can be different
as proposed in [16, 20]. In section.2, we present the criteria
of angular stability in an optical cavity through its equation of
motion. In section. 3, we show the derivation of the equation
of motion by using the Lagrange mechanics. In section. 4, we
present the potential radiation-pressure-induced angular insta-
bility in the 12 km folded arm cavity and discuss the available
parameter space considering the angular stability, Gouy phase
and coating thermal noise. In section. 5, we compare the folded
cavity with the linear cavity and discuss conditions under which
the folded cavity can be equivalent to the linear cavity.

2. The criteria for the angular stability of cavities

In this section, the stability criteria are derived in the approx-
imation of the long-cavity limit, i.e. the cavity length is much
larger than the mirror diameter. Therefore, the lateral displace-
ments of the mirrors can be ignored, since the optical torque
is much more susceptible to the rotational degrees of freedom
(DOF) of the mirrors, which are proved in Appendix B in de-
tail. To describe the mirror motions, we assign right-handed
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Figure 1: The figure shows the schematic diagram of the 12 km folded arm
cavity of LIGO plus. Points O34 are the centre of the curvature of the corre-
sponding mirrors

basis vectors (X, Y, Z) to one of the mirrors. The pitch or yaw
angles of the i mirror are defined as @; (i = 1,...,n), n is the
total number of the mirrors. We assemble these rotational DOFs
into a vector as

= [a1, .l (1)

Then the equation of motion of the folded cavities in the matrix
form is

“+M =0, )

where M is the kinematic matrix, with the elements defined as
ki6ij — Tij .
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Here k; = I,-a)f is the restoring torque of the i suspended mir-
ror, w; is the eigenfrequency of the i suspended mirror in pitch
or yaw, ¢;; is the Kronecker delta function, /; is the moment of
inertia of the i™ mirror, and 7; ; is the element of the torsional
stiffness matrix T, defined as
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where P, is the intra-cavity power, c is the speed of light, L( )
is the cavity length.

According to Chapter 6 of [21], the eigenvalues, A; =
Eigen[M] (i = 1,...,n), of M represent the square of eigen-
frequencies of rotational DOFs. An eigenmode is said to be
stable if and only if its oscillation does not diverge over time,
requiring the eigenfrequencies to be real numbers. As a result,
itrequires 4, >0 (@ =1,...,n).

3. Derivation of the equation of motion

In this section, the equations of motion of the rotational
DOFs of the cavity mirrors are derived under the frame of La-
grange mechanics. The lossless Lagrange equation can be writ-
ten as

d 0(Lag) Od(Lag)
dt  0q; oq; -

where “Lag” is the Lagrangian of the mirrors, defined as
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Lag = Ex - E,. (6)
Here Ej is the kinetic energy of the mirrors
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Figure 2: This figure shows the four eigenfrequencies of the matrix M, under
the parameters of Ly = 4 km, Ry = R4 = 1934 m, R, = R3 = 2245 m,
Py = 1500 kW, w1234 = 12.84 rad/s. During the calculations, the mass of
all four mirrors is assumed to be the same and the mirror radius-to-thickness
ratio is kept at 0.75, consistent with the current LIGO setup. The negative
eigenfrequencies represent pure imaginary numbers, and all four eigenvalues
are positive only when the mirror mass exceeds 195 kg

and E, = Ers + Eop is the potential energy of the mirrors, con-
sisting of the restoring elastic energy from the suspension, E,
and the potential energy from the optical pressure force, Epy,
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Eres = Ekiai , (8a)
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Eq. 2 can be derived by substituting Eq. 6-8 into Eq. 5. Follow-
ing, we’ll derive Eq. 8b.

The potential energy of the optical force exists if and only
if the optical force is conservative, i.e. the work done by it
solely depends on the initial state and final state of the mirror
motions and has nothing to do with the process. To prove the
conservation, we introduce a space spanned by the rotational
DOFs of the mirrors, in which the rotation vector could be
depicted by a point in such a space. We can characterise any
trajectory in this space starting from the initial state (s = 0) =
0 to the final state (s = 1) =  with a parameter s € (0, 1).
For a high finesse cavity and slow adiabatic mirror motions,
the deviation of the cavity length, 0L( ), is associated with an
infinitesimal work done by the optical pressure force, OW( ),
as

owi )= o10, ©)
where P( ) is the intra-cavity power and L( ) is the cavity
length. We allow the mirrors to traverse arbitrary trajectories
between the initial and the final state in the space, such that the

total work is the integral along one of these possible trajectories
as Z Z,
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